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1. Introduction

Because classical methods can inhere troubles, most practical problems in different scientific
fields such as engineering, social science, economics, environment, and medical science have required
solutions via technical methods rather than dealing with classical methods. Insufficiency of the theories
of parameterization tools may result in these difficulties. The concept of soft set theory was initiated by
Molodtsov [1] as a new mathematical tool in order to deal with uncertainties. In addition, the works of
Maji et al. [2,3] focus on operations over soft set. It can be said that the algebraic structure of set theories
bearing on uncertainties is an important problem. Hence, many researchers have been interested in
the algebraic structure of soft set theory, and there are many works on this subject. For example, soft
groups and their basic properties were introduced by Aktag and Cagman [4]. Later, initial concepts of
soft rings were brought into attention by U. Acar et al. [5]. Then, establishing a connection between
soft sets and semirings, F. Feng et al. [6] defined soft semirings and several related notions. Later on,
M. Shabir et al. [7] worked on soft ideals over a semigroup. Qiu Mei Sun et al. [8] introduced soft
modules and their basic properties. Continuing in this way from specific to more general, fuzzy soft
modules and intuitionistic fuzzy soft modules were introduced by Gunduz and Bayramov [9,10],
respectively, and they investigated some basic properties of these modules. Recently, chain complexes
of soft modules and soft homology modules of them were defined by Ozturk and Bayramov [11], and
then the concepts of inverse and direct systems in the category of soft modules were introduced by
Ozturk et al. [12].

Recently, the study of soft topological spaces was initiated by Shabir and Naz [13].
The works [14-18] concentrated on the theoretical studies of soft topological spaces. The concepts of
soft points defined in References [14-18] were different from those in [19]. In our work, we use the
concept of soft point defined by Bayramov and Gunduz [19].

In the present study, the pointwise topology is defined in soft continuous mapping space, and the
properties of soft mapping spaces are investigated. Subsequently, we give some relationships between
some soft mappings spaces.
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2. Preliminaries

Here we give necessary definitions and theorems for soft sets that have already been given in the
literature. Thus, first of all, we present the definition of the soft set given by Molodtsov [1]. Throughout
the study, we will assume X to be an initial universe set and E to be a set of parameters. Then, P(X)
will denote the power set of X.

Definition 1. A pair (F,E) is called a soft set over X, where F is a mapping given by F : E — P(X) [1].
In other words, the soft set is a parameterized family of subsets of the set X. For e € E, F(e) may be
considered as the set of e—elements of the soft set (F, E), or as the set of e—approximate elements of
the soft set.

Definition 2. For two soft sets (F,E) and (G, E) over X, (F, E) is called a soft subset of (G, E) if Ve € E,
F(e) € G(e) [2].
This relationship is denoted by (F,E) C (G, E). Similarly, (F, E) is called a soft superset of (G, E) if (G,E) is

a soft subset of (F, E). This relationship is denoted by (F,E) E). Two soft sets (F,E) and (G, E) over X

> (6,
are called soft equal if (F, E) is a soft subset of (G, E), and (G, E) is a soft subset of (F,E).

Definition 3. The intersection of two soft sets (F, E) and (G, E) over X is the soft set (H, E), where Ve € E,
H(e) = F(e) N G(e). This is denoted by (F,E) N (G,E) = (H,E) [2].

Definition 4. The union of two soft sets (F, E) and (G, E) over X is the soft set, where Ve € E, H(e) = F(e)U
G(e). This relationship is denoted by (F,E) U(G (G,E)=(H,E) [2].

Definition 5. A soft set (F, E) over X is said to be a NULL soft set denoted by ® if forall e € E, F(e) = @(null
set) [2].

Definition 6. A soft set (F, E) over X is said to be an absolute soft set denoted by X ifforalle € E, F(e) = X [2].

Definition 7. The difference (H, E) of two soft sets (F, E) and (G, E) over X , denoted by (F,E)\(G,E), is
defined as H(e) = F(e)/G(e) foralle € E [13].

Definition 8. Let (F, E) be a soft set over X and Y be a non-empty subset of X. Then, the sub soft set of
(F,E) over Y denoted by (YF,E), is defined as follows YF(e) = Y N F(e), for all e € E. In other words,

(YF,E) = YA (F,E) [13]

Definition 9. Let (F, A) and (G, B) be two soft sets over Xy and X;, respectively, and A,B C E [4].
The cartesian product (F, A) x (G, B) is defined by (F x G)(xp), where

(F x G)(axp)(e,k) = F(e) x G(k), V(e k) € AxB.
Definition 10. Let T be the collection of soft sets over X [13]; then, T is said to be a soft topology on X if
(1) dD,)N( belongs to T;

(2) the union of any number of soft sets in T belongs to T;
(3) the intersection of any two soft sets in T belongs to T.

