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Abstract: The purpose of the present paper is to investigate some characterizations for the Wright
functions to be in the subclasses S*(a, ) and C(«, B) («,B € [0,1)). Several sufficient conditions are
obtained for the normalized Wright functions to be in these classes. Results obtained in this paper are
new and their usefulness is put forth by several corollaries.
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1. Introduction, Definitions and Preliminaries

It is well known that special functions play an important role in geometric function theory. It is
also well known that the application area of special functions is not limited to the theory of geometric
functions. There are wide ranges of applications of these functions in many problems as well as in
other branches of mathematics and applied sciences.

In this paper, we will examine the function

& 1 z"
(P(/\,]/I,Z): ZOF(TJ,-”)E’/\>71’ ‘Z/l,Zg(C (1)

named after the British Mathematician E. M. Wright. This function appeared for the first time in
the case A > 0 in connection with Wright’s investigations in the asymptotic theory of partitions [1].
Later on, many other applications were found in Mikusinski operational calculus and in the theory
of integral transforms of the Hankel type. Furthermore, extending the methods of Lie groups in
partial differential equations to the partial differential equations of fractional order, it was shown that
some of the group-invariant solutions of these equations can be given in terms of the Wright and the
generalized Wright functions. Recently, Wright functions have appeared in papers related to partial
differential equations of fractional order. It was found that the corresponding Green functions can be
represented in terms of the Wright functions [2,3]. A series of papers are devoted to the application
of the Wright functions in partial differential equations of fractional order extending the classical
diffusion and wave equations [4]. Mainardi obtained the result for a fractional diffusion wave equation
in terms of the fractional Green function involving the Wright functions [5]. The scale-variant solutions
of some partial differential equations of fractional order were obtained in terms of special cases of the
generalized Wright functions by Buckwar and Luchko [6] and Luchko and Gorenflo [7].

If A is a positive rational number, then the Wright function ¢(A, y, z) can be represented in terms
of the more familiar generalized hypergeometric functions (see [8], Section 2.1). In particular, when
A=1land y =p+1, the functions ¢(1, p + 1; —z>/4) are expressed in terms of the Bessel functions J,(z),
given as follows:
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Furthermore, the function ¢(A, p+1;, —z) = ];,‘ (z) (A >0,p > —1) is known as the generalized
Bessel function (sometimes it is also called the Bessel-Wright function). Also, the Wright function
generalizes various simple functions such as the Array function, the Whittaker function, (Wright-type)
entire auxiliary functions, etc. For the details, we refer to [8].

Let A be the class of analytic functions f(z) in the open unitdisk U = {z € C: |z| < 1}, normalized
by f(0) =0 = f/(0) — 1 of the form

zZ)=z+ Z anz" ®3)
=2

Also, let S*(a) and C(a) denote the subclasses of A consisting of functions which are, respectively,
starlike and convex of order & (« € [0,1)) in the open unit disk U. Thus, we have [9,10]

S*(oc)={feA:Re(i{é?)>a,zeu},zxe[0,l) 4)
Cla) = {feA Re(1+ ]{,ﬂ((j)>>o¢,zeU},ae[0,l) (5)

In the special case, S* = $*(0) and C = C(0) are starlike and convex functions, respectively.
An interesting generalization of the functions, the classes S*(a) and C(«) are provided by the
classes S*(«, B) and C(a, ) of functions f € A, which satisfies the following conditions:

S*(a, B) = {fe A: Re <zf’(z) —}-é)z%”(z)) >a,zel }, a,Be|0,1) (6)
Cle ) = {f cA: Re <(zf @ p ) ) >n,zell } 6B 0) %

respectively.
Clearly, for B = 0, we have 5*(«,0) = 5*(a) and C(«,0) = C(a).

Remark 1.1. For f € A, observe that f(z) € C(a, B) < zf'(z) € S*(«, B).

