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Abstract- The stability and bifurcations of a hinged-hinged pipe conveying pulsating
fluid with combination parametric and internal resonances are studied with both
analytical and numerical methods. The system has geometric cubic nonlinearity. Three
types of critical points for the bifurcation response equations are considered. These
points are characterized by a double zero and two negative eigenvalues, double zero and
a pair of purely imaginary eigenvalues, and two pairs of purely imaginary eigenvalues,
respectively. With the aid of normal form theory, the expressions for the critical
bifurcation lines leading to incipient and secondary bifurcations are obtained. Possible
bifurcations leading to 2-D tori are also investigated. Numerical simulations confirm the
analytical results.
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1. INTRODUCTION

The linear and nonlinear dynamics of pipes conveying fluid has been studied
widely during the last decades. Detailed review and extensive bibliography on this flow-
induced vibrations and instabilities of piping and cylindrical structures were provided
by Padoussis et al [1-3]. The parametric instabilities depending on the amplitude and
frequency of flow fluctuation will occur when the flow velocity has a harmonically
fluctuating component over a mean value. A lot of investigations based on linearized
analytical models of these parametric instability problems for simply supported pipes
were done by Chen [4], Padoussis and Issid[5], Padoussis and Sundararajan [6],
Ginsberg [7] and Ariaratnam and Namachchivaya [8], Jayaraman and Tien [9]. They
studied the parametric and combination resonances and evaluated instability with
numerical methods. In [10], Panda and Kar studied the nonlinear dynamics of a hinged-
hinged pipe conveying pulsating fluid subjected to combination and principle
parametric resonance in the presence of internal resonance with the method of multiple
scales and numerical methods. Using the method of multiple scales, Panda and Kar [11]
studied the nonlinear planar vibration of a pipe conveying pulsating fluid subjected to
principal parametric resonance in the presence of internal resonance. By considering the
effect of motion constraints modeled as cubic springs, the nonlinear dynamics of simply
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supported pipes conveying pulsating fluid was further investigated, and some new
dynamical behaviors including quasi-periodic and chaotic motions were obtained [12].
Jin and Song [13] investigated the stability and parametric resonances of supported
pipes conveying pulsating with numerical methods. The post-divergence behavior of
extensible fluid-conveying pipes supported at both ends was studied by Modarres-
Sadeghi and Padoussis [14], and a supercritical pitchfork bifurcation was obtained.
Using numerical methods, Wang and Ni [15] investigated the stability and chaotic
motions of a standing pipe conveying fluid. A spectral element model was developed
for the uniform straight pipelines conveying internal unsteady fluid [16]. By using the
Melnikov method, the global dynamics of parametrically excited conveying fluid near
0:1 resonance was studied, and chaotic dynamics may exist in the system [17]. The
stability and dynamics of a cantilevered pipe conveying fluid with motion-limiting
constraints and a linear spring support were investigated [18]. Using the Euler-Bernoulli
beam theory and nonlinear Lagrange strain theory, a new nonlinear model of a straight
pipe conveying fluid was presented [19]. The vibration was analyzed with the Galerkin
method. Using Hamilton's principle and Galerkin method, Sina [20] investigated the
non-linear vibrations of slightly curved pipes conveying fluid with constant velocity.
Periodic and chaotic motions were observed in the transverse vibrations.

In this paper, the stability and bifurcations of a hinged-hinged pipe conveying
pulsating fluid with combination parametric and internal resonances are studied both
analytically and numerically. Three types of critical points for the bifurcation response
equations are discussed. These points are characterized by a double zero and two
negative eigenvalues, double zero and a pair of purely imaginary eigenvalues, and two
pairs of purely imaginary eigenvalues, respectively. With the aid of normal form theory,
the expressions for the critical bifurcation lines leading to incipient and secondary
bifurcations are obtained. Possible bifurcation solutions and their stability are
investigated. Numerical simulations are also given, which verify the analytical results.

