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Abstract: New biofuels are in demand and necessary to address the climate problems caused by
the gases generated by fossil fuels. Biohydrogen, which is a clean biofuel with great potential in
terms of energy capacity, is currently impacting our world. However, to produce biohydrogen, it
is necessary to implement novel processes, such as Pressure Swing Adsorption (PSA), which raise
the purity of biohydrogen to 99.99% and obtain a recovery above 50% using lower energy efficiency.
This paper presents a PSA plant to produce biohydrogen and obtain a biofuel meeting international
criteria. It focuses on implementing controllers on the PSA plant to maintain the desired purity stable
and attenuate disturbances that affect the productivity, recovery, and energy efficiency generated by
the biohydrogen-producing PSA plant. Several rigorous tests were carried out to observe the purity
behavior in the face of changes in trajectories and combined perturbations by considering a discrete
observer-based LQR controller compared with a discrete PID control system. The PSA process
controller is designed from a simplified model, evaluating its performance on the real nonlinear plant
considering perturbations using specialized software. The results are compared with a conventional
PID controller, giving rise to a significant contribution related to a biohydrogen purity stable (above
0.99 in molar fraction) in the presence of disturbances and achieving a recovery of 55% to 60% using
an energy efficiency of 0.99% to 7.25%.

Keywords: biohydrogen; pressure swing adsorption; discrete LQR controller; optimal control; process
control

1. Introduction

Currently, oil sources, which are the largest energy generators, are running out; their
excessive misuse has created an environmental impact on our ecosystem. Consequently,
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there is global warming due to the increase in polluting gases from using these fossil
fuels. As a result, to reduce this impact, some biofuels can be utilized that do not have
a more significant effect on the environment than fossil fuels, such as biohydrogen. Various
companies are investing in obtaining these biofuels or managing to produce energy by
accelerating energy transition. However, to achieve 99% purity, various technological pro-
cesses must be implemented to separate this compound from others. One of these processes
to obtain a high degree of purity is the Pressure Swing Adsorption (PSA) process [1–7].
This PSA process is a method of separating gas mixtures using adsorbents (natural or syn-
thetic zeolites). Different types of research related to the PSA process has been conducted,
and some developments have adapted different start-up conditions with multiple operating
conditions. Some of these conditions are to have higher recovery with a high degree of
purity [8–13]. However, these processes operate in cyclical conditions to produce a constant
product (purity) that generates complexity in the PSA process, since various variables such
as pressure, temperature, flow, flow rate, and composition are involved, as well as the
characterization of the value proportional valves for opening and closing at each stage of
the process. The highly nonlinear model of this process is represented by Partial Differential
Equations (PDEs) [14–16]. Contemplating the aforementioned, it is very likely that the
purity will decline and 99% of the biohydrogen obtained will be lost, since there may be
disturbances (unwanted inputs) that can have an effect on the product obtained. Therefore,
it is necessary to implement controllers in this type of complex process that can benefit and
keep the purity of biohydrogen stable at 99%, managing to attenuate these disturbances.
In this work, the purities of H2 obtained were 99.995%, 99.9141%, and 99.998%, using
an energy efficiency of 1.9%, 1.5%, and 2.4%. The recoveries achieved were 73%, 79%,
and 70%; however, these data may decline because they are uncontrolled processes.

Little research and development has impacted the control of the PSA process for the
production of biohydrogen; however, the extant work is of great importance to justify
and present the innovation of this scientific work with a significant contribution. One
of these works is the one presented by [17], in which they design a Robust stabilizing
Infinite-Horizon Model Predictive Controller (RIHMPC) applied to the PSA process to
separate the H2/CO2 mixture. To achieve the design of this controller, they chose to identify
various linear models at each point of operation of the PSA process; as a result, they were
able to keep a PSA plant stable at different points of operation. With this controller, a CO2
recovery of 97% was obtained with a purity of 0.87% during 200 operating cycles.

In [18], a Deep-Learning-oriented Economic Model Predictive Control (EMPC) strategy
was used to separate and test the H2/CO2 mixture. For the controller design, reduced
models based on a structure based on a Deep Learning Neural Network (DNN) were
used. The EMPC achieved a reduction in computational expense for its hydrogen purity
predictions and also generated a high CO2 recovery and productivity under scenarios with
the presence of disturbances. The CO2 recovery achieved has a variation generated by the
disturbance between values from 99% to 85% to be obtained with a CO2 purity of 86.5 to
84 in molar fraction. Based on these unwanted inputs, the hydrogen productivity obtained
ranged between 3.3 and 3.2 in molar fraction with no validation with a rigorous PSA model,
despite the promising results. Subsequently, different works were developed that use
controllers applied to the same PSA process to purify and separate different mixtures:
medical-grade oxygen, bioethanol, and biomethane. These works consider controllers such
as Active Fault-Tolerant Control, State Feedback Control, and Model Predictive Control.
The design procedure of these controllers uses reduced models from the input and output
data of the PSA process. The results are outstanding since they keep the process stable
and attenuate disturbances at the process’s input, reducing the effect of faults in the feed
valve [19–22].

We have found different works in the literature related to PSA control, in particular,
we have observed that most of the designed controllers are compared with PID, and
this is because PID control is widely used in industry (experimental processes) [23–29].
Let us point out that, due to the complexity of this PSA process, it is necessary to make
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comparisons with different control strategies aiming at observing how robust they can be
in different scenarios. With this in mind, based on the fact that LQR controllers (within the
optimal control theory) can find an optimal control gain such that the control objectives
are accomplished, it is worth exploring them for the PSA process addressed in this paper.
Notice that, finally, the importance of LQR controllers in the experimental context refers
to the fact that the closed-loop system behavior will be optimal due to a cost function
minimizing procedure regarding optimal control theory.

The contribution of this work is focused on producing biohydrogen at 99.99% for use
as biofuel by applying optimal control theory, aiming at performing a comparison with the
control strategies previously considered. Implementing these controllers will allow attenu-
ating disturbances at the input of the PSA process and keep the biohydrogen feat stable.
The PSA plant has a highly nonlinear process behavior that involves several variables with
a pseudosteady state, which is a complicated challenge. However, the development of the
stages of this work gives a pertinent solution of how it is possible to approach the subject.
It generates a unique biohydrogen production solution and achieves a robust PSA plant
against unwanted inputs.

