Mathematical
Z
and Computational
E Applications m\D\Py
Article
An Improved Interval-Valued Hesitant Fuzzy

Multi-Criteria Group Decision-Making Method
and Applications

1,2,%

Zhenhua Ding and Yingyu Wu !

1 School of Economics and Management, Southeast University, Nanjing 211189, Jiangsu, China;

wuyingyu@seu.edu.cn
2 Office of Principal, Ningbo Radio & TV University, Ningbo 315016, Zhejiang, China
*  Correspondence: dzh@nbtvu.net.cn; Tel.: +86-0574-87214439

Academic Editor: Mehmet Ali Ilgin
Received: 11 March 2016; Accepted: 30 May 2016; Published: 8 June 2016

Abstract: The Bonferroni mean (BM) can be used in situations where the aggregated arguments are
correlated. BM is very useful for solving decision-making problems. For describing fuzziness and
vagueness more accurately, the interval-valued hesitant fuzzy set (IVHES), which is a generalization
of the hesitant fuzzy set (HFS), can be used to describe the membership degrees with interval numbers.
The aim of this paper is to propose the interval-valued hesitant fuzzy Bonferroni mean (IVHFBM)
for aggregating interval-valued hesitant fuzzy information. Furthermore, the weighted form of
IVHFBM (IVHFWBM) is forwarded and, hereby, a multi-criteria group decision-making (MCGDM)
method is established. A case study on the problem of evaluating research funding applications in
China is analyzed. A comparison between the proposed method and existing ones demonstrates
its practicability.
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1. Introduction

The Bonferroni mean (BM) is a typical class of average mean, which was first proposed by
Bonferroni [1]. It has attracted much attention from scholars in recent years [2—4]. Yager [5] introduced
a series of generalized Bonferroni mean operators. The BM operator has been further developed by
other scholars [6-8] since then. Xu and Yager [9] combined the BM operators with the intuitionistic
fuzzy set [10-12]. Xia et al. [13] introduced a series of generalized intuitionistic fuzzy BM operators.
Xu and Chen [14] extended the BM operator to an interval-valued intuitionistic fuzzy environment.
Zhu and Xu [15] introduced a series of hesitant fuzzy BM operators, while Zhu et al. [16] presented
some geometric hesitant fuzzy BM operators.

Undeniably, much progress in BM has been made recently. However, a lack of knowledge or
insufficient information is frequently encountered in the specific decision problems, and, therefore,
it may be helpful for decision makers to express their preference with several interval numbers
within [0, 1]. The described phenomenon cannot be effectively processed by a fuzzy set, linguistic fuzzy
set, intuitionistic fuzzy set or hesitant fuzzy set. The interval-valued hesitant fuzzy set (IVHFS) [17]
is a useful technique for dealing with this situation. Some aggregation operators for aggregating
interval-valued hesitant fuzzy information have also been proposed, such as the interval-valued
hesitant fuzzy weighted averaging (IVHFWA) operator, IVHFWG, GIVHFWA, GIVHFWG and their
ordered and induced forms [17-19].

The existing interval-valued hesitant fuzzy aggregation operators do not consider the relationships
between the aggregated arguments. However, the aggregated arguments are correlative, especially in

Math. Comput. Appl. 2016, 21, 22; d0i:10.3390/mca21020022 www.mdpi.com/journal/mca


http://www.mdpi.com/journal/mca
http://www.mdpi.com
http://www.mdpi.com/journal/mca

Math. Comput. Appl. 2016, 21,22 20f12

MCGDM [20-23]. Therefore, it is difficult to use the existing operators in real applications. The aim of
this paper is to introduce some new interval-valued hesitant fuzzy aggregation operators such as the
interval-valued hesitant fuzzy BM (IVHFBM) and the weighted forms of IVHFBM (IVHFWBM). We
also focus on comparing our method with existing ones. We then apply our proposed method to the
problem of evaluating research fund applications in China.

The remainder of this paper is organized as follows. Some basic concepts are briefly reviewed in
Section 2. Section 3 studies the BM and weighted BM operators in an interval-valued hesitant fuzzy
environment. The case of evaluating research fund applications in China is studied in Section 4. A
comparison of the proposed method with existing ones is provided in Section 5. In Section 6, we
summarize the main contributions of this paper.