2. FORMULATION OF THE PROBLEM

Consider a uniform horizontal pipe hinged at both ends conveying fluid with a
flow-velocity having harmonically pulsating component superimposed over a steady
one (Fig 1). Assume that the motion is planar and the uniform cross-section remains
plane during the motion and the tube behaves like an Euler-Bernoulli beam in transverse
vibration. It is also assumed that the fluid is incompressible and has plug flow
conditions. The equation of transverse motion of the pipe including the nonlinearity due
to midline stretching is

4 5 2 2
e Y e Y omu &Y +(M+m) Y
X" ox‘at axat ot
) a
HMU? =T +M S L= -= [ (y)7d ——j( )] =3 =0 ®
with the boundary condltlons
8 8
YO =y(LY =230 =3 (LD)=0 )

where x is the longitudinal coordinate, y is the transverse deflection, T is the
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externally imposed axial tension, m and M are the mass per unit length of pipe and
fluid materials, respectively, A is the cross sectional area of the pipe, L is the length,
El is the flexural stiffness of the pipe material, E* is the coefficient of internal
dissipation of the pipe material which is assumed to be viscoelastic and of the Kelvin-
Voigt type and c is the external damping factor, U is the fluid velocity which has the
following form

U =U,+vsin at) 3)

whereU, is the mean flow velocity, v and w are the amplitude and frequency of the
flow-velocity fluctuation, which may lead to parametric instabilities.

4

A VAN

Figure 1. Schematics of the model.

Introducing the following dimensionless quantities

X y 1, El Y/ M TL?
= — W=_7 T=—7\—" t:a)t’ Uu=(— UL’ = 9 r:_
d L L L2 M+m) " (EI) P M +m El
2 * 2
- cl’ ’ a*:E_z{ I iz, _AL P
JEI(M +m) L> *(M +m)E 21 o,
P N S (4)

-~ JEIM tm)
the equation of motion becomes [10]
a W"+w"+{u® —T + BY2U(1— &) IW"+ 220 '+ o W+ W

k[ (wyrdew'- 8" [ wr'déw" =0, (5)
u=u,(1+vsinQr), (6)

The primes and dots represent differentiation with respect to non-dimensional
longitudinal coordinate & and non-dimensional timez . To express the smallness of the

amplitude of motionw, we scale it with the factor £ as in [10], where the small
parameter ¢ is a measure of amplitude and is also used as a book keeping device in the
subsequent perturbation analysis. Introducing this scaling factor and using Eq.(6) for
pulsating flow velocity, the non-dimensional equation of motion can be written as

W™+ (UZ +2&U,U, SinQz —T)w"+ \/Egulﬂ cosQzr(l-&)w"+ 2\/E(u0 +e&u, SinQ7)W'
+ 210U+ 2800+ W = £k j: (W)dEw"+O(£2) , @)

with the associated boundary conditions
w(0,7) =w(l,7)=w"(0,7)=w"(L,7)=0, (8)
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where u=012e, a=a 12, uy=ecu 9
Using the method of multiple scales, introducing the time scale T. =&"7,n=0,1,---,
and the time derivatives d._ D, +¢&D, +---, d—zzz D?+2¢D,D,+-+, D, = i,
dr dr ° oT,
n=0,1---, we write the expansion of w(¢&,7) in the form
W(S,7) =Wy (Ty, Ty, &) +ew (Ty, Ty, &)+ (10)

Substituting Eq.(10) into (7) and (8), and equating coefficients of like powers of ¢on
both sides, one can obtain

0(£°) : D2W, + 2./ AU, Dy, + (U2 —T)w; +w, =0,
W, (0,7) =w, (L, 7) =w,(0,7) =w, (1, 7) =0, (11)
O(&") : D2W, +2,/Bu,Dyw, + (U2 ~T)w, +w,
= —2D,D,W, — 2aDyW, — 21Dy, — 2,/ U, D,w;, — 2,/ Bu, sin QT, x Dyw,
—JBuQcos QT, (L &)W, — 2,/ Bugu, Sin QT, x Dyw, + kw, J'; w2dx

W, (0,7) =w,(L,7) =w,(0,7) =W, (1,7) =0 (12)
According to (11), we can write
W, (To, Ty, §) = AT (£)™™ + A (T,) ¢, ()e"™ +cc, (13)

where the complicate expressions of ¢, (5)(m=12) are given in reference [10].

Substituting (13) into (12), considering the case of the internal resonance and
combination parametric resonance, i.e.,

w, =3w +e0,, Q=0 +0,+¢50,, (14)
the modulation equations can be written as
2A +2uC A +2ae A +8S,A°A +8S,AA A, +8G A A" +2H,Ae " =0,  (15)
2A, +2uC, A, +2ae,A, +8S,A’A, +8S,AA A +8G,A%"™" + 2H,Ae'"" =0, (16)
The coefficients which are very complicated and can be seen in the appendix of
reference [10] are omitted here.