The triplet (X, T, E) is called a soft topological space over X.

Definition 11. Let (X, T, E) be a soft topological space over X, then members of T are said to be soft open sets
in X [13].
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Proposition 1. Let (X, T, E) be a soft topological space over X. Then, the collection T, = {F(e) : (F,E) € T}
for each e € E, defines a topology on X [13].

Definition 12. The complement of a soft set (F, E) is denoted by (F,E)" and is defined by (F,E) = (F ,E),
where F' : E — P(X) is a mapping given by F (e) = X — F(e) for all e € E [13].

Definition 13. Let (X, T, E) be a soft topological space over X. A soft set (F, E) over X is said to be soft closed
in X if its relative complement (F, E) belongs to T [13].

Definition 14. Let (X, T, E) be a soft topological space over X and (F, E) be a soft set over X [13]. Then, the
soft closure of (F, E) denoted by (F, E) is the intersection of all soft closed super sets of (F,E). Clearly, (F,E) is
the smallest soft closed set over X which contains (F,E).

Definition 15. Let (F, E) be a soft set over X. The soft set (F, E) is called a soft point, denoted by (x, E) , if
for the element e € E, F(e) = {x},and F(¢') = @ forall ¢’ € E — {e} (briefly denoted by x.) [19].

Definition 16. For two soft points x, and y. over a common universe X, we say that the points are different

points if x # yore # ¢ . [19]

Definition 17. The soft point x, is said to belong to the soft set (F, E) denoted by x, E (F,E)ifxc.(e) € F(e);
ie,x C F(e) [19].

Definition 18. Let (X, T, E) be a soft topological space over X [19]. A soft set (F,E) C (X, E) is called a soft
neighborhood of the soft point x, € (F, E) if there exists a soft open set (G, E) such that x, = (G,E) C (F,E).

Definition 19. Let (X, T, E) and (Y, 7', E) be two soft topological spaces, and f : (X, t,E) — (Y, 7, E) bea
mapping [20]. For each soft neighbourhood (H, E) of (f(x)., E), if there exists a soft neighbourhood (F, E) of
xe such that f ((F,E)) C (H, E), then f is said to be soft continuous mapping at x,.

If f is soft continuous mapping for all x,, then f is called soft continuous mapping.

Definition 20. {(¢;, ¢;) : (X, T,E) = (Yi, T, Ei) }icp i a family of soft mappings, and {(Y;, T;, E;) }ica
is a family of soft topological spaces [14]. Then, the topology T generated from the subbase
5 = {(gol-, ¢i)i_elA(Fif E;):(F,E) €emic A} is called the soft topology (or initial soft topology) induced by
the family of soft mappings { (@i, i) }ica -

Definition 21. Let {(X;, T;, E;) };c be a family of soft topological spaces [14]. Then, the initial soft topology
on X = [Tiea X generated by the family {(p;, q;) };c is called product soft topology on X. (here, (p;, q;) is the
soft projection mapping from (X, E) to (X;,E) i € A).

The product soft topology is denoted by [T;ca Ti-

3. Topology on Soft Continuous Function Spaces
Let { (X, Ts, E) }ses be a family of soft topological spaces over the same parameters set E. We define

a family of soft sets ( 11 Xs, E) as follows;
seS
If F; : E — P(Xs) is a soft set over X; for each s € S, then []F; : E — P(]] Xs) is defined by
seS seS

(H FS> (e) = T1Fs(e). Let us consider the topological product (H Xs, T, T1 Es> of a family of

seS seS seS seS  seS

soft topological spaces {(XS, T, E ) }se s. We take the restriction to the diagonal A C [T Es of each soft
seS
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set [TF : TTEs — P(I]X;). Since there exists a bijection mapping between the diagonal A and the
seS seS seS
parameters set E, then the restrictions of soft sets are soft sets over E [21].

Let (X, 7, E) be a soft topological space, {(Ys, 7/, E) }ses be a family of soft topological spaces, and
{(fs,1g) : (X, T,E) — (Y5, T, E) },cg be a family of soft mappings. For each soft point x, ~€ (X, T,E),

we define the soft mapping f = Afs : (X,T,E) — <HYS,T’,E) by f(xe) = {fs(xe)}ses =
s€S s€S

{(fs(x))e}ses- I f: (X, T,E) = (H Ys, T/, E) is any soft mapping, then f = A f; is satisfied for the
seS sES
family of soft mappings {fs = pso f : (X, T,E) = (Ys, 7, E) },cg [21].
Theorem?2. f: (X,7,E) — (HYS, T, E) is soft continuous ifand only if fs = pso f : (X, T,E) — (Ys, 7, E)
seS

is soft continuous for each s € S.

