risks ﬁw\p\py

Article

Numerical Algorithms for Reflected Anticipated
Backward Stochastic Differential Equations with
Two Obstacles and Default Risk

Jingnan Wang »* and Ralf Korn 2

Department of Mathematics, University of Kaiserslautern, 67663 Kaiserslautern, Germany
Department of Mathematics, University of Kaiserslautern, Fraunhofer ITWM,

67663 Kaiserslautern, Germany; korn@mathematik.uni-kl.de

*  Correspondence: wang@mathematik.uni-kl.de; Tel.:+49-0631-205-2595

2

check for
Received: 27 April 2020; Accepted: 12 June 2020; Published: 1 July 2020 updates

Abstract: We study numerical algorithms for reflected anticipated backward stochastic differential
equations (RABSDESs) driven by a Brownian motion and a mutually independent martingale in
a defaultable setting. The generator of a RABSDE includes the present and future values of the
solution. We introduce two main algorithms, a discrete penalization scheme and a discrete reflected
scheme basing on a random walk approximation of the Brownian motion as well as a discrete
approximation of the default martingale, and we study these two methods in both the implicit and
explicit versions respectively. We give the convergence results of the algorithms, provide a numerical
example and an application in American game options in order to illustrate the performance of
the algorithms.

Keywords: numerical algorithm; reflected anticipated backward stochastic differential equations;
discrete penalization scheme; discrete reflected scheme

1. Introduction

The backward stochastic differential equation (BSDE) theory plays a significant role in financial
modeling. Given a probability space (QQ, F,IP), where B := (B;);>0 is a d-dimensional standard
Brownian motion, F := (F}),~ is the associated natural filtration of B, F; = o(Bs; 0 < s < t), and Fy
contains all P-null sets of F. We first consider the following form of BSDE with the generator f and
the terminal value ¢:

T T
Yy = €+/t f(s,Ys, Zs)ds — /t ZsdBs, te[0,T]. M)

The setting of this problem is to find a pair of F;-adapted processes (Y,Z) € S%(0,T;R) x
£2.(0, T; RY) satisfying BSDE (1).

Linear BSDE was first introduced by Bismut (1973), when he studied maximum principle in
stochastic optimal control. Pardoux and Peng (1990) studied the general nonlinear BSDEs under
a smooth square integrability assumptions on the coefficient and the terminal value, and a Lipschitz
condition for the generator f. Duffie and Epstein (1992) independently used a class of BSDEs
to describe the stochastic differential utility function theory in uncertain economic environments.
Tang and Li (1994) considered the BSDEs driven by a Brownian motion and an independent Poisson
jump. Barles et al. (1997) completed the theoretical proofs of BSDE with Poisson jump. Cordoni and Di
Persio (2014) studied the hedging, option pricing and insurance problems in a BSDE approach.
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Cvitanic and Karatzas (1996) first studied reflected BSDEs with continuous lower obstacle and
continuous upper obstacle under the smooth square integrability assumption and Lipschitz condition.
A quadruple (Y,Z,K",K™) := (Y4, Z, Kt"r, K; )o<t<t is a solution RBSDE with the generator f,
the terminal value ¢ and the obstacles L and V:

Yi=¢+ [T f(s,Ys, Zo)ds + (Kf —K) — (K7 —K;) — [\ ZedBs, t€[0,T);
Vi>Yi>L, te[oT); @)
Jy (i — LdK; = [[ (Vi — Y;)dK; = 0.

where K™ and K™ are continuous increasing processes, K™ is to keep Y above L, while K™ is to keep Y
under V in a minimal way. When V = oo and K~ = 0 (resp. L = o0 and K = 0), we obtain a reflected
anticipated backward stochastic differential equation (RABSDE) with one lower (resp. upper) obstacle.
The existence of the solution of RBSDE with two obstacles can be obtained under one of the following
assumptions: (1) one of the obstacles L and V are regular (see e.g., Cvitanic and Karatzas 1996;
Hamadene et al. 1997); (2) Mokobodski’s condition (see e.g., Hamadene and Lepeltier 2000; Lepeltier
and Xu 2007), which means the existence of a difference of non-negative super-martingales between
obstacles L and V. However, both of them have disadvantages, assumption (1) is somewhat restrictive,
(2) is difficult to verify in practice. In this paper, we use the Assumption 5 for the obstacles.

Peng and Yang (2009) studied a new type of BSDE, anticipated BSDE (ABSDE) whose generator
includes the values of both the present and the future,

Yi = &r+ [ £(s, Vs, B% (Y], Zs, B9 Zq 5] )ds — [ ZodBs, t € [0, T);
Yi=¢&, te(T,T+T; 3)
Zi=a;, te (T, T+T.

under the smooth square integrability assumption of the anticipated processes ¢ and &, and Lipschitz
condition of the generator f. Peng and Yang (2009) gave the existence and uniqueness theorem and
the comparison theorem of anticipated BSDE (3). Qksendal et al. (2011) extended this topic to ABSDEs
driven by a Brownian motion and an independent Poisson random measure. Jeanblanc et al. (2017)
studied ABSDEs driven by a Brownian motion and a single jump process.

Default risk is the risk that an investor suffers a loss due to the inability of getting back the initial
investment, it arises from a borrower failing to make required payments. This loss may be complete or
partial (more see Kusuoka 1999). Peng and Xu (2009) introduced BSDE with default risk and gave the
relative existence and uniqueness theorem and comparison theorem. Jiao and Pham (2011) studied the
optimal investment with counterparty risk. Jiao et al. (2013) continued the research on the optimal
investment under multiple default risk through a BSDE approach. Cordoni and Di Persio (2016)
studied the BSDE with delayed generator in a defaultable setting. In this paper, we focus on the study
of reflected anticipated BSDE with two obstacles and default risk.

For the numerical methods of BSDEs, Peng and Xu (2011) studied numerical algorithms for
BSDEs driven by Brownian motion. Xu (2011) introduced a discrete penalization scheme and a discrete
reflected scheme for RBSDE with two obstacles. Later Dumitrescu and Labart (2016) extended to
RBSDE with two obstacles driven by Brownian motion and an independent compensated Poisson
process. Lin and Yang (2014) studied the discrete BSDE with random terminal horizon.

The paper is organized as follows, we first introduce the basics of the defaultable model in
Section 1.1 and the reflected anticipated BSDE (4) with two obstacles and default risk in Section 1.3.
Section 2 illustrates the discrete time framework. We study the implicit and the explicit methods of
two discrete schemes, i.e., the discrete penalization scheme in Section 3 and the discrete reflected
scheme in Section 4. Section 5 completes the convergence results of the numerical algorithms which
were provided in the previous sections. In Section 6, we illustrate the performance of the algorithms
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by a simulation example and an application in American game options in the defaultable setting.
The proofs of the convergence results in Section 5 can be found in the Appendix A.

1.1. Basics of the Defaultable Model

Let T = {Ti,‘ i = 1,...k} be k non-negative random variables on a probability
space (Q), G, P) satisfying

P(;>0)=1, P(t;>t)>0,vt>0; P(=1)=0,i#]

For each i = 1...,k, we define a right-continuous default process H' := (H});>, where H} :=
{4 <t), denote by Hi := (H1)s>0 the associated filtration H! := o(H.; 0 < s < t). We assume that F
is trivial (it follows that G is trivial as well). For a fixed terminal time T > 0, there are two kinds of
information: one is from the asset prices, denoted by F := (F})o<i<7; the other is from the default
times {7; i = 1,...,k}, denoted by {H; i = 1,..., k}.

The enlarged filtration considered is denoted by G := (G;)o<t<T1, where G; = F; V H} V... V HE.
Generally, a G-stopping time is not necessarily a F-stopping time. Let G := G, where Gy = P(7 >
t|Fy), ie., Gg = P(7; > t|F;), for each i = 1,..., k. In the following, G' is assumed to be continuous,
then the random default time 7; is totally inaccessible G-stopping time. The processes H' (i = 1,..., k)
are obviously G-adapted, but they are not necessarily F-adapted. We need the following assumptions
(see Kusuoka 1999; Bielecki et al. 2007):

Assumption 1. There exist F-adapted processes v > 0 (i = 1,..., k) such that
i i ! i
M; = H; _/O 1{T,->s}’)/sds

are G-martingales under P. ' is the G-intensity of the default time T;:

i lim ]P)(t <7< t-'-A“Ft)
L’ AP(T >t F)

te[o,T];

Assumption 2. Every F-local martingale is a G-local martingale.