This article is sectioned as follows: Section 2 shows the rigorous PSA model and the
appropriate characteristics with nominal values to produce 95% biohydrogen. Section 3
presents the identified model developed from the inputs and outputs generated by the
rigorous PSA model and a detailed description of the discrete LQR controller design devel-
oped from the identified model. In Section 4, the discrete LQR controller is implemented
on the identified model, and results are obtained before trajectory changes in biohydrogen
purity. Section 5 presents the validation of the discrete LQR controller on the PSA plant that
produces biohydrogen. Section 6 shows the conclusions that make a significant contribution
to the production of biohydrogen.

2. Separation and Production of Hydrogen by PSA

The PSA plant is a process with two columns packed with type 5A zeolite connected
in parallel; to get the gas to pass from one column to another, 10 proportional valves are
implemented. The start-up parameters (nominal values) are presented in Figure 1.

Figure 1. Schematic diagram of the PSA plant (production of biohydrogen).
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The PSA processes comprise a feed of synthesized gas (H2: 0.69, CH4: 0.03, CO: 0.02,
CO2: 0.26). This gas passes through bed 1 to carry out the adsorption step for 70 s to
begin to produce hydrogen; at the same time, the purge step is carried out in bed 2 using
a pressure of 100 kPa to release all the active sites of the type 5A zeolite that are inside the
columns. Subsequently, the depressurization and repressurization steps are presented for
3 s. The depressurization is carried out in bed 1, and with this step, part of the compounds
adsorbed on the type 5A zeolite are released. The repressurization is carried out in bed 2
to elevate a pressure of 100 kPa to 980 kPa; with this elevated pressure, bed 2 is ready for
the adsorption and hydrogen production step. The next steps are the purge for bed 1 and
the adsorption for bed 2. Bed 2 reaches a high pressure and begins to absorb and retain
the compound to purify hydrogen for a time of 70 s. On the other hand, bed 2 begins the
purge step to completely release the active sites of the type 5A zeolite and become free to
adsorb compounds again. This purge step must bring the pressure from 150 kPa to 100 kPa.
Finally, the repressurization and depressurization steps are performed for beds 1 and 2
for 3 s. Repressurization is carried out in bed 1 and elevates the pressure from 100 kPa
to 980 kPa to leave bed 1 in appropriate conditions to adsorb compounds and produce
hydrogen. For bed 2, meanwhile, the depressurization step decreases the pressure from
980 kPa to 150 kPa.

This series of steps is repeated until an operation cycle is completed. As a result, high
hydrogen production is purified at each cycle until the CSS is reached and a purity of 0.9485
in molar fraction is obtained.

It is necessary to implement proportional valves to let the gas pass at established times
to ensure that the sequence of steps works appropriately, as shown in Figure 1.

Type 5A zeolite can withstand high temperatures and pressure changes with less
deterioration than other adsorbents. The adsorption capacity for each gram of adsorbent is
CH4: 0.030, CO2: 0.202, CO: 0.049, and N2: 0.238, achieving hydrogen with a high purity.

The PSA model used was obtained from the work in [30–32]. This PSA plant presents
PDEs of the mass balance (gas phase), energy balance (gas phase), pressure drop, and kinetic
models for solid and Langmuir equations, with the following considerations:

1. The gas in the beds conforms to the ideal gas equation.
2. The radial axis of pressure, concentration, and temperature is not assumed.
3. The axial pressure drop is negligible.
4. The LDF model is used to generate the mass transfer rate.
5. Extended Langmuir is used to determine the adsorption and desorption of the gas.

Table 1 shows the set of PDE equations. In order to solve these equations, it is necessary
to consider initial and boundary conditions (see Table 2).

Table 1. Equations used for the PSA plant.

Material balance −DL
∂2ci
∂z2 + ∂(Uzci)

∂z + ∂ci
∂t + (1−εb)

εb
− ρ ∂Wi

∂t = 0.

Moment balance − ∂P
∂z =

(
150µVz(1−εb)

2

4R2
pε3

b
+

1.75ρg(1−εb)

(2Rp)ε3
b

v2
g

)
.

Energy balance KL
∂2T
∂z2 +

[
εbcCpg + (1− εb)ρpCps

]
∂T
∂t − εbcCpgUz

∂T
∂z

= (1− εb)ρp ∑N
j=1 ∆Hj

∂nj
∂t + 2hin

Rin
(Tw − T).

Mass Transfer Rate ∂Wi
∂t = MTCsi(W∗i −Wi), MTCsi =

ΩDei
r2

p
.

Langmuir W∗i = (IP1−IP2Ts)IP3eip4/Ts Pi

1+∑i(IP3eip4/Ts Pi)
.
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Table 2. Use of initial and boundary conditions.

Initial and boundary conditions:

Step I (Adsorption):

t = 0 ∴
cH2 (z, 0) = c0, cCO(z, 0) = 0, cCH4 (z, 0) = 0, cCO2 (z, 0) = 0

T(z, 0) = T0, Tw(z, 0) = T0, p(z, 0) = p0, ηi(z, 0) = η∗i

z = 0 ∴
−DL

∂c i
∂z = u[ci(0−, t)− ci(0+, t)], p = p0, Uz = Uzo

−KL
∂T
∂t = εbcCpgUz

[
T(0−, t)− T(0+, t)

]
z = L ∴ −DL

∂c i
∂z = 0, ∂Uz

∂z = 0, − KL
∂T
∂t = 0, ∂p

∂z = 0

Step II (Depressurization):

t = 0 ∴
cH2 (z, 0) = c(I)

0 , cCO(z, 0) = c(I)
CO, cCH4 (z, 0) = c(I)

CH4
, cCO2 (z, 0) = c(I)

CO2

T(z, 0) = T(I), Tw(z, 0) = T(I), p(z, 0) = p(I), ηi(z, 0) = η∗i
(I)

z = 0 ∴ ∂c i
∂z = 0, ∂p

∂z = 0, ∂Uz
∂z = 0, ∂T

∂t = 0
z = L ∴ ∂c i

∂z = 0, ∂Uz
∂z = 0, ∂T

∂t = 0, ∂p
∂z = 0, F = Fvalve

Step III (Purge):

t = 0 ∴
cH2 (z, 0) = c(I I)

0 , cCO(z, 0) = c(I I)
CO , cCH4 (z, 0) = c(I I)

CH4
, cCO2 (z, 0) = c(I I)

