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1. Introduction

Quantum calculus or g-calculus is the modern name of the study of calculus without
limits. It has been studied since the early eighteenth century. The famous mathematician,
Euler, established g-calculus and, in 1910, F. H. Jackson [1] determined the definite g-
integral known as the g-Jackson integral. Quantum calculus has many applications in
mathematics and physics such as combinatorics, orthogonal polynomials, number theory,
basic hypergeometric functions, quantum theory, mechanics, and theory of relativity, see
for instance [2-23] and the references therein. The book by V. Kac and P. Cheung [24] covers
the fundamental knowledge and also the basic theoretical concepts of quantum calculus.

In 2013, J. Tariboon and S. K. Ntouyas [25] defined the g-derivative and g-integral of a
continuous function on finite intervals and proved some of its significant properties. In
addition, they firstly extended Holder, Hermite-Hadamard, trapezoid, Ostrowski, Cauchy-
Bunyakovsky-Schwarz, Griiss and Griiss-Ceby3ev inequalities to g-calculus by using such
the definitions, see [26] for more details. Based on these results, there are many publications
about g-calculus, see [27-37] and the references cited therein. The further generalization of
quantum calculus is post-quantum calculus, denoted by (p, g)-calculus, which was first
considered by R. Chakrabati and R. Jagannathan [38].

In 2016, M. Tung and E. G6v [39,40] introduced the (p, q)-derivative and (p, )-integral
on finite intervals, proved some of its properties and gave many integral inequalities via
(p,q)-calculus. Recently, according to works of M. Tung and E. Gov, many researchers
started working in this direction, some more results on the study of (p, q)-calculus can be
found in [41-55].
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The Hermite-Hadamard inequality is a classical inequality that has fascinated many
researchers, stated as: If f : [a,b] — Ris a convex function, then

() < 52 [ an < LOLID) <1>

Inequality (1) was introduced by C. Hermite [56] in 1883 and was investigated by J.
Hadamard [57]in 1893. If f : [a,b] x [c,d] — Ris a convex function for coordinates, then S.
Dragomir [58] stated the Hermite-Hadamard type inequalities in 2001 as follows:
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In 2019, the Hermite-Hadamard type inequalities for coordinates via g-calculus was
presented by M. Kunt et al. [27]:

qua+b qc+d 1 / zc—l-d / gia+b
f<1+q1’1+q2>§2 b—a fix d—c f 1+q Y ) gy
Sm/ / f(x,y) cdg,y adg, x
< (1+q? _C/f”y quzy+ (1+q /fb}/ g,y

(1+672 —a) / flx dq1x+2(1+q2)(b—a)/a f(x,d) adgyx
< q192f(a,¢) +q1f(b,c) + q2f (a,d) + f(b,d)
(1+41)(1+42) ’

forall q1,92 € (0,1).

Recently, S. Bermudo, P. Korus and J. E. N. Valdes [28] defined new bq—derivative,
bg-integral and also gave the Hermite-Hadamard inequality via g-calculus by using such
the definitions. Consequently, H. Budak, M. A. Ali and M. Tarhanachi [29] defined some
new ’g-integrals for coordinates and gave the following inequalities

() =l ) e (0
sm/ / f(x,y) Mgy adg,x
gm/ flay)* qzy+W/ f(b,y) g,y
R /) g )

< 1f(a,¢) + 91926 (a,d) + f(b,c) + 2/ (b, 4) 3)
B (1+q1)(1+42) ’
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a+qib 172c+d><1[ 1 /b ( q2c+d) / <a+q1b ) }
f<1+Q1/1+q2 ~2|b—a afx,1+q2 f 1+g Y ) cdgyy
1 b opd ,
m/a /C f(x,y) cdgy "dg, x
1

d d
n
<— [ L E—
= 2(1+q)(d—0) / f@y) oy S )@ —o) / f(bry) clazy

+—(1+Q2 b—a) /fxc dqlx+—(1+LIz b—a) /fxd dg, x
< 2f(a,c) + f(a,d) + q142f (b, ¢) + 41/ (b,d)

= A+ +1) @
and
a+q1b C+Q2d 1 Q2C+d b a+q1b d
(T o) <aloma [ (w50 ) e e [ (550w) ]
d dy b
Sm/ﬂ /C f(x,y) “dg,y "dg,x
1 & d d
201+ ) (d—¢) / fla,y) d‘hy+ (1+l71 /fby dg,y
(qu /fxc dq1x+W/fxd by, x
< f(a/ C) + qu(a,d) + qlf(bf C) + qquf(brd) (5)

- (1+4q1)(1+4q2) ’

for all 41,42 € (0,1). Moreover, Yu-Ming Chu et al. [51] presented the definitions for
new ?(p, q)-derivatives, ?(p, g)-integrals and gave the Hermite-Hadamard type inequality
for convex functions by using (p, g)-calculus. Our present work was motivated by the
above mentioned literatures, we propose to define new ?(p, q)-integrals for coordinates and
then extend the Hermite-Hadamard type inequality in g-calculus for coordinated convex
functions to (p, q)-calculus for coordinated convex functions.

2. Preliminaries

Throughout this paper, we let [a,b],[c,d]| CR,0<g<p <1,0<gq; < p; <1for
i = 1,2. The definitions of coordinated functions, (p, q)-calculus, g-calculus and (p, )-
calculus for coordinates are given in [27,29,39,42,51,53,54].