1.2. Basic Notions

L2(Gr;R) := {p € R| ¢ is a Gr-measurable random variable and E|¢|*> < oo};
£2g(0, ERY) = {¢: Q x [0,t] — RY| ¢ is G;-progressively measurable and ]Ef(;E |(ps|2ds < o0};

Sz(0,5R) = {9 : QO x[0,t] — R| ¢t is G-progressively measurable rcll process and
2

E [supogsgt | s } < oo};

Ezg'T(O, ERF) = {9 : Qx[0,t] — RK ¢ is Gi-progressively measurable and satisfies

14 2 .
]E[f()iL | q)s| 1{T>s}’75d5} = E[fot Z?:l ‘4’1‘,5 1{Ti>s}’)/lsds} < oo};
.Aé(O, T;R) := {K: Qx[0,T] — R| K; is a Gi-adapted rcll increasing process and Ky = 0,
Kr € LP(Gr;R) };

1.3. Reflected Anticipated BSDEs with Two Obstacles and Default Risk

Consider the RABSDE below with two obstacles and default risk with coefficient (f,¢,J,L, V).
(Y,Z,U,Kt,K™) := (Y3, Z, Uy, Kt*, K; )o<t<T+s is a solution for RABSDE with the generator f,
the terminal value ¢, the anticipated processes ¢, the anticipated time 6 (6 > 0 is a constant), and the
obstacles L and V, such that
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Yy =3¢+ ftTf(S/ YSIEQS [YS+5]rZS/ Us)ds + (KIJE - Kt+> - (Klj - K;)
— [ ZeaBs — [T udMs, te[0,T];
Vi> Y > Ly, te[0,T]; 4)
Yi=¢&, te(T,T+0];
[ (Y = Ldky = [ (i = )dK; =0,

where Y € 82(0,T + §R), Z € £3(0, T;RY), U € LFT(0, T;R), K* € A%(0, T;R). We further state
the following assumptions for RABSDE (4):

Assumption 3. The anticipated process { € Eé(T, T+6;RY), a € Eé(T, T + T%R?), here € is a given
process, and G is the terminal value;

Assumption 4. The generator f(w,t,y, Gy, 2,2, u, 1) : Q x [0, T + Té} x R x Sé(t,T + T‘S;]R) x RY x
L2(t, T+ T5RY) x RE — LZ7(t, T + T%; RF) satisfies:
(@) f(-,0,0,0,0) € L(0, T+ 5R);

(b) Lipschitz condition: for any t € [0,T|, r € [t,T+6], y, vy € R,z 2/ € R, u, u' € Rk 7,
TS Eé(t, T + 6;R), there exists a constant L > 0 such that

\f(ty, Groz,u) = f( Y, 5,2 0))] < L(Iy — Y| +E9 g, — gy + |z — 2| + |u— u’\l{m}ﬁ);

(c) foranyt € [0,T),r € [t, T+, v,y € Rz 2 c¢ R, u,u' ¢ R, §, 7 € £é(t,T + T%;R), the
following holds: ' '
f(tryry_r/zr ﬁl_l) 7f(try/y_1’lz/ ﬂl) >
(u' = ﬁl)l{T">t}7;

-1,

where il = (it i?, ..., it uttl uk), u' is the i-th element of u.

Assumption 5. The obstacle processes satisfy L, V & Sé (0, T+ 6;R):

(a) foranyt € [0,T|, Vi > & > Ly, Land V are separated, i.e., V; > L, P —a.s.;
(b) LandV are rcll and their jumping times are totally inaccessible and satisfy

E | sup (Lf)?

0<t<T

sup (V)2
0<I<T

<oo, E < o0;

(c) there exists a process of the following form:
t t
Xe=Xo— | olVdB— [ oPams+ At - a7,
0 0

where X7 = &r, o) ¢ Eé(O, T;R%), 0@ ¢ CZQ'T(O, T;R¥), AT and A~ are G-adapted increasing
processes, E[| AL |? + | A7 |?] < oo, such that

Vi > X > Ly, t e [O,T], P—a.s.

2. Discrete Time Framework

In order to discretize [0, T], for n € N, we introduce A" := % and an equidistant time grid
(ti)izo1,..n,.no With step size A", where t; := iA", n’ =n+ [%}.
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2.1. Random Walk Approximation of the Brownian Motion

We use a random walk to approximate the 1-dimensional standard Brownian motion:

[t/A"]

By =0; Bi:=vA" ) ¢, te(0,T]
j=1

AB!' := B! — B! | = VA"€l, ie[1,n,
where (€!')i=1, , is a {—1,1}-value i.i.d. Bernoulli sequence with P(e = 1) = P(e]'! = -1) = 3

Denote F!' = o{e/,...€"}, for any i € [1,n°]. By Donsker’s invariance prlnc1p1e and the Skorokhod
representation theorem, there exists a probability space, such that supy;r,s|Bf' — Bt — 0,
in £2(Gr.5),as n — 0.

2.2. Approximation of the Defaultable Model

We consider a defaultable model of a single uniformly distributed random default time T € (0, T'.
We define the discrete default process ' = hj\ = 1(.-, (i € [1,n]). Particularly, wheni € [n +1, n°],
h! =1 (since default case already happened). We have the conditional expectations of 1} in G ;:

E[hf =1lhf  =1] =P(r < tilt <ti1) =1,

A}’l
E[h} =1k} ; =0] =P(t < {|T > tiq) = —)
T—ti4
T—t
E [h} = 0|k} ; =0] =P(t > 4|t > tjq) = , € [1,n].
T—ti,

We have the following approximation for the discrete martingale My’ directly based on the
definition of the martingale M (Assumption 1):

[t/A"]
M! = 0; Pi= a1 — A" 1—HnhHy", te (0,T];
0 [t/A] Xi ( ])7] (0, T] 5)
j
AM} = h! —h! | — A" (1 —h})yt, i€ll,n],

where the discrete intensity process 7} = 7}, > 0is an F'-adapted process. Denote G := {G/; i €
[0,1°]}, Gy = {0}, fori € [1,n], G = o{€], ..l h'}; fori € [n+ 1,n°], G = oief,..€l, hy},
where £; is independent from €7,...€}'. From the martingale property of M;, we can get

B9 [AM]] = B9 [l — hly — A"(1—h)yf] =0, i€ [Ln],
therefore, the discrete intensity process has the following form (by the projection on " ,):

Pt <7 <H[F') 1

" _ =i et -2
TT AP > G F,)  T—t ZE[’[A”]]

Note that 7' = 0, wheni = 0andi € [[f7] +1,n]. If we set 4} = 7,
n — oo, it follows that 4} converges to ;.

[t/ A0] (t € [0, T]), then as

2.3. Computing the Conditional Expectations

When i € [1,n — 1], we use the following formula to compute the conditional expectation for the
function f : R*? — R:
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ET [ f (€}, €1 hfy)]
1
:E(f(e?,...,e?,1,1)| g TS (e, L) |

An n n n n

+ Z(T — fi) (f (61’".'% ’1’1) |€;1+1:1'h?:0'h?+1:1 +f (61' oGl _1’1) | €l =—1h=0h ;=1 )
T—ting n n n

+ 2(T—t;) (f (61"“’61"1'0) | i =Lh= Oh?ﬂzo+f(€1’m’€"_l’0) | el =—1h=0n} = 0)'

Wheni € [n, n’s}, we have the following conditional expectation for the function f : Rit2 5 R:

1

n 1
B [f (o€l )] = 5 (€hnel, L) [y 4 3 (el =L 1) |

z+1 1+1

2.4. Approximations of the Anticipated Processes and the Generator

Consider the approximation ¢;j; of the terminal value ¢, we have the following assumption:
Assumption 6. (gln)ie[n,n"] is Gl'-measurable, ¥ : {1, —=1}"" — R is a real analytic function, such that
&l =Y (ef,...el,nt), i€ [n,n‘s],
particularly, the terminal value it =Y (e}, ..., h?') is Gl-measurable.
For the approximation (f"(t;,y,7,z, u))iE[O,n] of the generator f:

Assumption 7. forany i € [0,n], f"(t;,y,7,z,u) is G!'-adapted, and satisfies:

(a) there exists a constant C > 0, such that foralln > 1+ 2L + 412,

n—1
E (A" Y |f”(~,o,o,o,o)|21 <C.
i=0

(b) foranyic O,n—1),y,y eR z 2 eRuu' eR, 7,7 € Sé(t, T + J;R), there exists a constant
L > 0, such that

P20 20) = £, 5200 < L 1y = 9]+ B9 = g1 42— 2+ =gy V)
where §; = B9 [y;], i =i+ [ 5]
Asn — oo, f'([4x],y,7,2,u) converges to f(t,y,7,2 u) in S3(0, T + §;R).
2.5. Approximation of the Obstacles

(LY)icpo,n and (V}")ic[o,q) are the discrete versions of L and V, by Assumption 5, we can have the
following approximations:

L _L0+A"Zl +Zl](2)AB]+1+Zl AM!,;;
]*0 =

2 V0+A”Zv +Zv AB”H—ZU AMH,
j=0



Risks 2020, 8,72 7 of 30
where 11" = lt(f), o® = vgc) (k =1, 2,3). By the Burkholder-Davis—Gundy inequality, it follows

V' >L!  supE [sup(L?)" +sup(V") 2| < co.
n i i

We introduce the discrete version of Assumption 5 (c):

Assumption 8. There exists a process X' with the following form:

i—1 i—1
Xt =Xy — Y olVABl, = Y oY AML + AFT— AT,
j=0 j=0

where A" and A;" are GI'-adapted increasing processes, E [| A,/ [2 + | A,"[?] < oo, such that
Lr<XP<V',  iclon]

We introduce two numerical algorithms below, discrete penalization scheme in Section 3 and
discrete reflected scheme in Section 4. For each scheme, we study the implicit and explicit versions.

3. Discrete Penalization Scheme

We first use the methodology of penalization for the discrete scheme below. El Karoui et al. (1997a)
proved the existence of RBSDE with one obstacle under a smooth square integrability assumption
and Lipschitz condition through penalization method. Lepeltier and Martin (2004) used the similar
penalization method to prove the existence theorem of RBSDE with two obstacles and Poisson jump.
Similarly to Lemma 4.3.1 in Wang (2020), we consider the following special case of the penalized
ABSDE for RABSDE (2):

—dy] =f"(t, Y}, B9, ),z ulYdt + dK, P — dK, 7 — Z[dB, — ul'dM,, te[0,T), ©
Y] =&, te [T, T+,

where . T
K7 = p/t Y —L)ds, K= p/t (YF — V,)*ds.

By the existence and uniqueness theorem for ABSDEs with default risk (Theorem 4.3.3 in
Wang 2020), there exists the unique solution for this penalized ABSDE (6). We will give the convergence
of penalized ABSDE (6) to RABSDE (2) in Theorem 1 below.

3.1. Implicit Discrete Penalization Scheme

We first introduce the implicit discrete penalization scheme. In this scheme, p represents the
penalization parameter. In practice, we can choose p which is independent of n and much larger than
n, this will be illustrated in the simulation Section 6.

AR AR A (A AT TR AL S
pn pan i ;
L ARl AMY,, ie0n-1]
k= pA Gy L), e lon—1]; @
A e D A N
yi" =28, i €[n,n],



Risks 2020, 8, 72 8 of 30

For the theoretical convergence results in Section 5, we first prove the convergence (Theorem 2) of
implicit discrete penalization scheme (7) to the penalized ABSDE (6), then combining with Theorem A2,
we can get the convergence of the explicit discrete penalization scheme. By Theorem A3 and Theorem 1,
we can prove the convergence of the implicit discrete reflected scheme (13).

From Section 2.3, taking conditional expectation in G!', we can calculate y‘f " as follows:
Lo pn pn
2 (y; er=1,=1 Y elﬁzfl,hle)
o
pn pn
+ 2(T —t;) (yl eN=111=0,1"=1 +Yi e*}:-l,hﬂ:o,h'z=1>
ngn[ E),n] _ 1 1 1 i 1 i (8)
Y; +T—ti—5<p,n Lypm ) ;E[in 1;
2(T —t;) \77 len=1nr=0h=0 Ii er=—1=0r=0/" ’ ’
1 -
5 (C? e +&7 eﬂzfl), ic[nn.
.. pn pn - .
Similarly, z;"" and u; " (i € [0,n — 1]) are given by
gl |,pm gl |,pm
P E% {yiHAB?ﬂ} _E% [ i+1 Aneznﬂ]
b EI((AB,)? 9 [(VA"ef)?]
pn b
= 1 ]Egln |: i 61’[ :| = yl+1 eH—l:l y1+1 €,‘+1:71 M
\/ﬁ yi+1 i+1 ZN ’
©)
n [ pn n [ opn
uPn 7Eg’ { i+1AM?+1} . E9 [yi+1( o —h = A1~ h?ﬂ”l’“)}
COETIAME,)] B — = A= R ) vie))

n

pn
YA

pn , 4
h=0j=1 Yia(T = tl+1)An%+1‘
A"+ (T = tiy1) (A"i41)?

Note that uf " only exists on [0, [&] — 1] (i-e., before the default event happens). By taking the
conditional expectation of (7) in G', it follows:

hi=0,h 41 =0

ylp,n — (@pm)1 (EG," [y?+1]) , ief0,n—1];
kfrp,n _ PAn(]/f'n - L?)i, = [O,]’l — 1},’
P = A" -V, ielon-1]

yi" =g, i€ nn; (10)
Zf'" - \/%]Egi" [yf_’ﬁeﬂl} , ielo,n—1];

[
pn _ E% [ xp+n1 (h?ﬂ*h?*An(lfh?H)%ﬂ)]
; - n
! B9 (1, —hr— A" (1R, ) yi)?)

ielo,[f&]—1]

where @7 (y) =y — f"(t;,y, 70", 20", ul™) A" — pA" (y — L")~ + pA"(y — V') T. For the continuous
time version (Y, zI", uP", K P, K, 7™ o< p 1
pn. _ . p0 pn.,._ pn pn.._  Pn
Y= Yi/any Z; = Zi{yan)r u,” = L
+pn ey +pn —pn lt8%) —pn
Kt’::Zki’, Kt’::Zki’.
i=0 i=0
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3.2. Explicit Discrete Penalization Scheme

In many cases, the inverse of mapping ® is not easy to get directly, for example, if f is not a linear
function on y. We replace y/" in f" by E9 [y fl] in (7), it follows

~D, ~D, n =p,n ~p, ~D, *+p, =P,
g =gt B [ g Al A kP -k

=VYin
— 2" ABf+1 al"AM?,, i€ [O,n —1];
kP = pA”(yl L;l) , ielon—1]; (11)
k7= par(gh"t — vt i€[0,n—1];
gf” =7, i€ [nn’),

PN PN
where yf , Zf

as follows:

and ﬁf’n can be calculated as (8) and (9). By Section 2.3, we computer E9! [yffl]

o 1
EY [yf-s-nl] (yl-‘rl‘e” =Lhl= 1+y1+1’e” 1=—Lhi= l)

An N ~pn
+ 7(%&1 n=Lh =0 =1 J/zp+1 ==L =0 )
Z(T - ti) i+l
4 Tt (gm g )
2(T —t;) \itt e?+1:1'hfl:0'h?+1_0 i+1lefy ==1hi=0h};,=0)"

By taking the conditional expectation of (11) in §/', we have the following explicit

penalization scheme:

_p, n n =pi Lpi P, Ztpn  7-p, ,
g =B [ | + e B AL G Al A R -, e [on—1);
=4, A" n - = - - - .
ki pi — 41£pA” (]Eg [yz-&-l} +fn(t1/Eg [yf-&-nl] yzpn’ fn’ pn)An - LG) ;o 1E [O,Vl o 1];
~_p, A" n =p, =P, ~P, + 7
kipn:1£pA" (Eg [yz+1}+f"(terg A A T n_Vz‘n> , 1€[0n—1]; 12)
_pn . 0o
yi - C?i 1€ [ ]
~pn .
2" = \ﬁ {%H%H} i€ [0n—1];
P _ [/Hl (h7+1 —hi—A"(1- hz+1)71+1)] ie [0, [in] _ 1}'
: B (0~ =" (1=, )7i30)?) .
- : (PPN SPN PN AP =P
For the continuous time version (Y, Z/'", U, K", R P o< 1t
v P =P Zpa __ ZPh TPt <P
Y, = Tt amy VAN =Zi /) u,” = Ll
+ t/An + [t/An]
, , - F—pn
pn, Z k pn Kt . _ Z ki pn

Remark 1. We give the following explanations of the derivation of IE;FP " and I};p’n:

o IfVI'>7 ~pn > LI, we can get Iﬂcfp’n = I~<._p’n =0;
~P, “+p, A" n n =P, P, 1, -
o I < LM wecanget k[P = 1+pN’ (Eg [%H} + f(t, B[P g Al A — LG) ,
k. "™ = 0. From (12), we know that p should be much larger than n to keep 71" above the lower obstacle L!';
> — n [ . n =P D, " -+
° f~?’r > Vin/ we can get ki pn 1+ w (EQ [szrl} —I—f”( Z/Eg [lerl} yfm pn P )An Vln) )
kjpn = 0. From (12), we know that p should be much larger than n to keep yi pt under the upper

obstacle V'
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4. Discrete Reflected Scheme

We can obtain the solution Y by reflecting between the two obstacles and get the increasing
processes K and K~ directly.

4.1. Implicit Discrete Reflected Scheme

We have the following implicit discrete reflected scheme,

y;‘ =yl + Myl g 2 A+ kT — kTt — 2P ABE — ul AME,, i€ [0,n—1];

i+1
Vi >yt > L1, iel0,n—1];
k+" >0, k" >0, k""" =0, ic[o,n—1]; (13)
(yl L")kj" =y’ - v,")k; =0, ie0o,n—1];
yr =2l i€ [n,n.

where 7, z!" and u!' can be calculated as (8) and (9). By taking conditional expectation of (13) in G',
it follows

vl =BGyl )+ Y T A K =k, e [0,n - 1;
vt >yl > LY, iel0,n—1];
k>0, k7" >0, kK"k; " =0, ie0,n—1];
(yl L”)k“‘ = (v — Vi”)l;i’" =0, icon—1]; ”
yi = i€ n,n;
i = \#E [y?+1€;z+1] i€[0,n—1]
]Eg [yi+1 (hszrl_hn A"(1- h,+1)7i+1)]
BT [(h —h A" (1=h2, ) 7i1)?]

n __
ull =

i€l0[f&] -1

If A" is small enough, similarly to Section 4.1 in Xu (2011), (14) is equivalent to

yr=a! (E‘J}’ [yl +k - k;") , iel0,n—1];

kit = (B9 [y ] + F (e, L LY 2 )N — 1), e [0,n— 1
+

k™ (Eg e o] + F(t, VI, 7, 2 u?)A”—V{’) ,iefo,n—1];

yi =2, i€ [nn’);

2l = \/%Egi [y?Helf’_H} , ie0,n—1j;

B9 [y (W —h0— A" (1— R
ut = = [;l'/iJrl( Foa—hf =" (1R ) 7i) ]
E BTy - (R )i

(15)

iel0[&]—1]

here ®(y) =y — f"(t;,y, 7}, 2!, u}l)A". For the continuous time version (Y}, Z, U{‘,K;F”, K ")o<t<T:

Y=Yy 2= Zﬁ/A"J' e 2

_ Z(;)k?n/ an
1=

4.2. Explicit Discrete Reflected Scheme

We introduce the following explicit discrete reflected scheme by replacing y!' in the generator f"
by E[y} 1G] in (13).
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T = T+ G B 52 A+ R =
—a'AM?,, i€ [0,n—1];

Vit >gr > LY, ie0,n—1];

k>0, k">0, kM"k;"=0, ielo,n—1];

7" - L")icj" = -Vk"=0, ielon-1]

gr=2cr, i€ [n,n].

— 2'ABY

11 0f 30

i+1

(16)

where 7, ZI' and 7} can be calculated as (8) and (9). By taking conditional expectation of (16) in G-

77 = B9[]+ (4 B9 g7 L 7 2 i) A+ kT =k

vt >gt > LY, iel0,n—1];

k>0, k7" >0, K"kt =0, efo,n—1];

(7 — L'.’)Tc;r” = -VhHk" =0, i€0,n—1];

gt =2, i€ nnl;

= 1E9F[y~n ely], ielon-1]

i VA" i+1%i+1 ’ ’
G n no_pn n n .

ﬁlf’/” — E™ g[lerl (hz+1 b A (1 hz+1)%+1)} i€ [0’ [ﬁ] _ 1]
E¥5 (R —hf = A" (1=h{, 1) Yie1)?]

Similarly to the implicit reflected case, we can obtain

For the continuous time version (Y}, ZI', U, K", K, ™) o<t<T:

V=Gl 2 =2y, U = 1l an,s
Ll /7]
n 7 T
Rim= Y k™, K= Y kT
i=0 i=0

5. Convergence Results

71 = B9[]+ £ (0 B9 (7] 91,20 WA R R,

B = (B9 0, ] + £ (6, B9 32, T2 - 1)

~ n n + .

K= (B9 [g) + £ (4, B9 704 ) 70 20, A = V)

??_zlf o Ze[/&]’ .

Z? = FE ' [??+1€;‘1+1] , ie0n—1j;

e S F gl a5
E“i [(hf+1 —hli— N’(l hf’ﬂ)%‘ﬂ)z}

€0,n—1];
(17)
€0,n—1];
e0,n—1];
€0,n—1];
(18)

We first state the convergence result from the Penalized ABSDE (19) to RABSDE (2) in Theorem 1,
which is the basis of the following convergence results of the discrete schemes we have studied

above. We prove the convergence (Theorem 2) from the implicit discrete penalization scheme (7) to
the penalized ABSDE (6) with the help of Lemma 1. Combining with Theorem A2, we can get the
convergence (Theorem 3) of the explicit discrete penalization scheme (11). By Theorem A3, Lemma 1 and

Theorem 1, we can prove the convergence of the implicit discrete reflected scheme (13). By Theorem A3,
Theorem A4 and Lemma A4, the convergence (Theorem 5) of the explicit penalization discrete
scheme (16) then follows. The proofs of Theorem 1, Lemma 1, Theorem 2 and Theorem 4 can be

seen in Appendix A.
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5.1. Convergence of the Penalized ABSDE to RABSDE (2)
Theorem 1. Suppose that the anticipated process ¢, the generator f satisfy Assumption 3 and Assumption 4,

f(t,y,§r, z,u) is increasing in i, the obstacles L and V satisfy Assumption 5. We can consider the following
special case of the penalized ABSDE for RABSDE (2):

—dyl = (6, Y EOYP ), ZF, ulYdt + dK P — dK; P — ZPdB, — ufdMy,  t e [0, T);

t+0
K = [ p(YE — Ls)~ds, teo,T]; 19)
K7 =[5 p(Y! — Vi) *ds, telo,T];
Y=g, te [T, T+

Then we have the limiting process (Y, Z, U, K+, K™ ) of (YP,ZP,UP,K*F,K™P),ie., asp — oo, Ytp —Y;
in S2(0, T+ &R), Z]' — Z; weakly in £%(0, T;R), U] — Uy weakly in LZ7(0, T;R), K7 (K, V) —
K" (K, ) weakly in Azg(O, T;R). Moreover, there exists a constant Cg r 1 v depending on ¢, f(t,0,0,0,0),
L and V, such that

T T
E| sup |Ytp*Yt‘2+/O |Zf*Zt|2dt+/0 |Uffut\21{T>t}'ytdt

0<t<T

+ —_ —
+ sup [(K; p_Kf)_(Kt p_Kt )‘2
0<t<T

1
< ﬁcg, fLV-

5.2. Convergence of the Implicit Discrete Penalization Scheme

We first introduce the following lemma to prove the convergence result of the penalized
ABSDE (19) to the implicit penalization scheme.

Lemma 1. Under Assumption 6 and Assumption 7, (Ytp’",Zf’",Uf’") converges to (Ytp, Zf, Utp) in the
following sense:

T T
lim B[ sup YP"=¥/[2+ [ (20" 20 Pat+ [ uP" — U PLegmat] =0, o)

n—o00 0<t<T
foranyt € [0,T],asn — oo, K, " — K, " — K7 — K,V in £L3(0, T;R).

Theorem 2. (Convergence of the implicit discrete penalization scheme) Under Assumption 3 and
Assumption 7, (Ytp’n, Zf’n, Uf’n) converges to (Yi, Zs, Uy) in the following sense:

lim lim E
p—00 n—oo

T T
sup |Y/" — Y2+ / |zl — Zt|2dt+/ UP" — W1 oy yedt | =0, (21)
0<t<T J0 0

foranyt € [0,T],as p — oo, n — o0, K" — K, " — K} — K; in £(0, T;R).

5.3. Convergence of the Explicit Discrete Penalization Scheme

By Theorem 2 and Theorem A2, we can obtain the following convergence result of the explicit
penalization discrete scheme.

Theorem 3. (Convergence of the explicit discrete penalization scheme) Under Assumption 3 and
Assumption 7, (Ytp ’n, Zf & l]f ") converges to (Yi, Zs, Uy) in the following sense:

Iim E

n—oo

~ T ~ T ~
sup |YP" — v ? +/ \ZP" — 7,2t +/ TP = U1y yedt | =0, (22)
0<t<T 0 0
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orany t € [0,T], asn — oo, KP" — K P" 5 K — K7 in £2(0, T; R).
Y t t ¢ t G

5.4. Convergence of the Implicit Discrete Reflected Scheme

Theorem 4. (Convergence of the implicit discrete reflected scheme) Under Assumption 7 and Assumption
3, (Y[', Z}', U}) converges to (Yt, Zy, Uy) in the following sense:

Iim E

n—oo

T T
sup |Y}' —Yi|? +/ |Z} — Z4|dt +/ Uf — Uil yedt | =0, (23)
0<t<T 0 0

and for any t € [0,T], as n — oo, K" — K;" — K" — K[ in LZ(0, T;R).

5.5. Convergence of the Explicit Discrete Reflected Scheme

By Theorem A3, Theorem A4 and Lemma A4, we can get the convergence result of the explicit
penalization discrete scheme.

Theorem 5. (Convergence of the explicit discrete reflected scheme) Under Assumption 3 and Assumption
7, (Yr, Zi, Q0 converges to (Yi, Zt, Uy) in the following sense:

n—00 0<t<T

~ T ~ T ~
lim E [ sup |Y' —Yi|? +/O |2 — Z4|2dt +/0 UF — U1y yedt | =0, (24)

forany t € [0, T], as n — oo, K" — K" — K — K in LF(0, T; R).

6. Numerical Calculations and Simulations

6.1. One Example of RABSDE with Two Obstacles and Default Risk

For the convenience of computation, we consider the case when the terminal time T = 1, the
calculation begins from y;; = ¢", and proceeds backward to solve (v7,z}, u?,ki*”,klf”) fori =n—
1,n—2,..,1,0. We use Matlab for the simulation. We consider a simple situation: the terminal value
¢t = ®(Br, M) and anticipated process §; = ®(B;) (t € (T, T + 6]); the obstacles Ly = Y1 (t, By, M)
and V; = ¥,(t, By, M¢), where @, ¥, and Y3 are real analytic functions defined on R, [0, T| x R and
[0, T] x R respectively. We take the following example (n = 200, anticipated time § = 0.3):

f(t,y,y,z,u):’]é—kg‘—i—z—i-u, te|0,T;

CD(B;}) = |Bt| + Mr, te [T,T+5];
Yi(t, By, M) = |Be| + My +T — ¢, te0,T;
‘Yz(t,Bt,Mt):|Bt‘+Mt+2(T—t), t e [O,T],

This example satisfies the Assumption 3, Assumption 4 and Assumption 5 in the theoretical Section
1.3. We choose the default time T as a uniformly distributed random variable.

As the inverse for both implicit schemes in (10) and (15) is not easy to get directly, we only use
explicit schemes below. We are going to illustrate the behaviors of the explicit reflected scheme by
looking at the pathwise behavior for n = 400. Further, we will compare the explicit reflected scheme
with the explicit penalization scheme for different values of the penalization parameter.

Figure 1 represents one path of the Brownian motion, Figures 2 and 3 represent one path of
the Brownian motion and one path of the default martingale when the default time 7 = 0.7 and 0.2
respectively.
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Figure 1. One path of the Brownian motion.
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Figure 2. One path of the default martingale (7 = 0.7).

Trajectories of the default martinagle
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Figure 3. One path of the default martingale (7 = 0.2).

Figures 4 and 5 represent the paths of the solution 7", increasing processes K" and K~ in the
explicit reflected scheme where the random default time 7 = 0.7. We can see that for all i, § stays
between the lower obstacle L and the upper obstacle V", the increasing process K" (resp. K. ")
pushes 7 upward (resp. downward), and they can not increase at the same time. In this example
for n = 400, default time T = 0.7, we can get the reflected solution 7; = 1.2563 from the explicit
reflected scheme.
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o5 Trajectories of the explicit reflected solution

Lower obstacle
Upper obstacle
Reflected solution| 4

L\ &
R
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Figure 4. One path of 7" in the explicit reflected scheme (7 = 0.7).

T}rgjectories of increasing processes of the explicit reflected scheme

k+ .
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reflected solution

251 .‘H 4

05 - / ]

Figure 5. The paths of the increasing processes in the explicit reflected scheme (7 = 0.7).

Figures 4 and 6 illustrate the influence of the jump on the solution " at the different random
default times, the reflected solution 7" moves downwards after the default time (which can not be
shown in Figure 7). From the approximation of the default martingale (5), M" is larger with a larger
default time.

3 Trajectories of the explicit reflected solution

Lower obstacle

— Upper obstacle

Reflected solution
A

25r

/
o

Figure 6. One path of 7" in the explicit reflected scheme (T = 0.2).
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o5 Trajectories of the explicit reflected solution (without default)

Lower obstacle
N | Upper obstacle
A ! \ Reflected solution

f (TR A
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[
\[

|
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i
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Figure 7. One path of 7" in the explicit reflected scheme without default risk.

Table 1 and contains the comparison between the explicit reflected scheme and the explicit
penalization scheme by the values of §; and gg'” with respect to the parameters n and p. As n
increases, the reflected solution 7 increases because of the choice of the coefficient. For fixed 7, as
the penalization parameter p increases, the penalization solution ]767’” converges increasingly to the
reflected solution §jjj, which is obvious from the comparison theorem of BSDE with default risk. If p
and 7 have a smaller difference (when n = 10, p = 10%), the penalization solution g(’j’” is far from
the reflected solution 7. Hence,the penalization parameter p should be chosen as large as possible.
Table 2 illustrates the comparison between the reflected solution 7 and §;*. Figure 7 represents the
situation without the default risk, the reflected solution 7;* has a larger value than in the situation
when the default case happens (Figure 4).

Table 1. The values of the penalization solution gg’” (t=0.7).

" p=10° p=10* p=10° p=10°
n=200 12369 12394 12428  1.2452
n=400 12458 12482 12496  1.2511
n=1000 12343 12497 12527  1.2630

Table 2. The values of the reflected solution 7 (T = 0.7) and 7§*.

) 9"
n=200 12469 1.5451
n =400 1.2563 1.5507
n=1000 12644 1.5614

6.2. Application in American Game Options in a Defaultable Setting

6.2.1. Model Description

Hamadene (2006) studied the relation between American game options and RBSDE with two
obstacles driven by Brownian motion. In our paper, we consider the case with default risk. An
American game option contract with maturity T involves a broker ¢; and a trader cs:

e  The broker c; has the right to cancel the contract at any time before the maturity T, while the
trader c; has the right to early exercise the option;

e the trader ¢, pays an initial amount (the price of this option) which ensures an income L, from
the broker c1, where 7y € [0, T] is an G-stopping time;

e the broker has the right to cancel the contract before T and needs to pay Vz, to c;. Here, the
payment amount of the broker ¢; should be greater than his payment to the trader ¢, (if trader
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decides for early exercise), i.e. Vi, > Ly, Vo, — L, is the premium that the broker ¢; pays for his
decision of early cancellation. 7, € [0, T] is an G-stopping time;

e if 1 and cp both decide to stop the contract at the same time 7, then the trader ¢, gets an income
equal to Q-1 o1y + 11y

6.2.2. The Hedge for the Broker

Consider a financial market M, we have a riskless asset C; € R with risk-free rate :

dCy = rCudt, t e (O, T], (25)
Co =co, t=0;
one risky asset S; € R:
dS; =S; (ydt—i—(det—i—)(th), t e (O,T], 26)
SO = 50, t=0,

where B; is a 1-dimensional Brownian Motion, y is the expected return, ¢ is the volatility, x is the
parameter related to the default risk.

Consider a self-financing portfolio 77 € R with strategy 7w = ( ,Bgl), ,Bgz)) trading on C and S

se[t,T)
respectively on the time interval [t, T]. A™* is the wealth process with the value a? at time ¢, here is a
non-negative F;-measurable random variable.

A =pes + s, seltT);
S S
AT — Ay /t sac, + /t B2 dS,, se Tl 2
T
| 801+ (B0 du < o
Let L™ be a positive local martingale with the following form:

{ AL = L0 Y(u—r)dB;, te (0,T),
70,0 _ _
L =1,  t=0,

By Girsanov’s theorem, let P"“* be the equivalent measure of P:

P
P

1 2
Gr =L7" =exp {—U‘l(y —7)Br — 5 (—(7_1(;4 — r)) T} ,

here let E™* be the expectation, B™** and M™* be the Brownian motion and the default martingale

under the measure P™"*:
B =By + o Yu—r)t;

Mtn,a =M;.

Hence, the risky asset S; defined in (26) can be converted into the following form under measure P7*:

{ dSy =Sy (rdt +cdB[" + xdM["™), t€(0,T], (28)

So  =sp, t=0.

Denote by (7, 0) a hedge for the broker against the American game option after ¢, where 77 is defined
in (27), 6 € [t, T] is a stopping time, satisfying

AT = R(s,0) := Voligesy + Lsl(scpy + Qslip=s<1) + Cl{p=s=1}, SE [, T], P—as.  (29)
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here R(s, ) is the amount that the broker c; has to pay if the option is exercised by ¢; at s or canceled
at time 6. Similarly to El Karoui et al. (1997b) and Karatzas and Shreve (1998), we define the value of
the option at time ¢ by J;, where (J;)o<t<r is an rcll (right continuous with left limits) process, for any
te0,T],

Ji := essinf {ocA > 0; Gi-measurable such that there exists a hedge (7t,0) after t, (30)
where 7 is a self-financing portfolio after t whose value at ¢ is zxA.}

Consider the following RBSDE with two obstacles and default risk, for any ¢ € [0, T], there exist
a stopping time 6;, a process (Z{"") and (K{"*7)
such that

and increasing processes (K["*")

t<s<T t<s<T t<s<T’

Ytﬂ,a _ Yéf"" + (K;rt,acﬁ . Ks7r,ac,+> . (K{Z,zxf . K;T,le) . fSGt Z;r,tde;T,zx

— [rruidmie, s € [104];
Y%I,Dl — e—rTg[. (31)
e Ly <YM < eV, seltT];

SO — e ML) AR = [ eV = YK = 0;

For any s € [t, T], e''Y/"" is a hedge for the broker ¢y against the game option, i.e. J; = e"'Y/"* (see
Theorem A5 in the Appendix). Similarly to Proposition 4.3 in Hamadene (2006), we set

0f :=inf{s > t; Y/ =e V,} AT =inf {s > t; K"*~ > 0};

32
vf ==inf{s > ; Y["" = e "L} AT =inf {s > t; K['*" >0}, (32)

therefore, we can get
R(o,07) < Y["* = Ri(0],07) < Ri(0}, 0),

where
Rt(v, 9) .— T |:671‘9Ve1{9<v} + efrULvl{U<9} + 6779Q91{6:U<T} + €7rT§1{9=v=T} |gt:| , P—a.s.

6.2.3. Numerical Simulation

We use the same calculation method as in Section 6.1, starting from Y;"* = ¢, and proceeding
backward to solve (Y/**, Z™*, U™, Ki”’”, K7 fori =n—1,..,1,0 with step size A". The forward
SDEs (25) and (26) can be numerically approximated by the Euler scheme on the time grid (;)i—01,.x:

Ciy1 =C; + rC;A";
Sit1 =Si+S; (uA" + cAB}! + xAM}') .

In this case, we consider parameters as below:

so=15, T=1, r=11, u=15 0=05 x =02,
Li=(Si—1)", vi=2(8-1", ¢=12(5r-1)",

In the case n = 400, Figure 8 represents one path of the Brownian motion, Figures 9 and 10
represent the paths of the solution Y”*, increasing processes K™*~ and K™*~ in the explicit reflected
scheme where the random default time T = 0.2. We can see that ;" stays between the lower obstacle
e~ "L and the upper obstacle e "*V;. In this example for n = 400, default time T = 0.2, we can get
the solution Y = 0.6857 from the explicit reflected scheme, i.e. the hedge for the broker c; against
the game option at t = 0 in the defaultable model. In the case without the default risk, Y;"* = 0.7704,
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which means the occurrence of the default event could reduce the value of Y™*. Figure 11 represents
the situation without the default risk, the solution Y”* has a larger value than in the situation when
the default case happens (Figure 9)
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Figure 8. One path of the Brownian motion
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Figure 9. One path of Y™* in the explicit reflected scheme (7 = 0.2)
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Figure 10. One path of the increasing processes in the explicit reflected scheme (T = 0.2)
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. Trajectories of the explicit reflected solution (without default)

Lower obstacle
Upper obstacle

1 Reflected solution

Figure 11. The paths of Y”"* in the explicit reflected scheme without default risk.
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Appendix A

Lemma Al. (Discrete Gronwall’s Inequality) (Lemma 2.2 in Mémin et al. 2008)
Suppose that a, b and c are positive constants, bA < 1, (:Bi)ieN is a sequence with positive values, such that

i
ﬁl+c§a+bA21ﬁ]’ ieN,
]:

then it follows
sup B; + ¢ < aFa(b),

i<n

where Fp(b) is a convergent series with the following form:
0 bn
FA(b) =1+ ) —(142). (14 (n=1)A).
n=1

Theorem Al. (It6’s formula for rcll semi-martingale) (Protter 2005)
Let X := (X¢)o<i<T be a rcll semi-martingale, g is a real value function in C?, therefore, g(X) is also
a semi-martingale, such that

806) =g(X0) + [ ¢ (X)X 3 [N+ T [506) - g(X-) — g (X )AX,].

0<s<t

where [X] is the second variation of X, [X]¢ is the continuous part of [X], AXs = AXs — AXs—.

We give the proofs of Theorem 1, Lemma 1, Theorem 2 and Theorem 4 can be seen in Section 5.
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Proof of Theorem 1. Firstly, we introduce the following ABSDE:
=Yt =f (¢, Y BO YA 200, ul M de + g (Y] — L)~ dt

(A1)
—p(YP" =) Tdt — z/dB; — Ul 1dMy, t e [0, T].

By the existence and uniqueness theorem for ABSDEs with default risk (Theorem 4.3.3 in
Wang 2020), there exists the unique solution for ABSDE (A1). It follows that as g — oo, Ytp A4 Xf
in S3(0, T+ 6;R), Z[" — Z! in £2(0, T;R), U/ — U} in LZT(0, T;R), [y (Y — Ly)~ds — K} in
Azg (0, T;R). (YP,ZP,UP,KP) is a solution of the following RABSDE with one obstacle L:

—dY} =f(t, Y}, BN} ], 2}, U})dt + dK]

Livs (A2)

— p(YV — V) Tdt — zPdB, — Ul dM;, te[o,T).

Let p — oo, it follows that Y} | Y; in 83(0,T + &;R), Z] — Z; in L(0,T;R), U} — U; in
Ezg’T(O, T;R). By the comparison theorem for ABSDEs with default risk (Theorem 2.3.1 in Wang 2020),
we know that Kf is increasing, then K’% T K;fp and K?l — K? > supOStST[KfJrl — Kf} > 0, therefore,
Kf — K:rp in Azg (0, T; R). Hence, there exists a constant C; depending on ¢, f(£,0,0,0,0), 4, Land V,
such that

<G
VP

Similarly, let p — oo in (A1), it follows that Y/ | Y! in Sé(O, T+6;R), ZzP7 — 7! in Ezg(O, T;R),
uf? - Ul in ﬁzg’T(O, T;R), fot p(YP — Vo)tds — K] in AZ(0, T;R). (Y?,Z7, ", K") is a solution of the
following RABSDE with one obstacle V:

E | sup ‘xf—yt(er/OT ’Zf—Zt‘Zdt+/OT ‘gf—ut‘21{r>t}%dt

0<t<T

—dY] = f(t, Y], E9[Y], ), Z], Ul)dt + q(Y] — Ly)~dt — dK| — Z]dB, — UjdM;, t€[0,T]. (A3)
Letting g — oo, it follows that 7? I Yiin Sé(O, T+ 6;R), 7? — Zin Eé(O, T;R), U? — U

in EZQ’T(O, T;R), Kf — K, Pin Azg(O, T;R). Moreover, there exists a constant C, depending on ¢,
£(£,0,0,0,0), 6, L and V, such that

E

Vi vile [Z—zla+ [ [0 -ula at| < &
o 110+ -2 [t uf ] < S
ogth t 0 t Jo t {T>t} NG
By the comparison theorem for ABSDEs with default risk, it follows that Xf < Ytp < Y? , for any
t € [0, T]. Therefore,
<&
VP

where C3 > 0is a constant. Applying It6 formula for rcll semi-martingale (Theorem A1), we can obtain

E | sup ‘Ytp—Yt

’2
0<t<T

Top 2 T 2 Cy
E ‘/0 ‘Zt *Zt| dt+./0 |Ut *U,}| 1{T>t}')’tdt < ﬁ’

where C4 > 0 is a constant. Since
ot ot ot
+ - .
K K7 =yl - ! —/O (s, Y2, ES[Y?, ], 2F, uf)ds — /O 7P dB, — /0 uldMs;

t t t
KK =Yo— Y — /O F(5, Yo B Y], Ze, Us)ds — /0 Z7,dB; — /0 Uyd M.
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By the convergence of Y7, Z?, U” and the Lipschitz condition of f, it follows

+ —_ —
E | sup |(Ktp_Kt+)_(Ktp_Kt)|2
0<t<T
2 T T C
<AE | sup |YP — ¥, +/ z’”—ztzdt+/ UP — U1 e oyt | < 55,
e [ 012 -z [ - ULy =

where A, Cs > 0 are constants. Since E[|K;fp|2 + |K;"|?] < oo, there exist processes K* and K~ in
AZ (0, T; R) are the weak limits of K7 and K7 respectively. Since for any ¢ € [0, T}, Y <yl <Yy,
we can get

dK; P =p(Y! — Le)~dt < p(Y] — L)~ dt = dK, ";

dK, " =p(Y] = V)tdt > p(Y] — Vi) Tdt = dK, "
Therefore, dK;” < dK;', dK; > dK;, it follows that dK;" — dK; < dK;" — dK; . On the other

hand, the limit of Y7 is Y, so dK;” — dR; = dK;" — dK; , it follows that dK;" = dK;", dK; = dK; , then
K=K/, K =K . O

Proof of Lemma 1. Step 1. Firstly, we consider the continuous and discrete time equations by
Picard’s method.

In the continuous case, we set Y0 = zP>0 = (yr=0 = q, (Ytp’oo’erl,Zf7 comtl u’ ’oo’m+1) is the
solution of the following BSDE:

YV = g [T (s, YOS B YD, 2P ul ™ ds
+ fth(Yf’oo’m — Ls) " ds — ftT p(YE=™ — V) *tds
— [l zbem g — [Tube" am,,  te o, T);
Yot — g, te (T, T+,

(A4)

where (Y}, zP%™ UP*™) is the Picard approximation of (Y/, Z}, Ul).