CO2

T(z, 0) = T(I I), Tw(z, 0) = T(I I), p(z, 0) = p(I I), ηi(z, 0) = η∗i
(I I)

z = 0 ∴ ∂c i
∂z = 0, ∂Uz

∂z = 0, ∂T
∂t = 0, ∂p

∂z = 0, F = Fvalve
z = L ∴ ∂c i

∂z = 0, ∂Uz
∂z = 0, ∂T

∂t = 0, ∂p
∂z = 0

Step IV (Repressurization):

t = 0 ∴
cH2 (z, 0) = c(I I I)

0 , cCO(z, 0) = c(I I I)
CO , cCH4 (z, 0) = c(I I I)

CH4
, cCO2 (z, 0) = c(I I I)

CO2

T(z, 0) = T(I I I), Tw(z, 0) = T(I I I), p(z, 0) = p(I I I), ηi(z, 0) = η∗i
(I I I)

z = 0 ∴ ∂c i
∂z = 0, ∂p

∂z = 0, ∂Uz
∂z = 0, ∂T

∂t = 0, F = Fvalve

z = L ∴ ∂c i
∂z = 0, ∂Uz

∂z = 0, ∂T
∂t = 0, ∂p

∂z = 0

The PSA performance was measured by calculating the productivity and recovery of
the biohydrogen by the following Equations (1) and (2):

Hydrogen recovery =

∫ tdes
0 Product ratedes ∗ ce,product,des dt∫ tads

0 Feed rateads ∗ ye,feed,ads dt
, (1)

Hydrogen productivity =

∫ tdes
0 Product ratedes ∗ ce,product,des dt

tcycle ∗mass of adsorbent
. (2)

Biohydrogen Production from Startup to CSS Using the PSA Process

The start-up of the PSA plant is from a composition of synthesized gases (H2: 0.69,
CH4: 0.03, CO: 0.02, CO2: 0.26). The profiles of the compounds can be observed in Figure 2,
as well as how they increase or decline in purity. In the hydrogen profile, it is observed
that after four operating cycles, the hydrogen purity increases with each cycle that passes,
and the Cyclical Stable State (CSS) is achieved with seventeen cycles, achieving a purity of
0.95 in molar fraction. On the other hand, compounds of methane, CO, and CO2 decrease
to values of less than 0.2 in molar fraction. To achieve these results, a 980 kPa production
pressure was considered, using a constant temperature of 298.15 K; likewise, the purge
pressure to release the active sites of the type 5a zeolite was 100 kPa (see Figures 1 and 2).
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Figure 2. Composition of the compounds from start-up to CSS (obtaining 95% hydrogen).

From the results shown in Figure 2, the identification of a reduced model capable of
capturing the important dynamics of the PSA plant to produce biohydrogen was made.
In order to identify a system, data were taken from the CSS. Input and output variables
were considered through a sensitivity analysis, for which temperature was taken as a ma-
nipulated variable and hydrogen purity as a controlled variable. To understand this
identification process in detail, it is necessary to review the work reported by [33,34].

3. Nonlinear Model Identified

As mentioned above, the input and output data were used to obtain a model identified
from the rigorous PSA model to produce biohydrogen. The data used are shown in the
papers in [33,34]. The result obtained from this identification is a Hammerstein–Wiener
(H-W) model, depicted in Figures 3 and 4a.

Figure 3 shows the different reduced models used to approximate the response of
the virtual PSA plant. A model was identified by a transfer function with 16 poles and
8 zeros, as well as a model represented in state space with 8 states; the fits obtained were
54.95% and 35.95%. From these results and aiming at improving the fit, the Hammerstein–
Wiener representation was considered. This model can approximate the PSA dynamics
better than the linear ones, since the Hammerstein–Wiener representation is nonlinear.
The Hammerstein–Wiener identified model achieved a fit of 80.01%, as seen in Figure 3.
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Fit 54.95 % (Transfer function)

Fit 35.95 % (State space)

Figure 3. Comparison of the different reduced models with approximation to the response generated
by the PSA virtual plant.
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Figure 4. (a) Identified H-W model; (b) H-W model with inverse functions.

The H-W model is formed by two static nonlinear blocks at the input and output,
as well as a linear dynamic model. The purpose of these nonlinear blocks is to capture
the dynamics of the rigorous PSA model. Let us point out that the linear models cannot
reproduce the PSA’s dynamics properly; for this reason, the H-W was selected. For the
controller design, the linear dynamic model was used, along with the inverse functions of
the Hammerstein and Wiener blocks, to couple the controller designed with the rigorous
model (see Figure 4b). The static nonlinear function parameters and their inverses are
observed in Tables 3 and 4, and the linear dynamic model is presented in Equation (3).

yL(z)
uL(z)

=
−0.341z−1 + z−2 − 0.9803z−3 + 0.3212z−4

f1(z) + f2(z)
, (3)

with f1(z) = 1 − 2.93z−1 + 2.892z−2 − 1.009z−3 − 0.1701z−4 + 0.669z−5 and f2(z) =
−0.6758z−6 + 0.2494z−7 − 0.01424z−8 − 0.03958z−9 + 0.0283z−10.

Table 3. Nonlinear input, piecewise linear.

Input Nonlinearity Break Points

Y 289.0291 292.0190 295.0090 297.9989 300.9888 303.9788 306.9688
X 49.9940 50.8445 51.9677 53.2386 54.5324 55.7241 56.6888

Table 4. Nonlinear output, piecewise linear.

Output Nonlinearity Break Points

Y −27.7154 −22.9334 35.9774 70.7886 105.5997 140.4109 175.2221
X 0.9653 0.9911 0.8820 0.7669 0.7130 0.4232 0.2335

From the parameters obtained in Tables 3 and 4, the inverse functions of the Ham-
merstein and Wiener blocks are obtained. These are presented in Equations (4) and (5).
Likewise, Equation (3) (Transfer Function) was converted to a space-state representation in
discrete time, shown in Equation (6).
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uk =



3.5uL + 305.2, 49.9 < uL ≤ 50.8,
2.6uL + 306.6, 50.8 < uL ≤ 51.9,
2.3uL + 307.7, 51.9 < uL ≤ 53.2,
2.3uL + 308.9, 53.2 < uL ≤ 54.5,
2.3uL + 309.1, 54.5 < uL ≤ 55.7,
3.0uL + 310.2, 55.7 < uL ≤ 56.6.