2. Preliminaries

The IVHEFS introduced by Chen et al. [17] represents an extension of the hesitant fuzzy set
theory [24]. It is chiefly characterized by its membership degree which is represented by several
sub-intervals of [0, 1]. It was defined as follows

Definition 1. [17] Let X be a referenced set. An IVHES on X can be represented as the following
mathematical form:
E—{<x folx) > |xeX) M)

where fr(x) is a set of several intervals belonging to the interval [0, 1], which represents the membership degree
range of the element x € X to the set E.

For any interval-valued hesitant fuzzy elements (IVHFEs), Chen et al. [17] defined the operations
and gave the comparison rules.

Definition 2. Suppose that h = quﬁ {7 1]}, hy = U%eﬁl {[7%, Y]} and hy = U%eﬁz {75 ¥}
be three IVHFEs. A is a real number bigger than 0. Then the operations are defined as follows.

W =Usg{[E) @9}

@ Mi=Ug{[t-a-"1-a-49']}

O hr@l = Uy g o, {3+ 7%~ 7135, 38 + 3 — 71341}

@ m@h=U; g 5 g (009 AW

~

Definition 3. For an IVHFE h = Usei {[3%, 7Y}, #h is the number of the elements in h.
~ 1 1 o AU AL 1 Fh+ M
S0 = =307 = = (P T ) = 250 (T4 g
is defined as the score function of IVHFE h. For two IVHFEs hy and I, if S(El) > S(Ez), then hy > hy; if
S(hy) = S(hy), then hy ~ hy.

3. Interval-Valued Hesitant Fuzzy Information Aggregation with BM Techniques

In order to further enrich the IVHFS theory and expand its range of applications, we develop
some new information aggregation techniques for IVHFS with the assistance of BM.
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Definition 4. [1] Let ¢;(i = 1,2, ..., n) be a group of real numbers, where all e; = 0, and p,q > 0, then
1
P+q

n

1
BMp’q(€1,€2,..., en) = m Z efejq» (3)
ij=1

i#]
is called the Bonferroni mean (BM).

Definition 5. Let h; = U“?]-EE/ {[’?]L, '?/u]} (j =1,2,...,n) bea group of IVHFEs. If

n

> N\ L 1 TP o T
IVHFBM (hl,hz,m ,hn> w1 Z W @] @)
,j=1

i#]
then IVHFBM is called the interval-valued hesitant fuzzy BM operator (IVHFBM).

Based on the operations given in Definition 2, the IVHFBM operator can be changed and
Theorem 1 can be obtained.

Theorem 1. Let p, q > 0, and hj = U%eﬁj {[f?}, '7]11]} (j = 1,2,..,n) be a group of IVHFEs. Using
IVHFBM operator, the aggregated IVHFE is obtained as follows:

IVHEBM (o, T ) = Uy g 2.
1
p+q .
] ; ©)
n 1 Y L
1-— H (1 — (’?zL)p('?jL)q> n(n—1) , 11— H (1 _ (% )P(,;]u)q> nn—1)
i=1,j-1 il

i#]

Proof. According to the operations defined in Definition 2, we krow,

= Usan AlG1) 1)) ®
B =Usa {161 (1)1} ®
e =Usane (L) (1) () ()]} ®

and

Then

S el =Ugisa |- 1 (0-GHTG)) - 11 (=G0 () ©)
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and .
ﬁ 2 hf@h? - U’?ﬁziﬁje%
ij=1
i#j
(10)
n N TN = n P (7 7D
O R B (S OV
ij= ij=1
i#j i#j
Therefore, we have
IVHFBM (ﬁl,ﬁz, o ,Zn> = Us il
p+q P+
1 1 (11)
& ~ ~L\7\ #i-1) n o~ ~u\ 7T #=T)
B e E)) | e B e )
ij=1 Lj=1
i#j i#j

which completes the proof of Theorem 1.

Through the study of the IVHFBM above, we find that it can adequately reflect the correlations
between the aggregated IVHFEs. However, they assign the same importance to the aggregated
arguments. Take group decision-making for example: different experts may assign different weights
and different criteria, which may make affect the final decision result. Therefore, it is important to
study the weighted aggregation operators in aggregating IVHFEs. In the following, we will propose
the weighted IVHFBM operator.