Definition 1. [39] Let f : [a,b] — R be a continuous function. Then the ,(p, q)-derivative
aDyp,qf(x) of f at x € (a,b] is defined by

flpx+ (1 —pla) — f(gx+ (1 — q)a)
(p—q)(x—a)

The 4(p, q)-integral [ f(t)adp,qt is defined by

[ f(t)adp,qt:(p—q)(x—a)i 7 f( "y (1_;11;)“)

n=0 p

ﬂDqu( )

, X F#a
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Definition 2. [51] Let f : [a,b] — R be a continuous function. Then the ®(p, q)-derivative
"Dy qf (x) of f at x € [a, b) is defined by

flpx+ (1 —p)b) — f(gx+ (1 —q)b)
(p—q)(b—x) ’

The ¥(p, q)-integral f: f(t)hdp,qt is defined by
q" q"
pn+1x + (1 - pn+1)b>'

Definition 3. [58] A function f : [a,b] x [c,d] — R is said to be convex on coordinates, if the
partial mappings

pr,qf(x) = x #b.

b 0 n
[ 50 gt = -0 -0 1 T

fxile,d]>v— f(x,v) R and
fy:lab]>u— f(uy) eR

are convex for all x € (a,b) and y € (c,d).
A formal definition for coordinated convex functions may be stated as follows:

Definition 4. A function f : [a,b] X [c,d] — R is said to be convex on coordinates, if

ftx+ 1=tz Ay + (1= Mw) <A f(x,y) + 11 =A) f(x,w) + (1= )Af(zy) + (1 - HAA=]) f(zw)
holds for all t, A € [0,1], (x,y), (z,w) € [a,b] X [c,d].

Definition 5. [30] Suppose that f : [a,b] x [c,d] — R is a continuous function of two variables.
Then the derivatives are given by

O f(Xy) _ flax+ (1 -q)ay) — f(xy)

aaq1x - (1_%)(3(_“) ot 75‘1/
dpf(x,y) _ flrgy+A=—ploy) —floy) .
caqzx (1—q)(y—c) ' '
and
acq1.0.f (%, Y)
19g,Xc0g,Y
_fax+ (A —q)a, gy + (A —g2)c) — f1x+ (1 —q1)ay) — f(x, 92y + (L = g2)c) + f(x,y)
(1=g)(1—g2)(x—a)(y —c) '
forx #a, y #c.

Definition 6. [30] Suppose that f : [a,b] x [c,d] — R is a continuous function of two variables.
Then the definite integral is given by

x oy
/ / F(5) cdgy adg t
a C

- - -0 Y Y gl fhx+ (1 qa gy + (1 - ge).

n=0m=0
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Definition 7. [29] Suppose that f : [a,b] x [c,d] — R is a continuous function of two variables.
Then the definite integrals are given by

x pd i
/ / F(t5) Y, adg t
a Jy

=(1-q)(A-q)(x—a){d—y)

by
/x/cf(t,s) edgys by t

=(1-q1)(1—gq2)(b—x)(y —c)

192 f(q1x + (1 —qi)a, g3’y + (1 — g3')d),

[1e
[1e

q

n=0m=0

7197 f(g1x+ (1 —q1)b,q5'y + (1 — q3')c)

agk
agk

2
Il
<}
3
Il
o

and

b pd
/ / F(t,5) Ydgys Vg t
x Jy

=(1-q)1—q)b-x)d—-y) Y, Y qia f(@ix+ 1 —q)b 3y + (1 —g3)d).

n=0m=0

Definition 8. [52] Suppose that f : [a,b] x [c,d] — R is a continuous function of two variables.
Then the derivatives are given by

Opg f(0y)  flpix+ (1 —piay) — flax+ (1 - 111)01/]/)/ r£a,

a9py,q % a (p1—q1)(x—a)

Opsnf (Xy) _ fpy+ (A —ploy) —fray+(-a)oy)
5 = — s ;Y FEC
cIpr, g% (P2—q2)(y —c

and

ac®ppaanf (V) f(qx + (1 —q1)a, g2y + (1 = g2)c) — f(q1x + (1 = q1)a, pay + (1 — pa)c)

a9p;,q1Xc0p, g5 (P1—q1)(p2 —q2)(x —a)(y —c)
~ flpx+ (1 —p1)a, gy + (1 —q2)c) + f(prx + (1 — p1)a, pay + (1 — p2)c)
(p1—q1)(p2 —q2)(x —a)(y —c) ’
forx #a, y #c.

Definition 9. [52] Suppose that f : [a,b] x [c,d] — R is a continuous function of two variables.
Then the definite integral is given by

/u" /Cyf(t's) AprnS alpy,git = (P1—q1)(p2 — q2)(x —a)(y — ¢)

o v 4 7 i 9 '
Z Z n+1 m+1 (PTH + <1 o Pn+1>”’ pm+1y+ <1 B pm+1 ¢l

n=0m=0 P1 ~ P2 1 2 2

For convenience, we call the integral defined in Definition 10 as L-L (Left-Left) integral.
Next, we define another integrals for continuous functions of two variables.