Note that the Wright function ¢(A, y; z) defined by Equation (1) does not belong to class A. Thus, it
is natural to consider the following normalization of the Wright function:

DA u:2) A - I'(pu) z" A
DYV (A, u;z) =T (u)zp(A, s z) = Zoir()\f”rﬂ) . >-1,u>0,zel
and
. . (Au) LN+l
(A, p32) =T (A + p) (4’()‘ wz) = 1 ) Z y )\n-i-?f-li-]/l) ESK
/\>—1,/\+y>0 zell.
Easily, we can write
0 n
W (X 1) — I'(p) z B
oW (A, s 2) Z+Z::F/\(n—1)+y)(nfl)!')‘> L,u>0zel (8)
0
@(x ey T'(A+p) z" B
DY (A, 1;z) Z+Z::r( (n—1)+)\+;4) JA> =1L, A+u>0,zel )

Furthermore, observe that ®(1) (A, y1; z) and ®® (A, ; z) are satisfied in the following equations:

Az(@D (A, 152)) = (= DOV, —1L2) + (A — u+ 1OV (A, 1; 2) (10)
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@) - T(A+p)
(A p;2) = 2+ Z:] e (n—1)+)\+;4)7 A>-1, A+u>0zel (11)
@(x y-Y — D) . / _ I'w
Z(CD (}\, y,z)) N (A//\ + ]/l,Z) and V A (Z) F(A T ‘u) VA,)H—;{ (Z) (12)
where V), ,(z) = w
Also,
—oW(1,p+1;-2) =T, (z) = T(p + 1)z P?]p(2V/2) (13)

Here, Tp (z) is the normalized Bessel function.

Several researchers have studied classes of analytic functions involving special function F ¢ A
to find different conditions such that the members of F have certain geometric properties such
as starlikeness and convexity in U. There is extensive literature dealing with various properties,
generalizations and applications of different types of hypergeometric functions [4,11-17].

Recently, there have been many studies about various properties of hypergeometric functions.
On this matter, one can see the works [8,11-22]. In these studies, geometric properties such
as starlikeness, convexity and univalency have usually been investigated. Furthermore, in the
work by Dziok and Srivastava in [18,19], the analytic function classes related with the generalized
hypergeometric function were studied. For these classes, coefficient analysis, distortion theorems,
extreme points and the radii of convexity and starlikeness are given. In [20], classes related to
some generalized Fox-Wright hypergeometric functions and convolution operations were taken
and their properties were researched. Moreover, in [21] it was shown that Dziok-Srivastava
and Srivastava-Wright operators were defined from A to A and a criterion was given for these
operators to be univalent. In [22], univalence, starlikeness and convexity of the following generalized
hypergeometric function given in the formula below were investigated:

n

o0
_ . al’)n
(Z) = qu(ﬂl,...,ﬂp,bl,---/bﬂp g 1’1. p q+1

P q)n

Furthermore, in this work, applications of generalized hypergeometric functions were given.

In the works mentioned above, various properties of generalized hypergeometric functions
were investigated.

In the geometric function theory, investigating geometric properties of an analytic function given
in the open unit disc is a research subject. On this subject, there are many works such as [11-13,17].
In [23], Prajapat investigated some geometric properties such as starlikeness and convexity of the
normalized Wright functions ®M) (A, y;z) and ®®) (A, y;z). Investigating geometric properties of
the normalized Wright functions ®() (A, y; z) and ®(?) (A, 4; z) in a class more generalized than the
class of starlike and convex functions is also a research interest. In this paper, we investigate the
normalized Wright functions ®M (A, u;z) and @@ (A, y; z) in the classes of $* («, B) and C(«, B) which
are generalizations of $*(«x) and C(a), respectively. Several sufficient conditions for the normalized
Wright functions ®()(A, 1; z) and ®®) (A, ;z) to be in the classes of $*(«, B) and C(a, B) are given.
From the obtained results, using specific values for « and  parameters, better results than those of
previous results found in the literature are obtained.

The following lemmas will be required in our investigation.

Lemma 1.1. [24] A function f € A belongs to the class S*(«, B) if

i (m+pnn—1)—a)la,| <1—ua.

n=2
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Lemma 1.2. [24] A function f € A belongs to the class C(«, B) if
0

Z nn+pnn—1)—a)la,) <1-—a.

