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Abstract: Instantaneous volatility of logarithmic return in the lognormal fractional SABR model is
driven by the exponentiation of a correlated fractional Brownian motion. Due to the mixed nature
of driving Brownian and fractional Brownian motions, probability density for such a model is less
studied in the literature. We show in this paper a bridge representation for the joint density of the
lognormal fractional SABR model in a Fourier space. Evaluating the bridge representation along a
properly chosen deterministic path yields a small time asymptotic expansion to the leading order for
the probability density of the fractional SABR model. A direct generalization of the representation of
joint density often leads to a heuristic derivation of the large deviations principle for joint density
in a small time. Approximation of implied volatility is readily obtained by applying the Laplace
asymptotic formula to the call or put prices and comparing coefficients.

Keywords: asymptotic expansion; lognormal fractional SABR model; mixed fractional Brownian
motion; Malliavin calculus; bridge representation

1. Introduction

The celebrated Black and Black-Scholes-Merton models have been the benchmark for
European options on currency exchange, interest rates, and equities since the inauguration
of the trading on financial derivatives. However, empirical evidence has shown that the
main drawback of these models is the assumption of constant volatility; the key parameter
required in the calculation of option premia under such models. The volatility parameters
induced from market data are in fact nonconstant across markets; dubbed as volatility smile.

The Stochastic aBp (SABR hereafter) model, suggested by Hagan, Lesniewski, and
Woodward in Hagan et al. (2015), is one of the models, such as local volatility models,
stochastic volatility models, and exponential Lévy type of models, etc, that attempts to
capture the volatility smile effect. Furthermore, as opposed to local volatility models, in the
SABR model the volatility smile moves in the same direction as the underlying with time,
see Hagan et al. (2002).

The SABR model is depicted by the following system of stochastic differential equa-
tions (SDEs):

dF, = a,FPaw,,
dOCt = I/OCtdZt,

PO = F, (1)
xp = &, (2)

with B € [0,1], where F; denotes the forward price and «; the instantaneous volatility. W;
and Z; are correlated Brownian motions with a constant correlation coefficient p. The SABR
model is at times referred to as lognormal SABR when B = 1. The SABR formula is an
asymptotic expansion for the implied volatilities of call options with various strikes with
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small expiry times. For the reader’s convenience, we reproduce the SABR formula in the

following. Let 0ps(K, T) be the implied volatility of a vanilla option struck at K and time to

expiry T. The SABR formula states

log(F/K)
D(¢)

as the time to expiry T approaches 0. The function D and the parameter { involved in (3)
are defined respectively as

_ 2 _
D(§)zlog<v1 et He p)

P

ops(K, 1) =v {1+0(7)} ®)

and

%log(%) ifp=1.
Generally, the SABR formula is given one order higher, up to order . Here we present only
the zeroth order for our own purpose.

The geometry of the SABR model is isometrically diffeomorphic to the two-dimensional
hyperbolic space, also known as the Poincaré plane. This isometry leads to a derivation
of the SABR Formula (3) based on an expression of the heat kernel, known as the McK-
ean kernel, on Poincaré plane. In particular, the lowest order term in (3) has a geometric
interpretation. The function D is the geodesic distance from the spot value (Fy, ) to the
vertical line F = K in the upper half plane {(F, &) € R? : & > 0}. Hence, the lowest order
term in (3) is indeed the ratio between the absolute value of logmoneyness, i.e., log(K/Fy),
and the geodesic distance from (Fy, «g) to the vertical line F = K in the upper half-plane.
We refer readers interested in this topic to Hagan et al. (2015) for more detailed discussions.
As expression for heat kernel on hyperbolic space is concerned, Ikeda and Matsumoto in
Ikeda and Matsumoto (1999) provided a probabilistic approach and obtained, among other
interesting results, a representation for the transition density of hyperbolic Brownian mo-
tion, i.e., the heat kernel over the Poincaré plane. See Theorem 2.1 in Ikeda and Matsumoto
(1999) for details.

The aforementioned nice isometry between the SABR model and Poincaré plane breaks
down if the volatility process, i.e., the a; process in (1), is driven by a fractional Brownian
motion such as the second equation in (6) considered in the paper. Moreover, due to the lack
of Markovianity of fractional Brownian motions, thus the nonexistence of the forward and
backward Kolmogorov equations, the classical asymptotic expansion approaches, such as
the heat kernel or WKB expansion, are no longer applicable. In this regard, the probabilistic
approach in Ikeda and Matsumoto (1999) is more applicable and tractable when dealing
with processes driven by fractional Brownian motions.

The volatility process is generally conceived as behaving “fractionally” in that the
driving noise is a fractional process, e.g., a fractional Brownian motion with a Hurst
exponent other than a half. For a far from an exhaustive list, models that attempt to
incorporate the fractional feature of volatility include: the ARFIMA model in Granger
and Joyeux (1980) and the FIGARCH model Baillie et al. (1996) for discrete-time models;
the long memory stochastic volatility model in Comte and Renault (1998) and the affine
fractional stochastic volatility model in Comte et al. (2012) for continuous time models.
Somewhat on the contrary, in a recent study in Gatheral et al. (2018), the Hurst exponent
H is estimated as being less than a half; thereby indicating antipersistency as opposed to
the persistency of the volatility process. For a more detailed and in-depth consideration of
this issue, we refer interested readers to the discussions in Cont and Das (2022) and Rogers
(2019). It is also worth mentioning that generalizations of the Heston model to the fractional
version have been considered in El Euch and Rosenbaum (2019) and Guennoun et al. (2018).
Heston-related models are usually dealt with via the characteristic or moment-generating
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functions. However, in this paper, we take the approach following closely the methodology
in Ikeda and Matsumoto (1999). As arbitrage in the modeling is concerned, we remark that,
in contrast with the models discussed in for instance Jarrow et al. (2009) and Mishura (2008)
within which the underlying prices were assumed driven by fractional Brownian motions,
the model considered in the paper is free of arbitrage opportunity since it is the volatility
process that is driven by a fractional Brownian motion while the underlying itself is still
driven by a (correlated) Brownian motion.

In order to embed the empirically observed fractional feature of the volatility process
into the classical SABR model, we suggest in this paper a fractional version of the SABR
model as in (6). Modulo a mean-reversion component, this model aligns with the model
statistically tested in Gatheral et al. (2018). The main observation in Gatheral et al. (2018)
is that in using the square root of the realized variance as a proxy for the instantaneous
volatility, the logarithm of the volatility process behaves like a fractional Brownian motion
in almost any time scale of frequency. The Hurst exponent H inferred from the time series
data is less than a half; indeed, H ~ 0.1, see also Cont and Das (2022) and Rogers (2019).
This observation of a small Hurst exponent in the volatility process analyzes the model as
more technical and challenging from a stochastic analysis point of view. To our knowledge,
most of the small time asymptotic expansions for processes driven by fractional Brownian
motions have restrictions on the Hurst exponent H of the driving fractional Brownian
motion, mostly H > %. One of the advantages of the approach undertaken in the current
paper is that it works without restriction on the Hurst exponent H. The key ingredient is a
representation in a Fourier space, which we call the bridge representation in Section 2, for
the joint density of log spot and volatility, see (9).

A small time asymptotic expansion of the joint density is readily obtained from the
bridge representation. The idea is to approximate the conditional expectation in the bridge
representation by a judiciously chosen deterministic path since, conditioned on the initial
and terminal points, at each point in time a Gaussian process will not wander too far away
from its expectation. As long as an asymptotic expansion for the density of the underlying
asset is available, obtaining an expansion for implied volatility is almost straightforward
by basically comparing the coefficients with a similar expansion obtained by using the
lognormal density on the Black or the Black-Scholes-Merton side.

The methodology of deriving the bridge representation (9) can be generalized directly
to obtain a bridge representation for the joint density multiple times; hence inducing a repre-
sentation for finite-dimensional distributions of the fractional SABR model, see Theorem 4.
Based on this bridge representation for finite-dimensional distributions, Section 5 is de-
voted to a heuristic yet appealing derivation of the large deviations principle for the joint
density of the fractional SABR model in small time. This large deviations principle in a
sense can be regarded as defining a “geodesic distance” over the fractional SABR plane
since, as we shall show in Section 5, it recovers the energy functional on the Poincaré plane
when H = % We leave the rigorous proof of the large deviations principle in future work.
An immediate consequence of this large deviation principle is the fractional SABR formula
(to the lowest order) (26) which recovers the classical SABR formula when H = % The
fractional SABR Formula (26) pertains to the guiding principle that the lowest order term
in the implied volatility expansion is given by the ratio between the absolute value of the
logmoneyness and the geodesic distance to the vertical line F = K.

The rest of the paper is organized as follows. The fractional SABR model is specified
and the bridge representation for joint density is shown in Section 2. Sections 3 and 4
provide small time asymptotic expansions of the joint density and of the implied volatilities
respectively. Section 5 presents the bridge representation for finite-dimensional distri-
butions and the large deviations principle. Finally, the paper concludes in Section 6
with discussions.
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2. Model Specification

Throughout the text, B = {B;,t > 0} and W = {W;, t > 0} denote two independent
standard Brownian motions defined on the filtered probability space (Q), F;, P) satisfying
the usual conditions. Let BH = {BtH ,t > 0} be a fractional Brownian motion with Hurst
exponent H € (0,1) generated by B (see Decreusefond and Ustiinel 1999), i.e.,

t
BtH:/ Ky (t, s)dBs,
0

where Ky is the Molchan-Golosov kernel

Ky (t,s) :cH(t—s)H%F<H— L

11 t
33— HH+ 31 D)), @

. 2HT(3—H) 1/2 . . .
with cy = {F(ZZH)F(H%)] and F is the Gauss hypergeometric function. Also, the au-
tocovariance function of a fractional Brownian motion is denoted by R(t,s) and defined as
1
R(t,s) = E(BIBH) = E(t2H+s2H— |t—s|2H). ®)

Lastly, we assume that all random variables and stochastic processes are defined on (Q), F¢, IP).

2.1. The Model

We study the following lognormal fractional SABR (fSABR hereafter) model in risk-
neutral probability (for simplicity, interest and dividend rates are both assumed zero):

St =50+ fO oS PdBr + der)
(6)

ay = wge?B

where sy and «g are the given time zero (current observed) values for the processes S and «
respectively, p € (—=1,1) and p = /1 — p%.

In other words, the underlying price S; follows a stochastic volatility model with the
(instantaneous) volatility process «;, and a; is given by the exponentiation of a correlated
fractional Brownian motion. The main purpose of this section is to derive the bridge
representations (9) and (13) for the joint densities of (S, a;). The bridge representation is
the crucial starting line in obtaining expansions and approximations of the joint densities
to be discussed in Section 3.

By making a change in variables

Xy =1InS, Y = at,

the system (6) can be written more explicitly as

Xe=x0+yo fye e'B (0dB, + pdW;) — U o [le 2Bl gg,
@)
yoevBH
where xp = Insp and 1y = «p.

2.2. Malliavin Calculus with Respect to Brownian Motion

We provide some preliminaries on Malliavin calculus with respect to the two Brownian
motions B and W in this subsection. We refer the reader to Hu (2017) and Nualart (2006)
for more details.

For any fixed T > 0, let H = L%([0, T]) be the separable Hilbert space of all square-
integrable real-valued functions on the interval [0, T] with scalar product denoted by
< )H The norm of an element h € H will be denoted by ||i||g. For any h € H, we put

fO th and B fO dBt
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For any m, n € N, denote by C? (R™*71) the set of all infinitely differentiable functions
g : R™T" — R such that ¢ and all of its partial derivatives have polynomial growth. We
make use of the notation 9;¢ = % whenever ¢ € C!(R" "),

Let S denote the class of smooth and cylindrical random variables such that a random
variable F € S has the form

F=g(W(h),...,W(i), B(k1),..., B(kn)), ®)

where g belongs to C;’f(R’”*”), hi,...,hyand kq,...,k,arein H,and m,n € N.
For a smooth and cylindrical random variable F of the form (8), its Malliavin derivative
with respect to W is the H-valued random variable given by

DYF = Y ig(W(ln), ..., W(hn), B(K), .., Bk (1), £ € [0,T],
i=1

and respectively its Malliavin derivative with respect to B is given by
n
D?F = Y Omri§(W(h1), ..., W(hw),B(k1),...,B(kn))ki(t), t € [0, T].
i=1

For any p > 1, we will denote the domain of D in L7 (Q)) by D7, meaning that D'7 is the
closure of the class of smooth and cylindrical random variables S with respect to the norm

EN P
2
IFllp = (E|PP+E(||D1F||%{+ |D2F ) )

We tailor Theorem 2.1.2 in Nualart (2006) to the following lemma which yields
a result on the absolute continuity of the law of a random vector with respect to the
Lebesgue measure.

Lemma 1. Let F = (Fy, F,) bearandom vector in D'2. If the Malliavin matrix y := ((D'F;, D'F;)yy +
(D*F, DZF]->H)1SZ-,]-§2 of F is invertible a.s. Then the law of F is absolutely continuous with re-

spect to the Lebesgue measure on R?. Consequently, the joint density of the random variables
(F, ) exists.

2.3. Bridge Representation for the Joint Density

In this subsection, we show the existence of the joint density of (X}, Y¢) for any t > 0 by
using Malliavin calculus. We also give a bridge representation for the joint density by adapt-
ing the methodology introduced in Ikeda and Matsumoto Ikeda and Matsumoto (1999).

Theorem 1. Forany t > 0, the law of (Xy, Yt) satisfying (7) is absolutely continuous with respect
to the Lebesgue measure on R?. Moreover, the joint probability density p(t; x,y) of (X¢, ;) has the
following bridge representation

p(tx,y)
1 ,(1n<y2/g%>)2
= pomegR
. vBH _1/271 _
i/ E el<x*x0*P]/0 fore Bs dBSJrOTt)ée_sz%thﬁz BtH _ In (y/yo) ac. 9
27 JR v

t o, pH .
where vy = [ 2B dsand i = /—1.

Remark 1. The bridge representation (9) can be regarded as a generalization of the well-known
McKean kernel, namely, the classical heat kernel over a 2-dimensional hyperbolic space. For reader’s
reference, the MicKean kernel pyp (t;x,y) reads



Risks 2022, 10, 156

6 of 27

feft/S ge /2
t; x, /
P(%Y) = (37 JiJeoshE —coshd

where d = d(x,y; xo,Yo) is the geodesic distance from (x,y) to (xo,yo). The geodesic distance
_ 24,2442

satisfies coshd(x,y; X0, yo) = % Note that the McKean kernel is a density with

respect to the Riemannian volume form yl—zdxdy. Indeed, in the case where H = %, v =1and

o = 0, Ikeda-Matsumoto in Ikeda and Matsumoto (1999) showed how to recover the McKean kernel
from (9). See also Cheng and Wang (2018) for a different representation in terms of a Bessel bridge
for the hyperbolic heat kernel.

Proof. Notice that we can rewrite (7) as

Xt = x0+ [y Ys(odBs + pdWs) — L [ Y2ds,

Yy = yoe'Bi

Now we fix any T > t. Then according to Sections 2.2 and 5.2 in Nualart (2006), the
Malliavin derivatives of X; and Y; are given as follows

DYy = 0,
D3Yi = yove'® Ky (t,0)1)(6)
and
DiXi = pYolpy(6) :P_J/OEVB‘I’Jl[o,t}(G)I
D2X; = <pY9+ /9 ' oD2Y.dB, + /9 ' D2Y. AW, — /6 tYSDgYSds)l[O,t](Q)

ot t
—(ovoe™ s pyor e K5, 008+ g [ K5, 000 ) 10, 6)
t
—y%v/e eZVByKH(s,Q)ds 1j0,4(0).

Thus, the Malliavin matrix vy of (X;, Y}) is given by

_ ([ 71 712
i (’Yzl Y22 >'

where
1 = /t(DéXt)zd(?-l— /t(Dth)sz
= / p2y3e* B d9+/ (pyoeVBﬂ +pyov/ ¢'B Ky (s, 0)dBs
—|—ﬁy01//9 e’/BfKH(s,G)tJlWS —y5v /{: eZVBfKH(s,G)ds> 2d0,
Y2=71 = /Ot D§X;:D§Y:d6 + /Ot D3X;D3Y;df

t t
= yoveVBtH/O Ky(t,0) (pyoeVBg +pyov/9 ¢'B Ky (s, 0)dB,

t t
+py0v/ eVBSHKH(s,G)dWs —y%v/ EZVBSHKH(S,G)dS) de,
0 0
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and
t t
N /0 (D}Y)%d6 + /0 (D2Y,)2d6
bt
= yhPe?B / Ky (t,0)%d6.
0
Then it follows from the Cauchy-Schwarz inequality that almost surely
t
v, < y2u2e2VB / Kpy(t,0)%d0 x
t
/0 (pyoe”Bgl +pyov /9 "% Ky (5, 6)dBs

t t 2
+ﬁy0v/ eVBgKH(s,G)dWS —y%v/ EZVBEKH(S,G)dS> a6
0 4
< T2

which implies that the Malliavin matrix 7 is invertible a.s. Hence, by Lemma 1 the law of
(Xt,Y;) is absolutely continuous with respect to the Lebesgue measure on R2.

Next, we calculate the joint probability density p(t; x,y) of (X¢, Y¢) as follows. For any
bounded and continuous function f defined on R?, we have

E[f(X:, Yt)]

f uBH ygor B
= E|f xo—i—yo/o e"”s (pdBs 4 pdWs) — T,yoe” e (10)

Note that conditioned on F2, yop fot B AW, is normally distributed since W and B are
independent. Moreover,

t
E [yop /O B

t 2 t
<y0p/0 e”deWS) ’]—'}31 :y%pz/o 2B s = y30°v;.

From (10), it follows by conditioning on F7 that

fﬁ} =0,

E[f(Xt, Yi)]
= E|E

I t t
f(onryoP/o /B AW, +yoP/0 ¢'B 4B, — ]/07’]/ e’ >|]:t H

- 2

vBoe ) e P
= E / f<x0+‘§+yop/ VB 4B, — =, yoe" > dg
2 \/ 2750
2
(L"O*yof’fot "VBSH"Bﬁyj;i)

i)
2yp=ot dx

1

= 5| e )

2
<Y x0— yopfoe S dBs +y0 t)

= [SoE| e gt = Inv/v0)
R2 \/m .
1 _ (iny-iny)®

e A dady ay
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By using the identity

u? 22 2.0 0
—— v . Yoeves
e [P0 B

2t JrR

; t vBH ygor
and letting u = x — xg — pyo [, " dBs + “%~, we have

2
1 -t ypH Yoot
——>— | x—xp—Vp, e'"s" dB, +7>
1 . %pzvt< voe Jo Ca)

/ 252
27Ty 500t
2
Yoot

1 i(x—xo—pyo I B 4B+ 5 )c el
2 / ¢ e 7 dg
27

(12)

Plugging (12) into the right-hand side of (11), we get

E[f(Xt, Y1)]

1 1 _ (n(w/yp))*

_ i 2 12H
= Vampaan Je S X

o t Bl 4 y%l 252,22
/ E El<x X0—LPYo f[)e Bs+ 2 )Ce_?/()ﬁzf BtH _ In (yv/y()) d@’dx dy
R

Finally, we end up with the following bridge representation of the density (9). O

By transforming back to the original variables (s,a) = (e¥,y), we obtain a bridge
representation for the joint density g(t; s, a) of (St a¢) in (6).

Corollary 1. The joint density q(t;s,a) of the lognormal fractional SABR model (6) has the
following bridge representation

_ (In(a/ap))?

(tsa) = o (13)
5,0) = —e—— —

1 av/2mv22H 27ts

ic il —o [t anevBE agor 220
x/ <Ss> E el( p fo a0e"Bs dBs+ -G )6679 00t 22 BF _ ln(a/ao) dz.
R 0 1%

3. Expansion Around Deterministic Path

To gain more intuition and, in particular, a more practical form for applications in
obtaining approximations of implied volatility, this section is devoted to deriving an ex-
pansion to the lowest order of the bridge representation (9) around a properly chosen
deterministic path. The expansion will be shown useful in deriving a small time approxi-
mation for implied volatility in Section 4.

Recall that the joint density p of (X;, Y;) has the representation given in (9) as

p(tx,y)
1 (in(y/y9))*

= — ¢ 222H  x

yV 222t

2. ]
1 /E ei<x‘xo—pyof&eVBgstJF%Tt)gg*Ly%zvtgz B In (y/yo) de.
R

27T

v
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Let us start with a few naive calculations, as follows. We expand the above conditional
expectation around the deterministic path m;, for 0 < s < t, that is determined by the

conditional expectation of B! given its terminal point B/l = M Precisely,

pf = B ,
v

S E[BSH g)ln (y/yo)
v

&

where R is defined in (5). By Taylor’s expansion, we have, for n > 0,

lpgfo Yoe B! deE 5( l:ftyZ 2Bl g
~ —1p(’j fo yoebmsdBSe—7 _ gfof yOEZLdeS »
% k
Z PC {/ ]/O(EVBS _evrns)st} %
k.L=0 0

i 5e - [ (e —em‘“)ds}z'

Thus, even for obtaining a naive expansion, we shall need a systematic way of computing
the conditional expectations of the form, for eitherk > 1or ¢ > 1,

e—ipé‘,f(fyoe”"sst{/Ot (evB vms)dB }k{/; (eszgi _ evas)ds}

which is pretty complicated if not impossible. Nevertheless, as far as the leading order is
concerned, small-time expansion of the joint density p to the lowest order (i.e., k = ¢ = 0)
is still manageable. The result is summarized in the following theorem.

In the following sequel, for simplification of the notation, we use E 1 [-] to denote
E[-|Bff = 1], where 7 = In(y/yo). A function g is denoted by g(t) = O(t") as t — 0™ if
it satisfies

18]

te

E

4

(y/yo)]

limsup =~ < co.

t—0Tt

Theorem 2. The joint probability density p of the process (X¢, Y¢) satisfying (7) has the following
asymptotic to the lowest order

p(t;x,y) (14)
2 2

1 1 e_% 1 e_2y%llp(v) (97;0+y%ﬁCeR('7)—Pyof’HCRK('7)%> (1 —I—O(ﬁ))

27T y./vztzH vo/tw (1) !

where
1 7
Crx(n7) ::/ eR(l'“)?KH(l,u)du,
0

1
Corl) = [ ) kau,
P(17) := Cer () — p*Cr (1)

Proof. To the lowest order, p is given by

p(t;x,y)

)]2

e 212H 1 i(xfx )KZ 71(—2 i to2 2ums i t vnig
- - -~ e 0)6p™2 ¢ l)gfo Yoe dSIE: e ’ngo Yoe""s dBs dc. 15
yvV2my22H 21 /R v o
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We consider the conditional expectation in the above expression. Note that fot e"™sdBg
and Bf are jointly Gaussian. We apply the following identity to evaluate the conditional
expectation: if X and Y are jointly normal with mean 0, we can decompose X as

x o VX)) \/V(X)V(Y) —cov(X, V),

V(Y) V(Y)

where Y and Z are independent and Z is standard normal. Hence,

E[f(X)|Y = ]/] =E V(Y) V(Y)

f<cov(X, 0, \/ V(X)V(Y) — cov(X,Y)2 z)

In our case, X = fot e""sdBsand Y = BtH, hence

t 1

V(X) = / e?Msds = t / AR 4y — Cor(y) t,
0 0

V(y)=tH,

t 1
cov(X,Y) = / e Ky (t,s)ds = ¢+ / eRUMNK (1, u)du = Cry(17) pH+3
0 0

Therefore,
By e e fneman

_ eipf;"yot%HCRK(q)ZE[e_ipgyo{\ﬂ\/CeR(W)—C%QK(W)}Z]

v

. 22 2
exp [—iPCJ/OtZHCRK(U)U - %{QR(U) - CIZQK(U)}] .

Thus, by substituting the above expression into (15), we obtain

p(t;x,y)
2
271 y/y22H
1 2222
L/ ot (x=x0)Z o= 3 (P ~)Zty3Cer (17) e*ipéyofTHCRK('?)g*%{cek(’?)*cﬁx(ﬂ)} ¢
V2 JR
2
— i#eizvgﬂ}l X
27 /2120
) vt 1.p
. (o atm-purt et )e P (e -} g
V2 JR
1 X—X| yz\ﬂ _ 1 2
_ i 1 7% 1 772%41(*/)( \ﬂ0+0TCeR(’7)*Pyof HCRK(W)%)
27T y+/ 22He ti( )e . (16)
yvuvet Yo n

We postpone the detailed error analysis to Appendix A.1 in the Appendix A. [

Remark 2. We remark that in the logarithmic scale, (14) can be expressed in a more concise form as

>2

Inp(t;x,y)

Lm L (x=x0, ygt&%C (17) — pyoCri (1)
= —aog | T eR - 0“RK
22002 ygp(n) \ 2 H 2

+O(Int).

< |
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Remark 3. In the case thatv =1,0 = 0,and H = %, we have

1 1 1 yz_yz
C :/ 2R(1,u)17d :/ 2u gy — — (21 — 1) = 0
enl) = [} R = [ = 5 (@ -1) =
Then (14) reduces to
S (e ’
€L X Le‘% X _ e WHCer(N! (x o+ CeR(W))
2yt Yo/ Cer (1)t
(x=x0)?
1 1 2 1 5.2 Ea
= e e WoCer(t o (14 0(t))
2w yVt o /Cer()t
i a
= —e R (14 0(t)). (17)
27t yyo/Cer (1)

Notice that in this case (X;,Y;) represents the Brownian motion in the hyperbolic plane whose
transition density py (with respect to the Riemannian area measure) has the leading term in small
time asymptotic as

_ P 2 o/o

prltiny) = 5 e (1+0(1)),

where d denotes the geodesic distance between (x,y) and (xo,yo) in the hyperbolic plane. For
reader’s reference, the hyperbolic cosine of the geodesic distance d(x,y; xo,Yo) has the closed
form expression

(x—x0)* +y5+v°

coshd(x,y; x0,y0) = 2000

Thus, in a sense the following function in (17)

- 2
d(x,y;x0,y0) = [1* + — 1 5 (x —x0)?
¥ =Y

can be regarded as an approximation of the hyperbolic geodesic distance. The complete recovery of
the hyperbolic geodesic distance is demonstrated in Section 5 below.

4. Small Time Approximation of Option Price and Implied Volatility

We derive in this section the small-time asymptotics of the premium of a call option and
its associated implied volatility by applying the small-time asymptotics for the probability
density obtained in Section 3 when H < % It is documented, for example, in Ekstrom
and Lu (2015), that if the underlying asset is governed by an exponential Lévy model,
the induced implied volatilities of non-ATM options may explode if jumps exist and the
underlying process jumps towards the strike. As we shall see in the following, when
H < %, the small time approximation of implied volatility also explodes; creating a jump-
like behavior in the underlying process.

Let k = In K be the logmoneyness, ¢ the time to expiry, and recall that S; = ¢Xt. Though
equivalently, we shall be primarily working with the (X, Y;) process as in (7) rather than
the (S, a) process in (6) hereafter. We write the price C of a call as a function of k and f as

Clkt) = E[(St—K)J’] :E[(exr—ekﬂ

//e — YT p(t x,y)dx dy.

To evaluate the last integral, we approximate the joint density p by the small time asymp-
totics obtained in Theorem 2, then, as t — 07, apply Laplace asymptotic formula to the
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resulting integral. For the reader’s convenience, we provide proof in Appenidx A.2 a
variation of the Laplace asymptotic formula that is tailored for our own use.

Lemma 2. Let H < % For out-of-money call options, i.e., k > x, the call price C(k, t) has the
following asymptotic as t — 0

1P 1 [(k—x 7+)°

where 1], is the minimizer

5 2

) n 1 k—x() n

Ny = argmin< 7 € R: = + ( —PyOCRK(W)) .
& { VA ygw(n) \ pH v

Proof. The proof is a straightforward application of the Laplace asymptotic Formula (A12)
in Lemma Al. Let C = {(x,77) : x > k} C R?and a = § — H > 0. By using the asymptotic
density (14), consider
C(kt) = / /k (e¥ — M) p(t; x,y)dxdy
Jo .
7 1

1 o , 1 2
= X _ = p op2pH _ —
who k¢ 6){wv2t2H€ VIO

37W <x7xofpyocm<(’7)%t%*H>267%CER(7]) (1 + O(\/E)) }dxdy

= 1 T // e’ — ek e_%celi(”) %
2mvyottita & ¥(n)

1 1

- 2t{§t2a+ygw(n> (x—XO—P]/UCRK(W)gt“)Z} (1 +0 (ﬂ))dxdﬂ.

Applying the Laplace asymptotic Formula (A12) to the lowest order term in the last expres-
sion yields

2
—InC(kt) =~ 1{’7*152”‘ +

(x — x0 — pYoCrx ( )&t”‘)2
ot 1/2 yél[](?]*) * 0 PYoLRK (M« v

2
= opH { 2t V2o (r.) ( r PyoCRK(W*)V> },

where, for fixed t, (x.,7+) is the minimizer of the function

1

"> 1

2 1 2
(xe2) = argmin{<x,n>ec:'7t2“+ (x—xo—pyocRKw)Zt“)}

V2 yg(n)
2 2
_ : m 1 (x—x n
= argmm{(x,iy) eC: 2 + e ( m PyOCRK(’?)V) }

Since the objective function is continuous in (x,#) € C and it is a quadratic function in x, it
follows that x, = k when ¢ is small enough, thereby

. 2 1 k—x 2
Ny = argmm{n LI < @ 0 _pyOCRK(;y)Z) }

=

vZ o yse(n)
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Remark 4. The plots in Figure 1 shows graphically the uniqueness of the minimal point 1 for
H = 411 and H = %. In these particular examples, the contours are convex in the half plane x > k,
which corresponds to the out-of-money calls. For out-of-money puts, x < k, though the contours are
not convex, the uniqueness of 1, sustains.

Contour plot for H = 0.25 Contour plot for H = 0.75

0.0 0.5 10 15

Figure 1. The contour plots. Parameters p = —0.7, v =1, yy = 1, t = 0.5. H = 0.75 on the right;
H = 0.25, on the left.

-05 0.0 05 10

So long as we establish an asymptotic for the log price In C(k, t) for k > x(, by using
the following small time asymptotic for implied volatility in Gao and Lee (2014) or Roper
and Rutkowski (2009)

o k—xo] ( In|InC(k,t)| )
ows(k ) = 2t|lnC(k,t)\+O Vi InC(k,t)|3/2)’ 19)

an asymptotic formula for implied volatility follows immediately. We summarize the result
in the following theorem but omitting its proof.

Theorem 3. Let H < J and let k = InK be the log moneyness and o = % — H. The implied
volatility ogg(k, t) for out-of-money calls (k > xo) has the following asymptotic in small time
to expiry

-1
k (k—x0)% | 2 1 k—x A2
2 2 ~ 0 T 0 2 Ui
ops(k, t) = ‘TBS(ta> ~ t2a{1,2 + 2ol (t”‘ - PyoCRK(U*)U> . (20)

The minimal point 1, is given Lemma in 2.

Remark 5. Note that (20) does not recover the SABR formula when H = % The derivation of the
SABR formula relies heavily on the geometry and symmetry of the underlying SABR plane which is
isometric to the Poincaré plane. Figure 2 shows the comparison between the two formulas with time
to expiry t = 1. Parameters are chosen so as to reproduce the figures in Hagan et al. (2002). In this
set of parameters, the maximal difference between the two approximate implied volatility curves is
about 1% for logmoneyness k € [—1,1].
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Comparison of implied volatilities Difference between implied volatilities
E
\ =
\\ /
&4 \ —— fSABRwWithH=0.5
© \ / S
\ —— SABR formula ’,/ 3 -
S
<
3
S
©
8
S -
o
Y
&
S
o
[}
% 8
° o =)
S &
° e
12}
=<
3
o S 4
3 S
s
]
S S 4
s S
3 8
s S
=
T T T T T T T T T T
-1.0 -0.5 0.0 05 1.0 -1.0 -0.5 0.0 0.5 1.0

Logmoneyness Logmoneyness

Figure 2. The plot on the left shows the approximate implied volatility curves versus logmoneyness
with time to expiry t = 1 produced by (20) (in blue) the SABR Formula (3) (in red). Parameters are
setas p = —0.06867, v = 0.5778, ag = 0.13927. The plot on the right shows the difference between the
two curves.

We conclude the section by remarking that, as time to expiry t approaches zero,
the approximate implied volatility ops(k, t) flattens out with H > 1; whereas the whole
surface opg(k, t) explodes with H < % except for the at-the-money option k = x(. Figure 3
shows the plots of approximate implied volatilities ¢ given in (20) versus logmoneyness
k for time to expiry t = 0.01 and ¢ = 1 respectively, and various Hurst exponents H.
As in Figure 2, parameters are chosen as a9 = 0.13927, v = 0.5778, and p = —0.06867.
The numerical determination of the #.’s is relatively efficient since it is basically a one-
dimensional optimization problem.

fSABR implied volatility, t = 0.01 fSABR implied volatility, t = 1

0.26
I

0.24
|

0.22
|

0.20
|

0.18
|

0.16
|

0.14
I

T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

logmoneyness logmoneyness

Figure 3. The implied volatility curves for t = 0.01 on the left, t = 1 on the right. Parameters are
setas p = —0.06867, v = 0.5778, ap = 0.13927. H = 0.1 inred, H = 0.3 in orange, H = % in green,
H = 0.7 in blue, H = 0.9 in purple.
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5. A Heuristic Large Deviation Principle

In this section, we provide a heuristic derivation of the sample path large deviation
principle for (X, Y;) in small time by bootstrapping the bridge representation to multi-
period. For simplicity, we introduce the following vector notations.

t:(tl,...,fn), xt:(xtl,...,xtn), yt:(ytl,...,ytn),
=(Bi,...,Bf),  Xe=(X,...X),  Ye= (Y. V),
gt:<§t1,~--/€t,,)/ nt:(ﬂh/"‘/ntn)/ th(Ctl,-.-,gt,J

Theorem 4. The multiperiod joint density p of (X, Yr)

PO,y X yn) = PU(Xey, Yiy) = (x1,91), -0 (X, Yo, ) = (X0, Yn)]

has the following bridge representation

P(xlzylz-- -/xn/yn) (21)
2
1 ot uBH v
ﬁ 1‘ 7eim<mtk7y0p jtk—l €'™ dBs+ 3 Avy
k=1 \/27y3p2 Avy,

H”[yoe”Bf = yt},

= E vBH:qt X

where 11, = log yt logyo, Axy, = x4, — x4, and Avy, = vy, — vy fork =1,...,n. Recall
that v; = f VB s,

Proof. For any bounded measurable function f : R” x R" — R, consider the expectation

/ / flx, ye)p(xe, y,)dxedy,
= E[f(X¢, Yt)]
E[E[f(Xe Y| FE]]

Let ¢, = foti e”deWs, g, ft'e”BHst and thus accordingly Agy, = &, —Cr, =
/, tt-i,l B AW, Al =T, — i, f b ¢BY' 4B,. Note that, conditioned on FE, the random

variables Ag;,’s are 1ndependent normal with mean 0 and variance Av;,. We calculate the
conditional expectation as follows.

B[ £(Xe, Yo)| FE]
2

= E y 'Ut +py0§t,yoe ) ‘Ft€‘|

f (xo + eyl —
P2 Az, )?

= / f(xO+pyo€t fvt+pyo«;‘t,yoe )]_[ \/me_ i dAE,. (22)
k

By applying the change of variables

2
= x0 + pYoly — 70 5ot oYoSt, ,

thus
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The integral (22) becomes
u B (Aétk)z
Xt, e”Bt> — ¢ MndA
/f( t, Yo 1—11 ﬁ?‘(AUtk [
t vBH y2 2
= [ £(xvoet )Hie‘m (avcmowo g i B aw )
=1 1/21p%y} 2 Aoy,
4 vBH v 2
= /f<xt/ yOeVB§> H —F—¢ W(Axﬁkﬂ)yo Iy dBS?TOAUtO dxt
=1 4/27mp2y3 A0y,
since the Jacobian between dAx; and dx; 1. It follows that
/ f(xe,y)p(xe, y,)dxedy,
- ]E[ELf(Xt, ygvﬁ”
2
_ 1 Axs — g VBSHngfﬁA )

=1 4/27mp2y3Avy,

/ dxidy, f(xt,y,) X

2 2
n 1 — <Axt —pYo f:k eVBgstfyTOAvt )
FE H e 20yo Aoy, k k-1 k Bt =1, | x
t
14/27mp2y;5 2Ny,
Plooe™ =y

This completes the proof of bridge representation (21) since f is arbitrary. O

To move onto a heuristic derivation of the sample path large deviation principle for
(Xt,Yy) in small time, we take logarithm on both sides of (21) and obtain

log p(xty, Yty - s Xty i)
2 2
1 b pH Yo
k=1 \/27ty302 Aoy,

—Hog]P’{vB? = ’h] — ) logyy,. (23)

= logk vBl =

In the following, we ignore the last term on the right-hand side of (23) and intuitively
calculate the limits as n — oo of the first two terms. Note that to the leading order we have

1 _
logIP’[va = nt} 7 _ﬁ”/R y,

where R = [R(t;, ;)] is the covariance matrix of B!!. We further discretize the autovariance
R of fractional Brownian motion as

t,‘/\t/‘
R(t,', l']) = E{BEB{:I} = /0 KH(i‘i,S)KH(t]‘,S)dS

i
Y Ku(ti, te) K (tj, t) At = K'KAt,
k=0
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where K denotes the upper triangular matrix

KH(ti,i’j), lflzj,
Kij =
0, otherwise.

Thereby, R"! = LK }(K')~1. Let b = (by, . ..bs,) be the solution to the linear system

<R

= KbAt.

It follows that

1

1
Ip—1,, I p—1
5.2/ R 1 = S AD'K'RTKbA

~ Lypar=ly pa
= SbbAt=3Z) b A
k=1
1 rT
— 7/ b?dt  asn — oo.
2 Jo

Also in the limit as n — oo, we obtain 17; = v fot Ky (t,5)bsds.
On the other hand, for the first term on the right-hand side of (23), we have

log i n 1 {W (Ax,k —yop ;¥ B stJr@Avtk)z VBY —
n | 1 e g 2
~ k;E _Zy(zJpzAvtk<Axtk — Yop tkile s st) vB" = 17].

Note that conditioned on vB = #, we have

b H k—1 )

2 20 YKL Ky (t_q 8 br. A

Avy, = / e2VBY o s Pl A — 2 Eimo Kai(f )b At
St

as well as

ty
Axy, — Yop B dB, ~ Axy, — yope ' -1by,_ At

te—1

A k—1 -
_ < szk _yopevzjz() KH(tkl’t])bthtbtkl>At.

It follows that the first term in (23) has the limit

ty H 2
e'Bs st)

k-1

YR

1 H
— vB" =y
= [ 2y302Avy, ]

- 1 Ax k-1 N 2
T = b yopet Tmo Knlicatilbydty, - ) Ay
=h 5,20 2vETg K1 )b 8\ At )
=0 2ygpe j
1 /T 1

2 Jo y%p—zebfotKH(t,s)bsds

(Ath —Yop |,

2
— (xt — yope” Iy KH(t,s)bsdsbt> it

asn — oo.
Putting the two limits together, we obtain heuristically for T ~ 0 that
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—logP[X; = x;, Yy =y, fort € [0,T]]
2 1 T
. vftKH(t,s)bsds 7/ 2
2/ ypeZVJOKHtSbst( £~ Yope 0 bt) dt+2 0 btdt
1 , 17T,
_ E/ 271 = o) dt [ ot
T
— ; ;( pbt> dt+ = / bAdt, (24)
0

where b € L?[0, T] satisfies the integral equation

t
log y: —logyo = v/ Ku(t,s)bsds
0

for all t € [0, T]. We remark that (24) should serve as the rate function for the sample path
large deviation principle in small time for (X}, Y¢). Moreover, one may define the “geodesic”
from the initial point (xp, yo) to the terminal point (x7,y7) in the f{SABR plane as the path
(xf,y;) which minimizes the functional (24), i.e.,

1 (T1 (% z 1T
(xf,yf) := argmin = _( - bt> dt+7/ b2dt,
tr Yt t'j%xt ) 2)o 22\ P 2 )

where again b; is determined by solving the integral equation

t
log vt — log yo = v / Kii(t, s)bsds. (25)
0
Also, the minimizer can be regarded as the “geodesic” connecting (xo, yo) and (x7, yr)-

Remark 6. Note that b; is indeed determined by the inverse operator Kﬁl applied to log % In
particular, with H = % this inverse operator reduces to the usual derivative. Thus, with H = %,

_ A
bt—dt<logy0)—yt.

The functional (24) becomes
1 /T 1
L be) di+ - / bRt
2)o p? ( o t)

1 /T1 yt
= - dt
2 (yt yt> /

1 T 1 .2 L. .2
= 5/, pTyf(xt —prtyt+yt)dt.
The last expression is the energy functional (up to the constant factor %) associated with the
Riemann metric ds®> = pz—lyz(dx2 — 2odxdy + dy?). The diffusion process associated with this

Riemann metric is governed by the SDEs
dX; = YidWi,
aYy = Y,dZy,

where Wy and Z; are correlated Brownian motion with constant correlation p, which up to a linear
transformation is the upper plane model of the Poincaré space. In other words, with H = é, the
functional (24) recovers the energy functional for the classical Poincaré space, which is isometric to
the SABR plane.
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Lastly, with the aid of the sample path large deviation principle (24), it is nearly a
common practice, say by applying the Laplace asymptotic formula, to conclude that the
log premium of an out-of-money call in small time has the asymptotic as t — 0

—logC(k,t) ~ —logP[X; > k] = E /T 1 (x;k —p *>2dt + ! /.T bi2dt
/ T 20 p2\yp T 2J0
where (x},yf,bf) denotes the optimal path that minimizes the functional (24) subject to
the constraint x; = k and yj, b} satisfy the integral Equation (25). Thus, by applying (19),
an approximation of implied volatility in small time is readily obtained. We summarize
the result in the following proposition which, with H = %, recovers the SABR Formula (3).
However, for H # %, the numerical implementation of (26) is more involved than that
of (20) since, as opposed to a one dimensional optimization problem, it is subject to solving
a two-dimensional constrained variational problem.

Proposition 1 (fSABR formula). Let k = log<%) be the log moneyness. The implied volatility
ops(k, t) in a small time to expiry has the asymptotics

-1
(T 1
2 ok K%\ 2 %2
Ogg ~ 7T (A {pZy;kz (xt — PY; bt) +bt }dt) , (26)

where (x},b*) is the minimizer of the variational problem
: 2 1 2 2
(x*,b*) = argmzn{x,b € L°[0,T] : / (—22(xf — pyibi)” + bt>dt}
0 \P7Yi
with xt = k and y; satisfying

t
logy; —logyo = 1// Ky (t,s)bids
0
for t € [0, T]. Notice that (26) recovers the SABR Formula (3) with H = %

6. Conclusions and Discussion

We showed in this paper a bridge representation in Fourier space and a small time
asymptotic for the joint probability of lognormal fractional SABR model for general
p € (—1,1). An application of the asymptotics of the joint density is an approximation
of the implied volatility in a short time. Due to the different nature of methodologies,
the newly obtained approximation of implied volatilities in small time does not recover
the celebrated SABR formula for implied volatility (to the zeroth order) when the Hurst
exponent H equals a half. To recover the SABR formula, we presented a heuristic derivation
of the sample path large deviation principle for the lognormal fractional SABR model by
bootstrapping via the multiperiod joint density. We emphasize once again that the same
trick is applicable to general fractional SABR models, i.e., to include a local volatility com-
ponent in the process S; for an underlying asset. We leave the rigorous proof of the sample
path large deviation principle for fractional SABR models in future work. Lastly, the bridge
representation methodology is also applicable to the case in which the volatility process
is governed by an exponential fractional Ornstein-Uhlenbeck process since a fractional
Ornstein-Uhlenbeck process is Gaussian as well. However, as the time to expiry approaches
zero, the mean reversion part does not really play a role in the large deviation regime.
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have read and agreed to the published version of the manuscript.
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Appendix A. Technical Proofs

In the appendix, we provide a detailed error analysis of the asymptotic expansion
for (14) and a version of Laplace’s asymptotic formula that is readily applicable to our case.

