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Abstract: This paper develops an optimal stopping rule by characterizing the take-profit level.
The optimization problem is modeled by geometric Brownian motion with two switchable regimes
and solved by stochastic calculation. A closed-form profitability function for the trading strategies is
given, and based on which the optimal take-profit level is numerically achievable with small cost of
computational complexity.
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1. Introduction

Derivative trading has been reshaped by quantitative techniques in recent decades [1]. This paper
aims to solve the optimization problem of setting take-profit levels to maximize the profitability.
Considerable studies on closing a deal are implemented into trading practice. Eloe et al. [2] optimized
the threshold levels of taking profit and stopping loss based on a regime-switching model. On the
other hand, modeling with regime-switching has the advantage of flexibility in changing parameters.
Since first introduced by [3], intensive research interests have been drawn to this area, for example the
research by Yao et al. [4] on pricing the European option by a regime-switching model.

In this paper, we also apply switched regimes, but not driven by another independent process
or external factors. To optimize the take-profit level, regime-switching in our model is triggered
by the price process itself; hence, our model is less subject to parameter estimation and prediction,
and performs more neutrally to unveil the variation brought by the take-profit level.

We proceed as follows. In Section 2, we formulate the optimal selling problem. Section 3 gives
the probability distribution of the transaction time. In Section 4, the profitability function is explicitly
expressed in closed-form and optimal take-profit level is achievable from this expression. Section 5
proceeds the numerical simulation to show that the results obtained by our method are consistent with
those by crude Monte Carlo simulation [5] , but ours consume less time.

2. Problem Formulation

Suppose a pair of opposite trades are opened by the the current ask price x* and bid price x~ at
time £, the price X; is recognized as ’ﬁ% and denoted as x. Thereby, the cost for a pair of orders are
xT — x~, assumed as a constant < Xj. Let x(1 + 7) be the closing price for long trades, and x(1 — 7)
for short trades, x7 is the profit gained in each single deal, where 17 € (0,1) as the take-profit rate.
The price dynamic is simulated by the process {X; : t € [0,00)} formulated by the following equation:
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where y € R, 0 > 0, Xg > 0, and XSI/SZ = supg <<, Xy, XSLSZ = infs <;<s, X;. The nature
filtration (F});cr, is generated by a Wiener process (W;);cg, . For any T > 0, consider the process
{X¢ : t € [0, T]}; to make it under a risk-neutral setting, a new probability measure P is defined by

A T T
dP = exp ( / ordW; — / Zq)%dt) dp,
0 0

where the process ¢; is given by

o2

pri=p—(u- T)I{Xo,tzxo(l‘i'ﬂ) or Xo,<Xo(1-y)} EE 0,71,

hence under this measure, P, W; — fot @udu is a standard Brownian motion and X; is also a martingale.
Without loss of generality and for convenience of notation, we still proceed under the original measure
P instead of P for the remaining part. For any t € R, in the event that Xo(1 —717) < X5 < Xo(1 +17)
forall's € [0,t], (Xs)se[o, follows a geometry Brownian motion as in the Black-Scholes model. The
drift factor y is set according to the predicted trend based on the previous information. Therefore,
once the threshold level is achieved, we abandon the previously obtained value of the drift factor
#, and make no more prediction for the uncertainty; rather, the price thereafter is simulated by a
martingale—namely, letting the drift factor vanish. According to our stopping rule, two stopping
times are defined as follows,

Ty :=inf{s > 0| Xs > Xo(1+7) or Xs < Xo(1—1)}, 2)

T, :=inf{s > 0 | X545 > Xo(1+7) and Xo1, s < Xo(1— 1)} 3)

To measure the efficiency of profit-taking, we define the profitability function:

27’]X() —9:| (4)

¢(n):=E [Tl T

for any take-profit rate € (0,1). With definition (2) of T, SDE (1) is rewritten equivalently:
dXy = uXil {t<T1}dt + 0X;dW;. Next, we define two geometric Brownian motions (Y);egr . and
(Zt)ter, by dY; = uYidt 4+ oY;dW; and dZ; = 0ZdW;. For any positive sequence {t;};cn that t; < t;4
for any i € N, in the event t; < T for all i, {Y}, };en has the same joint distribution as { X}, };en. On the
other hand, {Z;, },ci has the same joint distribution as { X}, };c in the event that t; > s > T; for all i.
Therefore, in the following computation, we may substitute X; by Y; and Z; in each case, respectively.