(4)

yk =


0.01yL − 11.5, 0.96 < yL ≤ 0.97,
160.55yL − 182.0, 0.97 < yL ≤ 0.99,
−539.80yL + 512.0, 0.88 < yL ≤ 0.96,
−302.48yL + 302.7, 0.76 < yL ≤ 0.88.

(5)

The discrete linear system is expressed as follows in discrete state-space representation:

x(k + 1) = Gx(k) + HuL(k),

yL(k) = Cx(k),
(6)

G =



2.930 −1.446 0.504 0.085 −0.334 0.337 −0.124 0.007 0.039 −0.113
2 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0.500 0 0
0 0 0 0 0 0 0 0 0.250 0


,

H =
[

1 0 0 0 0 0 0 0 0 0
]>,

C =
[
−0.340 0.500 −0.490 0.160 0 0 0 0 0 0

]
,

where G×Rn×n is a matrix associated to the vector states (x×Rn×1), H×Rn×m is a matrix
associated to the input vector (uL ×Rm×1), and C×Rn×r is the matrix associated to the
outputs (yL × Rr×1) of the system. Within this representation, k is the sampling period
considered (1 s).

After obtaining the inverse function equations of the Hammerstein and Wiener blocks,
the design of the discrete LQR controller on the H-W model continues.

Discrete-Observer-Based LQR Controller Design

In order to design a control system able to ensure a desired biohydrogen purity for
the system (6), a discrete-observer-based LQR controller characterized by the following
diagram was considered:

The controller includes an integral action for the difference between the system output
and an output desired value e(k) = yLD(k)− yL(k); and a stabilizing term acting on the
system state. From Figure 5, the control system is described by the following control law:

uL(k) = −K2 x̂(k) + K1v(k), (7)

with K2 and K1 representing the stabilizing and integer control gains, respectively. In
Equation (7) x̂ is the state estimation provided by a discrete Luenberger observer. Recall
that the objective is to design an LQR observed-based controller with the aim of performing
its comparison with what is commonly used in industries, a conventional PID controller.
In addressing the control system design, let us point out that from control systems theory,
it is possible to design the control and observer separately, from which the observer will
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be shown later, with the control law addressed as follows. Please keep in mind that for
the control law, uL(k), x(k) = x̂(k) was considered for design purposes. Firstly, notice the
integer action characterized by

v(k) = v(k− 1) + yLD(k)− yL(k), (8)

alternatively represented as

v(k + 1) = v(k) + yLD(k + 1)− Cx(k + 1)
= v(k) + yLD(k + 1)− CGx(k)− CHuL(k).

(9)

Figure 5. Discrete-observer-based controller.

Now, by considering uL(k + 1), Equation (7) is

u(k + 1) = −K2x(k + 1) + K1v(k + 1)
= −K2[Gx(k) + HuL(k)] + K1{[v(k) + yLD(k + 1)− C[Gx(k) + HuL(k)]}
= [K2 − K2G− K1CG]x(k) + [I − K2H − K1CH]uL(k) + K1yLD(k + 1),

(10)

with I as an identity matrix of compatible dimensions. For Equation (10), notice that
Equation (6) and K1v(k) = uL(k)− K2x(k) from Equation (7) were considered. Focusing
on Equation (6) and Equation (10), with the consideration that uL(k) is a linear combination
of v(k) and x(k), a new state-space representation can be obtained as[

x(k + 1)
uL(k + 1)

]
=

[
G H

K2 − K2G− K1CG I − K2H − K1CH

][
x(k)

uL(k)

]
+

[
0

K1

]
yLD(k + 1)

yL(k) = [C 0]
[

x(k)
uL(k)

]
.

(11)

Following the control design, let us point out from Equation (11) that by considering
yLD(k) = yLD, the vectors x(k), uL(k) and v(k) will be constant, ensuring yL(∞) = yLD,
with no steady-state error as k → ∞. As a consequence, by taking xe = x(k)− x(∞) and
ue = uL(k)− uL(∞), straightforward calculations result in[

xe(k + 1)
ue(k + 1)

]
=

[
G H

K2 − K2G− K1CG I − K2H − K1CH

][
xe(k)
ue(k)

]
, (12)

which can be represented as

ξ(k + 1) = Ĝξ(k) + Ĥw(k), (13)

with

ξ(k) = [xe(k) ue(k)]
> Ĝ =

[
G H
0 0

]
Ĥ = [0 I]>,

and
w(k) = −K̂ξ(k) K̂ = −[K2 − K2G− K1CG I − K2H − K1CH].
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As a result, the control gains will be computed by considering the following:

[K2 K1]

[
G− I H
CG CH

]
= K̂ + [0 I]

[K2 K1] = {K̂ + [0 I]}
[

G− I H
CG CH

]−1 . (14)

As such, notice the relevance of the system Equation (13), including an integral action
aiming at ensuring a desired output value. Let us point out that with the objective of
defining a suitable controller for a specific dynamical system, it is required to perform
a comparison with different control strategies, from which the contribution of the present
paper can be mentioned: the LQR controller performance in contrast with a conventional
PID controller. Following the controller design from Equation (13), the Linear Quadratic
Regulator (LQR) methodology is considered within this paper. The LQR method generally
concerns optimal control theory, applied to dynamic systems involving an optimization
problem. In this sense, an LQR controller aims at computing an optimal gain matrix K such
that the state-feedback control u(k) = −Kx(k) minimizes the cost function:

J =
∞

∑
k=1
{x(k)>Qx(k) + u(k)>Ru(k) + 2x(k)>Nu(k)}, (15)

subject to the state dynamics x(k+ 1) = Ax(k)+ Bu(k) with Q, R, and N tuning parameters
selected by the designer. This is, in turn, is considered for system (13) from the procedure
shown throughout the present section, aiming at designing a control law for the study
case shown in Equation (6). From LQR optimal control, it is expected to have a different
dynamical closed-loop system evolution compared with the response obtained with a PID
controller, hoping to conclude with a more suitable controller for the PSA process addressed
throughout this paper. By using Matlab 2015b software with 1× 10−15 I, R = 1× 10−3,
and N = 0, the following control gains were computed:

K2 = [0.277 − 0.266 0.14 − 0.023 − 0.109 0.226 − 0.112 0.013 0.011 − 0.113]
K1 = −2.123

,

giving rise to [K2 K1] from Equation (14) and concluding with the control design. As for
the discrete Luenberger observer, in turn, notice that it will be in charge of providing
the state estimation, giving rise to the need for its design. Recall that the Luenberger
observer forms part of the control system due to x̂(k) (see Equation (7)), with the following
general representation:

x̂(k + 1) = Gx̂(k) + HuL(k) + L(yL(k)− ŷL(k)), ŷL(k) = Cx̂(k), (16)

where L is the observer gain as a compatible dimensions vector with G, H, and C from
Equation (6). Aiming at designing the observer, let us define the estimation error as
e(k) = x(k)− x̂(k) with dynamics:

e(k + 1) = x(k + 1)− x̂(k + 1)
= Gx(k) + HuL(k)− [Gx̂(k) + HuL(k) + L(yL(k)− ŷL(k))]
= [G− LC]e(k),

(17)

notice that L should be chosen in such a way that Equation (17) has eigenvalues within the
unit simplex circle. As a result, L will ensure that x̂(k)→ x(k) as k = 1, 2, 3 . . . , ∞, which is
the reason for the x̂(k) = x(k) consideration in the controller design. For computing the
observer gain, this paper’s results consider the pole placement allocation method within
Matlab software, resulting in the following:

L = [109.83 226.46 231.81 232.04 233.15 236.05 247.23 282.56 158.5 24.984]>,
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with absolute eigenvalues for Equation (17) as five elements equal to 0.9 and the rest with a
value of 0.2. These absolute values lie within the unit simplex circle, ensuring x̂(k) = x(k)
as k→ ∞. Finally, with control and observer gains computed, the control system is defined
and ready for its application within the system (6).

4. Implementation of the Discrete LQR and Discrete PID Controllers on the
H-W Model

After the design and tuning of the discrete LQR controller, the implementation in the
H-W model continued; these tests were compared with the discrete PID controller.

Figure 6 represents the discrete LQR control scheme applied to the H-W model. It
is observed that the output Wiener block and the inverse functions of the Wiener block
are used.

Figure 6. Schematic of the discrete LQR controller on the H-W model.

Table 5 shows the cases presented before the implementation of the H-W model; these
two cases present trajectory changes to verify the performance of each controller.

Table 5. Reference changes on hydrogen purity (cases 1 and 2).

Case Reference
Changes

Initial Value
(P0)

Final Value
(Pf )

Initial Time
(s)

Final Time
(s)

0.952 0.702 0 500
1 3 0.702 0.650 3000 3500

0.650 0.999 8500 9300

0.952 0.961 0 250
0.961 0.930 1600 2000

3 6 0.930 0.903 2800 3000
0.903 0.922 4850 5250
0.922 0.960 6900 7200
0.960 0.989 8800 9000

It can be seen in Figure 7a that for case 1, three reference changes are generated (see
Table 5) with greater increases and decreases in biohydrogen purity. The purity varies
depending on the established references. The discrete LQR controller presents a better
approximation to the reference changes. However, in the reference change with a desired
purity value of 0.702 in molar fraction, the purity has an undershot reaching a value near
0.6 in molar fraction for an instant of time of 20 s, and later, it is recovered to continue
following the trajectory. In the case of the discrete PID controller, it is observed that the
PID controller can follow the trajectory changes under the value of the international norms,
but when the desired purity has a value of 0.999, the PID controller cannot follow the
trajectory; in comparison, the LQR that has better performance. The discrete PID achieves
approaching the set purity after a longer time compared with the shorter times generated
by the discrete LQR controller (see Figure 7b).
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Figure 7. (a) Hydrogen purity with three reference changes using the H-W model; (b) efforts of the
discrete PID and discrete LQR controllers applied to the H-W model.

For case 2, six trajectory changes are generated (see Table 5) with small increases and
decreases compared with case 1. In these tests, it can be observed how both controllers
follow the established trajectory; however, the discrete PID controller continues presenting
slower times responses and fails to quickly converge to the reference and cannot reach the
purity desired value of 99%. On the other hand, the discrete LQR controller has no problem
following purity changes and achieving 99% biohydrogen purity using adequate response
times (see Figure 8a).
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Figure 8. (a) Hydrogen purity with six reference changes using the H-W model; (b) Efforts of the
discrete PID and discrete LQR controllers applied to the H-W model.

Both controllers generate similar signals; however, the discrete LQR controller signal
presents more effort with better response times compared with the discrete PID (see
Figure 8b). From these results, we continue to validate the controllers in the PSA plant
for the production of biohydrogen. In the following section, the implementation and
validation are carried out on the rigorous PSA model defined by the equations shown in
Tables 1 and 2.

5. Validation of the Discrete LQR and Discrete PID Controllers Applied to the
PSA Plant

This section is of great importance, since biohydrogen production, recovery, and purity
are visualized in the presence of combined disturbances.



Processes 2023, 11, 2997 13 of 22

To achieve the implementation and validation of the LQR controller on the PSA
biohydrogen plant, it is necessary to consider the nonlinear blocks of the Hammerstein and
Wiener parts and the inverse of these functions. The control scheme implemented on the
PSA plant is shown in Figure 9.

Figure 9. Schematic of the discrete LQR controller on the PSA plant.

Two cases were presented for these tests, which are observed in Table 6. For case 3,
the tests that were carried out determined how robust the controllers can be in the face of
trajectory changes with the objective of increasing the biohydrogen purity from 95% to 99%.
For case 4, the tests were more rigorous, since changes were implemented to obtain greater
purity (above 99%) and maintain the purity stable in the face of three different disturbances
that can affect the desired purity.

Table 6. Reference changes in hydrogen purity (cases 3 and 4).

Case Reference
Changes

Initial Value
(P0)

Final Value
(Pf )

Initial Time
(s)

Final Time
(s)

0.952 0.850 0 600
3 3 0.850 0.952 1900 2100

0.950 0.999 8520 8650

4 2 0.952 0.965 0 250
0.965 0.999 1600 2000

Figure 10 shows the results obtained from case 3. It can be seen that both controllers
have different responses to trajectory changes in biohydrogen purity. However, the discrete
PID does not follow the desired trajectory in the first change and is observed to have
a slower response, which is reflected in not achieving the stated biohydrogen purity of
0.85 molar fraction. On the other hand, the discrete LQR controller presents control signals
(temperature) with more significant effort to achieve its objective of following the estab-
lished purity in short periods of time. The discrete LQR controller has better performance
and robustness against these tests and can rapidly comply with the established trajectories
and obtain a purity of 99%. Although the discrete PID in the first trajectory changes does
not perform well, in the end, it is possible to obtain a purity of 99% biohydrogen.