Definition 10. Suppose that f : [a,b] x [c,d] — R is a continuous function of two variables.
Then the L-R integral, R-L integral and R-R integral are given by
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x pd
/a /y f(t,5) Yy, 0,5 adpygit = (p1— 1) (p2 — 2) (x — a)(d — y)

1’[

© © q qn qn qm qm
Z Z n+1 m2+1 ( n}klx—i_ (1_ pn1+1>a’ pm2+1y+ 1= Pm2+l d 4

P> P1 1 2 2

b ry
/x /C f(t,5) cpy g8 'y gt = (p1—q1) (P2 — G2) (b — x)(y — ©)
& g7 9 7' 7'
XZ Z n+1 m+1f< n+1 +<1_ n+1 b pm+1y+ 1_pm+l ¢

P1 2 2

and

b pd
Lo 09 s Yyt = (o1 = 00) (2~ 22) 6 = 0)(d )

<Yy (‘h (1— i )b 7 y+<1— 7 >d>.
o me op’f“ o\ pp pitt ) it pytt

Obviously, if p; = pa = 1, then Definition 10 reduces to Definition 7.

Example 1. Define a function f : [0,1] x [0,1] — R by f(xy) = xy, which is a continuous
function of two variables. Then by Definitions 9 and 10, for p1 = p2 = % and g1 = g = %, we
obtain

/ / xy ods 2y ods 2x = <i) <i)(1)(1)r§)§0 (SZ; (;)%31}1 (SZZA (Sr):l _Eg’
e o= (5) (G)om E & (;3:1 (;,lﬂ (;ZH - (;Ll) - 5%
b= (3) (GJoo 5 1 <(>) <(>) (1 <(>)) <(>) "

[uy

L = (5) (i)“)(”?fé?i (SZZ] <1<S’111><1(S£1>:215‘

At the end of this section, we give some known theorems needed to prove our
main results.

Theorem 1. [53] Suppose that f : [a,b] — R is a convex differentiable function on [a, b]. Then

we have ) 1 b+(1—p) f(a)+pf(b)
ga+p pb+(1=p)a q/(a)+p
f< pta >Sp(b—ﬂ)/a JOd apa = =g ©

Theorem 2. [42] Suppose that f : [a,b] X [c,d] — R is a continuous function of two variables.
Then the following inequalities hold:
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1+q1 " p2+q2

p1b+(1—p1)a gac + p2d> 1 pd+(1=p2)c [/ gia+ pib
X, |y g X+ ——— / (, ) d
2p1 (b—ﬂ)/ f( pataq ) P 2pa (b —a) Je I orva Y) Bt

1 p1b+(1—p1)a  ppad+(1—pz)c
< p1pa(b—a)(d— o) /H /C f(x ) cdprgy alpy g

< q2 /P1b+(l—P1)ﬂf( ) ud N P2 /p1b+(1—p1)uf( 0) ud
x,c x X, X
~ 2pi(p2+g2)(b—a) Ja TR 2p1(p2 + q2) (b — a) Ja aepim

L el /P2d+(1—lﬂ2)€f( ) od N p1 /P2d+(1—P2)cf(b )
a, ,
2pa(p1+q1)(d —c) Je Y elpaY T 5 o+ 1) (d —¢) Je Y) cAprpy
< 192f(a,0) +q1p2f (a,d) + pr42f (b, ) + prpaf (b, d)
(p1+q1)(p2 +92)

(lhﬂ + Plb qoc + Pzd)
<

@)
Theorem 3. [54] Suppose that f : [a,b] — R is a convex differentiable function on [a, b]. Then

we have
pa +qb 1 b b pf(a) +qf(b)
f< P+q>§p(b—a)/pa+<lp>bf() Tpax = ptq ®)

3. Main Results

In this section, we give new (p, q)-Hermite-Hadamard type inequalities for coordi-
nated convex functions and verify them.

Theorem 4. Let f : [a,b] X [c,d] — R be a convex differentiable function of two variables. Then
the following inequalities hold:

1+ﬂ1 "t g2

pib+(1-p1)a p2c—|—q2d) 1 d q1a+ p1b
x/ d X / (, ) dd
2p1 (b —a) / f( pataq )PV 2pa(b—a) Jpyer(1-pp)d f p1+q V) ¥

< 1 /Plh-i-(l Pl)ﬂ/ £ )dd p
X, X
= pip2(b—a)(d—c) Ja pactmppya’ Y e el

(‘7111 +p1b pac+ Eizd)
<

n /d d P1 /d d
< a, d + b, d
= 2p2(p1+q1)(d —c) pzc+<1—pz>df (@9) “ragey 2p2(p1 +q1)(d —c) pzc+<1—pz>df (b:9) “ragey
P2 /Plel*Pl)ﬂ 72 /p1b+(1*P1)‘1
+ x,c) qd x+ x,d) .d X
2p1(p2 +92) (b —a) f(x:€) adpy 2p1(p2 +q2)(b—a) Ja f(x,d) adpygy

< Np2f (@) + q192f(a,d) + prpaf(b,c) + p1gaf (b,d)
(p1+91)(p2 +42)

©)

Proof. Let I : [c,d] — R defined by h,(y) = f(x,y) be a convex differentiable function
on [c,d]. Using the inequality (8) on [c, d], we have

pa2c+ l]zd) 1 /d d chx (C) + lhhx (d)
h < h d < )
x( p2+aq2 )~ p2(d—c) Jpper(1-py)a *() “paay < P2+ 42
ie.,
pac + qzd) 1 /d d paf(x,¢) +q2f (x,d)
X, < x,y) d < , (10
f( p2+ 42 pa(d —c) PzC+(1—Pz)df( ¥) “pay P2+ 42 {10

forall x € [a,]].
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By (p1,91)a-integrating both sides of (10) on [, pya + (1 — p1)b], we have

1 pr1b+(1-p1)a c+qgod
/ f(x, M) alp, g, X

p1(b—a) Ja P2+ a2
B 1 /P1b+(lfp1)a /d Flx,y) d
X, X
= pipa(b—a)(d—c) Ja pac+(1—pa)d Y St il
1 p1b+(1—p1)a pzf(x, C) + lhf(x d)
1 A g 11
< Pl(b _a) /u PR +q2 rinX ( )

Similarly, let i : [a,b] — R defined by hy(x) = f(x,y) be a convex function on [a, b].
Using the inequality (6) on [a, b], we have

a+ pib 1 pib+(1—p1)a hy(a) + vihy (b
hy<ﬂl1 p1 > < )/ﬂ Iy () adpy X < q1hy(a) + pihy(b)

pi+q1 )~ pi(b—a - p1+q1
ie.,
Q10+ pib ) <1 /plhm*pl)a 91.f(a,y) + p1f(by)
Y S X,Y) adp, g, < , (12
f( g ) S pb—a) o f(5:y) adprqy p1+q 12)

forally € [a,b].
By (pa2, g2)"-integrating both sides of (12) on [pac + (1 — p)d, d], we have

1 d q18 + p1b > d
- NnEr Rz d
p2(d —c) /PzH(lfpz)df < prq ) Crend

< 1 d p1b+(1-p1)a p a
~ pip2(b—a)(d—c) /PzCJr(l*Pz)d/ﬂ f(y) adp “dpagay

1 d qif(a,y) +p1f(by) 4
e S d . 13

Adding (11) and (13), we obtain

1 pib+(1-p1)a pac + q2d> 1 d q1a + p1b
1 R S (Bent o
m(b—a)/a f( pava ) T @) v’ Uprray oY) et

< 2 pib+(1=p1)a pd a4 p
S e 0@ - ) it
< 1 /P1b+(1r’1)ﬂ p2f(x,c) +q2f (x,d) PR
>~ 7?’1(}7 —a) i 1 +q2 a“p1.q1
41 /d wf@y) +nfby) a,
pa(d —¢) Jpse(1-pa)d p1+q P22
_ P2 /P1b+(1—i71)11 i 9 /P1b+(1—lﬂl)ﬂ D d
prb—a)(pa +3) Jo ) eyt =2 (pa  42) e S0, d) adpy g,
7 /d d 1 /d d
+ a, d + b, d ’
p2(d —c)(p1+q) po+(1—pz)df( ¥) “raazy p2(d—c)(p1+q1). p2c+(1—p2)df( Y) “dp2asy

which proves the second and the third inequalities of the theorem.
CLRN LYY
p1t+m

gi1a+ p1b pzc+q2d> < 1 /d <Q1Q+P1b > )
’ = EE—— d )
f< pi+q  p2+42 p2(d—c) p2c+(]7p2)df e y r2a2Y

Since , it follows from the first inequality of (10) that
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€ [c, d], it follows from the first inequality of (12) that

14+ p1b pac+qod 1 p1b+(1—p1)a pac + god
f(q Pz d - / flx P2e T 28 adp, g, X.
pita pat g p1(b—a) Ja p2+q2
Adding two inequalities above, we obtain the first inequality in the theorem.
Finally, using the second inequality of (10) and (12), we have

n d d qmipaf(a,c) +q192f(a,d)
a, dp, 0,y <
pa(d —c)(p1 +q1) /r’20+(1—l72)df( ¥) oy (1 +a)(p2+92)
p1 d d pip2f(b,¢) + p1g2f (b, d)
by) %, oy <
p2(d—c)(p1+q1) /!72C+(1*P2)df( ¥) paaey (1 +41)(p2 +q2)
P prbt(1=pr)a nq2f(a,d) + p192f (b, d)
/d Ild S
Pl(b_a)(Pz-i-lh)/ flxid) adpy (p1+91)(p2+q2)

P2 pib+(1—p1)a qlpzf(a, C) + P]pi(br C)
7 d S :
Pl(b—ﬂ)(Perlh)/ fxre) adp g (1 +91)(p2 + 92)

Combining the inequalities above, we get the last inequality in the theorem. This
completes the proof. [

Remark 1. If py = po =1, then (9) reduces to (3), which was appeared in [29].
Remark 2. Ifp; = pp =1, g1 and g tend to 1, then (9) reduces to (2), which was appeared in [58].

Theorem 5. Let f : [a,b] X [c,d] — R be a convex differentiable function of two variables. Then
the following inequalities hold:

p1+ th " p2ta2
goc + pod

q2C€ T pP2d \ p #/Pzdﬂl—vz)c M
2p1 (b—a) /ma+< m)bf(x’ p2 + 02 ) Tt 5 —a) ), P\ gy V) cmad

_ 1 b p2d+(1-p2) p b
S TG cr ) FEry) clpuaey“pu

P1 /P2d+( p2) 71 /P2d+( p2)e
< Y) od b,y) d
= 2p2(p1 + ql)(d — C) B f(a y) P2,l12y+ ZPZ(P] +q1)(d - C) c f( y) c erqu

(pla +q1b goc+ p2d>
<

q2 b b p2 b b
+ x,¢) dp, g, X + x,d) "dp, g, x
2p1(p2 + q2) (b — )/pm+< m)hf( ) i 2p1(p2+42) (b — a) /pw(lfm)bf( ) i
< P102f(a,0) + pipaf(a,d) + 132/ (b,¢) + qpaf(b,d)
(p1+q1)(p2+92)

