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Abstract: Paper-based microfluidic devices have the potential of being a low-cost platform for
diagnostic devices. Electrical circuit analogy (ECA) model has been used to model the wicking process
in paper-based microfluidic devices. However, material characteristics such as absorption capacity
cannot be included in the previous ECA models. This paper proposes a new model to describe the
wicking process with liquid absorption in a paper strip. We observed that the fluid continues to flow
in a paper strip, even after the fluid reservoir has been removed. This phenomenon is caused by the
ability of the paper to store liquid in its matrix. The model presented in this paper is derived from
the analogy to the current response of an electric circuit with a capacitance. All coefficients in the
model are fitted with data of capillary rise experiments and compared with direct measurement of
the absorption capacity. The theoretical data of the model agrees well with experimental data and
the conventional Washburn model. Considering liquid absorption capacity as a capacitance helps to
explain the relationship between material characteristics and the wicking mechanism.
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1. Introduction

In the past decade, paper-based analytical devices have been attracting a great deal of attention
from the microfluidics research community. Paper-based devices found applications in environmental
monitoring, food manufacturing and medical diagnosis [1–4]. Sensitivity and specificity of detection
are the common specifications of paper-based devices [5,6]. However, paper-based devices needs
to overcome several biochemical and engineering challenges to secure commercial success [7].
Biochemical challenges arise from reagents, which are easily degraded by its nature and designed
for specific targets such as biomarkers. Material selection and concentration of reagents need to
be optimized carefully to enhance the performance of an assay. Additionally, because paper-based
materials are made of compressed fibers, intrinsic properties such as pore size and pore distribution
are difficult to be controlled, potentially leading to batch-to-batch variation and inconsistent flow
characteristics. In addition to challenges posed by reagents and materials, image acquisition and
processing are further challenges, because the image quality depends on the imaging devices
and light settings [8]. One of image processing and optimization procedures in paper-based
analytical devices is chemometrics, employing mathematical methods to optimize the design of
experiments [9,10]. Chemometric approaches and applications were reported widely in the field of
analytical chemistry [9,11–13].
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Nevertheless, controlling flow of samples and reagents in paper is challenging due to the lack
of a reasonably precise mathematical model for the flow characteristics [14]. For almost a century,
Washburn’s relation has been used for explaining liquid wicking in paper-like materials. This simplified
model neglected processes, which affect the wicking behavior in practical applications such as
evaporative, gravitational, inertial and adsorptive effects. Evaporation leading to a reduction of
wicking speed is one of the common problems found in paper-based device [15]. Protecting the
paper with laminated polymer films is a simple approach to prevent evaporation resulting in change
in flow behavior [16]. Mathematical models play an important role in predicting liquid wicking
phenomena for better fluid control. These models provide the design framework for paper-like
materials and paper-based devices. Liquid flow in paper-like materials can be modelled by different
approaches: Lucas-Washburn models [15,17–20], Darcy’s model [21–25] and computational fluid
dynamics (CFD) [26–28].

Electrical circuit analogy (ECA) is a simple approach for modelling the wicking behavior in paper.
The ECA relies on the analogy between an electrical circuit and a fluidic network. ECA method was
first reported by Fu et al. (2011) to describe flow in porous materials. Voltage difference, current
and resistance are equivalent to pressure difference, flow rate and fluidic resistance respectively,
shown in Figure 1. According to the Darcy’s law, the fluidic resistance depends on material properties
such as fluid viscosity, cross-sectional area and permeability of the porous medium. In many studies,
ECA models agreed well with experimental data [22,29,30]. However, these models cannot include
characteristics of paper-based materials such as absorption capacity. We propose here a novel electrical
circuit analogy model to include additional parameters such as absorption capacity using a capacitive
component in the electrical circuit.

