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Abstract: Given a commutative ring R with identity 1 # 0, let the set Z(R) denote the set of zero-
divisors and let Z*(R) = Z(R) \ {0} be the set of non-zero zero-divisors of R. The zero-divisor
graph of R, denoted by I'(R), is a simple graph whose vertex set is Z*(R) and each pair of vertices
in Z*(R) are adjacent when their product is 0. In this article, we find the structure and Laplacian
spectrum of the zero-divisor graphs I'(Z,) for n = p™NgN2, where p < g are primes and Ny, N, are
positive integers.
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1. Introduction

All graphs considered in the present article are connected, undirected, simple and
finite. A graph is denoted by G = G(V(G), E(G)), where V(G) is the vertex set and E(G)
is the edge set of G. The order and the size of G are the cardinalities of V(G) and E(G),
respectively. The neighborhood of a vertex v, denoted by N(v), is the set of vertices of G
adjacent to v. The degree of v, denoted by d, is the cardinality of N(v). A graph G is
called r-regular if degree of every vertex is r. The adjacency matrix A(G) = (a;;) of G is a
square matrix of order 1, whose (i, j)-entry is 1, if v; and v; are adjacent and is 0, otherwise.
Let D(G) = Diag(dy,dy,...,d,) be the diagonal matrix, where d; are the degrees of the
vertices of G. The matrix L(G) = D(G) — A(G) is the Laplacian matrix and its eigenvalues
with multiplicities is known as the Laplacian spectrum of G. This matrix is real symmetric
and positive semi-definite matrix, so the eigenvalues can be ordered as i1 > pp > -+ > .
Also, we note that each row (column) sum is zero, so 0 is the Laplacian eigenvalue of G.
Furthermore, it is well known that the Laplacian eigenvalue y,,_; is positive if and only
if G is connected and is known as the algebraic connectivity of G. More about the matrix
L(G) can be seen in [1,2].

Let R be a commutative ring with non-zero identity. An element x € R, x # 0, is
known as the zero-divisor of R if we can find y € R, y # 0, such that xy = 0. Beck [3]
introduced the concept of the zero-divisor graphs of commutative rings and included 0 in
the definition. He was mainly interested in colorings of these rings. Later Anderson and
Livingston [4] modified the definition of the zero-divisor graphs by excluding 0 of the ring
in the zero-divisor set and defined the edges between two non-zero zero-divisors if and
only if their product is zero. The adjacency, the Laplacian, the signless Laplacian, distance
Laplacian and the signless Laplacian spectral analysis can be seen in [5-11]. More literature
about zero-divisor graphs can be seen in [4,12-14] and the references therein.

In G, x ~ y denotes that the vertices x and y are adjacent and xy denotes an edge. We
use the standard notation, for K;; and K, ; respectively denote the complete graph and the
complete bipartite graph. Other undefined notations and terminology can be seen in [1,15].
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The remaining part of the paper is organized as follows. In Section 2, we present some
preliminaries and investigate the structure of F(Zle qu) and discuss some of its graph
invariants. In Section 3, we obtain the Laplacian eigenvalues of T'(Z pN1 N ), for n = pMgha,
where p and g are primes. We deduce several consequences from these results, which
include the determination of the eigenvalues of the graphs I'(Z,on ), I'(Zon [i]) (zero-divisor
graph of Gaussian integers modulo 2™), I'(Zam+1), I'(Zpg) and T'(Zypyr). At the end of the
article, we give the conclusion and discussion for possible further work.

2. Structure of the Zero-Divisor Graph I'(Z v, v, )
We begin with the following definition.

Definition 1. Let G be a graph of order n with vertex set {1,2,...,k} and G; be disjoint graphs of
order n;, 1 <i < k. The graph G[G1, Gy, ..., Gy] is formed by taking the graphs Gy, G, ..., Gy
and joining each vertex of G; to every vertex of G; whenever i and j are adjacent in G.

This graph operation is known by different names in the literature, such as G-join,
generalized composition, generalized join, joined union, and here we follow the latter name.

Let n be a positive integer and let 7(n) denote the number of positive factors of n.
Please note that d|n denotes d divides n. The Euler’s totient function or Euler’s phi function,
denoted by ¢(n), is the number of positive integers less or equal to n and relatively prime
to n. We say that n is in canonical decomposition if n = p{'py?...p", where l,ny,ns,..., 1
are positive integers and p1, p2, . .., p; are distinct primes.

The following observations will be used in the sequel.

Lemma 1 ([16]). If n is in canonical decomposition py'py? ... p}", then

T(n) = (n;+1)(ny+1)...(n,+1)

Theorem 1 ([16]). The Euler’s totient function ¢ satisfies the following.

(i) ¢ is multiplicative, i.e., (pq) = ¢(p)$(q), whenever p and q are relatively prime.
(i) L ¢(d) =n.
dln

I}
(iii) For prime p, ¥ ¢(p') = p' — 1.
i=1

For positive integer n, Z, represents the set of congruence classes {0, 1,...,n—1} of
integer modulo n. The ring of Gaussian integers modulo n, denoted by Z,[i], is represented
by Z[i| = {a+ib:a,b € Z,}.

An integer d dividing n is a proper divisor of n if and only if 1 < d < n. Let Y, be
the simple graph with vertex set as the proper divisor set {dy,dy, ..., d;} of n, where two
vertices are adjacent provided d;d; is a multiple of n. Evidently, this graph is a connected
graph [5]. If p{'py? ... p;" is the canonical decomposition of 7, by Lemma 1, it follows that
the order of Y, is given by

V(Yn)| = (1 +1)(n2+1)...(n+1) —2.

