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Abstract: In this paper, the concepts of symmetric q-calculus and conic regions are used to define
a new domain Ω̃k,q,α, which generalizes the symmetric conic domains. By using the domain Ω̃k,q,α,
we define a new subclass of analytic and q-starlike functions in the open unit disk U and establish
some new results for functions of this class. We also investigate a number of useful properties
and characteristics of this subclass, such as coefficients estimates, structural formulas, distortion
inequalities, necessary and sufficient conditions, closure and subordination results. The proposed
approach is also compared with some existing methods to show the reliability and effectiveness of
the proposed methods.
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1. Introduction

Let A be the set of all analytic functions in open unit disk U = {w ∈ C : |w| < 1} and
every g ∈ A have the series representation of the form:

g(w) = w +
∞

∑
m=2

amwm. (1)

Let S ⊂ A be the set of functions which are univalent in U (see [1]). Goodman [2]
introduced the class of uniformly convex (UCV) and uniformly starlike functions (UST )
that are defined as:

g ∈ UCV ⇐⇒ g ∈ A and Re

{
1 +

wg
′′
(w)

g′(w)

}
>

∣∣∣∣∣wg
′′
(w)

g′(w)

∣∣∣∣∣, w ∈ U

and:

g ∈ UST ⇐⇒ g ∈ A and Re

{
wg

′
(w)

g(w)

}
>

∣∣∣∣∣wg
′
(w)

g(w)
− 1

∣∣∣∣∣, w ∈ U.
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Later in [3], for k ≥ 0, Kanas and Wisniowska introduced the class of k-uniformly
convex (k−UCV) and k-uniformly starlike functions (k−UST ) that are defined as:

g ∈ k−UCV ⇐⇒ g ∈ A and Re

{
1 +

wg
′′
(w)

g′(w)

}
> k

∣∣∣∣∣wg
′′
(w)

g′(w)

∣∣∣∣∣, w ∈ U

and:

g ∈ k−UST ⇐⇒ g ∈ A and

{
wg

′
(w)

g(w)

}
> k

∣∣∣∣∣wg
′
(w)

g(w)
− 1

∣∣∣∣∣, w ∈ U.

A function g ∈ A is said to be subordinate to h, written as (g ≺ h), if there exists a
Schwarz function u(w) analytic in U with:

u(0) = 0 and |u(w)| < 1,

such that g(w) = h(u(w)). If h(w) is univalent in U, then (see [1,4]):

g(w) ≺ h(w)⇐⇒ g(0)− h(0) = 0 and h(U) ⊃ g(U).

The convolution (Hadamard product) of g(w) and h(w) is defined as:

g(w) ∗ h(w) =
∞

∑
m=0

ambmwm,

where:

g(w) =
∞

∑
m=0

amwm and h(w) =
∞

∑
m=0

bmwm, (w ∈ U).

Let P be the class of Carathéodory functions, consisting of all analytic functions p that
satisfy the condition Re(p(w)) > 0, w ∈ U and:

p(w) = 1 +
∞

∑
m=1

cmwm. (2)

In [3,5], Kanas and Wisniowska defined the conic domain Ωk,α, k ≥ 0, 0 ≤ α < 1, as:

Ωk,α =

{
u0 + iv : k

√
(u0 − 1)2 + v2 + α < u0

}
or:

Ωk,α = {l : Rel > k|l − 1|+ α}.

Note that Ωk,α is such that 1 ∈ Ωk,α and ∂Ωk,α is curve defined by:

∂Ωk,α =
{

l = u0 + iv : k2(u− 1)2 + k2v2
}
= (u− α)2.

Note that for k = 0, 0 < κ < 1, κ = 1, and κ > 1, the domain ∂Ωk,α represents
a right half plane {l ∈ C : Rel > α}, the right branch of a hyperbola, a parabola and an
ellipse, respectively. The functions p̃k,α(w) are the extremal functions for conic domain
Ωk,α, defined by:
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p̃k,α(w) =



1+(1−2α)w
1−w for k = 0,

1 + 2(1−α)
π2

(
log 1+

√
w

1−
√

w

)2
for k = 1,

1−α
1−k2 cos

(
A(k) log 1+

√
w

1−
√

w

)
− k2−α

1−k2 for 0 < k < 1,

1−α
k2−1 sin

(
π

2K(t)