Letting Aq=%[Pn(T1)—iqn(r1)]e”"m: (n=12), A7)

substituting it into EQs.(15) and (16), carrying out algebraic manipulations and
separating real and imaginary parts, we can obtain the normalized reduced equations as
follows [10]

P, = —1Cie Py — 4C, Gy — € P, — €y, Gy — S (P + P07 ) — Sy (P70, +;)
—S,r(PP; + Pi0;) =S, (G, P; +G,03) — 90, —H,e P, + H, 0,
—Gyr (Pf P, — PO +2P,60,) + Gy (2P0, P, — PLC, +07T,) » (18a)
Oy = —uCie0 + uCyy Py — €0y + ey, P+ Sy (PF + oY) — Sip (P70, + ;)
~S,r (%P +40;) + Sy (P, P; + P.0) + 3Py + Hyp0, + Hy, P,
+Gyp (— {0, + 050, + 2,0, P,) + Gy, (2,00, + PY P, — PC) - (18b)
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p‘z =—puCyr P, — 1C;, 0, — €,z P, — €y U, — Sy ( pg’ + pngz) =3, (qg + pzzqz)
_SSR ( p12 p, + pquz) - Ssl (plzqz + q12q2) - 192(]2 - H5R p, + H5|q1
~Gr (P =3p.07) + Gy (o —3p70,) » (18c)
qlz =—puC,0, + UCy, P, —a€yr0, — 8y P, _S4R(q§ + pzzqz) +34 (pg + pzqzz)
_SSR(plqu +q12q2) + Ss| (pl2 P, + q12q2) +l92 p, + Hequ + H6I P,
+Ge (& —3p70,) + Gy, (P —3P,) - (18d)
where 4 =(o,+0,)/4, 3, =0B0,—0,)/4. (19)
The characteristic equation of the Jacobi matrix evaluated at the initial equilibrium
point (p,,q;, P,,q,) =(0,0,0,0) for Eq.(18) is
A*+RA+RAP+RA+R, =0, (20)
where R, R,, R,, R, are complicated functions of the parameters and omitted here.
According to the Routh-Hurwitz criterion, the initial equilibrium point (p,,q,, p,,
g,) =(0,0,0,0) is stable if the following conditions are satisfied.

R >0, RR,—-R,>0, R,(RR,—R)-R’R,>0, R,>0. (21)
3. BIFURCATION ANALYSIS

Conditions (21) imply that all the eigenvalues of the Jacobi matrix have negative
real parts. When (21) are not satisfied, this is not the case. Three cases will be discussed
here.

3.1. Case 1: Double zero and two negative eigenvalues
TakingR, =4, R, =3, R, =R, =0, Eq.(20) has a double zero and two negative

eigenvalues 4, = -1, 4, =-3. One choice of parameters that satisfy these conditions is

6413 +15 6413 +6
=1, Cp=0. Cpp=2, Cy="" oy Cy=" s Hy =1,
4413 +10
H5|:—3 ’ aZO’ 0_1202207 H4R:H3R:H6R:H6I:O‘

Let us considero,, o, as perturbation parameters. Using the parameter transformations
o,=6,, 0,=30, and the state variable transformation

Py Ju Jp Ji Ju|| %

4 _ Ja o s Ju || %

P, Ja Ja Ju Ja || %

%] [Ja J
where J; (i, j =1,2,3,4)are given in the appendix (A.1), one may transformation Eq.(18)
into a new system as follows

d
d_)il =ap X +a,X; FaX tayX, + Nf1 (23a)

(22)

42 ‘]43 ‘J44 X,
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dx

d_t2 = @, X, + 8y, X, + 8y X, +ay, X, + Nf, (23b)
dx
d_t3 = ay, X, +ay,X, + 8%, +a,,X, + NFf, (23¢)
dx
d_t4=<3141x1+a42x2 + %, +a,,X, + Nf, (23d)

where a;(i, j=1,2,3,4) are given in the appendix (A.2), Nf(i=12,3,4) are third
order nonlinear terms whose expressions are very complicated and omitted here.
The Jacobi matrix of Eq.(23) evaluated on the initial equilibrium solution (X, X, , X,,

X,) =(0,0,0,0) at the critical point P.(&,. = &,. =0) is now in the canonical form