This paper reports an ECA model with a capacitance connected in series with a resistance. In the
preliminary experiment, we observed that the paper has the ability to store a liquid in its matrix because
the liquid continues to wick after removing the reservoir, Figure 2a,b. Thus, a capacitance for liquid
storage should be included in the model similar to the way a capacitor storing charge in an electric
circuit. We assume that the fluidic capacitance is a function of properties such as absorption capacity,
porosity and surface property of fibrous material. Moreover, the velocity of liquid wicking decreases
over time due to the increasing resistance with the advancing liquid front. The circuit of our model for
a simple paper strip contains resistance and capacitance which are serially connected under the same
applied capillary force, Figure 2c. The model includes the equations describing the current response,
resistance and distance over time. Experiments were carried out with paper strips made of different
materials and laminating conditions to validate this model.
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Figure 2. The ability to store liquid in paper matrix was observed (a) the sequential observed
photos depicted the progress of liquid front after removing the liquid reservoir (b) the comparison of
experimental data between with liquid reservoir and without liquid reservoir. (c) schematic diagram of
an equivalent circuit for wicking in a paper strip with liquid reservoir.

2. Theoretical Model

In a wicking process, the liquid advances in the paper matrix and at the same time occupies
the space in the porous matrix. Figure 2a indicates that the liquid front still advances, when the
reservoir was removed. Without a reservoir as the source, the wet paper serves as a capacitor to
continue discharging the liquid to the fluidic circuit. This phenomenon leads to the ECA model
with a capacitance connected in series with a resistance, Figure 2c. The derivation of the model is
performed first in the electric domain. First, Kirchhoff’s voltage law is applied to the analogy circuit.
The summation of voltage difference across resistance and capacitance is equal to voltage source (Vs)
due to its serial connection described as:

VS = VR + VC, (1)

where Vs is the voltage source that is equivalent to the capillary pressure [31], VR is the voltage difference
across the resistance R, VC is the voltage difference across the capacitance C. Rearranging Equation (1)
into the function of charge Q is described as:

VS = R(t)
dQ
dt

+
Q
C

, (2)

where R(t) is the resistance, Q is the total charge flowing in the circuit, C is the capacitance.
Rearranging Equation (2) for integration, the charge equation can be solved:

Q = CVS

(
1− e−

1
C

∫
1

R(t) dt
)
, (3)

From the equivalent circuit in Figure 1, the current is equivalent to the mass flow rate. Moreover,
the current also has its own relationship with the electron drift speed described as:

I = evAcn, (4)

where I is the current (A), e is the electron charge (1.6 × 10−19 Coulomb), v is velocity (m/s), Ac is
cross-sectional area (m2), n is charge density (1/m3). Given q = ne (Coulomb/m3), which is charge with
unit volume, this parameter is equivalent to the density of the fluid. Integrating current over time
results in the total charge flow:

Q =

∫
Idt = eAcn

∫
vdt, (5)
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Therefore, the charge equation from Equation (5) can be formulated as a function of velocity. The distance
can be determined as:

L(t) =
CVS
eAcn

(1− e−
1
C

∫
1

R(t) dt
), (6)

where L is the distance function of charge moving in the circuit, C is the capacitance, q is
the charge density (C/m3), Ac is cross-sectional area and R(t) is the fluidic resistance function.
Given −b × M(t) = − 1

C

∫
1

R(t)dt, the unknown coefficients a and b can be determined experimentally
with the fitting equation:

L(t) = a(1− e−b×M(t)), (7)

Given M(t) = td, the resistance function follows the power law, so the fitting function of the fluidic
resistance has the form:

R(t) =
t1−d

Cbd
, (8)

The coefficient a represents the capacitance, which can also be experimentally determined as:

C =
qaAc

VS
, (9)

The absorption capacity Cabs (µL) is the ability to store liquid per surface area AS (cm2) of paper strip

Cabs =
C
As

, (10)

According to Figure 1 and the analogy table, the charge moving distance in an electrical circuit is
equivalent to the position of liquid front in fluidic network. All electrical parameters were converted
into fluidic parameters. Therefore, this model can be used to fit with the experimental data of liquid
front distance over time. From Equations (7) and (8), we define coefficients a, b and d to reflect
the material properties. These coefficients can be experimentally determined by fitting curve from
experimental data. The coefficient a affects the steady value that reflect the saturation of the liquid
in the paper. Thus, coefficient a can be linked to liquid absorption capacity of the materials which
represents the saturation of paper matrix by Equations (9) and (10). Coefficient b and d related to how
fast it can reach the steady value, so it can be interpreted to reflect material characteristics. In addition,
the hydraulic capacitance or a compliance of a system in a microfluidic system is the change of effective
stored liquid volume per change in pressure. The compliance can be applied under the condition
of deformed microchannel. However, in this case, the ability to store the liquid in the paper matrix
is different from those observed in a microfluidic system. In this model, the fluidic capacitance is
described as a ratio of liquid mass retaining through the paper strip to pressure difference which is
capillary pressure defined by the material properties. As a result, the fluidic capacitance is equivalent
to capacitance in electrical circuit representing as a ratio of charge accumulation to voltage difference.