Definition 6. Let /1; = U%eﬂj {[’7},'?]”]} (j = 1,2,...,n) be a group of IVHFEs, w = (w1, w0y, ..., wy)" is

~ n
the weight vector of h;(j = 1,2,...,n), satisfying w; > 0 (i =1,2,...,n), 3 w; = L If
i=1

1/p+q

IVHFWBM (il ) = | ks (w,-ﬁi)p ® (w]-ﬁj)p (12)
ij=1
i#]
then IVHFWBM is called the interval-valued hesitant fuzzy weighted BM operator.
Theorem 2. Let ﬁj =U~ > {[?L,?u]} (j=1,2,..,n) beagroup of IVHFEs, w = (w1, wy, ..., wn)T is the
yieh LWL T

~ n
weight vector of h]-(j =1,2,..,n),satisfying w; > 0 (i =1,2,..,n),and Y, w; = 1. Then, the VHFWBM
i=1
operator can be transformed as follows

IVHFWBM(hy, ha, ..., Ttn) = U%Emjezj

- M1 (ma-a-ata-a-gh) T
(13)

-0 (-a-a-ama-a-an) e
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4. Research Fund Project Evaluation Problem in China

In this section, we illustrate a new approach with a real example on research fund project
evaluation in China based on the idea of MCGDM [25-32].

The main focus and tasks of the National Natural Science Foundation of China are as follows:
(1) Foster innovative ideas and enhance the capacity for original innovation in China; (2) Implement
a scientific development strategy and promote harmonious development of disciplines; (3) Foster
a number of basic and strategic areas. The evaluations conducted by the National Natural Science
Foundation of China are very critical. Assume that there are five natural science fund applications
that need to be evaluated (a1, a2, a3, a4, a5). According to the assessment guidelines, a group of three
experts (e1, e, e3) take responsibility for this assessment.

When evaluating the five applications, the three experts mainly consider the following four
aspects and the weight vector is assigned as (0.2, 0.3, 0.3, 0.2) according to the guidelines set out by the
fund board.

C; = Academic significance and application prospects;
C, = Innovation;

C3 = Research contents and research objectives;

C4 = Scientific research foundation.

During the evaluation process, the various criteria of the National Natural Science Fund project
are interrelated and interacted. Therefore, only when a measurable method is followed to quantify the
interrelationship between the criteria can correct and persuasive evaluation results be achieved.

The evaluation undertaken by the National Natural Science Foundation includes many fuzzy
factors which are difficult to quantify, including the evaluation criteria and the fuzziness introduced
by the the experts. Applying the IVHFS to the evaluation of the National Natural Science Foundation,
performance against each criteria is qualitatively and quantitatively assessed. In order to find the best

application, two main steps are taken.
Step1  Obtaining information for the experts to assess

In order to obtain information for evaluation by the experts, Tables 1-3 are designed and sent to
the three experts. The blanks in Tables 1-3 should be filled out with numbers between 0 and 1 by the
three experts. The following three Tables 1-3 are produced by the three experts.

Table 1. Review table for expert e;.

o . i . Minimum Maximum
No. Criteria Evaluation Description Evaluation Results Possibility Possibility
) Ac_ademic The maximum or minimum o 82 82
1 significance and possibility that the ZZ 03 iy
application alternative a; meets the 113 05 038
prospects (c1) criterion ¢; a; sz O: 4
. .. am 0.6 0.8
The maximum or minimum o 06 07
2 Innovation (¢c2) pOSSII?Ihty that the az 0.5 0.7
alternatl_ve a; meets the Py 03 04
criterion c; as 05 0.6
The maximum or minimum o 06 0.8
Research contents P ap 0.2 0.4
3 and research X possﬂphty that theh P 01 03
objectives (c3) a tema“.‘{e a; meets the a4 0.4 0.6
criterion c3 as 03 05
. . M 0.5 0.9
The maximum or minimum a 04 05
4 Scientific research possibility that the uz 06 0.7
foundation (cy) alternative a; meets the az 03 05
criterion cy4 as 05 0.6
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Table 2. Review table for expert ep.