Subsequently, to know the robustness of each controller, two trajectory changes with
the presence of three disturbances are established in case 4. These perturbations were
defined from the work carried out by [34], where a sensitivity analysis is carried out
and unwanted inputs can be defined that can affect the biohydrogen purity obtained.
This scenario can be worrying for biofuel-producing industries, since not implementing
controllers to keep the desired purity stable can negatively impact operating costs, since
purity can drop and not meet the criteria or standards for use as biofuels.
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Figure 10. (a) Temperatures generated by the discrete PID and discrete LQR controllers applied to
the PSA plant; (b) hydrogen purity with three reference changes using the PSA plant.

The results for case 4 can be seen in Figure 11 and Table 7. The control signals generated
by both controllers act based on the changes in trajectories and disturbances presented
at the input of the biohydrogen-producing PSA process. For the discrete PID control, it
is observed that the control signals require greater effort and present temperature values
ranging from 295.15 K to 340 K (see Figure 11a); these are presented with the objective of
rejecting or attenuating disturbances and achieving the desired purity of 99% biohydrogen.
Therefore, when the discrete PID is implemented and the first disturbance (composition)
can be observed that causes the purity of hydrogen to drop until it reaches values of 0.89 in
molar fraction, the second disturbance that occurs is the supply pressure. This presents
greater effect and causes the purity of biohydrogen to drop to 0.80 in molar fraction and,
finally, the disturbance of the feed flow occurs, which causes the purity to drop from 0.999
to 0.901 in molar fraction. The three disturbances have a great effect on purity and manage
to cause the desired purity to be lost for a few moments and does not meet international
criteria or standards for use as biofuel. On the other hand, the discrete LQR controller has
great performance and robustness in the face of these rigorous tests that decrease the purity
when discrete PID control is implemented without a controller, as shown in Figure 11b.
It can be seen that the control signals generated with the discrete LQR are smoother and
have small temperature values (295.15 K to 299.15 K) that are used to mitigate or attenuate
disturbances from the PSA process.
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Figure 11. (a) Temperatures generated by the discrete PID and discrete LQR controllers applied to
the PSA plant; (b) hydrogen purity with two reference changes and perturbations combined using
the PSA plant.
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We can also observe that without controllers, the purity of biohydrogen decreases,
which indicates that it is urgently necessary to implement controllers in this highly nonlin-
ear process (see Figure 11b). If there is no quick response from the operators or the process,
this will generate an increase in energy, material, and economic costs to once again reach
the desired purity of 99%.

Table 6 presents the facings obtained from the tests carried out with case 4. It is clearly
observed that without a controller, it reaches a new pseudosteady state with a purity of
0.850 and 0.800 in molar fraction and does not meet the criteria for use as biofuel.

Table 7. Case 4 with multiple disturbances.

Feeding Variables Input Values New Input Values
(Unwanted) Step (5%)

Cycles to Stabilize
(Closed Loop)

Purity Achieved
(New CSS)

Composition CO 0.02, CO2 0.26,
H2 0.69, CH4 0.03

CO 0.02, CO2 0.2945,
H2 0.6555, CH4 0.03

0.5 (Discrete LQR)
3 (Discrete PID)

7 (without control)

0.985
0.890
0.890

Pressure 980 kPA 1029 kPa
1 (Discrete LQR)
5 (Discrete PID)

11 (without control)

0.985
0.830
0.800

Flow 0.162 kmol h−1 0.170 kmol h−1
0.3 (Discrete LQR)

4 (Discrete PID)
69 (without control)

0.999
0.901
0.850

From the tests carried out (see Figure 11), it is possible to calculate and present the
optimization of the biohydrogen production generated by the controllers, which implies
obtaining a greater or lesser recovery or biohydrogen productivity using a minimum energy
efficiency compared with the PSA process without automatic control. These indicators
are necessary, since they contribute to knowing the performance that the PSA process can
generate with the implementation of controllers when reaching the new CSS.

The cyclical reports provide valuable information to know the quantity and quality
of the compound (biohydrogen). This can be known at each step and stage of the process,
as well as the purity value in each of the valves that make up the PSA process; the results
are from the beginning of the operation to the last cycle.

Results are calculated using the Recovery and Productivity Equations. These are
shown in Equations (1) and (2).

Tables 8 and 9 observe the optimal results of productivity and recovery. These tests
were performed at 11 cycles (1500 s), where the disturbance (pressure) that generated the
greatest effect on the biohydrogen purity was found (see Figure 11b).

From Table 8, it is observed that the composition material varies depending on the
control actions that are generated at the feeding temperature. From these results, the total
material is increased when the discrete LQR controller is used, generating higher purity
(0.985 in molar fraction) as the final product at 11 cycles. However, it generates a higher
enthalpy (17.25 MJ kmol−1) compared with the discrete PID and without a controller, which
generates a purity of 0.830 and 0.800 in molar fraction using an enthalpy of 3.63 MJ kmol−1.
In the case of the test without a controller, the results obtained are the opposite of the
data obtained with the controllers. It can be seen that the purity achieved was 0.800 in
molar fraction with an enthalpy of 44.5725 MJ kmol−1, which is greater than in all the
cases presented. These are disturbing for a biohydrogen-producing PSA plant, which is
why it is crucial and of significant contribution to implement controllers for this highly
nonlinear process.
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Table 8. Stream report (Biohydrogen productivity reached at 1500 s—Cycle 11).

Source: VF VW VPU VP

Total material:
(kmol)

0.006036 0.003771 5.6688 × 10−4 0.002275

Total component:
(kmol)

CO: 1.2074 × 10−4 1.0437 × 10−4 4.4362 × 10−6 1.7783 × 10−5

CO2: 0.00156962 0.001550 3.9890 × 10−6 1.5068 × 10−5

Discrete LQR
control H2: 0.004165 0.001924 5.5841 × 10−4 0.002242

CH4: 1.8111 × 10−4 1.9185 × 10−4 4.5091 × 10−8 1.3283 × 10−7

Avarage
composition
(kmol kmol−1)

CO: 0.02 0.0276 0.007825 0.007815
CO2: 0.26 0.4112 0.007036 0.006622

H2: 0.69 0.51024 0.9850 0.9850
CH4: 0.03 0.0508 7.9541 × 10−5 5.8381 × 10−5

Avarage enthalpy:
(MJ kmol−1)