3. Materials and Method

3.1. Materials and Instrumentation

The porous materials used in the experiments were cellulose papers (CFSP223000, Merck,
New York, NY, USA) and nitrocellulose papers (FF170HP PLUS, Whatman, UK). The laminated
polymer film (86624014, Rexel Holdings Australia Pty Ltd., North Ryde, Australia) was two polymer
types which are Polyethylene Terephthalate (PET) and Ethylene-vinyl Acetate (EVA). A stock of
rose-pink food coloring (082063, Queen Fine Foods Pty Ltd., Alderley, Australia) containing 1.4%
dyestuff was diluted in DI water (Milli-Q, Merck, New York, NY, USA) to obtain 0.1% dyestuff in dye
solution used in the experiment. Digital weighing machine (ENTRIS124I-1S, Sartorius Lab Instrument,
Göttingen, Germany) used to weigh paper in dry and wet conditions. For software, image converter
(Free Studio v6.7.1.316, DVDVideoSoft Ltd., London, UK) was used to convert a video file into image
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sequences. Image processing including fitting the data was performed by numerical computing
software (MATLAB R2018b, The MathWorks Inc., Natick, MA, USA).

3.2. Paper Strip Preparation

The paper strips were cut using a laser machine (R500 Laser cutter, Rayjet) into widths of 2 mm,
4 mm and 6 mm. A laminated polymer film was applied to the cellulose paper (CFSP) on one side
or on both sides. The laminated film was attached to the CFSP using a laminator (JL330T, PFEC) at
130 ◦C with a feeding speed of 1 cm/s. The laminated CFSP was also cut using the same laser machine.
Thus, the CFSP types in our experiments are non-laminated (Figure 3a), one-side laminated (Figure 3b)
and both-side laminated (Figure 3c). In the case of nitrocellulose (NC) paper, we only laminated one
side because the other side of the off-the-shelf NC (Figure 3d) was already laminated and referred
to in this study as laminated NC (Figure 3e). The original off-the-shelf NC paper is referred to as
non-laminated NC.
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3.3. Experiment Setup and Data Acquisition

Figure 4 shows the schematic and the actual setup for the capillary rise experiment in a paper strip.
The paper strip was vertically positioned with a customized acrylic stand. Experiments were carried
out for each strip width with a sample number of n = 3. Dye solution served as the fluid wicking up
to the paper strip. The camera recorded the image of the paper strip every second for the first ten
seconds and every five seconds for the remaining time. Subsequently, the images were processed with
MATLAB to measure the position of the liquid front. The images were first imported into MATLAB,
and then cropped into the area of interest. Next, the images were adjusted with brightness and
contrast to improve the sample-to-background contrast, and then converted into the grayscale format.
The processed images were further converted into the binary format for the measurement of the length
of the liquid column. The data were then exported to plot the liquid distance over time. The error bars
applied to experimental data were two times of standard deviation.
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3.4. Fitting Curve Settings

After collecting the data of the liquid column length over time, MATLAB performed curve fitting
with the interactive toolbox cftool. We used non-linear least squares with trust-region algorithm to fit the
data according to the model of Equation (6). This algorithm is a common mathematical optimization to
restrict the fitting result within the range of applied lower and upper boundaries. Finite difference
parameters were set for nonlinear equation at the default value at 1 × 10−8 and 0.1 for minimum
and maximum changes, respectively. The maximum iteration and termination tolerance are set at
106 and 10−10 respectively, to make sure that fitting solution converges and fits with the smallest
tolerance. Table 1 shows the starting point of iteration, the upper and the lower boundary used for
fitting. After fitting with MATLAB, all coefficients in Equation (7) are experimentally determined.
The exponential functions have several local solution points. Although curve fitting is performed with
many initial boundaries, the result of fitting did not show any significant difference (S.D. is around
0.1% of average values). Therefore, all results were reported as average values. Table 2 lists the values
used in the calculation. For Washburn model, the experimental data of the liquid front were fitted as
a square root function of time:

L(t) = p
√

t, (11)

where p is a fitting coefficient for Washburn model. Each experiment data set was fitted, and coefficient
p will be identified.