(14)

Proof. Let i, : [c,d] — R defined by hy(y) = f(x,y) be a convex differentiable function
on [¢,d]. Using the inequality (6) on [c, d], we have

goc + pod 1 pad+(1-pa)c qth( ) + pahx(d)
( ) S pz( —C)/C h (y) CdPZ qu 4

P2+ q2 d P2+ q2
ie.,
q2c + P2d> 1 /”””“””C q2f (x,¢) + paf(x, d)
X, < X, d < 15
f( P2+ g2 p2(d —c) Je fGY) ey < P2+ 42 (15)



Mathematics 2021, 9, 698 10 of 19

forall x € [a,b].
By (p1,q1)b-integrating both sides of (15) on [pya + (1 — p1)b, b], we have

1 b qa2c + P2d> b
__ x,—=— ) %dy, X
p1(b—a) /pla+(1—m>b f < p2+ 42 P

< 1 b pad+(1—pa)c p by
~ pipa(b—a)(d—c) /pw+(1*p1)b/c JY) eray "oy
1 b q2f (x,¢) + paf (x,d)
— d . 16
~ pi(b—a) /Pl”Jr(l*Pl)b P2+ 92 P 16)

Similarly, let i : [a,b] — R defined by hy(x) = f(x,y) be a convex function on [a, b].
Using the inequality (8) on [a, ], we have

a-+aqqb 1 b pihy(a) + g1hy(b)
hy(pl 7 > < h— / B hy(x) delr‘hx < . =,
p1+qm p1(b—a) Jpa+(1—py)b p1+qm
ie.,
p1a+ qib >< 1 /b b pif(a,y) +a1f(b,y)
v ) < x,y) b, ox < o ar
f( m+q V) = pib—a) ma+(1fp1)bf( ¥) p1+aq 17

forally € [a,b].
By (p2, q2)c-integrating both sides of (17) on [c, pad + (1 — p2)c|, we have

1 pad+(1-pa)c a-+agb
/ <P1‘71,y> st

p2(d —c) Je P1tq
1 p2d+(1—pa)c b )
<
= pip2(b—a)(d—c) /c /plaJr(lfpl)bf(x,y) Apy,g1 X cpy g,
1 et p pifa,y) + a1 f (b, y)
S Ao .
" p2(d—c) /c P+ 0 cpy,qY (18)

Adding (16) and (18), we obtain

1 ’ goc + Pzd) b 1 pad+(1=p2)c (ma +q1b )
o D . patab
p1(b—a) /Pla+(1—m)bf<x P2+ q2 P+ pa(d —c) Je f ot gy ) vl

< 2 b p2d+(1-pa)c p by
< =TS Jnara-mn FExy) cpaaay g

< 1 /b qu(x’ C) + sz(X, d) bd x
= p1(b—a) Jpa+(1-py)p p2+ a2 P
L1 /’”2"*(1"’2” pfean+afby) 4,
p2(d —c) Je p1+q P
= 12 /b x,c) bd X+ P2 /b x,d) bd X
p1(b—a)(p2 +q2) P1a+(17p1)bf( ©) "y p1(b—a)(p2+q2) p1a+(17p1)bf( )y
P1 /P2d+(1pz)f q1 /p2d+(lp2)c
+ 4 Cd + b/ Cd ’
pald =) (pr ) e J@) e+ a0 v an) o fb) ey

which proves the second and the third inequalities of the theorem.
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p1a+q1b
p1+1q1

p1a+qib 672C+P2d) < 1 /P2d+(1*p2)c (plaJrqlb )
f( pr+a” p2ta2 ) T pad—c) Je f p1+q Y ) cpyapy-
q2¢ + pod
P2+ 492

a+qb goc+ pod 1 b 2 + pad
f<m nb q2c+pad’) _ L / fx 2PN g
prta” p2taz ) 7 pib—a) Jpar-pp P2t a2
Adding the two inequalities above, we obtain the first inequality in the theorem.
Finally, using the second inequality of (15) and (17), we have

Since € [a, b], it follows from the first inequality of (15) that

Since € [c, d], it follows from the first inequality of (17) that

e [ S < P S

pa(d — cl;}pl +q1) / Wm_pz}cf (b:y) clpoay < qlqizjﬂrl(llcq)l;r(zz;?;gd)
b

p1(b — ﬂ;)?zpz +42) /Pl”JF(l*pl)b Sl d) bdpl'qlx = plp(zlfl(ic;)l ;EZ;ZZ]‘;S !

72 b p192f(a,€) + 192 (b, )

f(x,c) bdp],q]x <

p1(b—a)(p2 +92) /;7111+(1—p1)b (P1+q1)(p2+92)

Combining inequalities above, we get the last inequality in the theorem. This com-
pletes the proof. [

Remark 3. If py = py =1, then (14) reduces to (4), which was appeared in [29].

Remark 4. If py = p» = 1, q1 and gy tend to 1, then (14) reduces to (2), which was appeared
in [58].