2. Sufficient Conditions for the Wright Functions to be Classes 5*(«, 8) and C(«, )

In this section, we will give sufficient conditions for the normalized Wright functions to be in the
classes S*(«, B) and C(a, ).

Theorem 2.1. Let A > 1 and assume the following condition is satisfied:
(1= a)(+1) [ 2= 0Dy (1= V/0FD) | = (14 28)(u + 1)el/ 01 — pet/141) >

Then, the normalized Wright function ® (A, u; z) belongs to the class S*(w, B).

Proof. Since

ol )()L Wz)=2z+ Z
nzl"( —DA+p) (n—1)!
by virtue of Lemma 1.1, it suffices to show that
< T(p) 1
Z [n+ pn(n—1) 7w]1q((n—1))\+y) =1 <1l-—ua

n=2

Let

T'(p) 1
[”2[””(1 —F) _"‘] T(n—DA+u) (n—1)

18

Li(A, pa, B) =

n=2

Setting n? = (n —1)(n —2) +3(n — 1) + 1,n = (n — 1) + 1 and by simple computation, we get

0

_OO N 1+28 T(p)
Li(A e, B) —Z 3 n—1)A+y)+§2(n—2)lf((n—1)/\+u)

n=3
0

N Z 11—« I'(p)
n:2

(m—1!T((n—1A+u)

Under the hypothesis A > 1, the inequality I'(n —1 + ) <T((n —1)A + p), for n € C, holds. This
inequality is equivalent to

I'(p) 1
Mo ~ (o, "€ (9

Here, (1), = r(r"(;:)”) =u(p+1)(u+2)---(u+n-1), (), = 1is the Pochhammer (or Appell)

symbol defined in terms of the Euler gamma function. Using Equation (14), we obtain

. S_OB 1 G1+2 1 G 1 1
frid e p) < nZ::s (n—=3)! (1)1 +n§:]2 (n=2)! (1)1 ’ nZ::z (=1t (W)na

Further, the inequality

Wy =pp+1)(p+2) - (u+n-2)=>pu+1)"2neC (15)
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holds and this is equivalent to 1/(u),,_; < 1/pu(p + 1)"72,n e C. Using Equation (15), we obtain

S 1 o 1428 1 S 1-a 1
A pit ‘B + n— + n—
ngs (n=3) pu(p+1)"" gz(”—z)!y(pH-l) 2 ngz(n_l)!]«l(ﬂ-*-l) 2
e 1)61/(”“) $ EEB ) (- B0 gy <1
Hence,
(1-a) [(2 _ el/(}t+l)) + 1(1 _ el/(#+1))] _ Lel/(;ﬁl) _ ﬂeu(yﬂ) > 0.
H plp+1) T

This completes the proof of Theorem 2.1.

Theorem 2.2. Let A > 1 and assume the following condition is satisfied:

(=) [ =Dyt (1= /D) | e+ 1)
—[B+4B—w)(u+ 17+ (14 5B) -+ 1) + B /0D 0.

Then, normalized Wright function (M) (A, u; z)belongs to the class C(a, B).

Proof. Since

oW piz) =2+ ), { =0 -

n=2

and by virtue of Lemma 1.2, it suffices to show that

S I() 1
nzzlzn[n+,Bn(n—1)—a]r((n_1)/\+y)(n_l)!<1—1x
Let
e Ly(A, ;o ﬂ)*i[ﬂg’ﬁ—knz(l—ﬁ)—na] () !
N =) T((n—1)A+u) (n—1)!
Setting

3B+ n*(1—B) —na =p(n—1)(n—2)(n—3) + (1 +58)(n —1)(n —2)
+B+4—a)(n—-1)+(1—uw)

and by simple computation, we can write

© T(n) o 1+58 ()
La(A, s, B) ;:34 (n—4)T( n—l)/\+y)+§3(71—3)!r((”—1)/\+74)

& 3+4ﬁ—zx T(n) A Y ()
Z (n—l)/\+;4)+§2(n—1)!1”((n—1)/\+y)'
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Using Equations (14) and (15), we obtain