Table 1. List of initial points, upper and lower boundary.

Coefficient Starting Points Lower Boundary Upper Boundary

a 1 × 108–1 × 109 1 × 108 1 × 109

b 0.001–0.999 0 1
d 0.001–0.999 0 1

Table 2. List of constant values used in the calculation.

Parameter Value

Vs-Pressure-Capillary pressure in CFSP 3000 Pa [30]
Vs-Pressure-Capillary pressure in Nitrocellulose (FF80HP) 13,000 Pa [30]

Vs-Pressure-Capillary pressure in Nitrocellulose (FF170HP) 2879 Pa *
Adsorption capacity in CFSP 79.29 µL/cm2 [30]

Adsorption capacity in Nitrocellulose (FF170HP) 10.06 µL/cm2 [30]
Viscosity 8.94 × 10−4 Pa.s
Density 1000 kg/m3

* Capillary pressure of FF170HP is determined as shown in Appendix A.

3.5. Direct Measurement for Liquid Absorption Capacity

All paper strips were cut with the laser machine into of 1 × 1 cm, 1.5 × 1.5 cm and 2 × 2 cm pieces.
Consequently, the paper pieces were weighed in dry and wet conditions. For the wet conditions,
the paper pieces were immersed in dye solution for 2–3 min to make sure that paper pieces were
saturated, Figure 5. The liquid absorption capacity was determined by the equation described as:

Cabs =

(
mwet −mdry

)
ρAs

, (12)

where mwet and mdry are the paper piece mass in wet and dry conditions respectively. The mass
difference between both conditions determines the amount of fluid retained in the paper strip.
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4. Result and Discussion

4.1. Fitting for Cellulose Fiber Paper

According to the power law, coefficient d determines the slope of exponential curve to reach
a steady value. Therefore, coefficient d represents the wicking speed which depends on the material
properties. We began fitting the model with experimental data of non-laminated CFSPs. The fitting
approach is performed with data from all strip sizes to obtain coefficients a, b and d from the experiment
data. Tables 3 and 4 shows the average fitting coefficients for non-laminated CFSP. From these
results, the coefficient d for the cellulose paper was selected as 0.4. All CFSP cases will use this
value for further analysis. The average coefficient a and b are 1.14 × 108 and 7.53 × 10−8, respectively.
The fitting procedure was performed for the case of non-laminated cellulose paper. One-side laminated
CFSP was subsequently investigated. The average coefficient a and b for one-side laminated CFSP
are 1.12 × 108 and 6.31 × 10−8, respectively. Finally, two-side laminated CFSP was investigated.
The two-side lamination helps to improve the strength of the test strip and prevents evaporation.
The average coefficients a and b for two-side laminated CFSP are 1.12 × 108 and 6.51 × 10−8, respectively.
Thus, our model agrees well with experimental data of all conditions: non-laminated, one-side and
two-side laminated CFSP, Figure 6. The characteristic of wicking speed and material is represented by
the coefficient d in the model, which is 0.4. It is dictated by the power law resulting in the steep curve
in the early period. As a result, this model fits experimental data better than the Washburn model.

Table 3. Fitting coefficients of non-laminated CFSP paper by our model.

Non-Laminated CFSP Size a b d

2 mm 1.02 × 108 8.14 × 10−8 0.40
4 mm 1.03 × 108 8.63 × 10−8 0.39
6 mm 1.02 × 108 8.69 × 10−8 0.39

Table 4. Fitting coefficient p of Washburn relation of CFSP paper.

Materials
Coefficient p for Washburn Relation

Width 2 mm Width 4 mm Width 6 mm Average

Non-laminated CFSP 6.05 6.14 6.25 6.15
One-side laminated CFSP 4.47 4.86 4.96 4.76
Two-side laminated CFSP 5.08 4.93 5.08 5.03
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Figure 6. Comparison between our model and experiment data (a) non-laminated CFSP, (b) one-side
laminated CFSP and (c) two-side laminated CFSP.

4.2. Fitting for Nitrocellulose Paper

The fitting procedure was performed to determine all coefficients for non-laminated NC paper,
Tables 5 and 6. The coefficient d was selected as 0.5 for NC paper and represents its material
characteristics. Using coefficient d as 0.5, the average coefficients a and b were determined as
1.06 × 108 and 2.95 × 10−8, respectively. For laminated NC, the average coefficient a and b are
1.05 × 108 and 2.68 × 10−8, respectively. As a result, the model in both conditions is in good agreement
with both experimental conditions: non-laminated NC and laminated NC as shown in Figure 7. As the
coefficient d is 0.5, this model provides a similar relationship between liquid front distance and the
square root of time as Washburn model. As a result, both CFSP and NC materials agree well with
conventional Washburn model.

Table 5. Fitting coefficients of non-laminated NC paper by our model.

Non-Laminated NC Size a b d

2 mm 1.02 × 108 3.03 × 10−8 0.50
4 mm 1.02 × 108 3.41 × 10−8 0.48
6 mm 1.01 × 108 3.00 × 10−8 0.52

Table 6. Fitting coefficient p of Washburn relation of NC paper.

Materials
Coefficient p for Washburn Relation

Width 2 mm Width 4 mm Width 6 mm Average

Nitrocellulose membrane 3.08 3.18 3.12 3.12
Laminated nitrocellulose

membrane 2.75 2.94 2.80 2.83
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(b) laminated NC paper.

4.3. Absorption Capacity

The absorption capacity from direct measurement is shown in Figure 8. For CFSP cases (Figure 8a),
the absorption capacity of two-side laminated CFSP is 65.2 µL/cm2 which is lower than other
cases, which are one-side laminated (76.7 µL/cm2) and non-laminated (79.3 µL/cm2). For NC cases
(Figure 8b), laminated NC (6.42 µL/cm2) also provide lower absorption capacity than non-laminated
NC (10.1 µL/cm2). As a result, laminated film was melted and permeated into paper matrix resulting
in reduced space in the paper matrix. Furthermore, our model with fitting coefficients can also predict
the absorption capacity. We obtained the absorption capacity from the model through coefficient
a and Equations (9) and (10). The absorption capacity estimated with the model has the same order of
magnitude as those from direct weighting and from the literature, Table 7. The Cabs of non-laminated
CFSP and NC papers provides 5.77% and 18.9% error respectively compared to the absorption capacity
from direct weighting experiment. However, the absorption capacity of both CFSP and NC cases
from direct weighting experiment are not statistically different from the model under p value of <0.01.
The discrepancy may come from the environment factors such as temperature or humidity, which affect
the ability of the paper to store liquid. Thus, we conclude that our model can predict the absorption
capacity and can be further used for predicting capillary pressure in each material as discussed later
in Section 4.5.
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Table 7. Absorption capacity result from the model and direct weighting experiment comparing
to literature.

Non-Laminated CFSP (µL/cm2) Nitrocellulose Membrane (µL/cm2)

Absorption capacity from the model 75.0 8.14
Absorption capacity from the direct

weighting experiment 79.3 10.07

Absorption capacity from literature 83 [30] 10 [30]
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4.4. Fluidic Resistance Function

The fluidic resistance can be estimated with Equation (8) and depicted in Figures 9 and 10 for CFSP
and NC cases, respectively. The resistance is a function of time which increases according to the power
law and the exponential terms. The fluidic resistance is mainly defined by the fitting coefficient b which
dictates the slope and is similar for the same material. The larger the cross-sectional area, the smaller is
the fluidic resistance. The fluidic resistance of the laminated cases has a larger value than non-laminated
cases, because the capacitance decreases according to Equation (8). The data in Figure 8 showed that
the absorption capacity measured from direct weighting decreases in the case of laminated conditions
as the laminated film was melted and permeated into the paper matrix. Moreover, the hydrophobicity
may also affect the fluidic resistance. Some studies reported that capillary force exerting on fluid
in wax-boundary paper is in the opposite direction of fluid flow [17]. As a result, wicking speed
depends on strip width due to the hydrophobic boundary [17,32]. Nevertheless, our experiments
showed that even though the fluidic resistance increases with decreasing strip width, the wicking
speed of all widths is almost the same, Figures 6 and 7 [22,30]. The laminated film has hydrophilic
surface properties (contact angle of 43◦), so the capillary force at the laminated surface will not act
against the wicking speed direction. Thus, the hydrophilicity of the laminated film maintained wicking
speed in paper strips with different widths.
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4.5. Capillary Pressure