105.47 189.798 19.2575 17.2588

Total material:
(kmol)

0.00512758 0.00385818 5.6668 × 10−4 0.00227444

Total component:
(kmol)

CO: 1.02552 × 10−4 1.0306 × 10−4 1.44459 × 10−5 5.6055 × 10−5

CO2: 0.0013331 0.0017918 2.52982 × 10−5 9.10688 × 10−5

Discrete PID
control H2: 0.00353803 0.0016999 5.26794 × 10−4 0.0021269

CH4: 1.53827 × 10−4 2.63413 × 10−4 1.42813 × 10−7 3.91351 × 10−7

Avarage
composition
(kmol kmol−1)

CO: 0.02 0.0267121 0.0254922 0.0246458
CO2: 0.26 0.464417 0.0446428 0.0400401

H2: 0.69 0.440597 0.839613 0.835142
CH4: 0.03 0.0508 2.52017 × 10−4 1.72065 × 10−4

Avarage enthalpy:
(MJ kmol−1)

106.805 168.805 3.63147 3.4647

Total material:
(kmol)

0.00512758 0.00385818 5.6668 × 10−4 0.00227444

Total component:
(kmol)

CO: 1.02552 × 10−4 1.0306 × 10−4 1.44459 × 10−5 5.6055 × 10−5

CO2: 0.0013331 0.0017918 2.52982 × 10−5 9.10688 × 10−5

Without control H2: 0.00353803 0.0016999 5.26794 × 10−4 0.0021269
CH4: 1.53827 × 10−4 2.63413 × 10−4 1.42813 × 10−7 3.91351 × 10−7

Avarage
composition
(kmol kmol−1)

CO: 0.02 0.0267121 0.0254922 0.0246458
CO2: 0.26 0.464417 0.0446428 0.0400401

H2: 0.69 0.440597 0.839613 0.835142
CH4: 0.03 0.0508 2.52017 × 10−4 1.72065 × 10−4

Avarage enthalpy:
(MJ kmol−1)

106.805 168.805 3.63147 3.4647
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Likewise, the purity compositions of each compound when it passes through the main
feed, waste, purge, and product valves can be seen in Table 8.

Subsequently, Table 9 shows the recovery obtained by the controllers and without
the controller. The results were obtained from cycle 11, when the pressure disturbance
occurred. In the results shown in Table 9, it can be observed that a greater recovery
(60.116%) of biohydrogen is obtained when using the discrete PID controller compared
with the discrete LQR controller, which obtains 53.8312%. However, the energy efficiency
used for the discrete PID is higher (7.25%) compared with that used with the discrete
LQR, which is 1.22%. Without a controller, biohydrogen recovery is higher (61.1303%);
however, this product has a purity of 0.8000 in molar fraction, which is not suitable for
use as biofuel. In addition, energy efficiency rises too high (20.8527%) compared with that
obtained with controllers.

Table 9. Cycle recovery reports with control (Cycle 11).

Component Discrete LQR Control Discrete PID Control Without Control

CO 14.7288% 54.6606% 69.65%
CO2 0.9599% 6.83098% 20.7507%
CH2 53.8312% 60.116% 61.1303%
CH4 0.07334% 0.254409% 0.825876%

Energy 1.2226% 7.25844% 20.8527%

Tables 10 and 11 show the optimal results of productivity and recovery. These tests
were made at 69 cycles (10,000 s), where the disturbance (flow) is found, which is present
when a purity of 99% biohydrogen is obtained (see Figure 11b).

In Table 10, we can observe the total material of each compound and the composition
that passes through the operating valves. From this rigorous test, in which a disturbance
occurs at a purity point of 99.9% biohydrogen, it is possible to obtain optimal parameters
of each controller. We observe that the purity obtained with the discrete PID controller is
lower (0.901 in molar fraction), with 0.0025750 kmol of the final product and an enthalpy of
6.62234 MJ kmol−1. On the other hand, the discrete LQR controller generated a better purity
of 0.999 in molar fraction with a lower enthalpy of 2.90687 MJ kmol−1. Without control,
we can observe that the purity drops to 0.850 in molar fraction and that greater enthalpy
(29.744 MJ kmol−1) is generated. Due to this, it is necessary to implement controllers to
improve energy efficiency and maintain a stable purity of 99.99% biohydrogen.

Subsequently, Table 11 presents the recovery results using the discrete PID and discrete
LQR controllers, as well as the results without a controller. We can see that the discrete
PID controller has higher recovery compared with the discrete LQR controller; however,
the energy efficiency used is higher (2.054%) compared with that generated by the LQR
controller, which is 0.9968%. On the other hand, the results obtained without a controller
show that a higher recovery (52.5512%) can be obtained, but with a purity lower than 0.850
in molar fraction using an energy efficiency of 9.29%. These uncontrolled results can cause
great economic and material loss for the biohydrogen-producing industry.
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Table 10. Stream report (Biohydrogen productivity reached at 10,000 s—Cycle 69).

Source: VF VW VPU VP

Total material:
(kmol)

0.0061979 0.00384275 5.66952 × 10−4 0.00227551

Total component:
(kmol)

CO: 1.23959 × 10−4 1.03537 × 10−4 3.25806 × 10−6 1.2921 × 10−5

CO2: 0.00161147 0.00150798 3.2256 × 10−6 1.18761 × 10−5

Discrete LQR
control H2: 0.00427659 0.00204692 5.6042 × 10−4 0.00225957

CH4: 1.85939 × 10−4 1.84326 × 10−4 4.53995 × 10−8 1.34781 × 10−7

Avarage
composition
(kmol kmol−1)

CO: 0.02 0.0269433 0.00574663 0.00567829
CO2: 0.26 0.392421 0.0056938 0.00521908

H2: 0.69 0.532668 0.999 0.999
CH4: 0.03 0.0479671 8.00765 × 10−5 5.9231 × 10−5

Avarage enthalpy:
(MJ kmol−1)

107.057 161.504 3.10254 2.90687

Total material:
(kmol)

0.0057601 0.00355134 5.6688 × 10−4 0.002275

Total component:
(kmol)

CO: 1.15202 × 10−4 9.1569 × 10−5 7.37807 × 10−6 2.9271 × 10−5

CO2: 0.00149763 0.001462 8.68178 × 10−6 3.1217 × 10−5

Discrete PID
control H2: 0.003974 0.001716 5.4935 × 10−4 0.002210

CH4: 1.7280 × 10−4 2.8038 × 10−4 1.6792 × 10−6 4.4700 × 10−6

Avarage
composition
(kmol kmol−1)