∫ u(w)√
t

0
1√

1−x2
√

1−(tx)2
dx

)
+ k2−α

1−k2 for k > 1,

(3)

where A(k) = 2
π arccos k, t ∈ (0, 1), k = cosh

(
πK
′
(t)

4K(t)

)
, and K(t) is the first kind of

Legendre’s complete elliptic integral; for details see [3,5,6]. Indeed, from (3), we have:

p̃k,α(w) = 1 + P1w + P2w2 + . . . , (4)

P1 =


8(1−α)(arccos k)2

π2(1−k2)
for 0 ≤ k < 1,

8(1−α)
π2 for k = 1,

π2(1−α)

4(1+t)
√

tK2(t)(k2−1)
for k > 1,

(5)

and:

P2 =


8(1−α)(arccos k)2+2

3π2 P1 for 0 ≤ k < 1,
2
3 P1 for k = 1,

4(t2+6t+1)K2(t)−π2(1−α)

24(1+t)K2(t)
√

t
P1 for k > 1.

(6)

Quantum theory is an important tool to deal with complicated and difficult informa-
tion. The notion of quantum theory has wide applications in many fields such as special
functions and quantum physics. The study of the theory of q-calculus and its numerous
applications in various fields has gained the great interest of researchers. In 1909, Jack-
son [7] was among the first few researchers who defined the q-analogous of the derivative
and integral operator as well as providing some of their applications. Later on, several
researchers suggested many applications of q-analysis in mathematics and related fields;
see [8–16]. Recently, in [17], Srivastava discussed operators of basic (or q-)calculus and
fractional q-calculus and their applications in the geometric function theory of complex
analysis. Keeping in view the significance of q-operators rather than of ordinary operators
and because of the wide range of applications of q-calculus, many researchers exhaustively
studied q-calculus in different fields; see [8,18–20].

The symmetric q-calculus finds its applications in different fields, specially in quantum
mechanics; see [21,22].

The objective of this paper is to further develop the theory of symmetric q-calculus
operators in geometric function theory. Here we will give a few essential definitions and
the concepts of q-calculus and symmetric q-calculus, which will be useful in subsequent
work.

Definition 1. The q-number [δ]q is defined by:

[δ]q = − qδ − 1
1− q

, (δ ∈ C), (7)

and:
[δ]q =m−1

t=0 qt = 1 + q + q2 + · · ·+ qm−1 (δ = m ∈ N).

In addition, the q-factorial [m]q! is defined by:

[m]q! =m
t=1 [t]q, (m ∈ N) (8)
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and:
[m]q! = 1, (m = 0).

Furthermore, the q-gamma function is defined as:

Γq(t + 1) = [t]qΓq(t) and Γq(1) = 1.

Definition 2. For m ∈ N, the symmetric q-number is defined as:

[̃m]q =
q−m − qm

q−1 − q
, [̃0]q = 0.

Note that the symmetric q-numbers cannot be reduced to q-numbers.

Throughout this paper, we assume 0 < q < 1, and U is a unit disk unless otherwise
stated.

Definition 3. For any m ∈ Z+ ∪ {0}, the symmetric q-number shift factorial is defined as:

[̃m]q! =


[̃m]q

˜[m− 1]q ˜[m− 2]q . . . [̃2]q [̃1]q, m ≥ 1

1 m = 0.

Note that:
lim

q→1−
[̃m]q! = m̃

(
m̃− 1

)
(m̃− 2) . . . 2̃.1̃.

Definition 4 ([7]). Let g ∈ A. Then the q-derivative operator or q-difference operator are defined
by:

(∂D)qg(w) =
g(qw)− g(w)

(q− 1)w
, w ∈ U. (9)

Using the series representation of g, (9) can be written as:

(∂D)qg(w) = 1 +
∞

∑
m=2

[m]qamwm−1.

Note that:

(∂D)qwm = [m]qwm−1, (∂D)q

{
∞

∑
m=1

amwm

}
=

∞

∑
m=1

[m]qamwm−1,

and:
lim

q→1−
(∂D)qg(w) = g

′
(w).

Definition 5. ([23]). Let g ∈ A. Then the symmetric q-derivative operator is defined as:

(̃∂D)qg(w) =
1
w

[
g(qw)− g(q−1w)

q− q−1

]
, w ∈ U.