For convenience, we define WtA =W+ At A= % — 5,51 := SUP)<,<; W;, and Iy := info<,<; W;.

3. Computation of Transaction Time

3.1. Independence between Ty and T,

In this subsection, we show by Lemma 1 the independence between T; and T, for
further computation.
Lemma 1. Forany t1,tp > 0, P(Ty € dt;, T, € dty) = P(Ty € dty)P(T, € dty), where Ty, T, are defined
by (2) and (3).

Proof. By definition (2) of Ty, Ty # 0 since Xy > 0, then X7, = Xo(141#) or X1, = Xo(1 — 17), hence
we have
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P(Ty € dfy, Ty € dip) = E[l{Tledtl}E[l{Tzedtz} | Th € dterTl = Xo(1 +77)”P(XT1 = Xo(1+ 1’]))

©)
+ E[1yrcany EM{nedt,y | Tt € dty, X, = Xo(1 —n)]]P(X1, = Xo(1 —17))-
To simplify (5), by definition (3), we note that
E[l{Tzedtz} | Tl’XT] = Xo(l - ;7)]
, R (6)
ZP( 1nf{s >0 | ZTl,T1+s > Xo(l + 77)} € dty | T1,ZT1 = Xo(l — 77)),
Applying the strong Markov property of (Z;);cg, forall t > T given Ty, we have
P(inf{s > 0| Zr, 1,45 = Xo(1+1)} € dta | T1, Zr, = Xo(1 —17))
— — 7
_p (log(l +1) - log(1—1n) c dStz) , @)

where for the property of Wiener process, we apply Theorem 1.12 of [6]. Combining (6) and (7), we
see that

log(1+#n)—log(1—
Ell{nyeany | T X1, = Xo(1—7)] = P ( og(l+1) - osll=1) dStz) - ®)

By the symmetric property of Wiener process (see Chapter 2 of [7]),
E[lircany | T1 € dty, X1y = Xo(1 = 17)] = E[1{pyean,y | T1 € dty, X1y = Xo(1+17)]. ©)

By (5), (8), and (9), we obtain

log(1 —log(1 —
P(T1 edt;, T € dl’z) = P(Tl € dtl)P ( Og( +17) . Og( ;7) € dStz) . (10)

On the other hand, repeating the approach above, we see that

P(T, € dty) = P (IOg(l ) —log(l=n) dst2> , (11)

(o4

hence we conclude Lemma 1 by (10) and (11). O

3.2. Distribution of Ty
Define a function G(y,4,b,t) foranya >y > b > 0and t € R} by

[0}

G(y,a,bt)= Y [k(t,ty—20+2(n—1)(a—b))+x(t,y—2a—2(n—1)(a—b))
n=1 (12)
—x(t,—y+2n(a—b)) —«x(t,—y —2n(a—b))],
_22
where the normal density function « is defined by «x(t, x) := f/z% for any t > 0,x € R. Then, the
distribution of Tj is given by Proposition 2 as follows.
Proposition 2. Foranyt > 0,
log(147)
[T e log(1+7) log(1—17)
P(Ty<t) = [og(;;,) NI G (y, - , o ,t ) dy
log(1+1) ) <1Og(1 —1) )
H P —=—F - VIA |+ D | —=——F——VIA ],
( oVt Vi oVt vi
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where ®(-) denotes the distribution function of a standard normal variable.

Proof. By the definition (2) of Ty, for any t > 0, we have P(T; < t) = P(Yo; > Xo(1+17) or Yo; <
Xo(1—1)). Applying the standard technique of Girsanov theorem, cf. Theorem 8.6.4 of B. Oksendal [8],
: _ AW — A2
we obtain that P(T) < t) = E[l{stzglog(u-r;) or < Llog(1—p}¢ " 2 f
Lemma 3 proved by some similar arguments as in Chapter 2.8 of [9]; the details of the proof are stated
in the Appendix. g

, for which we then apply the

Lemma 3. Foranya >c¢>b>0,t> 0and x € (a,b), we have

P(Si>aorly <b; Wy <c|Wy=x)
-1

_ i [®<c+x—2n(a—b)—2a>+¢<c+x+2n(a—b)—2b) _q><c—x+2n(a—b))

: Vi Vi Vi
_ & c—x—2n(a—Db) _® b+x—2n(a—b)—2a _® b+x+2n(a—b)—2b

(bx+£(ab)) <bx2n\(/aib) ) ( Vi )
ro (R e ()