Proof. = Let f be a soft continuous mapping. Since the soft mappings ps are also continuous,
the composite mapping will be continuous.

—Let | K x..xFK,x ]I ?S,E> be an any soft base of product topology.

SFS1..5n

£ (Psl x.wxFyx J] ?S,E> = 7 (p B NN PN, )E)

S#£81...5n

= (FPR E) NN TP (R E)

Since the soft mappings ps, o f, ..., ps, © f are soft continuous, the soft set
(F72p5 (B N NP5 (B, ) E)

is soft open. Thus, f : (X, T,E) — (H Ys, T, E) is soft continuous. [
seS

If { fs: (Xs, T, E) — (Y, 75, E )} . is a family of soft continuous mappings, then the soft mapping
s€
I1fs: (H X, T, E) — <H Ys, T,, E) is soft continuous.

seS seS s€S
Now, let the family of soft topological spaces {(Xs, T, E) }ses be disjoint; i.e., X5, N X5, = @ for

each s # sp. For the softsetF : E — USXS over the set E, define the soft set F|y : E — X by
se s
Flx, (e) = F(e)NXs, Ve € E

and the soft topology T define by

(E,E) € T < (F|XS,E) € .

It is clear that T is a soft topology.

Definition 22. A soft topological space < USXS,T, E> is called the soft topological sum of the family of soft
s€
topological spaces {(Xs, Ts, E) }ses and denoted by & (X, 7, E).
seS

Let (is,1g) : (X5, 75, E) = @ (X, Ts, E) be an inclusion mapping for each s € S. Since
seS

(is,lg) EE) = (F|XS,E) € 7, for (F,E) €T,
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(is, 1g) is soft continuous.
Let {(Xs, T, E) }ses be a family of soft topological spaces, (Y, T, E) be a soft topological space, and

{ fs 1 (X5, 5, E) = (Y, T ,E )} S be a family of soft mappings. We define the soft function f = VS fs:
EIS se
@ (Xs, 75, E) — (Y, 7T,E) by f(x) = fe(xe) = (fs(x)), , where each soft point x, € @S(XS,TS,E) can
se

seS

belong to a unique soft topological space (X, Ts,, E). If f : @S(XS, %, E) — (Y, 7,E ) is any soft mapping,
se

then sts = f is satisfied for the family of soft mappings {fs = fois: (Xs, 7, E) = (Y, T, E)} s
s€ S

Theorem 3. The soft mapping f : @ (Xs, s, E) — (Y, T, E) is soft continuous if and only if fs = f o :
se€S

(Xs, 75, E) = (Y, Tl, E) are soft continuous for each s € S.

Proof. = Let f be a soft continuous mapping. Since the soft mappings is are also continuous, the
composite mapping will be continuous.
« Let (F,E) € T be a soft open set. The soft set f~(F, E) belongs to the soft topology EBSTS
s€

if and only if the soft set ( By, E) belongs to 7. Since

Xs

(£, E) =it (1 LE) = (ier ) (RE) = £ EE) €
f is soft continuous. O

Let { fo: (X6, w6, E) = (Ys, 7., E)} . be a family of soft continuous mappings. We define the
s€
mapping f = GB fs o (XS,TS,E) — 5§5(YS'T;'E) by f(x.) = fs(x.), where each soft point

Xe € @ (Xs,’l's, ) belongs to (Xsy, Tsy, E). It is clear that if each f; is soft continuous, then f is
seS
also soft continuous.

Theorem 4. Let {(Xs, Ts, E) }ses be a family of soft topological spaces. Then,

(1% ) = TT 00 00 ot (30, 50,) = 5, (3. 5.

=g sES seS seS

are satisfied for each e € E.

Proof. We should show that 7, = [] (7s),. Let us take any set U from .. From the definition of the
seS
topology T, there exists a soft open set

<(F51,E) X o X (FSH,E> < T1 5”(5>

SH#81...Sn

such that the set U = (Fsl (e) X ... x Fs,(e) x TI XS> belongs to the topology [T (1), -
seS

SFS1.Sn

Conversely, let | Us, x ... x Us, x ] Xs | € IT (), Then, from the definition of the topology
S#£S1...5n sES

(Ts;),, there exist soft open sets (Fs , E), ..., (Fs,, E) such that F;, (¢) = Us,, ..., Fs, (¢) = