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Abstract: In the compound Poisson insurance risk model under a dividend barrier strategy,
this paper aims to analyze jointly the aggregate discounted claim amounts until ruin and
the total discounted dividends until ruin, which represent the insurer’s payments to its
policyholders and shareholders, respectively. To this end, we introduce a Gerber—Shiu-type
function, which further incorporates the higher moments of these two quantities. This not
only unifies the individual study of various ruin-related quantities, but also allows for
new measures concerning covariances to be calculated. The integro-differential equation
satisfied by the generalized Gerber—Shiu function and the boundary condition are derived.
In particular, when the claim severity is distributed as a combination of exponentials,
explicit expressions for this Gerber—Shiu function in some special cases are given.
Numerical examples involving the covariances between any two of (i) the aggregate
discounted claims until ruin, (ii) the discounted dividend payments until ruin and (iii) the
time of ruin are presented along with some interpretations.
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1. Introduction

The study of the aggregate (non-discounted) claims has been a classical and important topic in
collective risk theory (see, e.g., [1,2] for reviews). Exact results concerning the Laplace transform and the
moments of the aggregate discounted claims have also been obtained by, e.g., [3—7]. Traditionally, the
analysis of the aggregate claims is mostly concerned with the aggregate until a fixed time ¢ > 0.
Recently, there has been increased interest in the aggregate claims until the ruin time of the underlying
risk process (instead of a fixed time). Specifically, under the (perturbed) compound Poisson model and
the phase-type renewal models, [8,9] studied the distribution of the aggregate claims until ruin without
discounting; whereas [10] (Section 6), [11] (Section 4.2) and [12] (Section 5.2) analyzed the expected
aggregate discounted claims until ruin. The higher moments of the aggregate discounted claims until
ruin were also considered by [13] (Section 2.1) in a risk process with Markovian claims arrival (e.g., [14],
Chapter XI.1), by [15] in a renewal risk model with arbitrary inter-claim times and by [16] in a
dependent Sparre—Andersen risk model (e.g., [17]).

However, the aforementioned contributions in the literature mainly focused on the individual
treatment of the moments and/or the distribution of the aggregate claims in various models, and
little has been said about the relationship between the aggregate claim amounts and other ruin-related
quantities. An exception is [16], who have recently analyzed the covariance of the aggregate discounted
claims until ruin and the time of ruin (conditional on ruin occurring). In the context of a dependent
Sparre—Andersen risk model where the inter-claim time and the resulting claim amount are modeled via
a Farlie-Gumbel-Morgenstern copula with exponential marginals, they provided numerical illustrations
showing that the above covariance could possibly take a negative value and gave some probabilistic
interpretations, as well. In addition to the time of ruin, in this paper, we are also interested in the
relationship of the aggregate discounted claims until ruin, particularly with the total discounted dividends
paid until ruin. Note that the insurer’s surplus is drained by payments made not only to the policyholders
(claims), but also to the shareholders (dividends). The dividend payouts are determined based on the
overall performance of the company’s business, which is, in turn, affected by insurance claim payments.
Moreover, it is worthwhile to point out that although numerous studies have been performed by various
researchers on the dividend payments in different risk models, the concurrent analysis of dividends and
other ruin-related quantities, such as the time of ruin and the deficit at ruin, only appears in Theorem
1 of [18] (to the best of our knowledge). The above reasoning leads us to investigate the Gerber—Shiu
expected discounted penalty function [19] in which both the total discounted dividends until ruin and the
aggregate discounted claims until ruin are incorporated (see Equation (3)). A merit of a this proposed
approach is that it facilitates the joint analysis of the aforementioned random variables, leading to
covariance measures that have never been studied before (see Section 4).

In this paper, we assume that the baseline risk process {U () }+>¢ (in the absence of dividends) follows
the classical compound Poisson insurance risk model. Let ¢ > 0 be the premium rate per unit time
received by the insurer, {/N(t)};>0 be the claims counting process, which is a Poisson process with
parameter A > 0, and Y; be the size of the i-th claim. It is assumed that {Y;}$°, forms a sequence of
independent and identically distributed positive continuous random variables with common probability

density function p(-) and Laplace transform p(-). In addition, {N(¢)}:>o and {Y;}:2, are assumed
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independent. The aggregate claims process is thus {S(¢) };>¢ where S(t) = ZiN:(f) Y;. With the initial
surplus u = U(0) > 0, the surplus process {U (t) }+>o follows the dynamics:

Ut)=u+ct —S(t), t>0

The positive security loading condition ¢ > AE[Y]] is assumed to hold true. Since the concept of
redistributing part of the insurer’s surplus to the shareholders was proposed by [20], the dividend strategy
that has been studied the most is the barrier strategy (see, e.g., [21]). Such a strategy will be adopted in
this paper, and it is known to be optimal in maximizing the expected total discounted dividends until ruin
when p(+) is completely monotone (e.g., Theorem 3 of [22]). Under a dividend barrier strategy, whenever
the surplus process reaches a fixed level b > 0, a dividend is declared and immediately payable at rate c
until the next claim occurs. The modified surplus process {Us(t) }+>0 can then be described by:

| edt—dS(@t), Ut) <b
d0p(1) _{ —dS(t), Up(t) = b

where the initial surplus U,(0) = w is such that 0 < w < b. The time of ruin of {U,(¢)}:>¢ is defined as
= inf{t > 0 : U,(t) < 0}. With D(t) = U(t) — U,(t) being the aggregate dividend payments until
time ¢t > 0, we define the total discounted dividends until ruin to be:

Tb Tb
Ds(1) = / e dD(t) = ¢ / e v, (1)=py dt (1)
0 0

where § > 0 is the force of interest and 1 4 is the indicator function of the event A. In the above model,
solutions to the Gerber—Shiu function and the moments of Ds(7;,) were derived by [23,24], respectively.
The latter contribution also proposed that the shareholders should cover the deficit at ruin (now known as
the “Dickson—Waters modification”), and this was later studied by [25], as well. For the further analysis
of the moments of Ds(;,), interested readers are referred to [18,26] for the Lévy insurance risk process
and [27,28] for a general skip-free upward stationary Markov process. We also define the aggregate
discounted claim costs until ruin as:
N(m)
Zs(m) =Y _ e "N f(Y)) )
i=1

where 7T; is the occurrence time of the i-th claim (i.e., the ¢-th arrival epoch of the Poisson process
{N(t)}+>0) and f(-) is the cost function that associates a cost to each claim. While D;(7,) represents the
discounted payments made to the shareholders, the special case of Zs(7,) when f(y) = y corresponds to
the aggregate discounted claims until ruin, which constitute the total payment to the policyholders (that
can be expressed as Z(7) fTb —ot ds(t