Note that:

(̃∂D)qwm = [̃m]qwm−1, (̃∂D)q{
∞
m=1amwm} =∞

m=1 [̃m]qamwm−1,

and:
lim

q→1−
(̃∂D)qg(w) = g

′
(w).
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Definition 6 ([24]). Let g ∈ A and 0 < q < 1, then g ∈ S∗q if g(0) = g
′
(0) = 1 and:∣∣∣∣∣w(∂D)qg(w)

g(w)
− 1

1− q

∣∣∣∣∣ ≤ 1
1− q

. (10)

Identically by utilizing the principle of subordination, the condition (10) can be written as
(see [16]):

w(∂D)qg(w)

g(w)
≺ 1 + w

1− qw
.

By taking inspiration from the above cited work [24] we define the following symmet-
ric q-starlike S̃∗q function as:

Definition 7. Let g ∈ A and 0 < q < 1, then g ∈ S̃∗q if g(0) = g
′
(0) = 1 and:∣∣∣∣∣∣w(̃∂D)qg(w)

g(w)
− 1

1− q
q−1

∣∣∣∣∣∣ ≤ 1
1− q

q−1

. (11)

Using the principle of subordination, the condition (11) can be written as:

w(̃∂D)qg(w)

g(w)
≺ 1 + w

1− q
q−1 w

.

Definition 8 ([25]). Let k ∈ [0, ∞), q ∈ (0, 1) and γ ∈ C/{0}. For a function we have p(w)
∈ k−Pq,γ if and only if:

p(w) ≺ pk,q,γ

where:

pk,q,γ =
2pk,γ

(1 + q) + (1− q)pk,γ
.

Geometrically, the function p(w) ∈ k − Pq,γ takes on all values from the domain Ωk,q,α,
given by:

Ωk,q,γ = γΩk,q + (1− γ),

where:

Ωk,q =

{
l : Re

(
(1 + q)l

(q− 1)l + 2

)
> k

∣∣∣∣ (1 + q)l
(q− 1)l + 2

− 1
∣∣∣∣}.

Recently many researchers [3,6,19,20,26–29] investigated several classes of analytic
and univalent functions in different types of domains. For example, let p(w) be analytic in
U and p(0) = 1, then:

(i) If p(w) ≺ 1+w
1−w , then the image domain of U under p(w) lies in right half plane, see [2].

(ii) For −1 ≤ B < A ≤ 1, if p(w) ≺ 1+Aw
1+Bw , then the image of U under p(w) lies inside a

circle centered on real axis, see [30].
(iii) In [3,5] Kanas showed that if p(w) ≺ pk,α(w), then the image of U under p(w) lies

inside the conic domains Ωk and Ωk,α.

By taking inspiration from the above cited work, we introduce the following classes:

Definition 9. Let k ∈ [0, ∞), q ∈ (0, 1) and 0 ≤ α < 1. A function p(w) is said to be in the class
k− P̃q(α) if and only if:

p(w) ≺ p̃k,q,α, (12)
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where:

p̃k,q,α =
2q−1 p̃k,α

(q−1 + q) + (q−1 − q) p̃k,α
. (13)

Geometrically, the function p(w) ∈ k− P̃q(α) takes all values in the domain Ω̃k,q,α, which is
defined as:

Ω̃k,q,α =

{
l : Re

( (
q−1 + q

)
l

(q− q−1)l + 2q−1

)
> k

∣∣∣∣∣
(
q−1 + q

)
l

(q− q−1)l + 2q−1 − 1

∣∣∣∣∣
}
+ α. (14)

It can be seen that:

(i) For q→ 1−, we have Ω̃k,q,α = Ωk,α, see [5].
(ii) For α = 0 and q→ 1−, we have Ω̃k,q = Ωk , see [3].
(iii) If α = 0 and q → 1−, then k− P̃q(α) = P(pk), where P(pk) is the well-known class of

function initiated by Kanas [3].
(iv) Let α = 0, k = 0, and q→ 1−; then k− P̃q = P .

Definition 10. A function g ∈ A is said to be in class k− ŨST (q, α), if it satisfies the condition:

Re


(
q−1 + q

)w(̃∂D)qg(w)

g(w)

(q− q−1)
w(̃∂D)qg(w)

g(w)
+ 2q−1

 > k

∣∣∣∣∣∣∣∣
(
q−1 + q

)w(̃∂D)qg(w)

g(w)

(q− q−1)
w(̃∂D)qg(w)

g(w)
+ 2q−1

− 1

∣∣∣∣∣∣∣∣+ α. (15)

We set k − ŨST
−
(q, α) = k − ŨST (q, α) ∩ T. T is the subclass A of consisting of

functions of the form:

g(w) = w−
∞

∑
m=2

amwm, am ≥ 0, for all m ≥ 2. (16)

2. Main Results

Theorem 1. Let g ∈ A of the form (1) and:

∞

∑
m=2

{
2q−1(k + 1)

(
[̃m]q − 1

)
+ (1− α)

{∣∣∣(q− q−1
)
[̃m]q + 2q−1

∣∣∣}}|am|

≤
(

q + q−1
)
(1− α). (17)

Then g ∈ k− ŨST (q, α).

Proof. Assume that (17) holds. It is sufficient to show that:∣∣∣∣∣∣∣k


(
q−1 + q

)w∂̃Dqg(w)

g(w)

(q− q−1)
w∂̃Dqg(w)

g(w)
+ 2q−1

− 1


∣∣∣∣∣∣∣− Re


(
q−1 + q

)w∂̃Dqg(w)

g(w)

(q− q−1)
w∂̃Dqg(w)

g(w)
+ 2q−1

− 1


< 1− α.
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Consider:∣∣∣∣∣k
(

(q−1+q)
w∂̃Dq g(w)

g(w)

(q−q−1)
w∂̃Dq g(w)

g(w)
+2q−1

− 1

)∣∣∣∣∣− Re

(
(q−1+q)

w∂̃Dq g(w)

g(w)

(q−q−1)
w∂̃Dq g(w)

g(w)
+2q−1

− 1

)

≤ k

∣∣∣∣∣ (q−1+q)
w∂̃Dq g(w)

g(w)

(q−q−1)
w∂̃Dq g(w)

g(w)
+2q−1

− 1

∣∣∣∣∣+
∣∣∣∣∣ (q−1+q)

w∂̃Dq g(w)

g(w)

(q−q−1)
w∂̃Dq g(w)

g(w)
+2q−1

− 1

∣∣∣∣∣

≤ (k + 1)

∣∣∣∣∣∣∣
(
q−1 + q

)w∂̃Dqg(w)

g(w)

(q− q−1)
w∂̃Dqg(w)

g(w)
+ 2q−1

− 1

∣∣∣∣∣∣∣
= 2q−1(k + 1)

∣∣∣∣∣∣
∑∞

m=2

(
[̃m]q − 1

)
amwm

(q−1 + q) + ∑∞
m=2

{
(q− q−1)[̃m]q + 2q−1

}
amwm

∣∣∣∣∣∣
≤ 2q−1(k + 1)

 ∑∞
m=2

(
[̃m]q − 1

)
|am|

(q−1 + q)−∑∞
m=2

∣∣∣(q− q−1)[̃m]q + 2q−1
∣∣∣|am|

.

The last expression is bounded above by 1− α, as the inequality (17) is true. Hence
the proof of Theorem 1 is completed

If q → 1− with 0 ≤ α < 1, then we have the following known result proven by
Shams et al., see [31].

Corollary 1. Let g ∈ A be of the form (1) and g be in the class k − UST (α), if it satisfies
the condition:

∞

∑
m=2
{m(k + 1)− (k + α)}|am| ≤ 1− α,

where 0 ≤ α < 1 and k ≥ 0.

Corollary 2. Let 0 ≤ k < ∞, q ∈ (0, 1) and 0 ≤ α < 1. If the-inequality

|am| ≤
(
q + q−1)(1− α)

2q−1(k + 1)
(
[̃m]q − 1

)
+ (1− α)

∣∣∣(q− q−1)[̃m]q + 2q−1
∣∣∣ , m ≥ 2,

holds for g(w) = w + amwm, then k− ŨST (q, α). In particular:

g(w) = w +

(
q + q−1)(1− α)

2q−1(k + 1)
(
[̃2]q − 1

)
+ (1− α)

∣∣∣(q− q−1)[̃2]q + 2q−1
∣∣∣w2

∈ k− ŨST (q, α),

and:

|a2| =
(
q + q−1)(1− α)

2q−1(k + 1)
(
[̃2]q − 1

)
+ (1− α)

∣∣∣(q− q−1)[̃2]q + 2q−1
∣∣∣ .
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Theorem 2. Let k ∈ [0, ∞), q ∈ (0, 1) and 0 ≤ α < 1. A necessary and sufficient condition for g

of the form (16) to be in the class k− ŨST −(q, α) can be formulated as follows:

∞

∑
m=2

{
2q−1(k + 1)

(
[̃m]q − 1

)
+ (1− α)

∣∣∣(q− q−1
)
[̃m]q + 2q−1

∣∣∣}|am|

≤
(

q + q−1
)
(1− α). (18)

The result is sharp for the function:

g(w) = w−
(
q + q−1)(1− α)

2q−1(k + 1)
(
[̃m]q − 1

)
+ (1− α)

∣∣∣(q− q−1)[̃m]q + 2q−1
∣∣∣wm.

Proof. In view of Theorem 1, it remains to prove the necessity only. If g ∈ k− ŨST −(q, α),
then in virtue of the fact that |Re(w)| ≤ |w|, we have:∣∣∣∣∣∣

1−∑∞
m=2

(
[̃m]q − 1

)
amwm−1

1−∑∞
m=2

(
q−q−1

q+q−1

)(
[̃m]q − 1

)
amwm−1

− α

∣∣∣∣∣∣
≥ k

∣∣∣∣∣∣ 2q−1

q + q−1

 ∑∞
m=2

(
[̃m]q − 1

)
amwm−1

1 + ∑∞
m=2

{(
q−q−1

q+q−1

)
[̃m]q + 2q−1

}
amwm−1

∣∣∣∣∣∣. (19)

Letting w→ 1−, along the real axis, we obtain the desired inequality (18).

Corollary 3. Let the function g of the form (16) be in the class k− ŨST −(q, α). Then:

am ≤
(
q + q−1)(1− α)

2q−1(k + 1)
(
[̃m]q − 1

)
+ (1− α)

∣∣∣(q− q−1)[̃m]q + 2q−1
∣∣∣ , m ≥ 2. (20)

Corollary 4. Let the function g of the form (16) be in the class k− ŨST −(q, α). Then:

a2 =

(
q + q−1)(1− α)

2q−1(k + 1)
(
[̃2]q − 1

)
+ (1− α)

∣∣∣(q− q−1)[̃2]q + 2q−1
∣∣∣ . (21)

Theorem 3. Let k ∈ [0, ∞), q ∈ (0, 1), m ≥ 3 and 0 ≤ α < 1. Additionally let g1(w) = w and

gm(w) = w−
(
q + q−1)(1− α)

ϕm(q, q−1)
wm. (22)

Then, g ∈ k− ŨST −(q, α) if and only if g can be expressed as:

g(w) =
∞

∑
m=1

λmgm(w), λm > 0, and
∞

∑
m=1

λm = 1, (23)

where ϕm
(
q, q−1) is given by (24).

Proof. Suppose that:
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g(w) =
∞

∑
m=1

λmgm(w) = λ1g1(w) +
∞

∑
m=2

λmgm(w)

= λ1g1(w) +
∞

∑
m=2

λm −
{

w−
(
q + q−1)(1− α)

ϕm(q, q−1)
wm

}

= λ1w +
∞

∑
m=2

λmw−
∞

∑
m=2

λm

(
q + q−1)(1− α)

ϕm(q, q−1)
wm

=

(
∞

∑
m=1

λm

)
w−

∞

∑
m=2

λm

(
q + q−1)(1− α)

ϕm(q, q−1)
wm

= w−
∞

∑
m=2

λm

(
q + q−1)(1− α)

ϕm(q, q−1)
wm.

Now:

∞

∑
m=2

λm

({(
q + q−1)(1− α)

}
ϕm
(
q, q−1)

ϕm(q, q−1)(q + q−1)(1− α)

)

=
∞

∑
m=2

λm =
∞

∑
m=1

λm − λ1 = 1− λ1 ≤ 1,

where:

ϕm

(
q, q−1

)
= 2q−1(k + 1)

(
[̃m]q − 1

)
+ (1− α)

∣∣∣(q− q−1
)
[̃m]q + 2q−1

∣∣∣ (24)

and we find k− ŨST −(q, α).

Conversely, assume that k− ŨST −(q, α). Since:

|am| ≤
(
q + q−1)(1− α)

ϕm(q, q−1)
,

we can set:

λm =
ϕm
(
q, q−1)

(q + q−1)(1− α)
|am|

and:

λ1 = 1−
∞

∑
m=2

λm.