Theorem 6. Let f : [a,b] x [c,d] — R be a convex differentiable function of two variables. Then
the following inequalities hold:

p1+ lh "2t
po*l-l]zd) b 1 /d (plﬂ—FKhb ) d
DO iy R SR S patan Ndg,
2p1 (b —a) /7;1’1+( m)bf< P2+ q2 PERT T 2pa(b—a) . p2c+(1—p2)df p1+q V) Craad

1 b d
< / / x,y) Yy, oy td, o x
p1p2(b—a)(d —c) Jpa+(1-p)b P26+(1*Pz)df( v Py i

P1 / d n d d
< a, d + b, dp,,
= 2pa(p1 +q1)(d —c) pzc+(lfpz)df( ¥) pagay 2p2(p1+4q1)(d —¢) pzc+(lfpz)df( ¥) paaey

<P1ﬂ + mb pa2c + qu>
<

p2 b b q2 b b
+ x,¢) "dp, g, x + x,d) “dp, g, %
2p1(p2+42) (b — )/plam p1)b USRI 2p1(p2+42) (b —a) /pla+<1—m>bf( )
< P1p2f(a,0) + 19af(a,d) + q1p2f(b,€) + 2/ (b, d)
(p1+q1)(p2+ 92)

(19)
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Proof. Let hy : [c,d] — R defined by hy(y) = f(x,y) be a convex differentiable function
on [c,d]. Using the inequality (8) on [c, d], we have

pac + qzd) 1 /d d pahy(c) + gahy(d)
hy < hy d < ,
< P2+ 492 pa(d —c) Jprer(1-pa)d W) ooy P2+ q2
ie.,
pac + qzd) 1 /d d paf(x,¢) + q2f (x,d)
X, < x,y) “d < , (20
/ < p2+ a2 pa(d —c) PzCJr(l*Pz)df (oY) 2y p2+ a2 @0)

forall x € [a,b].
By (p1,q1)P-integrating both sides of (20) on [p1a + (1 — p1)b, b], we have

1 b pac + q2d> b
_ X, — d X
p1(b—a) /plu+<17m>h / < P2+ 42 P

1 b d
< / / ) i, oy bd, o ox
= pipa(b—a)(d—c) Jpar(—py)p p2c+<1—pz>df (0 y) pagal "

1 b x,C) + x,d
S — / pi( ) qu( ) bdpl,qlx‘ (21)
p1(b—a) Jpia+r(1—pi)p p2+q2

Similarly, let /1 : [a,b] — R defined by hy(x) = f(x,y) be a convex function on [, b].
Using the inequality (8) on [, b], we have

b
hy(pla Jrqlb) S : / hy(x) del/'hx S Plhy(a) +41hy(b),
P11+ p1(b—a) Jpiat(1—pi)b p1+ a1
ie.,
pra + qb ) o1 /b b pif(ay) +a1f(by)
S < ———— X, d x < , (22
f( m+a V) = pb—a) p1a+(1—m>bf( ¥) p1+q @)

forally € [a,b].
By (p2, g2)%-integrating both sides of (22) on [pac + (1 — p2)d, d], we have

1 d (}9111 + lhb ) d
- L d
p2(d —c) /ch-l-(l—lﬂz)df pirq V) Y

1 d b
< / / x,y) bdy, 0 x 0d,,
p1p2(b—a)(d—c) Jpyer(1—py)d p1u+(1_p1)bf( Y) "dpy g X Yy g0y
1 4 pif(a,y) +9:1f(by) 4
SO a0 d . 23
= pa(d—¢) »/poJr(lfpz)d P+ r2a2Y (23)

Adding (21) and (23), we obtain
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1 ’ ch+qzd> b 1 d (p1a+q1b )d
- X, — d x4+ — / L . £y d
p1(b—a) /;71a+(1p1)bf( p2+q2 P pa(d —c) pzc+(1,p2)df p1+q1 y 202y
= p1p2b— a)(d —0) Jpar(1pop Jpaer1ppya” Y Y
<1 /b paf(x,¢) + @2f (x,d)

- b— _ pra1%
p1(b—a) Jpia+1-p)p p2+q2

1 d pif(ay) +a1f(by) 4
+— d
pa2(d —c) /PzCJr(l*Pz)d p1+m

p2.2Y

= P2 /b x,c) bd X+ 92 /b x,d) d x
p1(b—a)(p2 +q2) p1a+(1—p1)hf( €) g, p1(b—a)(p2+ q2) p1a+(1—p1)bf( ) “dpigy

P1 / 4 d 71 / a d
+ a,y) “dp, 0.y + b,y) %dy, 0.y,
p2(d—c)(pr+q1) . po+(1—pz)df( ¥) “raazy pa(d —c)(p1+4q1) p2c+(1—p2)df( Y) dp2asY
which proves the second and the third inequalities of the theorem.

p1a+q1b
p1+q

pia—+qb pzc+q2d> < 1 /d <P1a+q1b > .
! = _— d .
f< pit+q - p2+42 p2(d —c) p2c+(]7p2)df i+ g y r2a2Y

pact+aad [c,d]

Since € [a, b], it follows from the first inequality of (20) that

Since , it follows from the first inequality of (22) that

p2+aq2
p1a+q1b pgc+q2d> < 1 /h < pzc+q2d) ,
’ - X, —— d X.
f( pi+q1 p2+q2 p1(b—a) le(l,pl)bf P2+ 12 P11

Adding two inequalities above, we obtain the first inequality in the theorem.
Finally, using the second inequality of (20) and (22), we have

d

pa(d — Ci)jzm +q1) /pzc+(1—pz)df(a'y> “paay < plpéi(i;)l;r(;?’fj;g’d)
d

pa(d — C?%Pl +4q1) /PzC+(1—P2)df (by) “dryy < qlp(zli(}j‘:;)l;r(g; infq(zl;/d)
b

p1(b— ﬂ‘;im +q2) /pw+(1fp1)b ) Py < Pl”l(zgl(i‘;)l ;Zgzltf];gd) '
b

=TT s g 9 i < PEECSMRE)

Combining inequalities above, we get the last inequality in the theorem. This com-
pletes the proof. [

Remark 5. If py = po =1, then (19) reduces to (5), which was appeared in [29].