01 0 0
; _|00 0 0 (22)
“=0"10 0 -1 0

00 0 -3

The local dynamical behavior of system (23) is characterized by the critical
variables x, and x, . Further more, the bifurcation solutions for the non-critical

variables x, and x, may be determined from Eq.(23) up to leading order terms [21].
Therefore one may verify that neglecting x,and x, (i.e., setting x,= x,= 0) in the first
two equations of Eq.(23) does not effect the results of the bifurcation solution (x;, X,)
and their stability conditions up to leading order terms. So, in order to consider the
bifurcation and stability properties of system (23) in the vicinity of the critical point P, ,
one only needs to analyze the following two-dimensional system:

% =a, % +a,X, + Nff,

% = a8, X, +a,,X, + Nff,, (25)

where Nff, are complicated third order nonlinear terms and omitted. Now based on the
reduced system (25), the results and formulae obtained in [22] can be applied here.
Using these methods, we can study the stability and bifurcations of this model
analytically. Applying the general formula yields the following results.

The stability conditions for the initial equilibrium solution x, =0 are described

by

131.036, —16.866, <0 and 10.616, +5.035, >0, (26)
which leads to two critical lines. One of these is

L, :10.616, +5.035, =0, (131.035, -16.865, <0), (27)

along which a static bifurcation solution takes place from the initial equilibrium solution
and the solution is expressed by

x? = —(0.0286, +0.00155,) ,
X, = (~0.706, +1.115,)x, (28)
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It is called a pitchfork bifurcation.
On the other hand, the second critical line
L, :131.036, -16.866, =0, (10.615, +5.035, >0) (29)
describes a dynamic boundary where the initial equilibrium solution loses its stability
and bifurcates a family of limit cycles. Again from Table 1 of reference [22], one may
find the stability condition for the family of limit cycles, given by
Vi~V =—11.2<0 (30)
so the family of limit cycles bifurcating from the initial equilibrium solution is stable.
The static bifurcation solution (28) becomes unstable on the third critical line
L, :1.115, +111.206, =0 (31)
from which another family of limit cycles which is usually called secondary Hopf
bifurcations occurs. The frequency of this family of limit cycles is
@, =—(0.776,+0.126,) >0 (32)
where 0.776,+0.126, <0 since the secondary Hopf bifurcation solution exists in the
region located on the right of the critical line L, (see Fig.2). The stability condition for

this family of limit cycles is given as follows:

0.57
712+721:_7<0 (33)

C
Therefore the secondary Hopf bifurcation solution is stable. The critical bifurcation
lines are illustrated in the parameter space in Fig 2. From Fig 2 it is seen that there may
exist stable trivial and non-trivial equilibrium solutions, periodic motions in this case.

e

I Limit Cycles

E.S stable region

Fitchfork 4
Bi furcatior 7

S B stable @ ] L C stable

I,

2nd H B.5tsble

Figure 2. The bifurcation diagram in the case of double zero and two negative
eigenvalues.

3.2. Case 2:Double zero and a pair of purely imaginary eigenvalues
Taking the parameters

1 5 ’20 4
/“ZE’ Cr=1, Cpr=0, ClI:\/g’ Cou = 3 H, =1, H5|:§’

a=0, 0,=0,=0, Hiz=Hy=Hgp=H, =0,
in Eq.(20) yields R, =R, =R, =0, R, =1, so the eigenvalues of the Jacobian are
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A,=0, andA,, =i, where i=+-1. Choosing o,and o, as parameters, and using
the parameter transformationo, = G,, o, =&,, introducing the following state variable
transformation

0 J15 0 V15
P, > |'x,
q 2 3 1 0 X
' = 1 1| ” (34)
P, 1 1 E E Xy
X
Q, \/— \/_ \/E @ 4
10 |
one may obtain the foIIowmg equatlons
d 5 15
d’? ‘12_ 2)x1+(1—%o-2)x J_(—al 0'2)X +‘gazx4+le,
d 15
d_Xt \4.8_ 0,% \/_(_0'1 O-z) 2 £( +0,)% + \/_(0'1+2‘72)X +Nm,,
dx 15 15 _
d—‘°’:—£(0'l 26,)% \/_ \/_( L+ 25,)X 3+(1—£02)x4+Nm3,
t 6 12
15
E:—\/_( o, +— Gz)xi \/_( o, +— 0'2)X + (- 1+\/_O-2)X3
\/l_ 5 5 (35)

_?(Gl “1‘262))(4 + Nm4 ’

where the third order nonlinear terms Nm. (i = 1,2, 3,4) are omitted here.