& & 1+5ﬁ 1
A, B) <
LA i, P) z:l u(u+1“ g p(p+1)""
o0

+ =
e S U LTI TS e M U DL TI(7RS D (TR Vi
L IO ey | 3 AP aert) (g gy B ey ),
p(p+1) iz Iz

Thus,

] 1+58 3+4B—a
Lz(/\, W, ﬁ) < H(,HJrl)z el/(""‘"l) + mel/(}l-i-l) + Tel/(V‘H)
+(1—0) [(el/(V“) —1)+ %(el/(”“) - 1)] <l-u,

which is equivalent to

1—a) [(2 — el )y 1a- e/t 1)y | = %)zel/@‘“)
1+58 1) _ 3+4p—a 1
_ng/(f"i' ) T(31/(P“" ) > 0.

This evidently completes the proof of Theorem 2.2.
By setting B = 0in Theorems 2.1 and 2.2, we arrive at the following corollaries.

Corollary 2.1. The normalized Wright function ® (A, u; z) belongs to the class S*(«) if A > 1 and the
following condition is satisfied:

1—a) [(2 — MYy 41— el/(y+1))] _ Mt S g

Corollary 2.2. The normalized Wright function ®1)(A, u; z) belongs to the class C(a) if A > 1 and the
following condition is satisfied:

(1= a) [@= 0Dyt (1= 00| (4 1) = [(3 - @)+ 1) + 1] /04D > 0.

By taking a = 0 in Corollary 2.1 and Corollary 2.2, we obtain the following corollaries.
Corollary 2.3. Let A > 1and pu > x(, where xo = 2.4898 is the root of the equation

2x — (x +2)e/6+) 11 =0,

then ®1) e §*.

orollary 2.4. [et A > 1an > x1, where x1 = 4. 1s the root of the equation
Corollary Let A= land u h 4.8523 is th he equati
(2 — e/t 4 (3 =5t/ (1)) — 5/ (1) 1 =,

then (1) € C.

Theorem 2.3. Let A > 1 and assume the following condition is satisfied:
(1—a) [2(/\ ) +1— (YA A 1)2] — (At p+ 1) (VD) 1) = et/ (Atptl) 5

Then, normalized Wright function ®2) (A, u; z) belongs to the class S* (w, B).
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Proof. Since
TF'(A+p) z"
n—1)+A+pu)n!

o0
o® A wz)=z+
2,

and by virtue of Lemma 1.1, it suffices to show that

< T(A+ 1
n_z[n+,3n(n—1)—a]r((n_(l)/\faw)n! <l-a
Let
L3(A, s, B) = Z [n+pn(n—1)—«] (A +p) 1

T(n—DA+A+p)n

n=2

By simple computation, we obtain

o0

T(A+ L [(A+p
L3(A, p;, B) = n§2 (nEZ)! T(A(n£1)<’:2\+y) + 722 (1-3) (nfll)! r(A(ngl)i2\+y)

0
1—a T(A4p)
+n§2 T TA=) A7)

Using Equations (14) and (15), with y = A + pu, we get

L(Ay'aﬁ)<i B L +i ! !
3 7 rr Wy = n— n—
S 0= A+ A+ 1) S =D A A+ 1)
E1l—a 1 B 1vtut+1) AT EFL gt
+Z nl (A A N2 A+ 8/(+y+)+T(6/(+V+)_
i A+m)A+p+1) # #
N (I—a)A+p+ 1)2(61/(/\+;4+1) N 1)
Aty A+pu+1 ’
Thus,
. P ysusn) ATEAT v
L3(A,V,a,[3)</\+ye + g (e 1)
A-)A+p+D® ey 1 -
At (€ Arpe1 DS

which is equivalent to

(1—a)A+p)— (1 —a) (/M) — DA+ u+1%+ (1 —a)A+pu+1)
—(A + p+ 1) (eV/Atrt1) 1) — gel/(A+p+1) > 0,

Thus, the proof of Theorem 2.3 is complete.
By setting B = 0 in Theorem 2.3, we arrive at the following corollary.

7 of 10

1)

Corollary 2.5. The normalized Wright function ®@ (A, u; z) belongs to the class S*(«) if A > 1 and the

following condition is satisfied:
(1—a) [2(;\ )+ 1— (e/AHHD ) A+ 1)2] — At p+ 1) (/M) 1) > 0.

By taking &« = 0 in Corollary 2.5, we obtain the following corollary.

Corollary 2.6. Let A > 1and A + p > xp, where xp = 1.7703 is the root of the equation

2x — (x + 1) (x +2)(e/*D —1) 41 =0,
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then @) e §*,

Theorem 2.4. Let A > 1 and assume the following condition is satisfied:

I-a)A+p+1) [(2 — e/ rt)y (A 4+ u) +(1— el/(/\+y+1))]
— [ +2B)(A+ pu+1) + Blet/A+r+1) > g,

then normalized Wright function O (A, u; 2) belongs to the class C(«, fB).

Proof. The function ®?) (A, j; z) belongs to the class C(«, f) if and only if z - (®@ (A, u;z))’ is in the
class $*(«, B), but from Equation (11) z - (®®) (A, u;2))’ = @MV (A, A + y; z). Then, using Theorem 2.1,
we complete the proof of this theorem.

By setting B = 0 in Theorem 2.4, we arrive at the following corollary.

Corollary 2.7. The normalized Wright function ®2) (A, u; z) belongs to the class C(a) if A = 1 and the
following condition is satisfied:

(1 o Dé) [(2 _ el/(/\+ﬂ+l))(/\ + ‘Z/l) + (1 B el/()Hrerl))] B el/(/\Jr;lJrl) > 0.

By taking « = 0 in Corollary 2.7, we obtain the following corollary.
Corollary 2.8. Let A > 1and A + u > xq, where xo = 2.4898 is the root of the equation

2x — (x 4+ 2)e/ 0+ 11 =0,

then ®) e C.

Remark 2.1. Note that the results obtained in Corollary 2.3 and Corollary 2.8 are better versions of the results
given by Prajapat (see [23], (p. 206, Theorem 2.7 (a), (c))).

3. Sufficient Conditions for the Normalized Bessel Function fp (2)

In this section, we will give sufficient conditions for the normalized Bessel function to be in the
classes S*(, B) and C(a, B).

Setting A = 1, 4 = p+1and z = — z in Theorem 2.1, from Equation (13) we obtain the
following results.

Theorem 3.1. The normalized Bessel function fp (z) belongs to the class S*(w, B) if
A-a)(p+2) | 2=/ (p+ 1) + (1= /02|~ [(1+28)(p +2) + p /7D > 0
Corollary 3.1. The normalized Bessel function Tp (z) belongs to the class S* () if
(1—a) [(2 /Py (pr 1)+ (1 el/(P+2)>] _ M) 5 g
Corollary 3.2. The normalized Bessel function Tp(z) belongs to the class S* if p > xo — 1, where xy = 2.4898

is the root of the equation
2x — (24 x)e/6H) 11 = 0,

Setting A = 1, 4 = p+1and z = — z in Theorem 2.2, from Equation (13) we obtain the
following results.
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Theorem 3.2. The normalized Bessel function fp (z) belongs to the class C(a, B) if

(1-a)(p+2)° [(2 —eV/P )y (p+1)+ (1 - el/(P+2))]
(G480 (p+27 + 1 +5p)(p +2) + B|e/04D 2 0

Corollary 3.3. The normalized Bessel function Tp (z) belongs to the class C(a) if
1—a)(p+2) [(2 — Py (p 1)+ (1 - e1/<r’+2>)] —[(3—a)(p+2) + 1] ¥+ > 0.

Corollary 3.4. The normalized Bessel function Tp(z) belongs to the class C if p > xq — 1, where x1 =~ 4.8523
is the root of the equation

(2 — /D)2 4 (3 — 5t/ (Xt — 5/ (1) g —

4. Concluding Remarks

In this study, two kinds of normalizations of the Wright function are considered. These normalized
Wright functions are examined in the generalized classes of the starlike and convex function classes.
In the study, several sufficient conditions for the normalized Wright functions are obtained. The results
obtained in this study are compared with the results obtained by Prajapat [23].
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