To provide an analytical tool to jointly study Equations (1) and (2) and other ruin-related quantities
according to the above discussions, Equations (1) and (2) are now incorporated into the Gerber—Shiu
function in the form of moment-based components as follows. Throughout the paper, we shall use N and
N to denote the set of non-negative integers and the set of positive integers, respectively. For n,m € N,
we define the Gerber—Shiu type function of our interest as, for 0 < u < b,

¢51,52,537n,m(u; b) - ¢5123,n,m(u; b) = E[e_élTng; (Tb)Zg;(Tb)w(Ub(TI;>7 ’Ub(Tb)D‘Ub(O) = u] (3)
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where §; > 0 is the Laplace transform argument with respect to the time of ruin 7, and w(-, ) is the
penalty function that depends on the surplus prior to ruin Uy (7, ) and the deficit at ruin |U,(7)|. Note that
we allow dividends and claims to be discounted using different interest rates o > 0 and 63 > 0 to
account for possibly different time preferences of the shareholders and the policyholders. Moreover, the
indicator function 1y, -} is not needed in the above definition, because ruin occurs almost surely under
a barrier strategy. The work in [15] first proposed a special case of Equation (3) when n = 0, §; = kds
for some k£ € N, and w only depends on the deficit in the context of a Sparre—Andersen risk model
without dividends. The extended Gerber—Shiu function ¢5,,, » . (u; b) in Equation (3) not only unifies
the individual study of each variable involved, but also allows for new quantities to be evaluated. Clearly,
when n = m = 0, it reduces to the usual Gerber—Shiu function proposed by [19] (which will be denoted
by ¢s, (u;b)). On the other hand, if 6; = 0, n» € N* m = 0 and w = 1, then Equation (3) reduces to the
moments of discounted dividends until ruin (e.g., [24]). Interesting new quantities that can be computed
from Equation (3) include the following.

(i) When m = 0, then Equation (3) can be regarded as a unification of the usual Gerber—Shiu function
and the dividend moments. The analysis of this special case is surprisingly simple, and the general
solution can be expressed in terms of quantities available in the literature. See Section 2.3.

(ii) When §; = 0 and w = 1, Equation (3) reduces to the joint moments of Djs,(7;,) and Zs,(7;), from
which the covariance of Ds,(7;,) and Zs,(7;,) can be calculated. See Section 4.

(iii) When w = 1 and n = 0 (resp. m = 0), the joint moments of 7, and Zs, (13,) (resp. Ds, (7)) can be
obtained by successively differentiating Equation (3) with respect to ¢, leading to the covariance
of 7, and Zs, (1) (resp. Ds,(75)). See Section 4.

The remainder of the paper is organized as follows. Section 2 deals with the derivation of the
integro-differential equation (IDE) in u satisfied by ¢s,,, n.m(u;b) along with the boundary condition.
The treatment will be different depending on whether n = 0 or n € NT. A general solution to
Gs105.m,0(u; b) is given, as well. In Section 3, it is assumed that f(y) = y (as we are mostly interested in
the aggregate discounted claims until ruin), w(z,y) = w(y), and the distribution of each claim follows
a combination of exponentials. Explicit expressions for ¢s,,, »0(u;b) when n € N, ¢s,,, 0.m(u; b) when
m = 1,2 and ¢;s,,, 1,1 (u; b) are obtained. These formulas are then applied to generate numerical examples
in Section 4 concerning particularly covariances involving 7,, Zs,(7,) and D, (73,). We also provide some
explanations of the results.

2. General Results

2.1. IDE and Boundary Condition for ¢s,, m(u;b) = ¢s,55.0.m(u; b)

We first let n = 0, so that the dividend component Ds, (7;) is absent in the definition Equation (3).
Such a special case is denoted by:

P13, (13 b) = Gs105,0,m (i 0) = Ee™ " Z5 (1) w(Up(ry), [Us (1)) |Up(0) = ] (4)

We have the following Theorem (and it is understood that any derivative ¢y, (u;b) or, more

generally, gzﬁguw’m(u; b) is taken with respect to the first argument w).
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Theorem 1. For m € N, the Gerber—Shiu function ¢, ,,,(u; b) in Equation (4) satisfies the IDE:

A+ 01 +md A [
— ¢513,m(u; b) - / ¢513 m( - Y b)p(y) dy

C
m—1 u

- % > (T) /0 P W) Gs1s(u — y; D)ply) dy — —/ " Ww(u,y —wp(y)dy (5
1=0

for 0 < u < b. The boundary condition is given by:

Dpygm (U b) =

Gs,3m(D3;0) =0 (6)

Proof. Conditioning on the occurrence time and the amount of the first claim followed by a binomial
expansion, we arrive at, for 0 < u < b,

b—u

< u-+ct m ]
dumtust) = [T aetssmiel [EES 2 () gt et =)

+ /OO ™ (y)w(u+ ct,y —u — ct)p(y) dy} dt

+ct

b [T ol [ Z( )17 00 = Do)
+ [ ety - ba) dy} t

b—u

— / D NemOFIEmBL, (4 ct) dt + / Ne~Wrotmdt,, () dt (7)

0 bou

c

where:
Vom (2 / (T) SN Y) s i(x — v y) dy + / fMy)w(z,y — x)p(y) dy (8)

A change of variable x = u + ct in the first integral in Equation (7) along with the evaluation of the
second integral gives rise to:

A [P A+81+md3 A A+81+md3
m(u:b) = = e ey () dr 4+ e e WA (p 9
Onamust) = 5 [ ¢ Thon(8) i Tl O
Differentiation with respect to v leads to:
A + 51 + m53 A
oo (1450) = = bs14.m (1 0) = = Yo () (10)
Applying Equation (8) and separating the term ¢ = m in the summation proves Equation (5).
Finally, putting © = 0 in Equation (9) yields:
Ps13,m (03 0) = A (b) (11)
S13,m )\ + 51 + m53 7b,m
from which the comparison with Equation (10) at v = 0 results in the boundary condition

Equation (6). [
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It is instructive to note that the IDE Equation (5) satisfied by ¢s,,(u;b) needs to be solved
recursively in m. This is because the non-homogeneous part of Equation (5) involves the lower moments
Gs15,i(u;b) fori = 0,1,...,m — 1 (and therefore, the starting point is the classical Gerber—Shiu function
¢s, (u; b) = ¢5,,.0(u; b)). However, it does not appear to be an easy task to obtain a general solution of
Go15.m(u; b) for m € NT when the claim distribution is arbitrary, as the non-homogeneous part of the
IDE depends on the barrier level b. This is in contrast to ¢s, (u; b) (i.e., the case m = 0) for which the
non-homogeneous part of the IDE does not depend on b, and therefore, the barrier-free Gerber—Shiu
function ¢s, (u;00) can be treated as a particular solution (see [23], Section 3). In Sections 3.2 and
3.3, we shall demonstrate how to obtain ¢s,, 1 (u;b) and ¢s,, 2(u; b) when each claim is distributed as a
combination of exponentials.

2.2. IDE and Boundary Condition for ¢s,,, nm(u;b) Whenn € NT

Now, we consider @s,,, ».m(u;b) in Equation (3) for n € N*. For notational convenience, we define
d123(n, m) = 01 + ndy + mds. The IDE and boundary condition satisfied by ¢s,,, n.m(u; b) are given in
the following Theorem.

Theorem 2. For n € NT and m € N, the Gerber-Shiu function ¢s,,, » . (u; b) in Equation (3) satisfies
the IDE:

)\ -+ (5123(71, m)
C

-2 le (m) /u SN Y) D15, (w — y3 b)p(y) dy (12)
c — i 0 123,18 ;

for 0 < w < b. The boundary condition is given by:

)\ u
¢i§123,n,m(u; b) = ¢5123,n7m(u; b) - E /0 ¢51237n,m(u - Y b)p(y) dy

Ds125,m,m (03 0) = 105155 n—1,m (b5 b) (13)

Proof. Similar to the proof of Theorem 1, we consider the event of the first claim. Note that if the first
claim causes ruin before the process reaches the barrier b, then no dividend is payable before ruin (i.e.,
Dy, (15) = 0). With n € N, such an event contributes nothing to the Gerber—Shiu function. In addition,
if the process reaches b before the first claim and the first claim does not result in ruin, then we need to
apply separate binomial expansions to dividends and claims. Consolidating the above observations, one
finds, for 0 < u < b,

b—u

¢51237n,m(u; b) :/0 4

>\+(5123 n m))t ket m m m—1 .
e~ . " (W) Bs103,m,i (w4 et — 5 0)p(y) dy dt

e~ htdratnm { / cstm,a ) 7wl - Do)y
b T %

/ T
/ ( ) ( t%“(%)n_j Em; (T) "7 () 86105.5(b = 43 D)p(y) dy} dt
/u .

7=

A+6 (nm) T~ (M
ST (- u)/ Z( )fm Z ¢(5123nz( _y;b)p<y) dy dx

0 =

+
T e
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+/ A~ Az (n, m))(t+b‘c“){ /boo (¢50s)" F™ () w(byy — b)p(y) dy
+ /Ob]io (?) (C§ﬂ62)”—j i (T) ™) 619554 (b — y; 0)p(y) dy} dt (14)

1=0

where 535 = (e’ — 1)/ is the actuarial notation for the accumulated value of an annuity at rate $1 per
unit time payable continuously for ¢ years under a force of interest §. In particular, Equation (14) at

u = b gives:

Grnannltit) = [ aesmtmind [ (s .y - ) dy
b _n m
() () )f"” a0 o) i (15

By substituting Equations (15) into Equation (14), we arrive at:

A ’ _ A+d123(nm) r—u i m m—1i
sl 0) =2 [ e R [ (M) )65 i = i)y
u 0 =0

A+6193(n,m)
e e (b_u)¢6123,n,m(b§ b)

Taking the derivative with respect to v yields the IDE Equation (12).

The proof of the boundary condition in Equation (13) mostly follows that in [24] (Theorem 2.1),
although it is a bit more tedious. Nonetheless, it is included here for the sake of completeness. First, by
applying Lemma 2.1 of [24] to Equation (15), we obtain:

¢5123nm(bb _)\C n'{H )\"—5123 km }/ fm by—b) ( )dy

+)\ch7 LTI bty }/z( )f"” 5350~ wBp(w)dy (16
k=j

Substituting Equation (16) into Equation (12) at u = b followed by some cancellations of terms leads
to:

n—1
D15, (05 0) = Acnln!{ HO\‘F d123(k, m) }/ [ (y)w(b,y — b)p(y) dy
k=0
n—1

HZc”“ o TT0+ b} / (T)fmi<y>¢m,j,i<b—y;b>p<y>dy a7

k=j
We shall now prove Equation (13) by induction on n. For the starting point n = 1, we get from
Equation (17) that:

han) = sy L £ vttt [ () st

It is observed that the right-hand side of the above expression is equivalent to the right-hand side of

Equation (9) when u = b. In other words, we have:

¢:§123,1,m(b; b) - ¢513,m(b; b) - ¢5123,07m<b; b)
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i.e., Equation (13) is true for n = 1. Next, we assume that Equation (13) is true forn = 1,2,... | N
for some N € N*. Putting v = b and n = j in Equation (12) followed by rearrangements yields, for
7=12,...,N,

b om
A / > (m) PN Y) P10, (b — w3 D)p(y) dy
0 2o \!
= (>‘ + 512307 ))¢5123 s m( ) C¢6123 o m(b b)
= (>‘ + 0123 (.77 m))¢51237j7m<b7 ) - CJ¢5123,j*1,m(b7 b)

where the last equality follows from the induction assumption. Moreover, from Equations (8) and (11),
it is clear that:

3 ()7 im0ty = 0.t [t 5t

Using Equation (17) and the above two equations, we consider the case n = N + 1 as:

N

rran:9) =3O+ D TTO+ sty [ 00— Vo) dy

k=0

+ Z N= j N + 1) { H(/\ + 5123(k?, m))_l}{(/\ + 5123(j> m))¢51237]‘7m(b; b) - Cj¢51237j—1,m(b; b)}

k=j

N(N + 1)!{ ﬂ()\+5123(k,m)) }{(A+6123(0 M) B6,95.0.m(b; b) — / f™(y)w(b,y — b)p(y )dy}

(18)

Note that the first and the last terms cancel each other out. By writing the above summation term as:

Z NW{ [T+ d1ss (K, m>>1}{<A + 6125 (7, 1)) D125, (B3 B) = €515 1,m (b5 D)}

N—-1 1>‘ - N
( 3! { [T O+ duaa(k, m))*}fbam,j,m(b; D) + (N + 1) 515, 3 (b; b>)
j=1 k=j+1
N N
(Z NI LD TTO+ b)) i, m(t50)
Jj= N k=j
NN+ 1>!{ T+ das( ) b 00
k=1 N
= (¥ 4 Do w05 = O+ 1 TTO Bl ) (51
k=1

it is observed that Equation (18) reduces to:

¢:§123,N+1,m<b; b) - (N + 1>¢51237N,m(b; b)

In other words, Equation (13) is true for n = N + 1. By mathematical induction, Equation (13) is true
forn e N*. O
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Similar to the comments made at the end of the section with Equation 2.1, we note that the
determination of the Gerber—Shiu function ¢s,,, . (u; b) requires a double recursion in n and m with
the starting point being the classical Gerber—Shiu function ¢, (u; b). Section 3.4 will be concerned with
solving the IDE in Theorem 2 for ¢s,,,1.1(u;b) when the claim distribution follows a combination of
exponentials.