No. Criteria Evaluation Description Evaluation Results Il}g lsr;:gl]illrt‘; Il}g:)s(:ﬁilltt;
Academic The maximum or minimum o 82 8;
1 significance and possibility that the a2 03 06
application alternative a; meets the 23 05 06
prospects (c1) criterion ¢ a; 02 07
The maximum or minimum o 83 8?
’ Innovation (ca) possibility that the 22 06 09
2 alternative a; meets the a3 O. 6 0'7
criterion ¢, ué 05 06
The maximum or minimum o 0.6 0.8
Research contents possibility that the ap 0.2 0.4
3 ;g}glciie\sfzzr(cclsl) alternative a; meets the 23 81 82
criterion c3 a: 03 05
The maximum or minimum o 8? 83
4 Scientific research possibility that the ZZ 06 07
foundation (c4) alternative 4; meets the ui 03 05
criterion cg as 05 0.6
Table 3. Review table for expert e3.
— . i . Minimum Maximum
No. Criteria Evaluation Description Evaluation Results Possibility Possibility
Academic The maximum or minimum o 8% 8?
1 significance and possibility that the a2 0s o
application alternati.ve a; meets the 14;3 O. 4 0'7
prospects (c1) criterion ¢; ui 0'2 O. 4
The maximum or minimum o 05 0.6
L ap 0.6 0.7
: possibility that the
2 Innovation (c;) alternative a; meets the 23 82 8;
criterion ¢ a; 03 06
. .. m 0.6 0.8
Research contents The I;g:;fg;fg]?ﬁ;ut%gnum ap 0.5 0.6
3 gé}ceicﬁ‘s,g:ré}:) alternative a; meets the Zs 8i 82
: criterion c3 4 : :
as 0.3 0.5
The maximum or minimum o 8; 83
4 Scientific research possibility that the ZZ 06 07
foundation (c4) alternative a; meets the ﬂz 04 04
criterion ¢4 as 0.3 0.6
The comprehensive evaluation information is presented in Table 4 as follows.
Table 4. Interval-valued hesitant fuzzy decision matrix.
Alternatives G C, Cs Cy
o {[0.3,0.7], [04, 0.6]} {[0.6,0.8], [0.4, 0.6], [0.5, 0.6]} {[0.6,0.8]} {[0.5,0.9]}
as {[0.4, 0.6], [0.6, 0.8], [0.5, 0.7]} 0.6,0.7 {[0.2,0.4], [0.5, 0.6]} {[0.4, 0.5], [0.5, 0.9]}
az {[0.3, 0.6], [0.5, 0.8]} {[0.5, 0.7], [0.6, 0.9], [0.6, 0.7]} {[0.1,0.3], [0.4, 0.5]} {[0.6, 0.7]}
ay {[0.5,0.8], [0.5, 0.6], [0.4, 0.7]} {[0.3,0.4], [0.6, 0.7]} {[0.4, 0.6]} {[0.3, 0.5], [0.4, 0.4]}
as {[0.2, 0.4],[0.2, 0.7]} {[0.5, 0.6], [0.3, 0.6]} {[0.3, 0.5]} {[0.5, 0.6], [0.3, 0.6]}

Take the evaluation results of alternative a; against criterion C; for example (the information
provided by three experts in the Tables 1-3 is marked in red), the first expert believes that the minimum
possibility that the alternative a; meets the criterion C; is 0.3 and the maximum possibility is 0.7.
Coincidentally, the second expert has the same opinion as the first expert about this evaluation. The
third expert argues that the minimum possibility that the alternative a; meets the criterion C; is 0.4
and the maximum possibility is 0.6. In this case, the performance of alternative a; against criterion Cq
can be expressed by an IVHFE {[0.3, 0.7], [0.4, 0.6]}. Similarly, other IVHFEs in Table 4 expressed the
corresponding assessment information.
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Step2  Ranking the applications

According to the assessment information provided in Table 4, we use the IVHFWBM operator to
determine performance against the four criteria and obtain a comprehensive evaluation result for each
alternative. The scores for the comprehensive IVHFEs are shown in Table 5.

Table 5. Scores obtained by the IVHFWBM operator and the ranking of alternatives.

Parameters ay ap az ag as Ranking
p =0.001,9 =10 0.2860 0.2538 0.2601 0.2073 0.1741 a) > az > ap > ag > as
p=qg=>5 0.2579 0.2163 0.2135 0.1792 0.1540 a; > ap > az > ag > as
p=10,4 =10 0.2738 0.2235 0.2260 0.1595 0.1021 a; > az > ap > ag > as

From the scores obtained by the IVHFWBM operator described in Table 5, we find that:

1. Different values of parameters p and g could lead to different scores and a different ranking order.
For example, when p = g = 5, the second order of the alternative is a, while this result varies when
p and g were set with other values.

2. The scores obtained by the IVHFWBM operator are symmetrical. For example, the scores are not

changed between p = 0.001 (g = 10) and p = 10 (g = 0.001). This result verified the phenomenon
described in Section 3.