Appendix A.1. Error Analysis

Let C3(IR?) be the space of smooth functions defined on R? with compact support.
For a given f € CF(R?), recalling 7 = In (y/yp), from (9) we have

E[f (Xt Y)] //f x,y)p(tx,y)dx dy

1 St ng—I y(%l) v &2
e [ 1w Zﬂ;NWWM<%W““Z%W£@My
V2m2e2H v
gZZH (7 ft yBg"IdB +y(2)l>§ v§2
// it e,y 2 g, | TR R e
2 y~/27r 2¢2H v

2
) : H
1<7p jot yoe'Bs ster—()zvt)g’,e P yovté'z

ac, (A1)

where

f@y) = [ < f(x,y)dx

is the Fourier transform of f with respect to x.

Note that the right-hand side of (14) equals the right-hand side of (15). We compare (A1)
with the following expression obtained by using the approximate joint density in (14)
and obtain

n 2

e 222H
2 ///f zm,ztzH

Xel(x_xo)ge_f - Cf()t Yo 2Vm5dS]E1 [e_ipg.fotyoevmsst d(:dxd]/

1/2

ixoF 7 e w22H
= —H0
27 // &) 1/2 T2 12H

ot vitis 4B yj t 2ums ) 2 272
i 0€ + eVMsds | ¢ pYpeT ot o
e < pf(] Y sT 7 .[0 e 20 fO p2vims 4g

xE d¢dxdy

<=

2
. Y, ~
1<—p fof yoe”"lSst+—20 fot ezv"lsds>§ 921/2552 fot 2vms

- % /e—i’foéE £(&,Yo)e dE. (A2)
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For simplification, denote

) t ,BH 1/%vt> 52,24
il —p [y yoe & PVt
AM(t)=e ( 0 2 )72 ¢

and

2
; 't v, Yo rt 2vm
i —p fo yoe"™sdBs+2 [y e Sds)(j P/oft t oum
/\2(t) = e ( 0 0 e j SdS

Then the modulus of the difference between (A1) and (A2) is equal to
1/ .
— / e B0 [ (8, Y (A (1) /\z(t))}dg‘. (A3)

The goal is to show that (A3) converges to zero in the order of t2ast — 0, for every
f € CP(R?).
By applying the following inequality, for any z,w € C,
e —e¥| < (e%(z) + e%(w)) |z —w|,

where R(z) denotes the real part of z, we have

[A1(t) = Aa(8)]
2,20 22 2,22
< (e_P s g e fotezvmsds) "

‘ ; 2., 52120, 82
1<—p/0 yoe”deBs+y(’2t>€—py(]2tg

; ) 2 020
—i<—P/0yoeW”Sst+y20/0 2”m5ds>§+py0€ /O £ s

< 2|Ry + iy (A4)

.. IS
since e 2 +e 2

y msds < 2forall t and ¢. Apparently, R; and Z; are given by

¢ =2.2x2
Re = [ ot [ mas| T
0

t u }/th t yZ t
T, — o VB; dB 0 / vis JB. — JO 2vmsd .
t (p/oyoe sty te ) vee 5= ), € s )¢

In the following, K denotes a generic constant whose value may vary in different
contexts. Then, by (A3) and (A4) and Holder’s inequality, we have

‘2171 / R [£(2, Y1) (M (1) - Aa(1)) |de ]

< 2 [ E[If@ ¥)IR: +ii||de
< 2(zf IfA(é/Yt)I(”)”dé); (/ E[|f<§,m|€q|7et+izt|q]dc);
< k(& [ire i) ( [Efevmiremn)e)’, o

for some € € (0,1) and % +% =1,p,9>0.
Since f € CP(RR?), it is easy to show the following properties of f:
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(i) foranyr >0, sup
(Cy)eRr?
(i) foranyr>0andp >0, / |&|" sup | f(&,y)|PdE < oo.
yeR
Note that property (ii) can be easily obtained by property (i).
By the above property (ii), we can show that

&7Ey)| <o

limsupE [ |f(& Y;:)|179PdE < co. (A6)

t—0t

We compute the second term in (A5) separately as follows. By changing variables, we get
JE[IF@ Y 11R:7)de
R q
k! [\ vl (of + () s )]cz‘fdé
~2q. 2] q £ eq ! 2vBf1 i 2R(1 u)y 2q
prot E||f(EY:)] ) ° du | + A du &Hdg

IN

where

- oo
2 i= / 52‘7E{| A&, ( /O eZR(l'”)”du>q]d§.

By property (ii) of f, it is easy to see that

limsup Ly < (/01 ezR(lr”)”du)q/é‘qu“f(é‘, yt)|€q}d§ < oo, (A8)

t—0t

For L1, by Jensen’s inequality and Holder’s inequality, we have

Ly

IN

[ [|f<é, ) | l eZWBﬁ’du} g

[e{E]f@ vem] }”{E[(/O 2WBtudu>ql} b
fesfelienr] | { [ st

- [efeliewer] [ ezwa“)z“”)“du}”lldé.

1
where o T q% = 1 with py, 41 > 0. Therefore, using property (ii) again, we can easily show

IN

IN

1

1 1 a
limsup L; < limsup/gzq |f ¢, Yt)|€‘7p1} }pl a¢ {/ (32(‘7‘71”2(”)2}111;[}q1 < oco. (A9)
0

t—0+ t—0t

Thus, it implies from (A7)-(A9) that

JE[IF@ IR dE = 0(), (A10)

forany g > 1,ast — 07.
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Similarly, we can write

[E[If@ vz e
K [ 1e1E]|f (g, vl

t q
[l

= K(i+2+J3+]4),

IN

2.1 2
4| | [ s
2 Jo

t
+ ’p/ yoe'" dBs
0

1

where

= lol | €198 16, Y

t q
[ voer™ st‘ }dé,

e

R ot
= [ 1B |IF(&, Y01 o [ yoe'aB:

F(E Vi) W”

el
I
—
™
-
=

q} a,

q
Jse

7 € ]/% f 2UMg
Fe vl [ emas

=
I
—
™
-
&=

We estimate J; through ], separately as follows.

e Ji: Choosing p; > 0 such that 2! > 1, by Holder’s inequality, the Burkholder-Davis-
Gundy inequality, Jensen’s inequality and a change of variables, we obtain Notice that

g1 ﬁ
|y

ho< leld [1e{E]IF@ o] }%{EH/;”B? 4B,

L m "
< lolt [ 1e1{E]IF@ Y] } { ‘/ 28 s H ag
- - 1 1 i IM% %
= et [ler{E[FE o]} E | [ g
- : 0
9 W M 1 H %
=< Iplqygtfflé‘l”’{E (R0l }”1{/0 ]E[e%”Btu]du} dc
q 2 eanq | ﬁ 1 (991v) (tu)ZH %
— et [ieir{E[1F vl ]} et au " ag
By property (ii) we have

1

1
” 1 v)? a
lim sup |C‘q{E[|f(§IYt)|eqpl}}P1 {/0 e(qhz) (tu)ZHdu}ql de

t—0+t

1

1 1 1
< limsup/(:zq |f g, yt)|eqp1] }P de {/ e?.(qqll/)z(u)szu}ql ‘o
0

t—0t

Thus, we can see that J; = O(t%) ast — 0F.