2.3. General Solution for ¢s,, n(u; b) = @5,55.n.0(u; b) Whenn € NT

In this subsection, we look at the special case of Equation (3) where m = 0 (i.e., without the aggregate
claim component Zs, (7)), namely:

¢512,n(u; b) = 925512377170(“; b) - E[e_alTngg (b>w(Ub<Tb_)v |Ub(Tb)|)’Ub(O> - u} (19)

The general solution of ¢;,, ,,(u; b) forn € NT is given in the following Theorem, which complements
the results in Theorem 1 of [18].

Theorem 3. For n € N*, the Gerber—Shiu function ¢s,, »(u; b) in Equation (19) can be represented as

n—1

Un (1) vk (b)

Porpm (s b) = ( nles, (b; ), 0<u<b (20)
v (b) g vk ()

where ¢, (b; ) is the classical Gerber—Shiu function evaluated at u = b, and v,(-) is a solution to the

homogeneous IDE:

Adoitndy oy 2 / onlu— () dy, w0 1)
0

valu) = c c

Proof. For n € NT, it is known from Theorem 2 that ¢s,, ,(u;b) in Equation (19) satisfies the

homogeneous IDE:

, A 401 +nd
¢512,n(u;b> = %2 ¢512 n - _/ Cbélg n Y; ) ( )dy7 0 S U S b (22)

with the boundary condition:

D515 (0:0) = N5y n-1(b; D) (23)

The solution of Equation (22) is the unique apart from a multiplicative constant. Therefore, one

has ¢s,,.n(u;b) = K,v,(u) for some constant K, that does not depend on u, where v,(-) satisfies

Equation (21). Application of the boundary condition in Equation (23) gives K,, = n¢s,, n—1(b; 0)/v.,(b),

so that: on (1)
n(usb

¢512 (u ) ol ( )

Recursively, it is easy to see that Equation (20) holds true. [

NGsyyn—1(0;b), 0<u<b

We remark that the function v, (+) is known to satisfy a defective renewal equation with the solution
given by, e.g., Equation (36) of [29]. An alternative solution to Equation (21) and related properties of
v, (+) can be found in Section 4 of [23]. Note also that v,(-) is in fact a scalar multiple of the (0, +

nds)-scale function in the literature of Lévy processes. See, e.g., [30] (Chapter 4).
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3. Combination of Exponentials Claims

In this entire section, we shall derive some nice explicit solutions to the IDEs obtained in the previous

section when the claim amount is distributed as a combination of exponentials, i.e., the claim density is

given by:
py) =Y qrage™™,  y >0 (24)
k=1
where Z};zl g = land o, > 0 for k = 1,2,...,r. Without loss of generality, we assume that «y,’s are

distinct and ¢;,’s are non-zero. The corresponding Laplace transform of p(-) is given by:

T
~ qr O

pis) =
() kZlOék—i—S

From, e.g., [31], it is known that the class of combinations of exponentials is dense in the set of
distributions on (0, 00). It is further assumed that w(z,y) = w(y) in Equation (3), i.e., the penalty
function depends on the deficit only. Concerning the aggregate discounted claim costs until ruin

Equation (2), we shall use f(y) = y and d3 > 0, so that Zs, (1) = Zi]i(f”) e~%TiY; represents the

r+1

discounted claim amounts until ruin. For eachn, m € N, define {p, . ;}7.; to be the roots of Lundberg’s

equation (in &):

. qrO
c€ — (N + 61 +nds +mds) + A =0 (25)
£ —( 1 2 3) ;;1 P

These r + 1 roots are assumed to be distinct. In what follows, some special cases of the Gerber—Shiu
function ¢5,,, ».m(u; b) defined in Equation (3) will be examined. As we shall see, these cases of our

interest can all be expressed in the form of:

m r+1

¢51237n7m(u; b) = Z Z An,mﬂ',j epnyi’ju7 0<u<b

i=0 j=1

for some constants A,, ,, ; ;’s.

3.1 G55 (U D) = Gs195.m.0(u; b) Whenn € N

In this subsection, we consider ¢s,, »(u; b) = P4, n.0(u; b) for n € N. First, the case n = 0 corresponds
to the classical Gerber—Shiu function ¢s, (u;b) = ¢s,, 0(u; b), which is available from Equations (7.11)
and (7.12) of [25] with slight modifications, as they considered w(y) = y. The result is given in the

following Lemma.

Lemma 4. The classical Gerber—Shiu function ¢s, (u; b) admits the representation:

r—+1
b5, (u; b) = Z Ag,,0,5 €707, 0<u<b (26)
j=1
where {pg,;}/Z] are the roots of Equation (25) when n = m = 0. The coefficients {Ag 0, }/%] can be
solved from the linear system of r 4- 1 equations comprising:

r+1

A0 .
Z 0005 _ w(ay), k=1,2,...,r (27)

a .
‘= kT P00,
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and:
r+1
ZAOOO,] Po.o,; €0 =0
j=1

where w(s) = [ e"*Yw(y) dy is the Laplace transform of w(-).

Next, we look at ¢5,,.n(u; b) for n € N, which can be used to study jointly the dividend moments
with the time of ruin and/or the deficit. According to the discussions in Section 2.3, in this case,
Gs15.n(u; b) is simply a scalar multiple of v,,(u), which is obtainable from Equation (7.8) of [25].
This along with the boundary condition in Equation (23) leads to the following Lemma.

Lemma 5. For n € N*, the Gerber-Shiu function ¢;,, ,(u; b) admits the representation:

r41

¢512nUb ZAnOO,J Pr.0.3%, 0<u<b

r+1

where {p,, 0,71} are the roots of Equation (25) when m = 0. The coefficients {A,, 00}7%] can be

solved recurswely from the linear system of r 4 1 equations comprising:

+
n 0 07
) I_—0 k=121 (28)
=1 ag + Pn,0,j
and:
r+1 r—+1
ib _ ib
> 00, 0 €0 =1 Ay a0, €10
i=1 =1

The required coefficients { Ao J} *1 to start the recursion can be computed using Lemma 4.
3.2. ¢513,1(u; b) = ¢5123,071(u; b)

Now, we analyze the Gerber—Shiu function Equation (4) when m = 1, whose solution is given in the

following Theorem.

Theorem 6. The Gerber—Shiu function ¢;,, 1 (u; b) admits the representation:

1 r+1
Gsaa(uib) = Y Aoppi e, 0<u<b (29)
=0 j=1
where {poz ]}gﬂ are the roots of Equation (25) when n = 0 and m = :. While the coefficients

{Ao10,}5E = 1 (i.e., i = 0) are given explicitly by:

>\A0 0.0 r QO .
Ao1g, — Mooo, j=12,. 41 G0
0,1,0,j 53 ; (o + poo,;)?

with {Ag,0,;};1] obtainable from Lemma 4, the coefficients {Ag11,;}/%] (ie., i = 1) can be solved

from the linear system of r + 1 equations comprising:

r+1 r+1
AO 1,2

1
. Ao
D (LN S 31
ak+poig = (k4 poo,)
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and:
1 r+1

Z Z Ao poij e =0 (32)

i=0 j=1
In Equation (31), 72 w(0) = [~ ye~**w(y) dy can be regarded as a double Dickson—Hipp operator
(e.g., [32,33)).

Proof. From Equation (5), when m = 1, the IDE for ¢, 1 (u; b) is:

C¢313,1 (u; b) - <)‘ + 61 + 53)(?513’1(11,; b) + )‘/0 ¢513,1 (u - Y b>p(y> dy
/ ybs, (u— ; D)p(y >dy+A/wyw<y—u>p<y>dy=o, o<u<h 33

Substituting Equations (24) and (26), the last two integrals above are evaluated as:

r+1 r

A/ yos, (u— Wy =23 > Ao, Qkak/ ye Werood iyl dy
0 j=1 k=1

>\ % ZT: A { 1 £0,0,5U 1 —QRpU 1 aku} (34)

= %e’ efo0dt — ———— e - e
j=1 k=1 POOTEEEL (e + po 04)? Qg+ Po,0,j (% + poo,j)?
and: i .
A / yw(y —wp(y) dy = A qrog@(oar)ue™ ™" + X groap T w(0)e " (39)
“ k=1 k=1

respectively. Further noting that (d/du + ay) [} ¢s,5,1(u — y; b)e ¥ dy = ¢5,,1(u; b), the application
of the operator [[,_,(d/du + o) to Equation (33) yields an (r + 1)-th order differential equation with
constant coefficients, where the non-homogeneous parts involve the exponential terms {e~*+"}}_, and
{ero0su}o 11 Denoting the roots of the characteristic equation of the homogeneous part by {po1;}7*
(and assuming that they are distinct), the solution form of ¢, 1 (u; ) is:

1 r+1

Go15,1 (13 b) ZZAOIz efoinit 4 ZBomke ant 0<u<b (36)

=0 j=1

for some constants Ay ;’s and By 14’s (it will be shown that {po ]} fl indeed satisfy Lundberg’s
Equation (25) with n = 0 and m = 1). To identify the constants in Equation (36), we insert Equations
(24) and (36) into the first integral in Equation (33) and arrive at:

1 r+1 r
Aou Qkak o _
Grl = 95 )pla) dy = A Y573 S s
/ szlklak+pOJ
k=1 k=1 i=1,i#k A — Qg

Moreover, with the solution form Equation (36), one has that:

1 r+1

CPsq1 (U5 b) — (A + 01 + 03) @551 (u;0) = C{ DD Aorigpoig e = Boiox Oékea’““}
k=1

i=0 j=1
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1 r+1
— ()\ + 51 + 53 { Z Z A071,z’] ePo it Z BO,LO L€ aku} (38)

=0 j=1
Because of the IDE Equation (33), the sum of Equations (34), (35), (37) and (38) is identical to zero
for all 0 < u < b, and we proceed by equating various exponential terms to gain information about
the unknown constants. First, equating the coefficients of e”1* confirms that {pg 1 ; };ﬂ are the roots

of Equation (25) with n = 0 and m = 1. In addition, by examining the coefficients of ue™***, we arrive at:

r+1
ABo10k qruok + A AH,-qkak(——)—i-)\qkak'&?ak =0, k=1,2,...,r
0,1,0 ]Z:; 0,0,0, o+ Poog (o)
from which one concludes that By, = 0 for k = 1,2,...,r thanks to Equation (27). In other words,

the solution form Equation (36) reduces to Equation (29). Next, equating the coefficients of e,

we get:

0 £10,1,0,j Ak - Ao,o,o,j qr Qg
cAo1,0,5 P0,0; — (A4 01 +03)Ag 105 + A A ST 20005 TRFk
’ ’ ’ ; ar + 00,0, ; (ak + po,0,5)?

r+1
7j=1

Equation (30) follows. Now, comparing the coefficients of e~ “** (keeping in mind that By ’s are

for j = 1,2,...,7 + 1. However, {pop;};f; are Lundberg’s roots according to Lemma 4, and thus,
always zero) results in Equation (31). Lastly, the boundary condition in Equation (32) is a direct
consequence of Equation (6). [

3.3. ¢51372(U’; b) = ¢5123,072(u; b)

Here, we look at ¢s,, 2(u;b) = ¢s,,5.02(u; b), which can be used to compute the second moment of
Zisy (1) = S0 e

=1

Theorem 7. The Gerber—Shiu function ¢;,, o(u; b) admits the representation:

2 r+1

Gs2(uib) =) Y Aopi e, 0<u<b (39)

=0 j=1

r+1

where {pg ; j} are the roots of Equation (25) when n = 0 and m = 7. The coefficients { A - 0,]}

(i.e., 7 =0)and {AO 21, }7”rl (i.e., i = 1) are given explicitly by:

Moo ¥ kO Moo, A%
A Jp— b ] 7] + b b 7] (40)
i T Ml ey A v DY ey
forj=1,2,...,r 4+ 1and:
2)\_/40 1.1.5 - qrOk
A o 1,15 (41)
0215 = T, ; (ck + pons)?

j =1,2,...,r + 1, respectively, with {Ag10;}751 and {Ag 1, ]}"qul obtainable from Theorem 6 and
{ Ao, 00,]} "*] from Lemma 4. Then, the coefficients {Ag22;}7~ j:1 (i.e., i = 2) can be solved from the
linear system of 4+ 1 equations comprising:

2 r+1 1 r+1 r+1

S5 A D) PO _2Monay +Z(2’%¢j3=2ﬁiw<@> (42)
j=1

(8] Oé (8% ;
im0 =1 k+ Do im0 =1 K+ Po,ij)? K+ P00,5)
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fork=1,2,...,r, and:

2 r+1
Z Z Aoz poij e’ =0 (43)
i=0 j=1
In Equation (42), 722 w(0) = [~ (y*e~* /2)w(y) dy can be regarded as a triple Dickson—Hipp operator.

Proof. Because of Equation (5), one has the IDE:
C¢i§13,2(u; b) - (>‘ + 51 + 253)@551372(’&; b) + )‘/ ¢51372(u - Y b)p(y) dy
0

+ 2A/ Ybsiy1 (uw— y;0)p(y) dy + A/
0 0

u

f@xu—%mmwdy+xf yPuy — wply) dy = 0
(44)

for 0 < u < b. With Equations (24), (26) and (29), we evaluate the last three integrals as:

2\ / Ydsa1(u—y;0)p(y) dy
0

1 r+1 r 1 1 1
0SS Ao, qkak{ mise Lo L e_aku}

i=0 j=1 k=1 (ak + po,ij)? Qg+ Po,i,;j (g + po,ij

(45)

r+1 r
' E E 2 j U 1 —Qgu
)\/ y2¢61(u — y, dy =\ AOOO]Qkak{( eP0,0,5% __ —u26 k
0

=i ak + po0,5)? Qg + Po,0,j
2 —apu 2 —aku}
———ue - —e¢
(a% + po,5)? (ar + poo,4)?
and:
)\/ vw(y —u)p(y) dy = A Z qrOk {@(ak)u%fo‘k“ + 27;2kw(0) TR 27;1 70"““} (46)

k=1

respectively. Similar to the proof of Theorem 6, we apply the operator [ ], _,(d/du + «) to transform
Equation (44) into an (r + 1)-th order differential equation with non-homogeneous terms {ue™*+"}7_
{emoxu}r_y, {ero0su} 2] and {erors* YA Tt will be seen that {pg, ;}511 defined via Equation (25) with
n = 0 and m = 2 are indeed the roots of the characteristic equation of the homogeneous part. Hence,
®5,5.2(u; b) is of the form:

2 r+1
¢6132Ub ZZAOQZ epO”u‘i‘ZZBOZ]kuj 7 OSUSb (47)
=0 j=1 7=0 k=1

for some constants Ag»; ;’s and By j1’s. Now, putting Equations (24) and (47) into the first integral in
Equation (44) yields:

u 2
3 [ dnatu = bply)dy =2y
0

=0 j=1 k=1

r+1 r A
£10,2,4,5 Ykk Qkak ePo.i.5t

—e )+ A Bo ook quogue”
B )

k=1
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T

B i Ik —ou U —opU A . Ep—
+)‘Z Z 010_; i CRLE )+§ZBO,2,1,kaOékU2€ g

k=1 i=1 z;ék 1
+A Z Z Bo 21 qra ! e M — ! ue” Nt — _ o (48)
k=1 i=1,i#k ! ( k:) oy — O (Ofi _ ak)Q

In addition, from Equation (47), the first two terms of Equation (44) are collectively written as:

C¢:513 Q(U. b) - ()‘ + 01 + 253)¢513 Q(UI b)

r+1
u [ —ru —OLU
= { g E Ap 2, po,i; et — g By are” " + g Booq k(e — ague F )}

=0 j=1
2 r+l1
— (A4 61+ 203) {ZZAO,Q,W €po”u+ZBozok€ ant +ZBO,2,1,kU€ akt } (49)
=0 j=1

Summing Equations (45), (46), (48) and (49) gives zero according to the IDE Equation (44). First, by
equating the coefficients of e”27%, one asserts that {pg 2 ; };ﬂ are the roots of Equation (25) with n =
0 and m = 2. Next, we shall equate the coefficients u2e=%, ye= %Y, efo.1.i% ePo.0.0% and e~ to

determine the unknown constants in Equation (47). From the coefficients of u?e~%*“, we have:

A r+1
—-B o + A A iqrog | ————— ) + Agragw(ag) =0
5 0,2,1,k Gk Ok ; 0,0,0,5 9k k( Oék—i-/)o,o,j) qrCk ( k)

for k = 1,2,...,r, which implies Byo1% = 0 for k = 1,2,...,r, because of Equation (27). Then,

comparing the coefficients of ue™**" leads to:

1 r+1

Ao 1,4, QXK — A0,0,0,5 GOk 2
ABo 2,0k Groe — 2A O IR o\ T ORI 4 ogra T2 w(0) = 0
;; g+ Poij 2; (a% + poo,;)? g

for k =1,2,...,r. Since Equation (31) holds, we arrive at By, = 0 fork =1,2,...,r, as well, and
therefore, Equation (47) is simplified to give Equation (39). Next, the coefficients of e”0-1i* result in:

Z 1,5 4Ok ZT Ao1,1,j e
CAO,QJ’J' pO,Lj (/\ + (51 + 253)/40 2,1,5 + )\ —O 2—|1—]p0 ) + 2/\ —(ng 1_: IJOO ) A)Q == 0
] k=1 sLsJ

for j = 1,2,...,7 + 1, and in turn, we find Equation (41) as {po1,;}/2;

satisfies Equation (25) with
n = 0 and m = 1 because of Theorem 6. Similarly, (40) follows from the coefficients of e”-0.7*. Finally,
equating the coefficients of e~“** yields the r equations in Equation (42), and then, Equation (43) is a

direct consequence of the boundary condition in Equation (6) when m = 2. [
3.4. ¢5123’171(u; b)

In this section, we consider the Gerber—Shiu function Equation (3) when n = m = 1, which is
useful for evaluating the covariance of the discounted dividends Dy, (7,) and the discounted claims
Zyy(m) = L eI

)
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Theorem 8. The Gerber—Shiu function ¢s,,, 1.1(u; b) admits the representation:
1 r+1

Orinsaa(wid) = DD Avgag ", 0<u<h (50)

=0 j=1

where {pjl ]}gﬂ are the roots of Equation (25) when n = 1 and m = ¢. While the coefficients

{A110,; }j 1 (e., i = 0) are given explicitly by:

AA100,7 Qe .
Ay g = D100 , — 1.2 41 (51)
o & k; (ck + p10)? /

with {A;90,;}71] obtainable from Lemma 5, the coefficients {A;11;}/%] (ie., i = 1) can be solved
from the linear system of r 4+ 1 equations comprising:

1 r+1 r+l
Al A10,0,
Z +,,z,g i _,_’—HJ)2:O’ k=1,2,....r (52)
i—0 j=1 Yk T PLiG T (o + pro,
and:
1 r+l 1 r+l
> D Avsigprag e = N Aoy e (53)
im0 =1 i=0 j=1

Proof. When n = m = 1, Equation (12) becomes:
C(b;ug,l,l(u; b) - ()‘ + 5123<1’ 1))¢5123,1,1(u; b) + )‘/ ¢5123,171(u - Y b)p(y) dy
0

4 / ysmnolu — () dy =0, 0<u<b (54)
0

As in the proofs of Theorems 6 and 7, the above IDE can be reduced to a differential equation with
solution form:

1 r+1

B5195,1,1 (13 ) Z Z Aqq ettt + Z Biyore ", 0<u<b (55)

=0 j=1

Then, substitution of Equations (24) and (55) into Equation (54) along with some straightforward

calculations yields:

1 r+1
u —OLU
{ Z Z A1 prig € E Bk ope” " }

1=0 j5=1
1 r+1
— (A4 6123(1,1)) {ZZALL?,,] €p1”“+ZB1,1,ok€ aku}
=0 j=1
1 r+1 r A e
+>\ZZZ 1,1,i,5 Yk k: Pl iU _e—aku)
i=0 j—1 k=1 Ok + P
: : Bnoz%ak — _ d _
A —1,1,00 kMR oG apu B apu
+ Z Z po— ———— (e e )+)\Z 1,10,k rQxue
k=1 i=1,i#k k=1
r+1 r 1 1 1
+ A A Ry {—e”l*oﬂ'” _——ue " — —eak“} =0
ZZ 1005 AR (g + p1o,)? Qg + P10, (ks + pro,)?

7=1 k=1
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While the coefficients of 14" simply mean that {p; 1 ; };Z} are the roots of Equation (25) with
n = m = 1, the coefficients of ue™**" give rise to:

r+1
1
)‘BLLOJC Qe + A A1,o,0,'qk0ék <_—> =0, k=1,2,...,r
jzl ! o+ P10,

Further incorporating Equation (28) with n = 1, it follows that B; ; o, = O for £k = 1,2,...,r, and
thus, Equation (55) simplifies to Equation (50). Next, equating the coefficients of e”-07* yields:

A Qi A None
CALLO,]’ pl,O,j ()\"‘5123(1 1))14110] +>\Zojkli—jplkok +)\Z# =0
I 7.] k:1 ’ ’.7

forj =1,2,...,7+ 1, which reduces to Equation (51) as {p1 o ]}’"Jrl

are the roots of Equation (25) with
n = 1 and m = 0. Lastly, comparing the coefficients of e~ *** results in Equation (52), while we get

Equation (53) from the boundary condition in Equation (13) whenn =m = 1. [

4. Numerical Illustrations

Now, we shall apply the results in the previous sections to study some new ruin-related quantities
with numerical examples. Throughout this section, we assume the cost function f(y) = vy, so that
Zs, (1) = Zi]i(fb) e %TiY] is the aggregate discounted claim amounts until ruin. The quantities
of interest include the expectation and the variance of Zs,(7,), as well as the covariances between
any two of Zs(7), the total discounted dividends until ruin Ds,(7,) and the time of ruin 7.
For our purposes, it will be sufficient to use the penalty function w(z,y) = 1. For simplicity,
we shall use F[X|u;b] to denote the expectation of the random variable X given an initial surplus
Uy(0) = wu and dividend barrier b. Then, the variance and the coefficient of variation of X are
Var(X|u;b) = E[X?|u;b] — (E[X|u;b])? and CV(X|u;b) = +/Var(X|u;b)/E[X|u;b], respectively.
Similarly, Cov(X7y, Xo|u;b) = FE[X1Xs|u;b] — E[Xi|u;b)E[Xs|u;b] and Corr(Xy, Xo|u;b) =
Cov(X71, Xa|u; b)/+/ Var(X;|u; b) Var(Xs|u; b), respectively, represent the covariance and correlation of

X; and X, given Uy (0) = u and barrier b. All of the components required for our analysis are obtainable
from the Gerber—Shiu function ¢s, s, 5, n.m(u; b) in Equation (3). While the k-th moments of Zs, (7;)
and Ds, (7,) are simply ¢o.s, s.0.(w; b) and ¢ s, 5, 1.0(u; b), respectively, the k-th moment of 7, is given
by Elrflu; b = (—1)F(9*/065)bs, 52,5000 (3 ) ]s,20 = (—1)*(9*/06%)ss, (u; b)] 5,0 (and we only need
k = 1,2). Moreover, one has E[Zs, (1) Ds, (75)|w; b] = ¢0.5,.65,1,1(u; b), and the first order joint moments
involving 7, are E[n,Zs,(1p)|u; 0] = —(0/001) (s, 65.65.01(u;0)|s,20 = —(0/01)ps,5.1(u;b)|s,—0 and
E[1yDs, (10)|w; b = —(0/001) b6, 59,65,1,0(1; b)|5,=0 = —(0/01)bs,5,1(1; D) |5,=0-

In all upcoming numerical examples, it is assumed that the Poisson arrival rate is A = 1, the premium
rate is ¢ = 1.5 and policyholders and shareholders have the same force of interest o = d3 = 0.01.
Three different claim distributions will be considered, namely: (i) a sum of two exponential random
variables with means 1/3 and 2/3; (ii) an exponential distribution with mean one; and (iii) a mixture of
two exponential distributions with means two and 1/2 and mixing probabilities 1/3 and 2/3, respectively.
Their densities are (i) p(y) = 3e~®/2¥ — 3¢~ (ii) p(y) = e and (iii) p(y) = (1/6)e= /2 4+ (4/3)e2v,

which are all in the form of Equation (24). While they all have the same mean of one, they possess
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different variances of 0.56, 1 and 2, respectively. Each of Figures 1 to 9 contains two subfigures, (a) and
(b), where (a) plots the quantity of interest against v (0 < u < b) for fixed b = 10, while (b) plots the
same quantity against b > w for fixed v = 10. The curves corresponding to the three claim distributions

above are represented in red, green and blue colors, respectively.
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Figure 1. Expected aggregate discounted claims E[Zy o1 (73)|u; b].
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Figure 2. Variance of aggregate discounted claims Var(Zg o1 (7)|u; b).
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Figure 3. Coefficient of variation of aggregate discounted claims CV(Zy o1 (73)|u; b).
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Figure 4. Covariance of ruin time and aggregate discounted claims Cov(7,, Zy.01(75)|u; b).
Corr(ry19,Z0,01 (10)lu;10) Corr(t4,Z 01 (T5)I10:b)
0.8 08r - Sum Exp
¥ -  Exp
osh 06- - Mixed Exp
04f 04r
- Sum Exp
- Exp
02 —  Mixed Exp 02r
L L L L L L L 1 L L L 1 L L L 1 L L L 1 u I I I L L L L L L L L L L L L L L L L L b
2 4 6 8 10 12 14 16 18 20
(a) (b)
Figure 5. Correlation of ruin time and aggregate discounted claims Corr(7,, Zo.01(73)|u; b).
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Figure 6. Covariance of ruin time and total discounted dividends Cov(7,, Dg 01(7)|u; b).
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Figure 7. Correlation of ruin time and total discounted dividends Corr(7,, Do 01(75)|u; b).
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Figure 8. Covariance of aggregate discounted claims and total discounted dividends