Remark 6. If py = p» = 1, q1 and gy tend to 1, then (19) reduces to (2), which was appeared
in [58].

Corollary 1. Let f : [a,b] x [c,d] — R be a convex differentiable function of two variables. Then
we have the inequalities
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1[f(41ﬂ+171b L]20+P2d>+ <q1a+p1b P26+072d)
pi+a’ pta pi+m o p2ta
+f<p1a+q1b’qzc+p2d> +f(p1a+q1b’pzc+q2d)]
pi+q1 p2+4q2 p1+q1 p2+492

1 1b+ ~p1)a + pod + q2d
8 [ <x/ f2 T P2 ) (x/ e 12 >} ﬂdPll'hx
Pl( p2+4q2 P2 +q2
1 QZCJFPzd) ( PzC-HszH b
X, X, d X
8p1(b Plﬂ+ —p1)b {f( p2+q2 p2+q2 P
1 2d+(1 p2)e q1a—|—p1b ) (p1ﬂ+qlb ):|
o7 Y )+ , d
8pa(b —a) f( p1+q1 f p1+q V)| ctrzard
1 q1a+ p1b > <P1‘1+¢11b ﬂ d
V4 + d
SPZ( p26+ [ < Pl +q f p1+q P2y
< 1 P1b+ pad+(1-p2)c p J
= 4pipa(b—a)(d —c) Ua /C F(xY) cpyany adpyg @

N
a PzC+(17P2)df YY) " AprapY alprgX

b p2d+(1—pa)c
+ / / ) ey, oy d
pra+(1=p1)b Je fly) e p2a2Y  Aprg X

b d i b
+/p /p f(xy) “dp,gy dmmx]

1a+(1—p1)b . 26+(1—p2)d

q2 prb+(1=pr)a /p1b+(1—m)u
<
= 8p1(p2+g2)(b —a) {/ f(5:€) atlpy g% + i f(x,d) adpy g,

JF/]H+ pl)bf(x ,C) divlfh’“r/la+ pl)bf(x o) Py g, X

P2 p1b+(1-p1)a p1b+( 1 p1)a
d) .d d
B a0 a) Ua fxd)a p1mx+/ f(c) adp g, x

b b _
—i—/ x,d) bd, .ox+ x,¢) bd, o x
P1ﬂ+(1—P1)bf( ) i pra+(1—py)b f< ) P11

q1 p2d+(1-p2)c P
" 8p2(p1+q1)(d —c) Ue F(@,y) cdp, q2y+/ L pz)df(“'y) Apy,0Y

p2d+(1-p2)c
+ F(by) el +

d

b,y) %
et(i—ppa’ Y ”z’qzy}

pad+(1—pa)c b p d , dd
SPZ(Pl + ‘h {/ y> Oy T P2c+(1fP2)df< ,]/) P2y
p2d+(1 pz ;
Jr/ f@,y) cdpgy + flay) dpz,qzy]
e pac+(1—pa)d
1

4(p1+q1)(p2 + 92) [(9192 + q1p2 + p192 + pap2) f(a,¢) + (q1p2 + 9192 + pip2 + p192) f (a4, d)

+(p192 + p1p2 + 9192 + q1p2) f (b, ¢) + (p1p2 + p1g2 + q1p2 + 9192) f (b, 4)]. (24)

Remark 7. If p; = py =1, then (24) reduces to
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qa+b c+q2d> (a—f-qlb q26+d) (a—i—qlb C-f-ﬂzd)}
+f(l—i—q1’1+qz +f 14q1" 1492 +f 14+q1" 14492

1 b qoc+d c+qod
<
. 8(b—a)/a f(x’ 1+qz>+f<x’ 1+qz)] X
X, qzc—l—d) +f<x,c+q2d> bdmx
2 |

cdg,y

qa+b a+qib > d

, -, d
s y>+f<1+q1 V)| ey

1 b opd b od p

<4(b—a)(d—c){/a ) f(x,y) cdqzyadqlx‘f/u /C f(x,y) “dgyy adgx

b pd b pd
+/u /C f(xy) qu2ybdq1x+/a /C f(xy) ddqzybdqlx}

1 b b b b b b
< -
< 80— {/a f(x,c) ,zd,hx—k/a f(x,d) ﬂdlhx"‘/a f(x,c) d,hx—l—/a f(x,d) dqlx]

+8<dl_c)[/cdf(a,y) cdqzy+/cdf(u,y) ddqzy+/cdf(b,y) quzy—l—/cdf(b,y) ddqzy]

< flae) + f(a,d) + f(bc) + f(bd)
< 1 ,

which was appeared in [29].

4. Examples

In this section, we give some examples of our main theorems.