3. Although the ranking order varied when p and g was set to different values, the best alternative
is always a;. This indicates that the ranking method based on IVHFWBM operators offers
good stability.

In the following, we will investigate the changing trend of the scores for the aggregated IVHFEs
based on the IVHFWBM operator when one of the two parameters is fixed. As mentioned above, the
parameters p and g have same effect on the aggregated results; therefore, we only study the case that
the values of parameter p are fixed.

(1) p=01,49€]0,10]
From Figure 1, we find that

¢ Whenp=0.1and q € (0, 2.963), the ranking order of the five alternatives is
ai > dp > dz > dg > ds
¢ Whenp=0.1and g€ (2.963, 10), the ranking order of the five alternatives is

ay > az > dpx > a4 > as

q=2 963
score=0.2162

Scores

2 < s} 3 10
qip=01)

Figure 1. Comparison between five alternatives based on IVHFWBM operator.
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(2) p=10,9€]0,10]
From Figure 2, we find that
¢ Whenp=10and g € (0, 4.331], the ranking order of the five alternatives is
ay > az > ay > dg > a5
¢ Whenp=10and g € (4.331, 8.911), the ranking order of the five alternatives is
a; > ap > az > dyg > ds
4 Whenp=10and g € (8.911, 10), the ranking order of the five alternatives is

ay > dz > dpx > a4 > a5

028+ 1
028 q=4.331 ’
score=0.2307
024+ .
i |
022+ B
2 q=8.911
g 02 score=0.2252
W
018 ¢ 4
016 - =
al | —
014 - a2 Lo, = 4
a3 |
012+ a4 e, J
~as
O'] T L 1 1 —_
0 2 4 5] 8 10

q{p=10)

Figure 2. Comparison between five alternatives based on IVHFWBM operator.

Furthermore, the scores of the five alternatives can be depicted in Figures 3-7 clearly when the
values of two parameters change simultaneously.

Scores based on [VHFWEM operator

023 0.24 025 0.26 027 028

Figure 3. Scores for alternative a1 obtained by the IVHFWBM operator.
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Scores based on IVHFWEM operator

Scares

Figure 4. Scores for alternative a, obtained by the IVHFWBM operator.

Scores based on VHFWEM operator

Scores

018 019 02 021 022 023 024 025 026

Figure 5. Scores for alternative a3 obtained by the IVHFWBM operator.

Scores based on [VHFWEM operator

021

Scares

Figure 6. Scores for alternative a4 obtained by the IVHFWBM operator.
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Scores based on WVHFWEM operator

011 012 013 014 0.15 016 07

Figure 7. Scores for alternative a5 obtained by the IVHFWBM operator.

5. Comparison of the Proposed Approach with Other Approaches

In this section, we make a comparison of the assessment methods with another approach proposed
by Chen et al. [17]. In order to determine the difference between these two methods, we use the
IVHFWA operator based method to solve the research project evaluation problem described in
Section 4.

Based on the IVHFWA operator, the score functions of each alternative are computed and the
results are shown as follows.

S; = 0.1377; S, = 0.1995; S5 = 0.1950; S4 = 0.1656; S5 = 0.1435
Based on the score functions, we can rank the five alternatives.
ap > dz > dg > as > a1

The best alternative is now a;. The main reason for this is that the IVHFWA operator does not
consider the correlations between the aggregated arguments which are not perfect. For example,
the criterion C; (academic significance and application prospects) is correlated with Cs (research
contents and research objectives) in real cases. If we consider these two criteria as independent, the
corresponding result must be considered as doubtful.

6. Concluding Remarks

We studied BM in the interval-valued hesitant fuzzy environment. We proposed some BM
operators for aggregating IVHFEs, such as IVHFBM and IVHFWBM operators. Furthermore, we
applied the IVHFWBM operator to an evaluation problem concerning the assessment of research
funding applications in China. We also compared the methods based on the IVHFWBM operator with
other methods, such as the approach proposed by Chen et al. [17]. In future research, we intend to
focus on the application of the developed method to other fields such as supplier evaluation and the
selection of financial products.

Author Contributions: Ding Zhenhua and Wu Yingyu collectively determined the problem, carried out this study.
Ding Zhenhua wrote the manuscript. Wu Yingyu helped to revise the manuscript. All authors read and approved
the final manuscript.
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