Cov(Z.01(7s), Do.o1(75)|u; ).
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Figure 9. Correlation of aggregate discounted claims and total discounted dividends

COI'I'(Z()_Ol (Tb), DO.Ol (Tb) |U, b) .

First, Figure 1 depicts the behavior of the expected aggregate discounted claims E[Zj o1 (7)|u; b].

From Figure la, the three curves of E[Z1(T10)|u; 10] are all increasing in the initial surplus w.
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Intuitively, for any given sample path of the aggregate claims process {.S(t)};+>o, a higher value of u
leads to larger ruin time 79, and therefore, more claims are included in Zj ¢;(710), resulting in a larger
expectation F[Zy o1(710)|u; 10]. Figure 1b also shows that E[Z ¢1(7,)|10; b] increases in the barrier level
b and then converges to a finite value. Clearly, the increasing property is due to the fact that a larger b
delays ruin, and thus, more claims occur before ruin. However, as b (and, hence, 7) increases further,
claims that occur late contribute little to Z o1 (73,) due to discounting, and consequently, £[Zy o1(73)|10; 0]
converges. Interestingly, it is observed from Figure 1a,b that E[Z 1 (7)|u; b] increases as the variance
of the claim distribution decreases when the pair (u, b) is fixed. Indeed, we have separately checked that
when the claim’s variance decreases, the expected ruin time [, |u; b] increases for the above concerned
domain of fixed (u, b) (and the graphs are omitted here for the sake of brevity). As the process {Uy (%) }:>0
survives longer in expectation, it is natural that on average, more claims occur before ruin. Next, we look
at the variance of Z o1 (73), which is shown in Figure 2. Unfortunately, Figure 2 does not appear to show
much of a pattern that allows for interpretation. However, if we turn to the coefficient of variation in
Figure 3, it can be seen that CV(Zy01(710)|w; 10) and CV(Zy01(7)|10;b) are decreasing in u and b,
respectively. Furthermore, Figure 3 suggests that CV(Z 01(7)|u; b) increases with the variance of the
claim distribution (with the exception of small values of u in Figure 3a). In other words, once we have
used a standardized measure of dispersion, which is unitless, the variability of the aggregate discounted
claims until ruin Zj ¢1(7,) is in accordance with that of the individual claim.

After analyzing the first two moments of Z0;(7,), we now look at various covariance measures.
Concerning the relationship between the ruin time 7, and the aggregate discounted claims Z o;(73) for
fixed (u, b), consider sample paths of the surplus process {U,(t)}+>o for which 7, is large (e.g., larger
than the mean E[ny|u;b]). Intuitively, there are two opposing effects on Z01(7,). A longer ruin time
means more time for claims to occur, and this tends to increase Zy (7). On the other hand, it also
implies that no claims larger than b occur early, and this may make Zj1(7,) smaller in the presence
of discounting. Figure 4 shows that the covariance of 7, and Zj o (7) is positive, suggesting that the
former effect dominates under our parameter setting (interested readers are referred to [16] (Section
5) for an example where the latter effect dominates and leads to negative covariance in the context
of a dependent Sparre—Andersen model without dividends). In addition, we see from Figure 4 that
Cov (7, Zo.01(7)|u; b) decreases as the variance of individual claims increases. This can be attributed
to the fact that, according to our discussions following Figure 1, both 7, and Z0;(7) are of a larger
magnitude when the claim distribution has smaller variance. In order to remove the effect of different
magnitudes, we plot the correlation Corr(7y,, Zo.01(7)|w; b) in Figure 5. It is instructive to note that the
ordering with respect to the claim’s variance is now reversed, i.e., Corr(,, Zg01(7)|u; b) increases with
the variance of the claim. Moreover, Corr(7y,, Zo.01(7)|u; b) is decreasing in both u and b. Note also
that the correlation can sometimes reach 0.8, suggesting that 7, and Z; 1 (7,) can be strongly dependent.
Now, we turn to the co-movement of the ruin time 7, and the total discounted dividends Dy 1(7,). The
covariance Cov(7,, Do o1(75)|u; b) in Figure 6 is always positive. Clearly, a larger ruin time means that the
insurance business survives longer, and hence, the process {U,(t) };>0 stays at the barrier more often for
dividends to be paid. It is also observed from Figures 6 and 7 that both the covariance and the correlation
exhibit the same behavior as in Figures 4 and 5 in terms of the shape and ordering of the curves.



Risks 2015, 3 512

Finally, we consider the covariance and the correlation of the aggregate discounted claims
Zo.01(m) and the total discounted dividends Dg1(7,) in Figures 8 and 9. Although the covariance
Cov(Zo.01(710), Do.o1(710)|u; 10) in Figure 8a is always positive, Cov(Zy01(7), Do.o1(7)|10;b) in
Figure 8b takes negative values as b gets larger when the claim distribution is exponential or a sum
of two exponentials. The fact that the covariance is possibly negative may be explained as follows.
For fixed (u, b), we already know from previous discussions that both Z o1 (7,) and Dy o1 (7) tend to be
larger when 7, is large. Meanwhile, it should be noted that both claims and dividends are paid from
the insurer’s surplus (which consists of the initial surplus plus the premium collected to date). In this
regard, one can argue that Z o (73,) and Dy o1 (75) may also move in opposite directions. If the covariance
is negative, then it means that the latter effect dominates. While the curves in Figures 8a and 9a as a
function of « are not ranked according to the variance of the claim distribution, those in Figures 8b and
Ob as a function of b suggest that both covariance and correlation increase with the claim’s variance
(except for a very, very small portion in Figure 8b, where the green line is slightly above the blue line
when b is close to 10).
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