For1 <i<tletAy = {r € Zy : (r,n) = d;}, where (r,n) is the greatest common
divisor of r and 1. We observe that A; N Ad]. = ¢, wheni # j, so, the sets Ay, Ag,, ..., Ag,
are pairwise disjoint and partitions the vertex set of I'(Zy ) as V(I'(Zy)) = Ag, UAg U - --U
Ay, From the definition of A, a vertex of A, is adjacent [5] to the vertex of Ad]. inT(Z,)
provided that n \did]- ,fori,j € {1,2,...,t} . The cardinality of Ay, is given as follows.

Lemma 2 ([11]). For a divisor d of n, the cardinality of the set A, is equal to |Ay| = ¢ (dﬂ,)
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We note that that the induced subgraphs T'(A;,) of T'(Z,) are either cliques or null
graphs, as can be seen below [5].

Lemma 3. For the positive integer n and its proper d;, the following hold.
(i) Ifie{1,2,...,t}, then the subgraph T'(Ay,) of T(Zy) on Ay, is either the complete graph

K(P(i) or its complement Kp(ﬁ) .Also, T(Ay,) is K¢(i) provided d? is a multiple of n.
(ii)  Fordistinct i,jin {1,2,...,t}, a vertex of Ay, is adjacent to all Ag; or none of the vertices
in Ad..
j

(iii) For distincti,jin {1,2,...,t}, a vertex of Ay, is adjacent to a vertex of Ay, in I'(Zy) provided
did; is a multiple of n.

The graph formed in part (iii) of Lemma 3 is known as G(A(d;)) graph. Clearly, T'(Z,)
can be expressed as a joined union of complete graphs and empty graphs.

Lemma 4. [5] For the induced subgraph T'(Ag,) of T(Zy) on vertices Ay, for 1 < i < t, the
zero-divisor graph T(Zy) = Yn [T (Ag,), T(Ag,), .-, T(Ag)]-

For a commutative ring R with non-zero identity 1 # 0, and a € R, the annihilator
of a, denoted by ann(a), is the set of those elements of R that annihilates 4, and we write
ann(a) = {b € R : ab = 0}. Define a relation on R by a ~ b whenever ann(a) = ann(b).
Obviously, ann(a) = ann(a) and if ann(a) = ann(b) then ann(b) = ann(a) implying
that ~ is symmetric relation. Also, if ann(a) = ann(b) and ann(b) = ann(c), then ~ is
transitive and is an equivalence relation on R which partitions R into equivalence classes.
Furthermore, [a] represents the class of a € R, thatis, [a] = {b € R : ann(a) = ann(b)}.

The compressed zero-divisor graph of a commutative ring R, denoted by I'r(R), is the
undirected, simple graph with the vertex set Z(Rg) — {[0] }= Rg — {[0], [1]} and is defined
by Rg = {[a] : a € R}, where [a] = {b € R : ann(a) = ann(b)} and the two vertices [a]
and [b] are adjacent provided [a][b] = [0] = [ab]. This graph was first defined in [17] and
their properties for Z,» were investigated in [13].

For example, consider Z;, with non-zero zero-divisor set {2, 3,4,6,8,9, 10}. The
annihilators of this set are

ann(2) = {6}, ann(3) = {4,8}, ann(4) = {3,6,9}, ann(6) = {2,4,6,8,10},
ann(8) = {3,6,9}, ann(9) = {4,8}, ann(10) = {6}.

The compressed zero-divisor graph Z, with the vertex set { 2], 3], 4], [6] } and the
proper divisor graph of Z1, with the vertex set {2, 3,4, 6} are shown in Figure 1.

[2] 6] [ 31 Aa, Ay Ayg, Ay, 2 6 4 3
[ \ 4 \ 4 @ o ———®e—o—9© @ . 4 \ 4 ®

Figure 1. The Compressed zero-divisor graph, the graph G(A(d;)) and the proper divisor graph of Z.

In case of R = Z;,, we observe that the vertex sets of Rg, G(A(d;)) and Y, are in
one-one correspondence.

Proposition 1. If Z,, is the finite commutative ring, then Tg(R) = G(A(d;)) = Yy.

Now, we find the structure of T'(Zy,), for n = pN1g™2, where p and g, p < g, are primes.
This generalizes the results obtained in [13]. We prove the cases when N; and N>, N1 < Np,
are positive even integers, Nj and N are positive odd integers and the other possible cases
can be similarly proved.
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Theorem 2. Let T'(Z,,) be the zero-divisor graph of order N, where n = p™N1g™N2 and Ny = 2my <
2my = Np. Then

K

K

P(Z) = Y [K K o) Kophighaty - Ky gays

a 'Kﬁb(PNl)’K‘P(PNl_IqNZfl)’ T ’K‘P(PNl_lqmz)' T 'K‘P(PN]_l)' R

PPNy Rogmaghays -0

- @
K(P(pmlq]\]zf]), .. "K(p(pmlqu’l)’K(P(pmlqmz)’ . ’K(P(Pml)" . "K¢(QN271)’ ey

K ygma-1) Kp(gmay. - .,K(P(q)]