In the discrete case, we set yf’"’o =z! o _ ul 0 — 0 (for anyi=0,2,..n), (y/ mmtl z! ’”’mﬂ,uf ’"’mH)
is the solution of the following BSDE:
pnm+1l _  pnm+l pnm _pnm _pnm  pn,m
i =Yg Uy g AT
pn,m+1 pn,m+1 pn _
—Z ABf ) —u; AM oy + pA'(y;" — L)
—pA”(yf’n—‘/i")+, ie0,n—1];

ylp,n,m-i-l _ g?, ie [1’1, 1’15}.

(A5)

here (Y™, zP™™, ul"™™) is the continuous time version of the discrete Picard approximation of
pnm _pnm _ pnm
;™ zu ).

Step 2. Then, we consider the following decomposition:
YPH P — (Yp,n . Yp,n,m) + (Yp,n,m . Yp,oo,m) + (Yp,oo,m . Yp) )

From Proposition 1 and Proposition 3 in Lejay et al. (2014) and the definition of L} and V7", it
follows (20). O
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Proof of Theorem 2. By Lemma 1 and Theorem 1, as p — o0, n — oo, it follows

T T
E | sup |Yf’”—¥t|2+/ |Zf’”—Zt\2dt+/ UP" = U P oy et
0<t<T 0 0
pn e [T e opp Topm
<2E | sup Y[ =Y P+ | |Zy7 — ZpPdt 4 | U — Uy [PLps gy redt
0<t<T 0 0
2 T 2 T 2
42E | sup [Y Vi +/ 2" — 74| dt+/ UL = Us 21 oy yedt| — 0,
0<t<T 0 0

For the increasing processes K7 and K~ 7, by Theorem 1, we can obtain
B[(k™ - k) - (k5 — k)]
2B (K" K P) - (K[ - K;’”)r + 5?,
where C > 0 is a constant depending on ¢, f(¢,0,0,0,0), §, L and V. For each fixed p,
K- = - | (s, Y EO [P 207, Ul ds - I 20" aBy - | upam;

_ t t t
KK P =Y Y - /0 f(s, Y, ES Y2 1, ZE, ul)ds —/0 zPdB, — /0 ufdmMs.

From Corollary 14 in Briand et al. (2002), we know that as n — oo, [, Z!"'dB! — [, ZFdB,
in S3(0,T;R), [oUl"dM! — [;UFdM; in S3(0,T;R). By the Lipschitz condition of f and the
convergence of Y7, it follows that K, " — K, """ — K — K in £3(0, T;R). O

Proof of Theorem 4. Firstly, we prove (23).

From Theorem A3, Lemma 1 and Theorem 1. For fixed p € N, as n — oo, it follows

T T
E | sup Y/ — Y +/ |Z! — Z|*dt +/ [Uf — U1 oy vt
0<t<T 0 0
T T
<BE | sup Y/ — Y2+ / |z — ZP" 2dt + / UF = U™ PLgps gy yedt
0<t<T 0 0
T T
+3E | sup |Y/" —YP? +/ |ZP" — 7P |2dt +/ [UP" — U PLgps gy yedt
0<t<T 0 0
T T
+3E | sup |Ytp — Yt|2 + / |ZlfJ — Zt|2dt +/ |Uf — Ut|21{T>t}'ytdt
0<t<T 0 0
T T
<3E | sup YV — Y2 +/ |z Zf\zdt+/ UP" = UL oy et
0<t<T 0 0

3 3
+ —C FLV + 7AL,T,(5C ngn [n yn — 0.
NV At
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For increasing processes, for fixed p € N, as n — oo,

E (K"~ k™) = (Kf = K7) ]

<3E U (K™ =K = (K= k) 2] +3E U (K" =k = (K7 =K, ﬂ

+3E “(Ki”—K;”) — (K} —Kt)ﬂ

+p, -7, + -p\ |2 3 3
<3E l:‘ (Kt pn Kt pn) o (Kt p_ Kt P) ’ + ﬁcélf/bv + ﬁ/\L,T,JCf",Q’”,L”,V” — 0.

O

We give the proof of the following Lemma A2. Lemma A3 and Lemma A4 below have the similar
proof method.

Lemma A2. (Estimation result of implicit discrete penalization scheme) Under Assumption 6 and

Assumption 7, for each p € N and A", when (A" + 3A"L + 4A"L? + (A"L)?) < 1, there exists a constant
AL,1,s depending on the Lipschitz coefficient L, T and 6, such that

E

2(1- hi 1) i+

n—1 n—1
sup |y$7,n 2 _|_An 2 |Z;J,n 2 +An Z ‘u];?,n
i j=0 j=0

(A6)

+ 1 nil (|k+Pr” 2 + |k—Pr” 2)
pAT = i j

< ALt,sCen pr, iy,

where Cgn gn 1nyn > 0 is a constant depending on ¢", f"(t;,0,0,0,0), (L")* and (V")~.

Proof of Lemma A2. By the definition of implicit penalization discrete scheme (7), applying It6

formula for rcll semi-martingale (Theorem A1) to | y]?’n |>onj € [i,n — 1], it follows

n—1 n—1
E[[yl" 2+ A" Y 2"+ A" Y [l (1= )5
j=i j=i

O A

n—1
2 ,
=E|Zi*+20"E Y [y;’“ ]

j=i

n—1
[ +2B X [ =y @)
j=i

since

pnptpn 1 ( +p,n)2 nptpn,
Y kj = g k]- —l—L]k]. ;

_ 1 _ 2 _
png —pn _ L p np—pn
Y kj _pA” (kj ) + V] k] .
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Moreover, by the Lipschitz condition of f”, we can obtain

o A =l 2 AR n=l1 2 2 ol +pn 2 pim 2
4 4 ! n ’ i
=1 ]=t =

5

n—1
<E[|giP+a"L ¥
j

2] +AnE[E|f"(tj,o,o,0,0)|2]
=n+1 j=i

n—1 1 n—1 2
+ (A" +3A"L + 40"+ (A"L)?) E| ]21 [y ] + LE (}ZI kj’”'”)
1 n—1 2
+ME sup ((L;?)*)2 + /\—E (Z k].p’n> +ME sup ((Vj”)*)Z.
i<j<n—1 1 —i i<j<n—1

By Assumption 8, applying techniques of stopping times for the discrete case, it follows

n—1 2 n—1 2
+pn —pn
E < E k] ) +]E < E kj ) S Cén,fn,xn
j=i

j=i

n—1
1+ A”]E Z (‘Z;’/”‘Z + |1/[]P'”|2(1 _ h?+1)7j+1)] .
j=i

where Cen, fn,xn > 01is a constant depending on ¢", f ”(tj, 0,0,0,0), X". Since X" can be dominated by
L" and V", we can replace it by L"” and V". By the discrete Gronwall’s inequality (Lemma A1), when
(A" 4+ 3A"L +4A"L2 + (A"L)?) < 1, we can obtain

n n
sup E [|yi " 2} +E|A" Z(;) ]zf’n|2 + A" Z(;) \u]’.”” 211 =)
1 = =
- Z (|k.“"”|2+|kf”'”|2) < ALr,sCon pn iy
par 2\ j < ALreCenprin v

where Cgn puynyn > 0 is a constant depending on ¢”, f”(tj,0,0,0,0), (LMt and (V")~.
Reconsidering (A7), we take square, sup and sum over j, then take expectation,
by Burkholder-Davis-Gundy inequality for the martingale parts, it follows

2
E sup [

2
pn
Y; ’ .

< Cen pn pnyn + CA"

n—1
Y E
i=0

pn|?
yi, ‘ S CC”,f”,L”,V” + CT supE
i

pn
sup \yi
1

It follows (A6). O

We present the proof of the following Theorem A2. Theorem A3 and Theorem A4 below have the
similar proof method.

