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Abstract: In th%)er, the concepts of symmetric g-calculus and conic regions are used to d/e_f\iﬂe
anew domain () ; ,, which generalizes the symmetric conic domains. By using the domain Q) ; ,,
we define a new subclass of analytic and g-starlike functions in the open unit disk U and establish
some new results for functions of this class. We also investigate a number of useful properties
and characteristics of this subclass, such as coefficients estimates, structural formulas, distortion

flrl])edcgtfg; inequalities, necessary and sufficient conditions, closure and subordination results. The proposed
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Let A be the set of all analytic functions in open unit disk U = {w € C: |w| < 1} and
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every ¢ € Ahave the series representation of the form:
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Let S C A be the set of functions which are univalent in U (see [1]). Goodman [2]
introduced the class of uniformly convex ((/CV) and uniformly starlike functions (UST)
that are defined as:

gEUCY <= g Aand Red 1+ 28 W) | wg (w)’ wel
g 8
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Later in [3], for kK > 0, Kanas and Wisniowska introduced the class of k-uniformly
convex (k —UCV) and k-uniformly starlike functions (k — /ST ) that are defined as:

g Ek—UCY e g€ AandRed14+ 8 W L e W) oy
g (w) g (w)
and: / )
g€k—UST < g€ Aand wg () >ng(w)—1, we U
g(w) g(w)

A function ¢ € A is said to be subordinate to i1, written as (g < h), if there exists a
Schwarz function u(w) analytic in U with:

u(0) =0 and |u(w)| <1,
such that g(w) = h(u(w)). If h(w) is univalent in U, then (see [1,4]):
g(w) < h(w) <= ¢(0) —h(0) = 0and h(U) D g(U).

The convolution (Hadamard product) of g(w) and h(w) is defined as:

Ambmw™,

ngk:

8(w) * h(w) =

m=0

where:

g(w) = i apw™ and h(w) = io bpw™, (wel).

m=0

Let P be the class of Carathéodory functions, consisting of all analytic functions p that
satisfy the condition Re(p(w)) > 0, w € U and:

p(w) =1+ i cmw™. (2)
m=1

In [3,5], Kanas and Wisniowska defined the conic domain () ,, k > 0,0 < a < 1, as:

Qk,a = {u0+i77:k (MO_1)2+UZ+DC < 1/[0}
or:
Oy ={l:Rel > k|l —1| +a}.
Note that () , is such that 1 € (), and 9() , is curve defined by:

s = {1 051 ) = 4=

Note that for k = 0,0 < ¥ < 1,k = 1, and ¥ > 1, the domain d(); , represents
a right half plane {I/ € C: Rel > a}, the right branch of a hyperbola, a parabola and an
ellipse, respectively. The functions py ,(w) are the extremal functions for conic domain
O ., defined by:
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1+7(11:§}“)w fork =0,
2
1+2$fwbgi£3 fork =1,
o ) )
Pra(w) 1 COS<A(k) log }j%) - for0<k<1, ©)
(w)
1-a o Vi 1 K-
= Sm<zz<”<t> b emiee ,md"> T fork=,

I 4K (t)
Legendre’s complete elliptic integral; for details see [3,5,6]. Indeed, from (3), we have:

where A(k) = 2 arccosk, t € (0,1), k = cosh(nK (t)>, and K(f) is the first kind of

Pia(®) =1+ Pyw+ Pyw® +..., (4)
8(1— k)?
Sglasesk’ o < k<,
P = 8(17;2“) for k=1, (5)
2 (1—«)
Vi) for k>1,
and: ,
Sl-a)(arocos k) +2py for 0<k<1,
p=1{ 3P for k=1, (6)

4(P+6t+1)K* () —n(1—a)
24(1+H)K2(£)V/E

Quantum theory is an important tool to deal with complicated and difficult informa-
tion. The notion of quantum theory has wide applications in many fields such as special
functions and quantum physics. The study of the theory of g-calculus and its numerous
applications in various fields has gained the great interest of researchers. In 1909, Jack-
son [7] was among the first few researchers who defined the g-analogous of the derivative
and integral operator as well as providing some of their applications. Later on, several
researchers suggested many applications of g-analysis in mathematics and related fields;
see [8-16]. Recently, in [17], Srivastava discussed operators of basic (or g-)calculus and
fractional g-calculus and their applications in the geometric function theory of complex
analysis. Keeping in view the significance of g-operators rather than of ordinary operators
and because of the wide range of applications of g-calculus, many researchers exhaustively
studied g-calculus in different fields; see [8,18-20].

The symmetric g-calculus finds its applications in different fields, specially in quantum
mechanics; see [21,22].

The objective of this paper is to further develop the theory of symmetric g-calculus
operators in geometric function theory. Here we will give a few essential definitions and
the concepts of g-calculus and symmetric g-calculus, which will be useful in subsequent
work.