Proof. Let n = pNig™2, where p and ¢,2 < p < g, are primes and Ny and N,, 2 < Nj =
2my < 2my = N,, are positive even integers. The proper divisors of n are

{p,pz,...,pml,...,le,q,qZ,...,qm2,...,qNZ,pq,pqz,...,pqmz,...,quZ,...,pmlq,pmlqz,...,

prgma=l pmugmy o opmNy o pNig pNig2 o pNigma=1 pNigmy o pNigNa -1 }

pq

By Lemma 1, order of Y, is (N7 +1)(Na +1) —2 = N1N; + N; + N, — 1. From the
definition of Y,;, we have
p~ Mg, pP e pNi T2, phi g

PN~ g™, pgNe, 2N, g,

Ni—1 Nzl my+1 Nzl‘ Ni—1 Nz/

...,pmlNPmquZ/p <P q

N;—1 N,
LT ge,

q

which in iteration form can be read as
pi ~ quNZ, i+j>Nyp, fori=1,2,...,Nj.
Arguing as above, other adjacency relations are

qi ~ leqj, i+j> Ny fori=1,2,...,N,
pq ~prql, i+j> Ny, fori=1,2,...,Nyand k > 2m; — 1,

pmlqi ~ pkqj, i+j>Np fori=1,2,...,Nyand k > my,

pMgt ~ Rl i+j> Ny, fori=1,2,...,N, —1and k > 0.

Fori =1,2,...,N1, j = 12,...,Npand k = 1,2,...,N; — 1, by Lemma 2, the
cardinalities of A4, are

Ayl = ¢(PNTg™2), |4 = p(pN1gN )AL = o (pN N, (A ] = (p™ ™),
R P(pa™), | A ge| = P(g™F).

Also, by Lemma 3, the induced graphs I'(A, ,) are
p

F(Adpi) = KP(PNTWNZ)’ 1<i< Ny,
[(Ag) =Kypmpury,  1<j< Ny,
Gi = F(Adpiqj) =Ky iy, 1<i<m—land1<j<N )
ormy <i<Njand1l<j<mp—1,
F(Adpiqj) = Kgo(erinsz)/ my <i<Npandmy <j< N,
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where we avoid I' (A4 Ny Ny ) corresponding to the proper divisor p™ig™2. Lastly, by Lemma 4,
pilg

the structure of the zero-divisor graph of I'(Z,) is as in Equation (1). This completes

the proof. O

In Theorem 2, taking N, = 0, we have the following consequence.
Corollary 1. IfT(Z,) is the zero-divisor graph of order N, where n = p*™, then
T(Zn) =Yu[Kpggan-1) Kooy, Koty Kggmy, Kom-1y,-- Koy Ko |-+ @)

Proof. The proper divisors of n = pare {p,p?,... p" L p" p" L P InY o,
vertex p' is adjacent to vertex p/ if and only if i +j > 2m with 1 < i < 2m —1 and
to avoid loops, we assume i # j. Also, n does not divide (pi)z, fori =1,2,...,m—1,
so G; = K(P(pZm—i) and n divides (pi)Z, fori = mm-+1,...,2m —2,2m — 1, and thus
G = K¢(pzm4). Thus, Equation (3) follows. O

Another consequence gives the diameter of F(Zp2m1 2m2 ).

Corollary 2. The diameter of T(Z,) is 3 for n = p*™q?™2, and is 2 if mp = 0.

Proof. In the proof of Theorem 2, we observe that p' ~ ¢'ifand only if i = j = n, otherwise
pt ~ pkg", i+k > mnandg ~ p"q", j+h > n. Lastly, p*g" ~ p"q", k > 1,h > 1. This
implies that d(p',¢/) = 3,if 1 <i,j < n—1inY,. Similarly, from Corollary 1, distance in

szm isatmost2. [

The following consequence gives the clique number of F(szml 2m2 )

Corollary 3. The clique number of T(Zy,) is

pml qu -1 lfn — szl quz

w([(Zy)) = {pml 1 ifn= sz.

Proof. By the definition of szml 2m,, We can easily see that piqf, i > my, j > my are the

vertices of the clique of Y oy g2y and the number of such vertices is

my+1+my+1+4---+my+1+my =my(my+1)+ my.

my

By Lemma 3, I'(Ay,) is Ky
F(ZleqNZ) is

) if and only if n divides d?, so that the clique number of

d:
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{p,pz,...

T(Apmgma )|+ LAy grg=1)[ 4 - - -+ [T(Apm g) [ 4 [T (A )|
+ T(A i -1m )|+ IT(A g1 gmy1) [ 4+ -+ [T(A 1) [ 4 [T (A 1)
[T (Apgre) |+ IT(A g )| + -+ + [T(Ayg2)| + [T (Ay)]

+ [T(Agm) [+ [T(Agm-1)| + -+ [T(Ap)[ + [T(Ag)]|

= ¢(p"™q"™) + p(p"M g™ ) -+ o(p"™g) + o (p™)

(P g") + (P ) o p(p™ T ) o™

+

+¢(pg™) + ¢(pg" ) + -+ @(pq) + ¢(p)
+¢(q") + p(g" ) + -+ p(47) + ¢(q)
= p(P")g" + p(p™ )" 4+ p(p)g"2 + g2 — 1 = pTig"™ — 1.