CO: 0.02 0.02578 0.013015 0.012
CO2: 0.26 0.4118 0.015138 0.01372

H2: 0.69 0.4834 0.8918 0.9012
CH4: 0.03 0.07895 0.0027858 0.0019646

Avarage enthalpy:
(MJ kmol−1)

106.329 170.594 7.1689 6.62234

Total material:
(kmol)

0.004921 0.00374214 5.6655 × 10−4 0.00227429

Total component:
(kmol)

CO: 9.8422 × 10−5 9.80687 × 10−5 1.64707 × 10−5 6.21761 × 10−5

CO2: 0.00127949 0.00175522 5.03726 × 10−5 1.6371 × 10−4

Without control H2: 0.00339556 0.00161115 4.9941 × 10−4 0.00204765
CH4: 1.47633 × 10−4 2.77705 × 10−4 2.95769 × 10−7 7.505 × 10−7

Avarage
composition
(kmol kmol−1)

CO: 0.02 0.0262066 0.0290719 0.0273388
CO2: 0.26 0.469042 0.0889112 0.071

H2: 0.69 0.430542 0.855169 0.850
CH4: 0.03 0.0742101 5.22054 × 10−4 3.29994 × 10−4

Avarage enthalpy:
(MJ kmol−1)

105.048 191.458 36.6106 29.7444
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Table 11. Cycle recovery reports with control (Cycle 69).

Component Discrete LQR Control Discrete PID Control Without Control

CO 10.4236% 20.2168% 52.5512%
CO2 0.73697% 1.2823% 0.09783%
CH2 52.6054% 54.4499% 58.1828%
CH4 0.0724867% 1.9698% 0.0711459%

Energy 0.996873% 2.0547% 9.29317%

6. Conclusions

For the first case, after three trajectory changes, the discrete LQR controller performs
better than the discrete PID, since it follows the trajectory with better response times and
achieves a biohydrogen purity of 99% in the last reference fit, in which case the discrete
PID controller failed.

For the second case, using the H-W model, the controllers follow the purity defined
as a reference. However, the discrete PID controller still has problems reaching the purity
in the established time, and in the last trajectory change, it fails to reach the desired 99%
pure biohydrogen. On the other hand, the LQR performs better and meets the objective of
following the desired purity in the six reference sizes.

For the third case, the controllers were implemented in the PSA plant, where a highly
nonlinear PDE model defines the process. The results are relevant and make a significant
contribution, since it can be seen how the discrete LQR controller has good performance
and can withstand the oscillatory complexity that the PSA plant generates to produce
biohydrogen. The discrete LQR controller follows the established trajectories in response
times that exceed the discrete PID controller. Likewise, the discrete LQR controller obtains
the desired value of 99% pure biohydrogen with a difference of 4.5%, performing better
than the discrete PID controller.

For case 4, the discrete LQR controller has better performance and robustness in
the face of trajectory changes and disturbances. The discrete LQR reduces the effect of
disturbances compared with the discrete PID with a difference in purity of 18%, which is
a relevant contribution compared with the previous controller schemes reported.

The production and biohydrogen recovery results show that the discrete PID con-
troller generates a higher recovery (60.116%) than the discrete LQR controller (53.8312%).
However, the production and energy efficiency generated by the discrete LQR controller
was 0.002275 kmol, with a purity of 0.999 in molar fraction using an energy efficiency lower
than 1.2226%. These results are better than the results of the discrete PID control, which
generated a productivity of 0.002274 kmol, with a purity of 0.901 in molar fraction, using
an energy efficiency of 7.25844%.

Finally, we can conclude that the discrete LQR controller has significant advantages
over the discrete PID controller, since it generates an optimization of the energy efficiency
used to produce higher productivity with a purity of 99.99%. However, the recovery
may be lower compared with the results obtained with the discrete PID controller. The
recovery obtained with the discrete LQR controller has a difference of 7% to 2% and can be
considered within the acceptable parameters for significant biohydrogen production.
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Abbreviations
The following abbreviations are used in this manuscript:

PSA Pressure Swing Adsorption
H-W Hammerstein–Wiener
PDE’s Partial Differential Equations
RIHMPC Infinite-Horizon Model Predictive Controller
EMPC Economic Model Predictive Control
DNN Deep Learning Neural Network
LQR Linear Quadratic Regulator
PID Proportional-Integral-Derivative
Nomenclature
ap Particle surface, (m2 m−3)
ci Molar concentration, (kmol m−3)
Cps Heat capacity of adsorbent, (MJ kmol−1 K−1)
Dmi Molecular diffusivity, (m2 s−1)
Dei Phase diffusivity adsorbed, (m2 s−1)
εi Interparticle
εP Intraparticle
F Flowrate, (kmol h−1)
Ezi Axial dispersion, (m2 s−1)
Cpai Heat capacity, (MJ kg−1 K−1)
Hs Heat transfer coefficient, (J s−1 m−2 K−1)
i Component index, water (w) o ethanol (e)
Ji Mass transfer rate, (kmol m−3 (bed) s−1)
K Langmuir constant, (Pa−1)
M Molar weight, (kg mol−1)
IP1i, IP2i, IP3i, IP4i Isothermal parameters
MTCs Mass transfer coefficient, (s−1)
ksa Axial thermal conductivity, (W m−1 K−1)
OCFE2 Orthogonal Collocation on Finite Elements
P Pressure, (Pa)
Q Isosteric heat, (J mol−1)
Wi Adsorbed amount, (kmol kg−1)
W∗i Adsorbed equilibrium amount, (kmol kg−1)
R Universal gas constant, (J mol−1 K−1)
rp Adsorbent particle radius, (m)
t Time, (s)
Tg Gas temperature, (K)
Ts Solid temperature, (K)
T Temperature, (K)
vg Surface gas velocity, (m s−1)
yi Molar fraction
z Coordinate of axial distance, (m)
Ω Parameter in Glueckauf expression
Ψ Particle shape factor
ρ Gas phase molar density
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Product ratedes Flowrate (Product of the two beds)
ce,product Molar fraction (Obtained as final product)
tcycle Cycle time (adsorption and regeneration of the beds),
tads and tdes Duration of adsorption and regeneration steps
feed rateads Feed flowrate of ethanol.
ce,feed Molar fraction of feed ethanol.
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