4. Optimization of Take-Profit Levels

In this section, we express the profitability function in a closed-form and consider the
maximization problem over 17 € (0,1). By (4) and (11), and Proposition 2, we have

(1) = (277X0—9)/ P(dTy)P(dTy) _

®Re2 Ti+T (27Xo —0) /(Rﬂ2 t+s</)1(t)q)z(5)dtds, (13)

where the probability density functions are given by

log(1+7)
_ [ gy-1a29G [ log(1+17) log(l—1y)
pu(t) = log(1—1) o Y o’ e 4y
log(1+7)

Lo [0 ay—1a% log(1+17) log(1—17)

75 log(1—7) € G Y o ’ o o d}/

1 e_w (log(l—n) A >+ 1 eJlog(lm;mwz <log(1+17) A)
V2 20VB 2Vt Vo 20VB 2VE

_ (og(1:+y)log(1-1))
for t > 0, where the function G is defined by (12), and ¢, (t) = log(1+y)—log(1=y) , e

o273
for t > 0. Then, we consider the maximization problem of setting suitable 7. First, to enlarge

¢(n), we ensure it to be positive; therefore, # should satisfy the condition that # > 2—)%0. Note that
n € (0,1) and 6 < Xy as we assumed before, 7 should be within (2—%0,1). Next, we check the

convergence of the integration in (13). Actually, under the condition that & (%, 1), we see that

0<op(n) < Tog (ZXO(E;O__I(G); T;Xo— L which also provides a uniform upper bound for the profitability

function. The optimal take-profit rate #7* = max {17 € (%, 1) ‘ p(n) = max $(r) }, is ready to be
o <r<1
X, SIS

solved numerically.

5. Numerical Simulation

In Table 1 below, we compare the testing errors and running time for both approaches. Note that
the average testing errors are measured by comparison with the result obtained by programming with
much more samples and smaller time discretization steps, which consume several times the running
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time. From the average running time listed, we conclude that our approach is much more efficient
than that of crude Monte Carlo simulation. The reason is also mathematically obvious, as it is well
known that E[T,] = oo while E {TLJ is finite, it is quite time-consuming to sample the stopping time T
(so is Ty). From the data of difference pairs of (i, o) obtained by both approaches, we find that the
optimal take-profit level is more sensitive to the changes of ¢ than that of y. Besides, larger volatility
o yields large optimal take-profit level, which reinforces the widely-held financial wisdom that the
larger the volatility, the larger the take-profit level we can set.

Table 1. For 25 pairs of parameters (y, o), we report the value of 7 obtained by Monte Carlo simulations
and our approach of maximization of the closed-form.

Xo =10, 6 = 0.001 c0=010 =015 0¢c=020 oc=025 o =0.30

~=0.05 0.029 0.042 0.046 0.058 0.064

~=0.10 0.031 0.047 0.049 0.056 0.072

~=015 0.035 0.049 0.053 0.064 0.077
Monte Carlo ~=0.20 0.038 0.050 0.058 0.080 0.095

~=025 0.039 0.058 0.063 0.084 0.103

Average Testing Errors 0.028

Average Running Time 54.60 min

~=0.05 0.028 0.040 0.049 0.056 0.068

~=0.10 0.032 0.045 0.051 0.061 0.075

~=015 0.035 0.051 0.054 0.066 0.080
Our method ~=10.20 0.040 0.052 0.059 0.077 0.091

~=0.25 0.041 0.061 0.065 0.083 0.096

Average Testing Errors 0.011

Average Running Time 30.11 min

6. Conclusion and Future Work

This paper gives an optimal stopping rule by characterizing the take-profit level. Compared to
others’ effects on this, ours has less computational complexity and is applicable to improving the
trading strategy for the issue of closing position. Our work can be extended to other more difficult
models with regime switching, such as that with Markov chains; however, it could be challenging to
get a closed form, since our work benefits from the advantages of Brownian motion.
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Appendix A.
In this section, we proceed to prove Lemma 3 by applying the technique in Chapter 2.8 of [9].

Foranya >c>0b>0,x € (a,b),t >0, we have

PY(S; >aorI; <b; Wy <c)

_ ni[q) <C+x—2n\(/¢;—b)—2a)+¢(c+x+2n\%—b)—2b>

¢(Cx+\2/;l(ﬂb)> ©<Cx\2/1;(ab))
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_q,<b+x—2n(a—b)—2a> _¢<b+x+2n(i—b)—2b>

Vit Vit
+¢<b—x+\2/1;(a—b))+q>(b—x—\2f1:(a—b))].

