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Abstract- Fractional complex transform is proposed to convert fractional differential
equations into ordinary differential equations, so that all analytical methods devoted to
advanced calculus can be easily applied to fractional calculus. Two examples are given.
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1. INTRODUCTION

During the past decades, fractional differential equations appeared more and more
frequently in different research areas. Many important phenomena in electromagnetics,
acoustics, viscoelasticity, electrochemistry, cosmology and material science can be better
described by fractional differential equations. Consequently, considerable attention has
been given to the solution of the fractional differential equations. Many powerful methods
for solving fractional differential equations were appeared in open literature, such as the
variational iteration method [1,2], the homotopy perturbation method [3] and the exp-
function method[4]. Although these methods lead to exact solutions in some special cases,
exact solutions are much needed in engineering applications. In this paper we will suggest
a novel and universal approach to the search for exact solutions of fractional equations, we
name the method as “fractional complex transform”.

2. FRACTIONAL COMPLEX TRANSFORM

In order to illustrate the basic idea of the suggested method, we consider first the
following fractional differential equation [5]:

oru(x,t) =kd?u(x,t), teR", xeR, (1)
which subject to the initial condition
u(x,0) =u,(x) = 2x, (2)

where Kk is a positive coefficient, 0 < <1, 0<f <1, u(x,t) is the real-valued variable,
o and o7 are modified Riemann-Liouville fractional derivatives.
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The fractional complex transform is very simple and straightforward. Introducing a
complex variable & defined as

(04
f:rpxﬁ pg—. ©
1+p) T'(l+a)
where p, g are constants which are unknown to be further determined .
Substituting Eq.(3) into Eq.(1), we obtain
(kp_q)ug =0. (4)
Casel. kp—q=0.
Under such case, the solution is

u(é) =c, ()

where c is a constant. It is a trivial solution without satisfying the initial condition,
Eq.(2).

Case 2. kp—q=0.
Considering the initial condition, we choose
1 14
_2LA+PNB
Ug= ﬁ( 0 )mer (6)
or
(L 55
u@=2- PP, )

which satisfies the initial condition.
Substituting Eq.(3) into Eq.(7) results in an exact solution satisfying the initial condition:

B a
P, _ad (8)

ri+p) I'd+ea)

where p and q are free parameters satisfying kp—q =0.

u(x,t) = 2L Ay

3. AN EXAMPLE

We now consider the fractional wave equation [5]:

o2 u(x,t) =k’0%u(x,t), xe[a,b], teR", xeR, (9)
with the following initial condition
u(x,0) = u,(x) = 2x* + X, (10)

where k is a positive coefficient, 0<2a <1, 1<28<2, u(x,t) is the real-valued
variable, 67 and 07 are modified Riemann-Liouville fractional derivatives.
By the fractional complex transform, Eq.(3), Eqg.(9) reduces to

(qz_kzpz)uﬁ =0. (11)

Case 1. q*—k’p® =0.
From Eqg. (11), we have
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u(g)=cs+c,, (12)
where ¢; and ¢, are constants.
We, therefore, obtain the following solution

ﬂ qta
HExt)= C-L(F(l +/) T(l+a)

)+Co. (13)
This is also trivial solution without any physical insights.

Case 2. q>—k’p* =0.
Considering the initial condition we have

2 5 - 1,5
eh +((+ﬂ))ﬂ nef T

r@+p) ,5
Uz =2 P 55 o V5
Integrating twice yields
2 2 1 1
u(5)=2(m;ﬁ))/” P +(m;ﬁ))ﬁ £P e, (15)

where c are an integral constant.
We, therefore, obtain the following solution'

F(1+ﬂ) P F(1+ﬂ) P
Hixt=2( )ﬂ(raw) F(1+a))ﬂ ( )ﬂ(l“(1+ﬂ) r(1+a))ﬂ+c (16)
where c, p and q are free parameters under the constraint, g° —k*p® =

Incorporating the initial condition, Eq.(10), the parameters in Eq.(16) can be identified
as follows

c=0, p=T(1+p) and q=kI'(L+f). (17)
The exact solution is obtained, which reads

a , a ,
u(xt) = 205 + krr(%fﬁ); )ﬂ (<P s "FF(%L@; )ﬂ. (18)

4. CONCLUSION
A new and universal approach, the fractional complex transform, is suggested in
this paper to find exact solutions of fractional equations. The solution procedure is
simple and might be found wide applications in engineering.
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