Theorem A2. (Distance between implicit discrete penalization and explicit discrete penalization
schemes) Under Assumption 6 and Assumption 7, for any p € N:

E| sup Y/ —Y/"

0<t<T

_ o _ 2
() - ()

T _ T _
2+/0 Zp" -z 2dt+/0 TP = UP" P s gy yedt

(A8)

S )\L,T,é Cf”,i;'”,L",V",p (An )2.

where A, 1,5 > 0is a constant depending on the Lipschitz coefficient L, the terminal T and 6, Cn gn an pn ym , >
0 is a constant depending on f"(t;,0,0,0,0), &", (L")*, (V")~ and p.
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Proof of Theorem A2. From the definitions of implicit discrete penalization scheme (7) and explicit
discrete penalization scheme (11), and the Lipschitz condition of f", it follows

e [l v+

<2A”L]E[(|Eg ) -y

2 2
A" Z;’;n _ Z;J/” + A" a]}?r" o u]l?z”

(1- h?+1)’¥j+1}

I - g I

| —u;"”ru—h;ul)m) (7" =) ],

Summing from j =i, ...,n — 1, it follows

(A9)

_pn pn

A" n—1 i pn 2 AP n—1 o
Vi — ¥ —z

. up'n 2
i j

(1- h7+1)'7j+1]

<2A"LE 2 H]Eg )=y g

] i

}+A" (2L + 4L2)E

2 ‘47/

By (17), (11) and the Lipschitz condition of f”, we can obtain

Al

n—1
<EY, 210" 2 4 |27 2 4 (8" P (L= W) i | + (A2E Y [1£(4,0,0,0,0)[ ]
j=i =i

~p,

; n—1 gr e _pn
2A"LE Y HE ] -y
]:

(pAn Z]E Z |:( . Ln) )2+ ((yf,n . ‘/in)+>2:|
j=i

+ (8(A”L)2 +2A"L ) + (A"L)’E

-

n’—1 )
Y. &
i=n

hence, there exists a constant Cyu gn 1ny» > 0 depending on f”(tj, 0,0,0,0), &", (L")* and (V")~,
such that

_p.n

pn
Yi

—z

]

An n
pm s
—Y; ‘

2 A" n—1 2
o ~p,n _ y,n
+ 5 Z ’u] Uj

(1- h?—‘,—l)'Yj-&-l]

<Cpugn o yn (A" + (8(A”L)2 +AA"L + 4A"L2>

£l

By the discrete Gronwall’s inequality (Lemma A1), when (8(A"L)? 4+ 4A"L + 4A"L?) < 1, we can
get

7

2
S Cfnxén,Ln,V" (An)ze(sA” L2 +4L+4L2)T

supE (7" —y}"
1

therefore, it follows

n—1 P pi’lz
E ‘~.’ P

n—1 P P 2
@ -
j=i

1-— h?+1)7j+1] S Cf”,(f”,L",V" (An)Z.
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Reconsidering (A9), we take square, sup and sum over j, then take expectation,
by Burkholder-Davis-Gundy inequality for the martingale parts, we can get

2 n-1 2 2
E |sup ]]f’n—yf’n ] < CcA" ZE’gf"“—yf’” < CTsupE gf””—yf’” ,
1 i=0 l
hence,
~pn pn 2 n nl ~pn pn 2 n n-l ~pn pn 2 n
E [sup [0/ —y?"| + A" )] ‘z]. -z +A ) ‘uj —u | (L= h)7in
: = =0 (A10)

<SALTsCpngn 1nyn p(A")2

For the increasing processes, by the Lipschitz condition of " and (A10), it follows, for each fixed p,

s+pn p—pn +pn —pn\|? 2
]EU(K[” — R = (K = KPS A sCrngn v p (A7)

It follows (A8). O

Similarly to the proof method of Lemma A2, we can get the following Lemma A3.

Lemma A3. (Estimation result of implicit discrete reflected scheme) Under Assumption 6 and
Assumption 7, for each p € N and A", when A" + 3A"L + 4A"L2 + (A")?L? < 1, there exists a constant
Ar,T,s depending on the Lipschitz coefficient L and the terminal time T, such that

n—1 2
Y k].*” +

2
:| S AL,T,5CC”,f",L”,V”/ (All)
j=0

n—1 n—1
E|sup [y}[>+4" ) 2+ A" Y |uf[P(1 = k) vje +
i j=0 j=0

n—1

—n
LK
j=0

where Cgn gn n yn > 0 is a constant depending on ¢", f*(t,0,0,0,0), (L") and (V")~.
Similarly to the proof method of Theorem A2, we can obtain the Theorem A3 below.

Theorem A3. (Distance between implicit discrete penalization and implicit discrete reflected
schemes) Under Assumption 6 and Assumption 7, for any p € N:

T T
E| sup [¥p = ¥/"P+ [|Z0 2" Pat+ [ 1= UP" Py et
0<t<T JO JO
(A12)
_ ) o |2 1
+ ’(K;r” _ Kt ”) _ (K:rp” o Kt P”)’ < /\L,T,5Cf”,§”,L”,V” \/?,

where Ay, 15 > 0is a constant depending on the Lipschitz coefficient L, the terminal time T and 5, Cyn gn pn yn >
0 is a constant depending on f"(t]-, 0,0,0,0), &", L" and V™.

Similarly to the proof of Lemma A2, we can get the following Lemma A4.
Lemma A4. (Estimation result of explicit discrete reflected scheme) Under Assumption 6 and

Assumption 7, for each p € N and A", when % +2A"L 4+ 12A"2 + 10(A”L)2 < 1, there exists a constant
Ar,T,s depending on the Lipschitz coefficient L, T and 6, such that

2
n—1 n—1 n—1 n—1
E sup |gln‘2 + An Z ‘Z]n|2 + An Z |ﬁ7|2(1 — h]r‘l+1)’)’j+1 + Z k]+n + Z k;n :| S AL,T,5C§”,f",L”,V”/ (A13)
i j=0 j=0 j=0 j=0
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where Cgn gn pnyn > 0 is a constant depending on ", f”(tj, 0,0,0,0), (L™)* and (V")~.
Similarly to the proof method of Theorem A2, we can obtain the Theorem A4 below.

Theorem A4. (Distance between implicit discrete reflected and explicit discrete reflected schemes)
Under Assumption 3 and Assumption 7, for any p € N:

\/11 n(2 T val n|2 T N n|2
E|: Sup |Yt — Yt ‘ + / ‘Zt — Zt ‘ dt + / ‘Ut - Ut | 1{T>t}lytdt
0<t<T 0 0

IR = Re®) — (K~ K )] < ALzaCpngnnnp (A7)

(A14)

where A 15 > 0is a constant depending on Lipschitz coefficient L, T and 6, Cgu gn n pnyn ,, > 0 is a constant
depending on f”(t]-, 0,0,0,0), ", L™, V" and p.

Theorem A5. Forany s € [t,T|, " Y["" is a hedge for the broker c1 against the game option, i.e., J; = e Y],

Proof of Theorem A5. Step 1. We first prove J; > e''Y/"".

Similarly to the proof method of Theorem 5.1 in Hamadeéne (2006), for any fixed time t € [0, T],
(7,0) is a hedge after t for the broker against the American game option. By (29) and (30), it follows
that > t, m = (/3g1)/ ﬁgZ))se[t T
AT" > R(s,0), heres € [t,T). ]éy (27) and It6 formula for rcll semi-martingale (Theorem A1), we can
obtain

is a self-financing portfolio whose value at time ¢ is A, satisfying

sA8 sA8
eTNIATE = oA g [T e TS g dBT + / B xS M > e TNIR(s,0)  (A15)
t t

Let v € [t, T| be a G-stopping time, setting s = v and taking the conditional expectation in (A15),

it follows
efrtle > Foa [efr(v/\G)R(vle)‘gt} )

Hence, similarly to the result of Proposition 4.3 in Hamadene (2006),

e ot >ess sup E™* {e*r(”/\e)R(v, 0) ’gt}

o>t

>ess inf ess sup E™* {e*r(z’/\e)R(U, 0) )gt} =Y/

0>t o>t

It follows J; > e"tY;"".

Step 2. Then prove J; < e'Y]"".
By the definition of 6; in (32), it follows

T,0 T, T,0,+ sNO; 0,0 J R 7T,0 sNO; 7T, T,
YR =Y K+ [ ZEBE [ UM, (A16)

Since
TT,K __—1bF —r0f
Yo Loy <y = € 7 Uor Lig; <1y 2 € Qoy Loy <1

therefore, by (A16), we can obtain
Yorge =Y Yscopy + Yo Loy <sy + Yo " Vsmop <1y + Sl {s=gy <1}

>e " Lelgsagry + e Ug 1ygrry + €% Qo 1oty + Elismgr oty
:efr(s/\ef)R(s, 6;).
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It follows
EACH SAOF o
Y / ZTAGBIA / UM > "6 R(s,07), s € [t T.
t t

t
Se N EACH SAOf
AS :ers (Ytﬂ,a +/t Zg,tdeZ[,zx +/t u;r,pchZ(,a> ;
:Bg =" (Zsma(ass)il + usn'lx(xss)il) 1{s§9f}}
Bl = (As—p¥s:) e,

Obviously, As = ﬁgl)Cs + ﬁgz) Ss. Applying It6 formula for rcll semi-martingale (Theorem A1),
we can obtain

S S S
As =Y 4 /t rAudu + /t e LT gy dBE + /t UM gy AME®

S S
=Y + / Bl dc, + / B,
t t

1) L2
S0 = (B, 5%) .y
s € [t,T], Asng: > R(s,6f), then (77,6/) is a hedge strategy against this American game option,

it follows that J; < ¢"'Y]™*. O

| is a self-financing portfolio with value ¢’*Y;"* at time t. Since for any
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