Then:

g(w) = w +
∞

∑
m=2

amwm,

= w +
∞

∑
m=2

λm

(
q + q−1)(1− α)

ϕm(q, q−1)
wm,

= w +
∞

∑
m=2

λm(w + gm(w)) = w +
∞

∑
m=2

λmw +
∞

∑
m=2

λmgm(w),

=

(
1−

∞

∑
m=2

λm

)
w +

∞

∑
m=2

λmgm(w) = λ1w +
∞

∑
m=2

λmgm(w),

=
∞

∑
m=1

λmgm(w).

This completes the proof of Theorem 3.
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Theorem 4. Let k ∈ [0, ∞), q ∈ (0, 1), 0 ≤ α < 1, and g given by (16) belongs to the class

k− ŨST −(q, α). Thus, for |w| = r < 1, the following inequality is true:

r−
(
q + q−1)(1− α)

ϕ2(q, q−1)
r2 ≤ |g(w)| ≤ r +

(
q + q−1)(1− α)

ϕ2(q, q−1)
r2. (25)

The result is sharp for the function:

g(w) = w +

(
q + q−1)(1− α)

ϕ2(q, q−1)
w2, (26)

where:

ϕ2

(
q, q−1

)
= 2q−1(k + 1)

(
[̃2]q − 1

)
+ (1− α)

∣∣∣(q− q−1
)
[̃2]q + 2q−1

∣∣∣.
Proof. Since g ∈ k− ŨST −(q, α), in view of Theorem 2, we find:

ϕ2

(
q, q−1

) ∞

∑
m=2

am ≤
∞

∑
m=2

ϕm

(
q, q−1

)
|am|

≤
(

q + q−1
)
(1− α).

This gives:
∞

∑
m=2

am ≤
(
q + q−1)(1− α)

ϕ2(q, q−1)
. (27)

Therefore:

|g(w)| ≤ |w|+
∞

∑
m=2

am|w|m ≤ r +
(
q + q−1)(1− α)

ϕ2(q, q−1)
r2

and:

|g(w)| ≥ |w| −
∞

∑
m=2

am|w|m ≥ r−
(
q + q−1)(1− α)

ϕ2(q, q−1)
r2.

The required results follows by letting r → 1− .

Theorem 5. Let k ∈ [0, ∞), q ∈ (0, 1), and 0 ≤ α < 1, and let g given by (16), which belongs to

the class ŨST −(q, α). Thus, for |w| = r < 1, the following inequality is true:

1−
2
(
q + q−1)(1− α)

ϕ2(q, q−1)
r ≤

∣∣∣g′(w)
∣∣∣ ≤ 1 +

2
(
q + q−1)(1− α)

ϕ2(q, q−1)
r. (28)

Proof. By differentiating g and using the triangle inequality, we obtain:∣∣∣g′(w)
∣∣∣ ≤ 1 +

∞

∑
m=2

mam|w|m−1 ≤ 1 + r
∞

∑
m=2

mam (29)

and: ∣∣∣g′(w)
∣∣∣ ≥ 1−

∞

∑
m=2

mam|w|m−1 ≥ 1− r
∞

∑
m=2

mam. (30)

Assertion (28) now follows from (29) and (30) in view of the rather simple consequence
of (27), given by the inequality:

∞

∑
m=2

mam ≤
2
(
q + q−1)(1− α)

ϕ2(q, q−1)
.
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Hence we complete the proof of Theorem 5.

Theorem 6. The class k− ŨST −(q, α) is closed under convex linear combination.

Proof. Let the functions h(w) and g(w) be in class ˜k−UST −(q, α). Suppose g(w) is given
by (16) and:

h(w) = w−
∞

∑
m=2

dmwm, (31)

where am, dm ≥ 0.
It is sufficient to prove that, for 0 ≤ λ ≤ 1, the function:

H(w) = λg(w) + (1− λ)h(w), (32)

is also in the class k− ŨST −(q, α). From (16), (31) and (32), we have:

H(w) = w−
∞

∑
m=2
{λam + (1− λ)dm}wm. (33)

By using Theorem 2, we obtain:

∞

∑
m=2

ϕm

(
q, q−1

)
{λam + (1− λ)dm} ≤

(
q + q−1

)
(1− α). (34)

By using Theorem 2 and inequality (34), we have H ∈ k− ŨST −(q, α). This completes
the proof of Theorem 6.