* ], and J4: The asymptotic behavior of J; and J; is the same as that of 7L, and hence,
Jo,Ja=0O(t1) ast — 0*.

*  J3: By using the same technique to [;, we have
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o [
B < Ittt [ 1a{E[17@ v em] } { [\/ RO gy ” az

and J; = O(t3) as t — 0*.

Thus, putting all the estimates for the J;’s together we get
JE[IF@ Iz 4z = o), (a11)

forany g > 1,ast — 07.
Therefore, it implies from (A5), (A6), (A10) and (A11) that

o [ R0~ 22t = 00,

that is, (A3) converges to zero in the order of t2 ast — 0, for every f € CP(R?).

Appendix A.2. Laplace Asymptotic Formula

We prove the following form of the Laplace asymptotic formula required in the
derivation of the small time asymptotic of the price of an out-of-money call.

Lemma A1 (Laplace asymptotic formula). Let C be a closed and convex set in R? with a
nonempty and smooth boundary 9C. Suppose that 0(t,x) := 0p(x) + t*01(x) + t2%65(x), with
0 < 2a < 1, has continuous second-order partial derivatives in x € C, and, for every t sufficiently
small, the function 6(t, x) is locally convex in C and attains its minimum uniquely at x*(t) € oC.
Moreover, there is €y > 0 such that for any 0 < € < €y, there exist ty and § > 0 for which

O(t,x) > 0(t,x*(t)) + 9, Y(t,x) € [0,t0] x (C\ Be(x*(t))),

where Be(x*(t)) = {x : |x — x*(t)| < €} is the open ball of radius € centered at x*(t).

Assume that f has continuous second-order partial derivatives in C, is integrable over C (i.e.,
Jo |f(x)|dx < co) and that f vanishes identically in C¢ and on the boundary oC but the inward
normal directional derivative of f at x*(t) is nonzero.

Then, we have the asymptotic expansion, as t — 07,

0(xt)

" f(x)dx
Nor T e VF(x* (1) - V(L x* (1) | 1 Fnf(x* (1)
TR L0 et o TR S

where 92, f (x*) and 9%,,0(t, x*) are the second derivatives of f and 0 respectively in the tangential
direction to C at x*.

Proof. For any 0 < € < €p, we split the integral on the left side of (A12) into two parts as

o) _ / o) - o) .

/C e f(x)dx B (1) e fx)dx + B (1) e f(x)dx (A13)
We treat the two terms on the right-hand side of (A13) individually. For the first term,
since the integration region is restricted to a subset of the small ball B¢(x*(t)), it can be
reparametrized by y = (y!,y?) so that in the y-coordinates the set {y : y> = 0} corresponds
to dC and the vectors {ayl, ayz} form a local orthonormal frame around x*(t). For simplicity,
we further assume that in the y-coordinates x*(f) is located at the origin. Note that in the
y-coordinates the vector 9, is parallel to V6 (x* (t)) as well as the inward normal vector of
C at x*(t).
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We shall use the convention that repeated indices are summed up over their respective
ranges. Denote partial derivatives by subindices, we have for y € B.(x*(t))
1 -
(t,y) = 0(t,0) + 02(£,0)y> + 50;(t, 0)y'y’ + o([y|*)
1 .

F) = £iO) + 5 £ (0)y'y +o(ly[*)
since 01(0) = 0 for 6 attains its minimum at the boundary point x*(f).

Thus, in the y-coordinates the first integral on the right-hand side of (A13) reads

/ _0(tx) ( )d
e” 1 f(x)dx
CN Be(x*(t)) f

[ e

1 o
PS030 W) | £(0)y + 3 £ )y | dydy?

(A14)
Now, by a change of variables
Yl =iz, 2 =12
we can write the above integral on the right-hand side of (A14) as
o 2 / / i o (02(£,0)22+ 56011 (£0) (1) 24612 (£0)z' 22 VE+ 3022 (1,0) (22)1)
0 I
1 1
O)VE+ SO+ 3 a0+ a0z + 3 fn(0) (28] 't (A15)
Note that, for any real numbers a1,

as, by dominated convergence theorem, we have
lim

/ / Vi o (02(0)22+ 36011 (10) (1) 24012 (£0)2' 22 VEH 100 (£0) (22)?1)
t—=0.J0 7\%

[alz + ap2% + a3(zh)? + ay(2%)? + asz'z }dzldz

/ / —(620,0)22+3611 (0,0)(z1)?)

[alz + ap2% + a3(zh)? + ag(2%)? +a5zlzz} dzldz? € (—o0,0)
Thus, the quantity in (A15) equals

Ly ;{/ /w (02(£0)2+ 301 (£0) 1 2)

[ 10)2'VE + £(0)2 t+ff11(0)(z )Zt} dzldz? +o(t%)}

St [\f [+t I14t- 111+o(%)} (A16)
where

/& (92(t,0)zz+%911(f,O)(Zl)z)fl(O)zldzldz

II:/?/\/? (Gz(tO)ZJr 9]1 tO
0 _ €

%) £,(0)22dz1dz2,
Vit
/W e—(Gz(t,O)zz-&-%Bu(t,O)(zl)z)fll(0)(21)2dz dz
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Ast — 0T, we calculate each integral individually as follows. For I, since the function in z!

is an odd function and the integral interval for z! is symmetric about the origin, we obtain
I = f1(0) /T e 02(t0)22 32 o /‘ﬁ (f(%911(t’o)(zl)z)zlalz1
0 _ e
NG
= 0 (A17)
For I and III, notice that 65(¢,0) > 0 and 611 (¢,0) > 0, and hence, we obtain

I = fz(o)/o? e 02(00)2 272 o /75 e~ (201 (£0)(z1)?) 4,1
R

Q

f2(0) /oo e~02(L0)7 22472 /OO e 20 (t0)(z1)? g1
0

fz(O) 27T
’ Al8
21,0 "\ 85,0 (AL8)
and
o - 10 /? AEFEN /W e~ (302 (;1)24,1
2 0 _ e
Vi
~ f112(0) /°° o002 12 /°° 30 (H0) (1) (51)24,1
0 J—o0
f11(0) 2
= X . Al19
20,(,0) "\ ,(1,0) (A19)
Therefore, it implies from (A14)-(A19) that, in the y-coordinates,
_0(tx) _8t0) 5 21 fz(O) fll(o)
et X)dx ~e "t {2 + +o0(1)]. A20
/CﬂBe(x*(t)) f( ) 611(1’,0) [G%(t,O) 262(t,0)911(t,0) ( ) ( )
For the second term on the right-hand side of (A13), we get
[ e pwar < [T fwldx < et [ flax. (a2n)
e x)dx e x)|dx <e fe x)|dx.
Je\Be(x+) ~ Je\Be(x*) - Je

As a result, the second term is exponentially small (at the rate 6) as t — 0" compared
to the expansion (A12) obtained for the first term, hence it does not contribute to the
asymptotic expansion.

Finally, by (A13), (A20) and (A21) we obtain the Laplace expansion (A12) by rewriting
the expressions for the right-hand side of (A20) in the x-coordinates. [
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