One of the important parameters of the ECA model is the capillary pressure represented by
a constant voltage source. Defining an accurate capillary pressure in the paper strip is still challenging,
because it requires complex and specific setup [14]. According to Equations (9) and (10), the capillary
pressure can be experimentally determined by our model, Table 8. The evaluated capillary pressure
has the same order of magnitude as those reported in the literature [30]. For example, the capillary
pressure of non-laminated CFSP and nitrocellulose membrane are 2586 Pa and 2345 Pa, which are 13.8%
and 22.8% difference from the literature and approximation (Appendix A) respectively. According to
Equations (9) and (10), the capillary pressure depends on coefficient a, fluid density, paper strip
length, liquid absorption capacity and paper strip thickness. These parameters can be affected by the
lamination procedures. For the laminated cases, the relative difference of capillary pressure between
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the model and the literature probably caused by the slightly different cross-sectional areas due to the
lamination and hydrophilicity of the lamination. Therefore, the capillary pressure can be estimated by
fitting experimental data with this model.
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Table 8. The capillary pressure estimated by our model.

Materials Absorption Capacity (µL/cm2) Coefficient a Capillary Pressure (Pa)

Non-laminated CFSP 79.3 ± 1.60 1.14 × 108 2586
One-side laminated CFSP 76.7 ± 3.49 1.12 × 108 2881
Two-side laminated CFSP 65.2 ± 2.93 1.12 × 108 3522
Nitrocellulose membrane 10.1 ± 1.85 1.06 × 108 2345
Laminated nitrocellulose

membrane 6.42 ± 0.25 1.06 × 108 3636

5. Conclusions

The ECA model can be used to describe flow in paper strips and has been reported previously.
However, previous models did not include the properties and the porous nature of paper-based
materials. In this paper, we proposed a model that accounts for the absorption capacity through
the capacitance of the fluidic circuit. All data were obtained from the capillary rise experiment of
a straight vertical paper strips. The data were processed and fitted with the model to determine
all coefficients. The ECA model agrees well with experimental data. Furthermore, each coefficient
is interpreted and compared with values reported elsewhere by converting the electric parameters
to fluidic parameters. Our model can explain the dependence of fluidic resistance on the material
characteristics. The smaller is the paper strip width, the larger is the fluidic resistance. The laminated
cases also provided a larger resistance because lamination may reduce the thickness of the paper
strip. It is worth noting that the ECA model reported here also agrees well with the traditional
Washburn model which is well-known for describing fluid flow in porous media. However, our ECA
model further allows for the determination of material properties. In addition to the fluidic resistance,
the model can be used to predict the capillary pressure using the fitting coefficients and the absorption
capacity determined by the model. The estimated capillary pressure agrees well with values reported
in the literature.
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Appendix A

The label of the paper product indicates the time in second of the liquid flow in a 4-cm paper strip.
For instance, FF080HP means liquid flows in 4-cm long nitrocellulose membrane in 80 s, or FF170HP
takes 170 s for liquid to flow in 4-cm long nitrocellulose membrane. The membrane characteristics such
as pore size or porosity determine the flow in membrane. Capillary pressure is also affected because it
is defined by the membrane properties. From the literature, capillary pressure of FF080HP is equal to
13,000 Pa as shown in Table 1. However, in this experiment, FF170HP is used. Moreover, as the time
used for liquid to flow between these two membranes is different. The capillary pressure of FF170HP
is approximately estimated with the dynamic pressure

P =
1
2
ρv2, (A1)

where P is the dynamic pressure, ρ is fluid density and υ is velocity. The pressure is proportional to the
square of the velocity. As known from the product label, the average speed can be approximated by total
distance fluid flow which is 4 cm divided by flowing time taken by each membrane. The pressure of
FF170HP is 2879 Pa, which is reasonable because FF170HP allows liquid to wick slower than FF080HP
originated from smaller capillary pressure. This value is used for this experiment to determine all
coefficients in the proposed model.
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