If my = 0, then by definition of szm, the vertices pi, i > m, form the clique in it and
its size is m. Thus, the sum cardinality of the cardinalities I'(A pi),i > m, is the clique size
of I'(Z,on). Using Lemma 1, we have

CZ(F(Api)) =|F(Apm)‘ + |F(Apm+1)| + -+ ‘F(APZm—l)‘
=p(p") +o(p" )+ +p(p) =p" - 1.
0

The following result gives the structure of I'(Z P12 ), where Nj and N, are both odd.

Theorem 3. Let T'(Z,) be the zero-divisor graph of order N where n = pNigN2 and Ny =
2my +1<2mpy+1= N,. Then

T(Zn) = Yu [ p(pm g2y Rp(mqiy oo Koy Ko ma oo K i ginay
- Ry Kogm gz Ky om gz K om )
K(P(Pmlqzmz)’ e ’K(P(Pmlqmz)’K¢(pmlqm271)’ “e. ’K(P(Pml)’ ce ,K¢(q2m2), ey

K(P(qmz),K(P(qmzq), e 'K¢(q) .

Proof. Let n = pNigN2, where pand q,2 < p < g, are primes and Nj and N, 2 < Ny =
2m; +1 < 2my + 1 = N, are positive even integers. Then the proper divisors of # are
2mp+1

my+1 2my+ 2mp+1

ERYY 4 /q/q2/~-~/q - q /Pq/PEIZI--qu - Pq JARRY:
q’ Pm]+1q2/- . ',Pm]+1qu, pm-1+lqu+1,' . .,pm-lJrquWIerl’. . 'Ip2m1+1q p2m1+lq2’. ..,

my+1 my+1
P P

/P

p
2 1 2 1 1 2 1.2
P my+ qu,p my+ qm2+ S, miy+ q 7‘712}‘

my+1
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Therefore, by the definition of Y,, we have

pl~plPm i > 2my + 1, fori=1,2,...,2my +1,
qi szmlqj, l—f—]ZZle-I—l, fori=1,2,...,2mpy+1,
pqi Npkqj, i+j>2my+1, fori=1,2,...,2my+1and k > 2my,

Py~ kgl i4j > 2my 41, fori =1,2,...,2my + 1and k > my,

PPl kgl i > 2my 41, fori=1,2,...,2my and k > 0.

By Lemma 2, fori=1,2,...,2m+1,j=1,2,...,2my+1land k =1,2,...,2my, the
cardinalities of A, are

4] = (pm TR, A = (AT, A ] = g @),
A g = 9P 1T), LA | = P IT) A 1] = 9P,
Also, by Lemma 3, the induced graphs I'(A, ,) are
y

F(Ad ) - K(/)(pz”’l*'l‘iq
F(Ad ) = K¢(p2m1+lq2mz+1fj)/ 1 S ] S 27’12 + ]-/

2m2+1)/ 1 S l S 2Wl] + 1/

G = F(Adpiq/'> = K¢(p2n11+1—iq2m2+1—]’)/ 1<i<mpand1<j<2m;+1 ©)
orl <i<2mj+land1 <j<my,
F(Adpiqj) = K¢(p2ml+lfiq2m2+lfj)/ mq + 1 S 1 S Zm] + 1 and my =+ 1 S ] S Nz,

where we avoid I'( corresponding to proper divisor p?™1+142"2+1 Therefore,

Adp21n1+1q2m2 +1 )
by Lemma 4, the structure of zero-divisor graph of I'(Z,,) is

T(Zy) = Y [Kp(pzmlq,vz),...,

Kopmgray - Kygrays
¢(PN1)’K¢(P2’"1 g2y ’KKP(PZ’"W"’Z)" Y

K(P(pmqumZ), .o "K¢(Pml¢]m2)’K¢(p"’1qm271)’ .. .,K¢(pn11), .. .,K(P(quZ), ey

Koy -1 K gy

.., K K

Pp2m)
K¢(qn12),K¢(qm2_1), - ,K¢(q) .
O

If Ny = 0, in Theorem 3, we have the following consequence.
Corollary 4. Let T'(Zy) be the zero-divisor graph of order N, where n = p*"*+1. Then
F(Zn) =Yu[Kp(gam Kooy, Koy Ky, K1y, Ky Ko

2m+1 m+1

Proof. The proper divisors of n = p are {p, p2‘, c " P, 2, L, p? ). In the
graph Y u+1, the vertex p' is adjacent to the vertex p/ if and only if i 4 j > 2m + 1 with 1 <
i < 2m and to avoid loclps we assume i # j. Also, n‘does not divide (pi)z, fori=1,2,...,m,
this implies that G; = K¢(p2m+1,1) and n divides (p')?, fori =m+1,m+2,...,2m —1,2m,
so that G; = K(P(pzmu). Now result follows. [

Other graph invariants of I'(Z pN1 N ), like automorphism group, chromatic number,
domination number, independence number, matching number can similarly be investigated.
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3. Laplacian Eigenvalues of the Zero-Divisor Graph I'(Z,)

Consider an 7 X n matrix

Aip Ay - Ay
Arp Ay -0 Ay

- . . . 7
A A - Ay

whose rows and columns are partitioned according to a partition P = {Py, P, ..., P;} of
the set X = {1,2,...,n}. The quotient matrix Q is a matrix of order  whose (i, j)th entry is
the average row sums of the blocks A; ; of M. If each block A; ; has constant row (column)
sum, then the partition P is called equitable and the matrix Q is known as equitable quotient
matrix. In general, the spectrum of Q is interlaced by the spectrum of M, equality holds in
case of the equitable partition [1].