Using an intrinsic method of harmonic analysis [23], we obtain the normal form
of Eq.(35) as follows

dy, _

ot Y,

b, V5. J_( +25,)y (iﬂ) (9 J_)y

dt 18 o, Y; O] 0,)Y, + 27 1 1/0 ’

d 15 -

d—’t’z—g(l 2az)p—(—+£)p3—(64+40J1_5)yfp,

de 1 8 14

e J_ (— £)p2 £——) Yo (36)
t 18 10 9

where y,,y,, p,0 are the varlables that are transformatlonal systems which are topology
equivalent to the original systems. The transformational systems can display the
dynamical behaviors of the original ones. System (36) has the following equilibrium
solutions.

(i) The initial equilibrium solution (E.S.) y, =y, =p=0.

Evaluating the Jacobian at the initial equilibrium solution, we obtain the stability
conditions as follows
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G,+26,<0, &,>0, (1567 +606,5, +8\/1_5&2 +6057)<0, (37)
So the initial equilibrium solution is unstable.
(i) The static bifurcation solution (S.B.)
y2=(15+3)6,/4,

y,=p=0, (38)
The stability conditions for this solution are as follows
G,+26,<0, &,>0, (1567 +606,6, + 32\/1_5&2 +6057) >0, (39)
(iii) Hopf bifurcation solution (H.B.)
i=Y,=0,
p? =-5\15(6, + 25,) (5+1215) ~ —0.38(G, + 26,) , (40)

The stability conditions for this solution are as follows
6,+26,<0, —-16804.86, -402015, >0,
2562055 —10086.336, + 256206,6, — 4216.285, + 640567 >0, (41)

(iv) Hopf bifurcation solution 2 (H.B.2)
y; =—(0.00155, +0.00355,) »

yZ = 0 ’
p° =0.0000846, +0.1538365, , (42)
Obviously, when
0.00156, +0.00356, <0 and 0.0000846, +0.1538365, >0 (43)

there exists H.B.2 solution.
The stability conditions for this solution are
—-0.656, -1.0456, >0,

0.3452 +0.386,62 +0.11626, —0.6662 —0.286,5, > 0,
(0.00156, +0.00355,)(0.0000846; +0.1538365,) > 0 , (44)

so this bifurcation solution is unstable.

The bifurcation diagram is shown as in Fig 3. Here the dashed lines just mark
the regions of different bifurcation solutions. From Fig 3 we can see that there exist
stale non-trivial equilibrium solution and periodic motion under certain conditions.
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unsthle HE. (2)

Figure 3. The bifurcation diagram in the cés;e of double zero and a pair of purely
imaginary eigenvalues.

3.3 Case 3: two pairs of purely imaginary eigenvalues
If the values of parameters are chosen as

U= (%)“4 , Cgp=1, Cr=-1, C, =1, C, =1, H, =1, H, =-3,
a=0, 0,=0,=0, H;=H;;=H,=H; =0,
then we have R, =R, =0in Eq.(20) and the eigenvalues are
dp =i, Ay, =2i (45)
Considering o, , o, as parameters, using the parameter transformation o, =G, ,
o, =6, and the state variable transformation

— 2 T
D, 0 J2 0 % X
% |_| o 10 -1 || % (46)
P, 1 _pWa_ot Jp _pus_ods X3
0, _\/E o4 _oll4  _q o34 _p-l4 Xy
Eq.(18) becomes ) _
d \/E 5 3_\/5 N N ~ 3 ~ 9 ~
d_?: O S @ 1 2708,)x (6, )%
+3-2°%*6,x, +Nh,,
dx 2. W2 . .
d—tZZ—X1+7(O'1+O'2)X2+T(O'1+O'2)X4+thy
dx, 9. 3. .. W2 2
o= GG %32 B e R
+(\/E+(2—3/4_23/4)5_2X4+Nh3 .
dx, 3V2,. . 2,
d_t4=_ \4{_(61‘“72))(2_\/§X3_§(0'1+0-2)X4+Nh4’ (47)

The third order nonlinear terms Nh, (i =1,2,3,4) are also omitted here.
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With the method of multiple scales and computer algebra [24], we get the
normal form of Eq.(47) in polar coordinates as follows:

~ ~ 2 2
I =1(0,6, + 0,6, + L +agl, ) »
. ~ ~ 2 2
I, =1 (ay 0, +,,G, + byl +0y,1,) 5