3. Conclusions

In this paper, we used the concept of symmetric quantum calculus and conic regions to

define a new domain Ω̃k,q,α, which generalizes the symmetric conic domains. Additionally,
by using certain generalized symmetric conic domains we defined and investigated a new

subclasses k− ŨST (q, α) and k− ŨST −(q, α) of analytic and q-starlike functions in the
open unit disk U. We also derived several properties and characteristics of newly defined
subclasses of analytic functions such as coefficients estimates, structural formulas, distor-
tion inequalities, necessary and sufficient conditions, closure theorems and subordination
results. We have highlighted some consequences of our main results as corollaries.

Author Contributions: Conceptualization, S.K. and S.H.; methodology, M.N. and S.K.; software,
M.D. and S.H.; validation, S.K. and A.R.; formal analysis, S.K., M.D. and S.H.; investigation, S.K. and
M.N.; writing—original draft preparation, S.K.; and M.N. writing—review and editing, S.H., S.K.
and M.D.; visualization, S.H.; supervision, S.H. and S.K.; funding acquisition, M.D. All authors have
read and agreed to the published version of the manuscript.

Funding: The fourth author is supported by Universiti Kebangsaan Malaysia grant (GUP-2019-
032)

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: No data were used to support this study.

Conflicts of Interest: The authors declare no conflict of interest.



Mathematics 2021, 9, 917 12 of 12

References
1. Goodman, A.W. Univalent Functions; Polygonal Publishing House: Washington, NJ, USA, 1983; Volumes I, II.
2. Goodman, A.W. On uniformly convex functions. In Annales Polonici Mathematici; Polska Akademia Nauk, Instytut Matematycznys:

Warsaw, Poland, 1991; Volume 56, pp. 87–92.
3. Kanas, S.; Wisniowska, A. Conic regions and k-uniform convexity. J. Comput. Appl. Math. 1999, 105, 327–336. [CrossRef]
4. Miller, S.S.; Mocanu, P.T. Differential Subordinations: Theory and Applications; CRC Press: Boca Raton, FL, USA, 2000.
5. Kanas, S.; Wisniowska, A. Conic domains and starlike functions. Rev. Roum. Math. Pures Appl. 2000, 45, 647–658.
6. Kanas, S.; Răducanu, D. Some class of analytic functions related to conic domains. Math. Slovaca 2014, 64, 1183–1196. [CrossRef]
7. Jackson, F.H. On q-functions and a certain difference operator. Earth Environ. Sci. Trans. R. Edinb. 1909, 46, 253–281. [CrossRef]
8. Aldweby, H.; Darus, M. Some subordination results on q-analogue of Ruscheweyh differential operator. Abstr. Appl. Anal. 2014,

2014, 958563. [CrossRef]
9. Hussain, S.; Khan, S.; Zaighum, M.A.; Darus, M. Applications of a q-Salagean type operator on multivalent functions. J. Inequalities

Appl. 2018, 2018, 1–12. [CrossRef]
10. Jackson, F.H. On q-definite integrals. Q. J. Pure Appl. Math. 1910, 41, 193–203.
11. Khan, S.; Hussain, S.; Zaighum, M.A.; Darus, M. A subclass of uniformly convex functions and a corresponding subclass of

starlike function with fixed coefficient associated with q-analogue of Ruscheweyh operator. Math. Slovaca 2019, 69, 825–832.
[CrossRef]

12. Mahmood, S.; Khan, I.; Srivastava, H.M.; Malik, S.N. Inclusion relations for certain families of integral operators associated with
conic regions. J. Inequalities Appl. 2019.

13. Mahmood, S,; Jabeen, M.; Malik, S.N.; Srivastava, H.M.; Manzoor, R.; Riaz, S.M. Some coefficient inequalities of q-starlike
functions associated with conic domain defined by q-derivative. J. Funct. Spaces 2018.