The following lemma gives a different method of finding determinant (det) of a matrix.

Lemma 5 ([18]). Let Ay, Ap, Az and Ay be respectively p X p, p X q, q X p and q X q matrices
with Ay and Ay invertible. Then

A A _
det <A; Ai) = det(Ay)det(Ay — A3ATAy)

= det(Ay)det(Ay — AyA; ' A3),

where Ay — A3Af1A2 and Ay — A2A;1A3 are known as the Schur complement of A1 and Ay,
respectively.

The following result gives the Laplacian spectrum of G[Gq, ..., G,] in terms of the
Laplacian spectrum of G;’s and the eigenvalues of the quotient matrix.

Theorem 4. Let G be a graph of order n and let G; be regular graphs of order n; with Laplacian

eigenvalues pjy > pip > ... > Hin, wherei = 1,2,...,n. Then the Laplacian eigenvalues

of G[Gy, ..., Gy are the eigenvalues w; + uy(G;) fori = 1,...,nand k = 2,3,...,n;, where

«; = Y., n;isthe sum of the cardinalities of the graphs G;, j # i, which corresponds to the
'U]'ENG(U[)

neighbors of vertex v; € G and n eigenvalues of the following matrix

aq =12 ... —Piy
o- —1:lJ21 Oézz —1{J2n ’ ©)
_lpnl _IPnZ cee Xy

where for i # j, $i; = nj, if v; ~ vj, while as ;; = 0, if v; = v;.

An equivalent statement of Theorem 4 can be seen in [19], so we omit the proof here.

Usually it is difficult to obtain the Laplacian eigenvalues of graphs in general. So,
researchers attempt to get the Laplacian eigenvalues of particular class of graphs. It is
important to mention that the structure of the zero-graphs associated with Z, for n =
pN1gN2 has not been obtained earlier. Therefore, it becomes essential to write graphs in
some known structure and obtain their Laplacian spectrum.

Now, we will find the Laplacian eigenvalues of I'(Z,), for n = leqNZ, where p and g,
p < g, are primes. This generalizes the results obtained in [5] and that too by using different
technique. We prove the case when N; and N, N1 < Nj, are positive even integers and
the odd case can be similarly proved.
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Theorem 5. Let T'(Z,,) be the zero-divisor graph of order N, where n = pNig™N2 and Ny = 2my <
2my = Nj. The Laplacian spectrum of T'(Zy) consists of the eigenvalues

{(Pi — D)l (i MR (i 1)) gk )y l(pma™2 ) -1

(pmig = DT, (pmgh — 1)o@ -1 (it q)lea™ 01

wherei =1,2,...,my,...,N;, j=1,2,...,Np, k=1,2,...,my—1,1 =my,...,2my and
t = my,...,2my — 1. The remaining Laplacian eigenvalues of I'(Zy) are the eigenvalues of the
matrix given in (6).

Proof. By using Theorems 1 and 4, the value of &;’s are

a1 =¢(p) =p—Laz=¢(p) +9(p*) =p* -1,
amy = p(p") +p(P™ )+ +p(p) = p™ — 1,

an; = ¢(pM) +p(PM ) + -+ p(p) = N -1,
that is,
;= pi —1, fori=1,2,...,Nj.

Fori > my and j > my, we note that I'(A as vertex of Y, are adjacent to itself, so

vgi)
we add and subtract cardinalities of such type of I'(A

Now, as above other «;’s are given by

piqj),s so that a;’s are easy to calculate.
o; :qul, fori=N;+1,..., N+ Ny, andj=1,2,...,mp,..., Ny,
o; :qu—lfori:N1+N2+1,...,N1 +2N2and]': 1,2,...,my,..., Ny,

w =p™g/ —1, fori =Ny +mNy+1,..., Ny + miNy+mp —landj=1,2,...,mp —1,
o :pmlqulfgb(pmlqj), fori = Ny +mNy,..., Ny + (m1+1)N2 andj =my,..., Ny,

w; =pMg/ —1, fori =N+ NN, +1,..., Ny + N\]N, +my —1land j = 1,2,...,mp — 1,
o; :lequlf(P(qu_j), fori=N;j+N{Ny+my,...,Nt + NyN, + N, — 1
andj=my,...,No — 1.

By using Theorem 4, Equation (2) and the fact that Laplacian spectrum of K, is {01!},
we have

a; + A (G) = +)\ik(K¢(erinz)) =ua; = pi —1,fori=1,2,...,Ny.
Thus, fori = 1,'2, ..., Nj, we see that pi — 1is the Laplacian eigenvalue of I'(Z,) with
multiplicity ¢(pN—igN2) — 1.

Now, following similar steps, it is easy to see that

(gf — D)™™ D=1 (i )le(pM 2] gk 1)) —1]
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are also the Laplacian eigenvalues of I'(Z,). Again, by Equation (2), G; = K (pN1-igNa—7)s

when i > my and j > mj, and Laplacian spectrum of K,, is {0, w1}, s0
ai +Ax(Gi) = p"g —1—¢p(p"q') + 9(p™q") = p"1q' -1

is the Laplacian eigenvalue of T'(Z,) with multiplicity ¢(p"™1q') — 1, where I = my,..., N.
Similarly, for k = 1,2,...,mp —1 and t = my,..., Ny — 1, we see that leqk —1 and
pNg* — 1 are also the Laplacian eigenvalues of T'(Z,) with multiplicities ¢(gN2~*) — 1 and
¢(qN27F) — 1, respectively. The other Laplacian eigenvalues of I'(Z,) are the zeros of the
characteristic polynomial of the quotient matrix (6). O

If we put my = 0 in Theorem 5, it reduces to the following result [5] with a different
technique.