Proof. First, several sequences of stopping time are defined as follows:
090 =0, TO:inf{tEO\It Sb},
=0, po=inf{t >0|S; >a};

oy = inf{t > 7, 1 | Wy = a};
Ty = il’lf{f Z On—1 ’ Wt = b},
Ty = inf{t > On—-1 | Wy = b},
pn = inf{t > 7,1 | Wy = a}.

With the reflection property of Brownian motion (refer to [9]), for y € (b, a),

PY(Wi 2y | Fo) = PX(Wy<2b—y | 7))  on{m <t);

PY(Wi 2y | Fo) = P*(Wy < 20—y | Fr,)  on{m <t}
P"(Wtgy‘frn):PX(WtZZa—y‘]:%) on {oy < t};
PY(Wi <y | Fo) = PF(Wi 220~y | Fp)  on{on <t}.
Note that 2b — y < band 2a — y > g; thereby, forany n > 1,
PWie>y, 7 <t) =P Wy <2b—y, 7, < t) =P (W, <2b—y, 0, < t);
PWi<y, 0, <t)=P*(Wy>2a—y, 0, <t)=P" Wy >2a—y, 1,1 <t);
PPWe <y, pn <t)=P*(Wy >2a—y, pp <t)=P* (W >2a—y, m, <t);

PX(Wy >y, my <t) =P* Wy <2b—y, my <t) =P* (W, <2b—y, py_1 < t).

The above formulas are alternately and recursively applied to gain the following expressions.
Therefore we have,

PWi>y, 7 <t) = PWi<2b—y,0,<t)
= PX(Wy>2a—(2b—y), 1,1 <)
= P*(W;<2b—y—2(a—0),0,1 <t)
P*Wy > y+2n(a—0), T—n < t)
= P'W;<2b—y—2n(a—"b),09 <t),
and
PWi <y, 0n<t) = PWi>2a—y,7,1<t)

= PP(Wy<y—2(a—-0),0,1 <t)
= P'Wy<y-—2n(a—b),o9<t).
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Similarly, another two formulas are:
P*(Wy <y, pp <t) =P*(Wy >2a—y+2n(a—"b)).

P*Wy >y, my <t) =P (W; >y+2n(a—0)).

Taking the derivative regarding y in the above four formulas, another four expressions are gained.
PWredy, Ty <t)=x(t,x+y—2b+2n(a—Db))dy,

P*(Wy edy, 0, <t)=x(t,x —y+2n(a—Db))dy,
P*Wredy, pp <t)=x(t,x+y—2a—2n(a—>b))dy,
P*Wy e dy, my <t)=x«(t,x —y—2n(a—>b))dy,

%2

where x(t,x) = i/% as defined before, for any t > 0,x € R. Note that 7,1 V p,—1 = 04 A 71, and
oy V Ty = 10 A py for any n > 1, then for any integer k > 1,

PWredy,iehpr<t) = P Wiedy g <t)+P"(Wiedypx<t)
—P*(Wy € dy, o3 A i < 1)
= P'(Wredynq <t)+P"(Wyedyp <t)
—[P*(Wr € dy, Te—1 < t) + P*(W; € dy, pr—1 < 1)
=P (W €dy, 1 Apr—1 < 1)].

Repeatedly apply this recursive expression for k times, and have:

k
PrWyedy, i Ape <t) = Y [P*(Wyedy,on <t)+P* (W edy,m, <t)
n=1
—Px(Wt € d]/, To1 < f) — Px(Wt € dy/PVl—l < t)}
+Px(Wt edy, 9 Npo < t).

Consider the convergence of the above summation when k goes to infinity. Since the summation
equals P*(W; € dy, 7 A px < t) — P*(W; € dy, 19 A po < t), the above summation should decrease on
k, and constrained within [—1, 1], the limit exists and is bounded. Note that S; > a or I; < b is the
same event as 1) A p < f, then pass k to infinity and gain that

[P*(Wr €dy, 1y 1 <t)+P*(Wr €dy,p, 1 < t)

agk:

Px(WtEdy, StZHOI'ItSb) =
n=1

—P*(W; € dy, 0, < t) — P*(W; € dy, m, < t)]

= Y [k(tx -ty —2b+2(1—1)(a— b))
n=1

+x(t,x+y—2a—2(n—1)(a—"b))
—«k(t,x —y+2n(a—0b)) —x(t,x —y —2n(a—b))|dy.

Finally, take integration regarding y from b to ¢, and hence complete the proof. O
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