P, for k> 1.

Definition 1. The g-number [0], is defined by:

6
g° -1
5] = — , (6€C), )
(4], =4 0eC)
and:
By =t 4’ =1+a+q’+---+4"1 (=meN)

In addition, the q-factorial [m],! is defined by:

[m],! =iy [ty (m e N) ®)
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and:

m] ! =1, (m=0).

q
Furthermore, the g-gamma function is defined as:

T (t+1) = [(,T,() and T,(1)=1.

Definition 2. For m € N, the symmetric g-number is defined as:
— g —g"

Togt-q’
Note that the symmetric g-numbers cannot be reduced to g-numbers.

Throughout this paper, we assume 0 < g < 1, and U is a unit disk unless otherwise
stated.
Definition 3. For any m € Z* U {0}, the symmetric g-number shift factorial is defined as:

. ~— ~ ~

[m]q[m—l]q[m—z]q...[Z]q[l]q, m>1

1 m = 0.
Note that: . o .
lim [m],! = ﬁa(m = 1) (m—2)...21.

qg—1—

Definition 4 ([7]). Let g € A. Then the g-derivative operator or g-difference operator are defined

by:
_ 8lqw) —g(w)
Using the series representation of g, (9) can be written as:
(9D),8(w) =1+ Y [m]qanw™ ",
m=2
Note that:
(0D),w" = [m]w™ 1, (aD)q{ Y. amwm} = Y [mlgamw™ 1,
m=1 m=1
and:

Jlim (9D),3(w) = g (w).

Definition 5. ([23]). Let § € A. Then the symmetric q-derivative operator is defined as:

(/axD/)qg(W) _1 g(‘?w):g(q’lw)

~ , welU.
w q9—9

and:
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Definition 6 ([24]). Let g € Aand 0 < q <1, then g € 57 if g(0) = ¢ (0) = 1and:

w(@D)y8(w) 1 | _ 1
g(w) 1—gq| = 1-q

(10)

Identically by utilizing the principle of subordination, the condition (10) can be written as
(see [16]):
w(@D)g(w) 14w
< )
8(w) 1—qw

By taking inspiration from the above cited work [24] we define the following symmet-
ric g-starlike 57 function as:

Definition 7. Let g € Aand0 < q <1,then g € Ej; if g(0) = ¢'(0) = 1 and:

1

1—%

< (11)

Using the principle of subordination, the condition (11) can be written as:

w(@D),g(®) 14w
g(w) 1-—Lw

Definition 8 ([25]). Let k € [0,00), g € (0,1) and v € C/{0}. For a function we have p(w)
€ k — Py, ifand only if:
p(w) = pk,q,“y
where:
Pkay = 2P :
() + (=),

Geometrically, the function p(w) € k — Py takes on all values from the domain Oy, ,,
given by:

Qk,q,'y = ')/Qk,q + (1 - ')’)/

(1491 (1+9)1
O, =<1:Re| ———— k| ———— —1| ;.
ka { e<(q—1)l+2 NGl 2
Recently many researchers [3,6,19,20,26-29] investigated several classes of analytic

and univalent functions in different types of domains. For example, let p(w) be analytic in
U and p(0) = 1, then:

where:

(i) If p(w) < Y, then the image domain of U under p(w) lies in right half plane, see [2].

1-w’
(i) For—1<B< A<1,if p(w) < %igfg, then the image of U under p(w) lies inside a
circle centered on real axis, see [30].
(iii) In [3,5] Kanas showed that if p(w) < py,(w), then the image of U under p(w) lies

inside the conic domains () and () .

By taking inspiration from the above cited work, we introduce the following classes:

Definition 9. Letk € [0,00), 9 € (0,1) and 0 < a < 1. A function p(w) is said to be in the class
k — Py(a) if and only if:
P(w) = pk,q,lxl (12)
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where: -
Zqilpk,a
(7' +q) + (@' = 7)pra

Pga = (13)

Geometrically, the function p(w) € k — 73,7(04) takes all values in the domain 6;;;, which is
defined as:

oo (N A e

q—q H)l+2971 (q—g Hl+2971

} +a. (14)

It can be seen that:
(i)  Forq — 1—, we have Qg0 = Oy 4, see [5].
(ii) Fora =0and g — 1—,wehaveﬁk71 = (), see [3].

(iii) Ifa = 0and q — 1—, then k — Py(a) = P(px), where P(py) is the well-known class of
function initiated by Kanas [3]. B
(iv) Leta =0,k=0,andq— 1—;thenk —P; =P.

Definition 10. A function ¢ € A is said to be in class k — UST (q, ), if it satisfies the condition:

1, ©@D)yg(w) 1, w@D)yg(w)
+q)—— +q)——
Re| ?B)Dv) f’“;’) . gDv) f“;’) ~14a (15
(9—g )= — +2q"! (9—g )= — +2q°"!

We set k — Z/I/ﬁ:(q,zx) =k-— 0757'(11,0() N T. T is the subclass A of consisting of
functions of the form:

gw)=w— Y auw", ay >0, forallm > 2. (16)
m=2

2. Main Results
Theorem 1. Let g € A of the form (1) and:

§2{zq1<k+1>(%—1) +-a){|(s-a7") oy +297'|} flam]
< (9+q7")(1-w). (17)
Then g € k —UST (¢, a).

Proof. Assume that (17) holds. It is sufficient to show that:

_ 9D g(w) -1 wdD g(w)
(0" +49) = (g7 +9) =5
k () “1ll=Rr U 8w 1
1 wdDyg(w) 1 ¢ 1 wdDyg(w) 1
@—9) =@ T4 @—a7) = T4

< 1—ua
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Consider:

_ 9IDgg(w) _ 9Dgg(w)
k (‘7 lJrq)w (qg) 1 _ Re (q 1+‘7)w (qq) 1
(1-071) 08 420 (-01) 255 29

glw

< K (7+9) Uang)( ) _ ‘ (q*1+q)~“’a§f£fw) _ ‘
a (99~ )wag(qu; ) 291 (9-q71) 018 y2q-1
wdDyg(w)
g+ -
< ()| — Zg W
(q—q) =5 +207!
Z:noz [;Yl\]/ —1)ayw™
= 207 (k+1) 2 (Il )A,
(771 +0) + i { (0 g 1) lml, + 297 faywn
o B )
(7 +9) = Tiva| (g — g ) 1], + 207 |l

The last expression is bounded above by 1 — «, as the inequality (17) is true. Hence
the proof of Theorem 1 is completed [

If g — 1- with 0 < a < 1, then we have the following known result proven by
Shams et al., see [31].

Corollary 1. Let g € A be of the form (1) and g be in the class k — UST («), if it satisfies
the condition:

Z{m(k+1) —(k+a)}am| <1—a,
where 0 < a < landk > 0.
Corollary 2. Let 0 <k < o0, q € (0,1) and 0 < a < 1. If the-inequality

(g+q)(0-a) 2

|am| < — Z
2971 (k+1) ([mlg = 1) + (1= a)|(q — g~ 1) m], +2971

holds for g(w) = w + a,w™, then k — 1/737'(11, «). In particular:

(g+3 )1 —a) W2
2071 (k+1)([2; = 1) + (1= )| (g— g1 (2], + 297
€ kfljg?(q,oc),

gw) = w+

and:
(g+q (-0

291 (k+1)([2y~1) + (1= )| (g— g 1) [2], +2971|

|laz| =
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Theorem 2. Letk € [0,00),g € (0,1) and 0 < a < 1. A necessary and sufficient condition for g
of the form (16) to be in the class k —UST ~ (g, a) can be formulated as follows:

Y {247 (k4 1) ([l — 1) + (1= )| (9 — 47 ], + 27 }aw|

m=2
< (9+q7")(1-a). (18)
The result is sharp for the function:

(9+q)(A—a) _ o
2971 (k+1)([mly — 1) + (1= a)|(q — g~ [m], +2q°"

g(w) =w—

—_~—

Proof. In view of Theorem 1, it remains to prove the necessity only. If g € k —UST (g, «),
then in virtue of the fact that |Re(w)| < |w|, we have:

1— zgzz(@ - 1)amwm_1
1= Yo 2<q+q 1) ([mA]Jq B 1)amel

2! ( oo (g — 1) an™ ! )| )

RN () ros ey

— X

Letting w — 1—, along the real axis, we obtain the desired inequality (18). [

—_~—

Corollary 3. Let the function g of the form (16) be in the class k —UST ~ (g, «). Then:

(g+9 11 -a)

ay <
29710k +1) ([mly = 1) + (1= )| (9 = 9~ ], +2q7|

m > 2. (20)

—_—

Corollary 4. Let the function g of the form (16) be in the class k —UST ~ (q,«). Then:

_ (at+g)-w '
2971 (k+1) (2l = 1) + (1= )| (g — g~ ")[2], +277|

ay = (21)

Theorem 3. Letk € [0,00), g € (0,1), m > 3and 0 < a < 1. Additionally let g1 (w) = w and

(q + q_l) (1 - 0‘) wm.

) om(9.97)
Then, g € k—UST ~(q,a) if and only if g can be expressed as:
2 m&m (W), Am >0, and Y Ay=1, (23)

m=1 m=1
where gy, (9,97 1) is given by (24).