Corollary 5. If n = p>" for some positive integer m > 2, then the Laplacian eigenvalues of
I'(Zy) are

{0, (p— 1)l I, (p* — e (pm1 - 1)l 1 (p" — 1)l -1

(p =)D (pm=2 )] (p2m=1 ) le(p)] }

Proof. Using Corollary 1, p ~ p?>"~! implies that a; = ¢(p). However, in general, we see

. L.
thata; = p' —1,fori =1,2,...,m —1, where from Theorem 1, we have used } p' = pl —1.
i=1
As p™ ~ p™, so we add and subtract cardinality of I'(A,n) and thus a,, is given as

am = P(p" )+ p(p" ) + -+ p(p7) + 9(p)
=o(P") + (") + (") + -+ 0(PP) + ¢(p) — p(p™)
=p"=1=9(").

Likewise, fori = m +1,...,2m — 2,2m — 1, it is clear that

i

ai =Y ¢p(p) —p(p*" ) =p' = 1—p(p*" ).

=1

Fori=1,2,... M= 1, clearly a; = pi — 1 are the Laplacian eigenvalue of I'(Z,,) with
multiplicity ¢(p?"~) — 1. Also, from Theorem 4 and for i = m,m+1,...,2m — 1, we
see that

ai + pie(Gi) = p' = 1= p(p™" ") + pix(Kypon-i)) = p' = 1

are also Laplacian eigenvalues of T'(Z, ) with multiplicities ¢(p?>" ') — 1. The remaining
Laplacian eigenvalues of I'(Z, ) are given by the following quotient matrix

Q — (Amlxml Bmlxm>

Cm><mfl Dmxm

where A = diag(p —1,p*> —1,...,p" 1 = 1),
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0 0 0
0 0 0 *4)(?) 0 0 m+1
o) — Pp(p" ™)
oo 007 | |
) —o(pm1) - o b 0 —p(p*"2) - —p(p !
0 o(p 1) (P(pz) ¢(p) —(P(szfl) _(P(pmeZ) _¢(Pm+l)
pr—1-¢(p") —¢(p" 1) —¢(p?) —¢(p)
—o(p™) prl=1-g(pm ) —¢(p?) ~¢(p)
and D = : : : :
—p(p™) —9(p" ) e P =1 9(p?) ~(p)
—p(p™) —p(p" 1) e —¢(p?) PPt =1 ¢(p)
Applying Lemma 5, we have
det(xI — Q) = det(xI — A)det((xI — D) — C(xI — A)"'B). (7)

By evaluating Equation (7), we can verify that
{op=1p =1 pm =1t o1, 2ot )

are the remaining Laplacian eigenvalues of I'(Z, ). We note that all the Laplacian eigenval-
ues of quotient matrix Q are repeated with the eigenvalues obtained by «; + 1 (G;) except
p"—1. O

As T (Zonli]) = T'(Zym ), so for p = 2 in Corollary 5, we get the following.

Corollary 6. The Laplacian eigenvalues of the zero-divisor graph T'(Zym[i]) of Gaussian integers
modulo 2™ is

(2m-1 — 1)[4’(2"’“)}, (2m — 1)@ -1

ceey

{0’ 1@ ] Hle22)1).

(2m+1 _ 1)[4)(2"1*1)}/ o, (22m72 o 1)2’ (22771*1 _ 1)}

If my = 1 and m; = 0 in Theorem 5, we have I'(Z,2) = K,(,) and its Laplacian
spectrum is given by the following observation.

Corollary 7. If n = p?, then the Laplacian spectrum of T(Zy) is

{o,(p -2y,

The following result gives the Laplacian spectrum of F(prl 2 ), when both N; and
N, are odd. Its proof is similar to that of Theorem 5.

Theorem 6. Let T(Zy) be the zero-divisor graph of order N, where n = pNigN2 and N =
2my +1 < 2my + 1 = Nj. The Laplacian spectrum of I (Zy,) consists of the eigenvalues

{(pi — 1)) (i )M T (i )le(pM TN mit gk ) [e(p™a™2 )1
oo (pPmtlgk — 1)o@ -1 }

wherei=1,2,...,my,...,N1, j=1,2,...,Npand k =1,2,...,2my. The remaining Laplacian
eigenvalues of T'(Zy,) are the eigenvalues of the matrix given in (6).
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In particular, if ¢ = 1 in Theorem 6, we have the following result of [5].

Corollary 8. If n = p?"*1 for some positive integer m > 2, then the Laplacian spectrum of
[(Zy) is

{0, (p— D)™ (p2 — )l U (pm=t )] (1)l 1]

7 7

(p L — D)™ (pme1 )] (p2m 1)) }

If mqy = my = 0, then n = pq. Therefore, by Lemmas 3 and 4, we have

T(Zpg) = YpgT(Ap), T(Ag)] = K2[Ky (), Kpo)] = Ko(p) VR = Koy o) 8

The next consequence of Theorem 6 gives the Laplacian spectrum of the complete
bipartite graph I'(Zy;).