: ~ ~ 2 2
0, =, + 1,6, + B,6, +Cyl” + G, »

92 = Wy, + 5.6, + 5,0, + d20r12 + doz r22 ’ (48)

where an:azz:g, a12=a21=—§, Bu=Pn=0, B,=2""+2"*,
ﬂ — 277/4 _ 271/4 , a.= § _9.23/4 21/4 7\/_ ao g. /4 3\/_ 7 23/4

2 % g8 8 2 8 22 4 8 8
b, =7 OLpwe 8L 5 Sous 819 N2 71

8 16 32 64 32
Czo — g+E.21/4 _ 27'\/5 + &.23/4 , C02 63 21/4 23/4 13\/_ 13
2 2 8 15 8 8 P
_ 13 7 ue 52 ALue 4 _ 3369 M
20 8 8 16 16 2764 64 64

and r,, r,, 6 and 6, are the variables that are transformational systems which are

topology equivalent to the original systems.
We now discuss the main types of equilibrium states and their stability for
system (48). These fall into four categories.

(i) Trivial state: The initial equilibrium solution (E.S.):r, =1, =0.

Evaluating the Jacobi matrix at the initial equilibrium solution results in the
stability conditions for the E.S. as «,,6,+,6,<0 and «,6,+a,6,<0 e,
6,—-6,<0and 6,-¢6, <0, so it is unstable.

(i) Pure mode 1: Hopf bifurcation solution (i.e., a self-sustained oscillation, H.B.(I)
with frequency o, ):

;= 1 (a6, +a,,6,) =—0.116,+0.115, ,
20
r2 = O ’
o, = o, + B,6, + PG, +Cyuli =1-2.025, +3.6365, (49)

Obviously, when &, — &, >0 there exists H.B.(I) solution.
Evaluating the Jacobi matrix at the H.B.(I) solution results in the following
stability conditions «,,6, +,6,>0and a, o+ a’, g—( a & 10 ¢.The
2 0
condition ¢,,6, + o,,6, >0implies that 5, — &, >0, So H.B.(I) solution is unstable.

(i) Pure mode 2: Hopf bifurcation solution (H.B.(Il) with frequency @, )
rl == 0 ’
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I = N (00,6, + @,,6,) =-0.116, +0.116, ,

02
®, = Wy, + 3,6, + B,,6, +do,r2 =2 +0.495, -1.035,, (50)
Obviously, when &, -6, >0 there exists H.B.(I1) solution.
Evaluating the Jacobi matrix at the H.B.(Il) solution results the following
- . . ~ . . @ . - .
stability conditions «,,6,+«,,6,>0 and «,,6, +,6, ——%(,,6, +a,,6,) <0 ,i.e,
02
6,—6,>0 and 6,-6, <0, so H.B.(II) solution is also unstable.

(iv) Mixed modes: quasi-periodic solution (2D tori with frequency @, , w,):

2= 8y (210, + @5,6,) — by, (24,6, + 41,6,) _
azoboz - aozbzo

i = by (20167 + 21,6,) — 8y (2,5 + 15,5,)
azoboz - aozbzo

~0.00256, +0.00255, ,

=0.185, +0.15,,

@, =y, + B,6, + P,6, +Cyl +Cpoly =1+4.186, +3.9565, ,
©, = Wy + PGy + PGy + Uy l? + o, 12 = N2 +4.256, +1.735, (51)
Obviously, when &, -6, >0and0.186, +0.15, > 0, there exists 2D tori.

The stability conditions for the quasi-periodic solutions are obtained from the
trace and determinant of the Jacobian, given by

Tr = 2(a, 1 +by,r’)
_ 2[ay) (8o, =00, ) (@18, + @2,0,) — 0y (B — 00 ) (@116, + 241,0,)] <0,
azoboz o aozbzo
Det = 4(,0b, —85,0,0)1°r, >0, (52)
i.e.,, —1.216, —0.646, <0. The critical lines are illustrated in Fig 4. Here the dashed
lines also just mark the regions of different bifurcation solutions. From Fig 4 one can

see that there exist stable mixed modes quasi-periodic motions under certain conditions

in this case.

p=3

®

(A):E. 5. unstable

Figure 4. The bifurcation diagram in the case of two pairs of purely imaginary
eigenvalues.
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4. NUMERICAL SIMULATIONS

In this section, with the fourth-order Runge-Kutta method, the phase portraits of
system (14) are obtained for different values 6,and G, .
choosing (6,,6,)=(0.050.15) , (&,,6,)=(-0.050.1) ,
(6,,6,) =(0.05,0.01), respectively, we obtain the phase portraits of system (2.14) as in
Fig 5-Fig 7.

Notice that these parameters of (6,,6,) are in the stable regions of the initial

equilibrium solution, static bifurcation solution and limit cycle, respectively, numerical
results agree with the analytical ones.

For case 2, choosing (&,,6,) =(0.05,0.05) (in the stable region of the static
bifurcation solution), (&,,6,)=(-0.05,-0.1) (in the stable region of the Hopf

bifurcation solution), respectively, we obtain the phase portraits of system (2.14) as in
Fig 8-Fig 9.

For case 3, choosing (6,,5,) =(0.05,0.05) (in the stable region of 2-D tori), the
phase portraits are shown as in Fig 10.

For case 1,

02+

015 03
oaq O 02

q[1) 053 a
0.05 a1 019

0.0 / //

"‘U'i 0 1—: ‘ 4
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_ _ @ (b)
Figure 5. Trajectory starting from(p ,q,,q,,q,) = (0.05,0,0.05,0) converges to the E.S. for case 1
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] 03]
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Figure 6. Trajectory starting from(p,,q,,q,,q,) = (0.05,0,0.05,0) converges to the S.B. for case 1
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Figure 7. Trajectory starting from(p ,q,,q,,q,) = (0.05,0,0.05,0) converges to the L.C. for case 1
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Figure 8. Trajectory starting from(p,q,,q,,q,) = (0.05,0,0.05,0) converges to the S.B. for case 2
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Figure 9. Trajectory starting from(p,,q,,q,,q,) = (0.05,0,0.05,0) converges to the H.B. for case 2
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Figure 10. Trajectory starting fromp,, q,,q,,q,) = (0.05,0,0.05,0) converges to the 2-D tori for
case 3



214 L. Zhou, F. Chen and Y. Chen

5. CONCLUSIONS

With the method of normal forms, the bifurcation solutions and their stability of
a hinged-hinged pipe conveying pulsating fluid with combination parametric and
internal resonances are studied in detail. When the stability conditions for the initial
equilibrium solutions are not satisfied, bifurcations including pitchfork bifurcation,
Hopf bifurcation, 2-D tori may occur. Complicated dynamical phenomena of this model
are presented here. Numerical simulations agree with the analytical results.
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7. APPENDIX
\6V13+6 \/_+6 6313 +6
J11:J12:J14:J23 =1, J13 (\/_ 7) ==

6

3, =3, z——m(@u) , I, :-*/6*/6_+6 —JN;*B (I3+1).
J33 - 2 4 J34 \/_+6 (\/_ 1) 7 \/B

2
56 Y73 613 +6 ,

- V13 J_—s)(4+J_), N LY A
12 6 3 3
_ (5v13+113)6, + (25\13 -107)3, - (63J_3 +255)6, — (21313 +117)6,

" afefB+6(2V13-5) 4\J613 + 6(2/13 -5)

" _ (713 -32)6, +(16-9+13)5, . _ (1713 +35)6, - (95113 +461)5,
’ 2(24/13 -5) ) 2,[64/13 +6(2\13 —5)

W13 +7)6, +(5V13-13)5,] . _ 3[(7W13+11)6, +(3V13-9)5,]
2\[6/13 +6 (2413 5) * 4J6/13 + 6(213 - 5)
__3(13-5)5, +(7-3V13)5,] J(V13+1)5, - (7413 +31)5,]

21T

ay = v Ay =
2(2\13 -5) (6413 +6(2\13-5)
Y(W13+1)5, - (V13+1)5,] A(V13+3)6, - (V13+3)5,]
% 8(24/13 -5) %2 = 16(2+/13 - 5)
(3\13-12)5, -6, 3[(13+4)5, - (113 +16)5,]

3:_1 ’ 4
. +x/6\/1_3++6(2\/1_3—5) = 4(2\13-5)
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o~ (13-2)5,+2-13)5, _ _ (13415 +(3-13)5,]

" 6613 +6(2413-5) 8\/64/13 + 6(2\13—5)

=J¢6—3@+uﬂiﬁﬁ% a:H&A¢E—$@+Q@4¢Eﬁé
4(213-5) “ J6:13+6(2413-5)

43 ’

(A.2)
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