Proof. Suppose that:
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3@) = T Augn(®) = i) + 1, Angu()

m=2

_ SN P (R o [ S
= Mgl(me;ZAm {w om(q,971) w}

a > (g+q (1 -w)
= Mw+ Apw — A w™
' m;z " m;z " om(g,97Y)

O T I U [ O
- (le_ll/\m) rrngm Pm(q,971)

— _ (q+q_l)(1_“) m
- m;zAm om@q )

Now:

{(a+9 )1 —a)}gn (q/ql)>

m(3,97)(@+qH(1—w)

Ay = /\m_)\lzl_)\lglr

M2 e
2
/
agk

3
||
N
3
ll

where:

pun(9.07") =207 (k+1) (Il —1) + (1 =) (7= 7" )], +207| 24

—~—

and we find k — UST ~ (g, ).
Conversely, assume that k — /ST (g, ). Since:

(g+971)(1-a)

am| <
am Pn(q,971)

7

we can set: .
PO 1C 2 o B

(q+97 1)1 —a)

and: .
AM=1- Z Am.

m=2

g(w) = w+ Zamwm,

m=2

E  (q+q (1 -a)
= w4+ Am w™
m;z em(q,971)

= w4+ i Am(w + gm(w)) = w + i Amw + i Am&m(w),

m=2 m=2 m=2

= <1 — i Am>W+ i /\mgm(w) = Mw + i /\mgm(w)r

m=2 m=2 m=2

= il Am&m(w).

This completes the proof of Theorem 3. O
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Theorem 4. Let k € [0,0), 9 € (0,1),0 < a < 1, and g given by (16) belongs to the class
k—UST  (q,a). Thus, for |w| = r < 1, the following inequality is true:

(g+gH(1—-w) , (‘14“771)(1_"‘)?2‘

r— — r- <|g(w)| <r+ = (25)
2(q,97") sl 29,971
The result is sharp for the function:
(a+9HA-a) ,
(w) =w+ — w?, (26)
§ 2(q,971)
where:
92(a.07") =207 k+ ) (g —1) + A=) (9—07") 2, +207")
Proof. Since g € k —UST (g,), in view of Theorem 2, we find:
22(207") Lan< X (2,97 ) lan|
m=2 m=2
< (9+97")(1-w).
This gives:
) -1 1—
5 oy < 11 )(71 w) a2
m=2 ¢2(4,97%)
Therefore:
- (g+qH(A-a),
8(w)] < Jwl+ Y amw|™ <7+ a—
L, 92(0,977)
" (a+a7)0-a)
S qtq )d—a),
w)| > |w| — ay|w|™ >r— .
|g(w)] = [w] m;Z A PP
The required results follows by lettingr — 1 —. O

Theorem 5. Letk € [0,00),q € (0,1),and 0 < a < 1, and let g given by (16), which belongs to
the class UST ~ (q, ). Thus, for |w| = r < 1, the following inequality is true:

2(g+q7 (1 - ' 2(g+gq7 Y (1 -
L 2atg )El Y, g(w)’_l—l— (9+4q )El @) 08)
2(4,971) P2(4,971)
Proof. By differentiating ¢ and using the triangle inequality, we obtain:
’g,(w)’ <1+ 2 mam|w|m_1 <1+r Mmay, (29)
m=2 m=2
and: - -
‘g/(w)’ >1— Y maglw" ' >1—r Y may. (30)
m=2 m=2

Assertion (28) now follows from (29) and (30) in view of the rather simple consequence
of (27), given by the inequality:

=2t )1 -a)
m;z N R
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Hence we complete the proof of Theorem 5. O

—_—

Theorem 6. The class k —UST (g, «) is closed under convex linear combination.

Proof. Let the functions /1(w) and g(w) be in class k — UST ~ (g, ). Suppose g(w) is given
by (16) and:

h(w) =w — i dpmw™, (31)
m=2

where a,,, d,;,; > 0.
It is sufficient to prove that, for 0 < A <1, the function:

H(w) = Ag(w) + (1 = A)h(w), (32)

—~—

is also in the class k — UST (g, «). From (16), (31) and (32), we have:
Hw)=w— Y {Aam + (1= A)dy}w™. (33)
m=2
By using Theorem 2, we obtain:

izq)m (2.97") @ + (1= D} < (9+471) (1), (34)

—_~—

By using Theorem 2 and inequality (34), we have H € k —UST ~ (g, ). This completes
the proof of Theorem 6. [

3. Conclusions
In this paper, we used the concept of symmetric quantum calculus and conic regions to

define a new domain () ; ., which generalizes the symmetric conic domains. Additionally,
by using certain generalized symmetric conic domains we defined and investigated a new

subclasses k — UST (q,a) and k —UST ~(g,a) of analytic and g-starlike functions in the
open unit disk U. We also derived several properties and characteristics of newly defined
subclasses of analytic functions such as coefficients estimates, structural formulas, distor-
tion inequalities, necessary and sufficient conditions, closure theorems and subordination
results. We have highlighted some consequences of our main results as corollaries.
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