Corollary 9. The Laplacian spectrum of I'(Zypq) is

{o.0-1r 2, (p =172, p g -2},
Form = 1and g = 1 in Theorem 6, we have the following observation for I'(Z,3).
Corollary 10. Ifn = p®, then the Laplacian spectrum of T(Z,) is
{0, (p — D)lPP-p=1 (2 —1)P-2) }

Proof. As the proper divisors of 1 are p and p?, so Y, is Kp : p ~ p?. By Lemma 4, we have

F(Zp3) = Yp3 [F(A,,),F(Apz)] =K [K(P(F,Z),K(P(p)] = Kp(p—l)VKp—l'

That is, F(Zps) is a complete split graph of order p? — 1, with independence number
p(p — 1). Therefore, by Theorem 4, we have (a1,a3) = (p — 1, p? — p), and

2= (Lo A1) g

As G| = Kp(p—l)/ so the Laplacian spectrum of I'(Z,) consists of the eigenvalue
a; = p — 1 with multiplicity p(p — 1) — 1, the eigenvalue a + iy (Kp—1) = p* —p +
p — 1 = p?> — 1 with multiplicity p — 2 and the other two Laplacian eigenvalues are the
eigenvalues of matrix (9). O

Now, consider the case when one of N;’s is even and other is odd, say Nj is even and
N is odd or Nj is odd and N; is even. In the following result, first case is given and the
second case can be treated similarly.

Theorem 7. Let T(Z,) be the zero-divisor graph of order N, where n = p™Ng™2 and my < mj so
that Ny = 2my < 2my + 1 = Ny. The Laplacian spectrum of T'(Zy,) consists of the eigenvalues

{(pi i e R I A UL R e B DC G i |

AR (leqk - 1)[¢(qN27k)_1] }/

(p™gf — 1)ler™a"27)-1]

wherei=1,2,...,my,...,N1, j=1,2,...,Nyand k =1,2,...,2my. The remaining Laplacian
eigenvalues of T'(Zy,) are the eigenvalues of the matrix given in (6).
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Proof. For n = pMgN2, with p and g, being primes and 2 < Ny = 2m; < 2mp +1 = N,.
The proper divisor set of n is

my+1 my+1
PR

{p,pz,...,p’”l,...,le,q,qz,...,q LN, pa, g%, pg™ g™, ™M, P ™M,

. ,pml qm2’ pmlqmz-i-l, o, pml qul .., le q, le qz, ..., lequzl lequ+l, . le qu—l }
Now by the definition of Y, the adjacency relations are

piijqu, 1+]2 Ny, fori=1,2,...,N;
qi ~ leqj, i+j> Ny, fori=1,2,...,N,,
pq' ~p'q, i+j> Ny, fori=12,...,Nyandk >2m; — 1,

pmlqiwpkqj, i+j>Np fori=1,2,...,Nyand k > m

pMigh~ prgl, i4j> Ny, fori=1,2,...,N; —1and k > 0.

Also, the cardinalities of A;,’s are

|Api| = ¢(pN1—inz), |qu| = 47(PN1qN2_j), ‘quj| — (P(le_quZ_j),. . |Apm1qi| _ (P(PmlE]NZ_j),
R |APN171'7J| - (P(quz*j)’ |Aleqk| = ‘P(quk)/

wherei=1,2,...,N;, j=1,2,...,Npand k =1,2,..., N, — 1. Further by using Lemma 3,
we have

1<i< Ny,
1 S ] S NZ/
Gi=qT(Az ) =K, nighy, 1<i<m—land1<j< N, (10)

OrlSiSNlandlgjng,
mp <i< Npandmy <j < Na.

T(Ag. ) =K

pigi p(pN1igN2 )

Thus, by Lemma 4, the joined union of I'(Z,,) is

K

o2y Kooy Kooty Koy, Koy
Kopm-1gno-yr oo Kgpma-agmay, o Koty Ko o1y, s K g -1y,

K(P(pnllqrnz), .. .,K(P(pml), .. .,K¢(qN271), .. "K¢(q"'271)’K¢(q"12)’ .. .,K¢(q)].

I(Zy) =Yu[K 4 K

(/J(le’quZ)""’ ..,K
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By using Theorems 1 and 4, the value of a;’s are

;= pi—l, fori=1,2,...,N;
wj=g —1,fori=Ny+1,...,Ny+ Nyandj=1,2,...,my+1,...,Np,
wj= pg —1fori=Ny+No+1,...,Ny+2Nsandj=1,2,...,mp +1,..., Ny,

;= pmqu—l, fori=N;i+mNy+1,..., Ny+mNy+my—1landj=12,...,my,
K = pmlqj—l—cp(pmlqj), fori =Ny +miNy, ..., Ny +(my+1)Noandj=my+1,...,Np,

wj= pMg/ =1, fori=N; + N\No+1,...,N; + N\No + mpand j = 1,2,...,my,
wj= pMNgl —1—¢(gN>7T), fori=Ny + N\No +mp+1,..., Ny + N\ Ny + Np — 1
andj:m2+1,...,2m2.

Again, applying Theorem 4 and using Equation (10), we see that

w1+ p1(Gr) = +0=p—1

2mq—1 2m2+1)

is the Laplacian eigenvalue of T'(Z,) with multiplicity ¢(p q
other Laplacian eigenvalues of I'(Z,) are as in the statement. [J

— 1. Similarly, the

Next, we find the Laplacian eigenvalues of I'(Z,,) when 7 is the product of three primes.
Theorem 8. The Laplacian spectrum of T'(Zyq,) consists of the eigenvalues

{(p — 1)l (g — 1)1 — 1)1 (pg — 1)0O-1] (pr — 1)@= (g — 1)) 1] }

Proof. Let n = pgr. Then p,q,r, pq, pr and gr are the proper divisors of n and Y, is the
graph Gg : g ~ pr ~ pg ~r, pr ~ qr ~ p and pg ~ qr, ie., Y, is a unicyclic graph with
pendent vertices at each vertex of cycle as shown in Figure 2. Ordering the vertices by
increasing divisor sequence and applying Lemma 4, we have

T'(Z30) = Y30[Ks, K4, Kas, Kg, K2, Ky].
By Theorem 4, value of «;’s are
s =¢(p)=p-La=9q) =qg-1as=9(r) =r—1as = ¢(pg) + ¢(p) + ¢(q) = pg — 1,
as = @(pr) +¢(p) + ¢(r) = pr =1L ae = p(gr) + ¢(q) + ¢(r) = gr - 1.

Since each of G; is a null graph, so the Laplacian eigenvalues of I'(Zpg,) are p — 1 with
multiplicity ¢(qr) — 1, g — 1 with multiplicity ¢(pr) — 1, r — 1 with multiplicity ¢(pg) — 1,
pg — 1 with multiplicity ¢(r) — 1, pr — 1 with multiplicity ¢(q) — 1, and gr — 1 with multi-
plicity ¢(p) — 1. The remaining Laplacian eigenvalues of I'(Z;,) are the eigenvalues of the

following matrix
¢(p) 0 0 0 0 —¢(p)
0 ¢(q) 0 0  —¢(q) O
0 0 ¢(r)  —¢(g) 0 0
0 0 —¢(pg) pa—1 —¢(q) —¢(p)
0 —¢(pr) 0 —¢(r) pr—1 —¢(p)
—¢(gr) 0 0 —¢(r) —¢(q) qr—1
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Theorem 8 can be generalized for arbitrary product of distinct primes. Although it
is hard to find the Laplacian spectra of I'(Z,) with canonical decomposition of n, it is
interesting and can explore various properties of Z, and the structure of its associated
zero-divisor graph. The spectral study of zero-divisor graphs of rings may open research
work as in the case of Cayley graphs.

14 _a
K¢(qr)

|
& Ky

[N

pr P4 K¢(pr)_ qu(q)‘ qu(r)— qu(pq)

q r

Figure 2. Proper divisor graph Y4, and zero-divisor graph F(qur).

4. Conclusions and Comments

Let M, (C) be the set of all square matrices of order n with complex entries. The trace
n

norm of a matrix M € M, (C) is defined as | M|« = ¥ 0;(M), where 01 (M) > 0»(M) >
i=1

- > 0y(M) are the singular values of M (that is the square roots of the eigenvalues
of MM*, where M* is the complex conjugate of M). In case of symmetric matrices, the
singular values coincide with the absolute values of the eigenvalues, i.e., if 0;(M) are the
singular values and A;(M), i = 1,2,...,n, are the eigenvalues of M, then 0;(M) = |A;(M)].
Thus, the sum of the absolute values of eigenvalues of the matrix L(I'(Z,)) — 221, is the
trace norm of L(I'(Z,)) — 221, where I, is the identity matrix of order n. It is an interesting
problem in Matrix theory, to determine among a given class of matrices the matrix (or the
matrices) which attain the maximum value and the minimum value for the trace norm. The
trace norm of matrices associated with the graphs and digraphs are extensively studied.
For some recent papers in this direction see [20,21] and the references therein.

In spectral graph theory, the trace norm is studied under the name graph energy.
Gutman and Zhou [22] defined the Laplacian energy of G as

n—1
Using the fact that ) p; = 2m, from [23], we have
=

=1

1<k<n

LE(G) :2<i yiad> =2 max (iyikd) (11)
i=1 1=i

where ¢ is the number of Laplacian eigenvalues greater than or equal to the average degree

d. We note that f u; is actually the Ky Fan k-norm, which for positive semi-definite matrices
is the sum of k llarlgest eigenvalues. The parameter ¢ is an active component of the present
research and some work mostly on trees can be found in the literature [24]. In fact, it is
shown in [25] that the Laplacian energy has remarkable chemical applications beyond the
molecular orbital theory of conjugated molecules. For some recent works on Laplacian
energy and related results, we refer to [2,26-28] and the references therein.

In case of n = p? 2t

, n = p®and n = pgq, the trace norm of £ = L(I'(Z,)) — 221, are

n

2 _ 3 _4p2 _
2, 220" —pi=2) 20 = 4" —p+3)

2 —
(p p+q—2 pd—1
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Similarly, Laplacian energy of I'(Z,)) can be discussed for other values of n and
various upper bounds and lower bounds can be obtained.

As zero-divisor graph of Z, has been written in terms of the joined union, where
components are either cliques or their complements, but, in general the zero-divisor graphs
of ring R cannot be expressed as the joined union of graphs. So, their spectral analysis
becomes difficult. No general method is yet available in discussing the spectra of zero-
divisor graphs of rings such as Zy[i], Zy x Zq, (p # q), Zpli] X Z4li], (p # q) and many
other zero-divisor graphs associated with commutative as well as non-commutative rings.
Also relating spectral properties with the graph invariants such as connectivity, chromatic
number, matching number and other parameters are very interesting problems.
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