Example 2. Define a function f : [0,1] x [0,1] — Rby f(x,y) = x>y. Then f(x,y) is a convex
differentiable function of two variables on [0,1] x [0,1]. By applying Theorem 4 with py = py = 3
and q1 = qp = le' the first inequality of (9) becomes

1 3 3 1
9=f<3 1):f<4 0+3.1 3 0+4.1)
’ 3,1 ' 3,1
256 7/ \4'4 3yl E!
1 3.14+(1-2)0 3,041 1 1 1.o4+3.1
<53 /4 ' flot=5 0ds 1X+ ~— /3 . Sy ) sy
7-170 i+1 11 2-3-1J30+01-3)1 S+1 11

1X
1 74
% ! 1d % 1 1d
< / 0, + ! 1,
233+ 1)1 FIPEPACA N B 2.3 G+ IR ACH N U
3 3.14(1-3)0 1 3.1+(1-2)0
4 4 4 4
+ 4 / x,0) ods 1x+ 4 / x,1) ods 1x
R R A SR T B R VISR A
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N[N
—
Q1
(o)

141 ”
_o+2/1f(1,y) %%y+0+6/fx1 ods,

We also have

qip2f(a,c) +qiq2f (a,d) + pipaf(b,c) + p1g2f (b, d) 1 13 11
(p1+q1)(p2 +q2) - C+DE+D {4 1 f(0/0)+4 1 £(0,1)
33 31
g 00y )
:o+0+o+§&:%,

It is clear that 9 93 45 156 3
<335 <33 <81 = 16
256 — 832 — 338 — 832 ~ 16

which demonstrates the result described in Theorem 4.

/\

Example 3. Define a function f : [0,1] x [0,1] — Rby f(x,y) = x?y. Then f(x,y) is a convex
differentiable function of two variables on [0,1] x [0,1]. By applying Theorem 5 with py = py = 3
and q1 = qp = le' the first inequality of (14) becomes

9 —f< 3):f<2 0+1-1 }1-0+i~1>
= N\as) I\ T
1 L. p4+3.q 31+(1-2)0 3.04+1.
<5 | Flo g ) g e 5 [ LT ) odg
211 %-0+(1 %)l 4+Z 474 211 0 Z—’_Z 474
2 1 3\ 4 2 i /1 93
3/1f( ,4) dxts ), f(ﬂ) od3 1Y = 532
The third inequality of (14) becomes
45 16 (1 ri . 1 1 $1+01-3)0 .
759 Jy Jy S oy T TI A S fxy)ody yydy yx
3 31+(1-3)0 1 31+(1-3)0
< 4 ' 0,y) ods 1y + 4 / 1,
,2%(%+%)10 f( ]/)0%%}/ 2'%'(%+%)10 f( ]/) %%]/
Ly 1 L 1
+ / x,0) ‘ds 1x+ / x,1) "ds 1x
27 G D T hoaep Y T I AT feapa /Y
3
i 1 . 156
We also have
, ,d b, b,d 1 31 3 3
q1p2f(a,¢) +q192f(a,d) + p1paf (b, c) + p1g2f (b, d) _ S {4'4~f(0,0)+4-4‘f(0,1)
(P1+‘J1)(P2+‘72) (Z+Z)(Z+Z)
11 1 3
+4'4‘f(1/0)+4'4'f(1/1)}
1 3 3
=0+0+0+ 7 =1
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It is clear that 9 93 45 156 3
— < —— < —< ——< —,
256 — 832 — 338 — 832 — 16
which demonstrates the result described in Theorem 5.

Example 4. Define a function f : [0,1] x [0,1] — Rby f(x,y) = x?y%. Then f(x,y) is a convex

differentiable function of two variables on [0,1] x [0, 1]. By applying Theorem 6 with p; = py = 3
and g1 = qp = }1, the first inequality of (19) becomes

RENE ATE SRS SE SRS B
256 ‘\4’4) syl 4l
1 1 2.0+%-1 1 1 3.0+%-1
< flxt—=5— My 1 x+ —— / flE=5——v] 'y
2-7-1J50+01-3)1 1t1 11 2-7-1J30+01-3)1 i+13 11
2 1 1\ 2 1 /1 0\, 10
=3 if<x'4) 44* T3 ﬁ(w) WY = g
The third inequality of (19) becomes
25 16 1 1 . . 1 1 1 . .
676_9/i /3; Rt go+(1—z)-1/go+(1 IRAS L PR P
L 1 ;g 1
< 0,) s 1y + / 1y) d
2:2-3+1) 1/30+(13)1f( y) gy 2.2-3+0)-1 %0+(17%)1f( y) gy
P s P .
+ / x,0) ‘d; 1x+ / x,1)d; 1x
23 G+ 1 Soeaepa B T T T feeaopa /Y
—0+1/1 (1y) d +0+1/1 (1,1) Uy 1x = D
=0+g fy SLy) 6 S 1) v =g
We also have
prpaf(a,c) + praaf(a,d) + qipaf(b,c) + q192f(b,d) _ N {3 3 f0,00+2 L f01)
(P14 1) (p2 + 42) G+HE+1hH14 4 4 4
13 11
i1 (1/0)4'1 4'f(1/1)}
11 1
=04+0+0+ 27 =72

It is clear that , 10 ’s 10 1
<<= < =,
256 — 832 — 676 — 832 — 16
which demonstrates the result described in Theorem 6.

5. Conclusions

We define (p, q)-integrals for continuous functions of two variables. Moreover, we
prove the Hermite-Hadamard type inequalities for coordinated convex functions by using
(p, q)-integrals. Some previously published results of other researchers are deduced as
special cases of our results for p = 1 and 4§ — 1. Finally, some examples are given to
illustrate the result obtained in this paper. For further research, we will study some more
refinements of the Hermite-Hadamard inequality and study other famous mathematical
inequalities by using (p, 9)-integrals.
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