14. Mohammed, A.; Darus, M. A generalized operator involving the q-hypergeometric function. Mat. Vesn. 2013, 65, 454–465.
15. Srivastava, H.M.; Khan, S.; Ahmad, Q.Z.; Khan, N.; Hussain, S. The Faber polynomial expansion method and its application to

the general coefficient problem for some subclasses of bi-univalent functions associated with a certain g-integral operator. Stud.
Univ. Bolyai Math. 2018, 63, 419–436. [CrossRef]

16. Uçar, H.E. Coefficient inequality for q-starlike functions. Appl. Math. Comput. 2016, 276, 122–126.
17. Srivastava, H.M. Operators of basic (or q-)calculus and fractional q-calculus and their applications in geometric function theory of

complex analysis. Iran. J. Sci. Technol. Trans. Sci. 2020, 44, 327–344. [CrossRef]
18. Srivastava, H.M. Univalent functions, fractional calculus, and associated generalized hypergeometric functions. In Univalent

functions, fractional Calculus, and Their Applications; Srivastava, H.M., Owa, S., Eds.; John Wiley & Sons: New York, NY, USA, 1989;
pp. 329–354.

19. Srivastava, H.M.; Khan, N.; Darus, M.; Rahim, M.T.; Ahmad, Q.Z.; Zeb. Y. Properties of Spiral-Like Close-to-Convex Functions
Associated with Conic Domains. Mathematics 2019, 7, 706. [CrossRef]

20. Srivastava, H.M.; Ahmad, Q.Z.; Khan, N.; Khan, N.; Khan, B. Hankel and Toeplitz determinants for a subclass of q-starlike
functions associated with a general conic domain. Mathematics 2019, 7, 181. [CrossRef]

21. Da Cruz, A.M.; Martins, N. The q-symmetric variational calculus. Comput. Math. Appl. 2012, 64, 2241–2250. [CrossRef]
22. Lavagno, A. Basic-deformed quantum mechanics. Rep. Math. Phys. 2009, 64, 79–88. [CrossRef]
23. Kamel, B. Yosr, S. On some symmetric q-special functions. Matematiche 2013, 68, 107–122.
24. Ismail, M.E.; Merkes E.; Styer, D. A generalization of starlike functions. Complex Var. Theory Appl. Int. J. 1990, 14, 77–84. [CrossRef]
25. Zhang, X.; Khan, S.; Hussain, S.; Tang, H.; Shareef, Z. New subclass of q-starlike functions associated with generalized conic

domain. AIMS Math. 2020, 5, 4830–4848. [CrossRef]
26. Noor, K.I. Applications of certain operators to the classes related with generalized Janowski functions. Integral Transform. Spec.

Funct. 2010, 21, 557–567. [CrossRef]
27. Noor, K.I.; Malik, S.N. On coefficient inequalities of functions associated with conic domains. Comput. Math. Appl. 2011, 62,

2209–2217. [CrossRef]
28. Noor, K.I.; Malik, S.N.; Arif, M.; Raza, M. On bounded boundary and bounded radius rotation related with Janowski function.

World Appl. Sci. J. 2011, 12, 895–902.
29. Sokół, J. Classes of multivalent functions associated with a convolution operator. Comput. Math. Appl. 2010, 60, 1343–1350.

[CrossRef]
30. Janowski, W. Some extremal problems for certain families of analytic functions. Ann. Pol. Math. 1973, 28, 297–326. [CrossRef]
31. Shams, S.; Kulkarni, S.R.; Jahangiri, J.M. Classes of uniformly starlike and convex functions. Int. J. Math. Math. Sci. 2004, 55,

2959–2961. [CrossRef]

http://doi.org/10.1016/S0377-0427(99)00018-7
http://dx.doi.org/10.2478/s12175-014-0268-9
http://dx.doi.org/10.1017/S0080456800002751
http://dx.doi.org/10.1155/2014/958563
http://dx.doi.org/10.1186/s13660-018-1888-3
http://dx.doi.org/10.1515/ms-2017-0271
http://dx.doi.org/10.24193/subbmath.2018.4.01
http://dx.doi.org/10.1007/s40995-019-00815-0
http://dx.doi.org/10.3390/math7080706
http://dx.doi.org/10.3390/math7020181
http://dx.doi.org/10.1016/j.camwa.2012.01.076
http://dx.doi.org/10.1016/S0034-4877(09)90021-0
http://dx.doi.org/10.1080/17476939008814407
http://dx.doi.org/10.3934/math.2020308
http://dx.doi.org/10.1080/10652460903424261
http://dx.doi.org/10.1016/j.camwa.2011.07.006
http://dx.doi.org/10.1016/j.camwa.2010.06.015
http://dx.doi.org/10.4064/ap-28-3-297-326
http://dx.doi.org/10.1155/S0161171204402014

	Introduction
	Main Results
	Conclusions
	References

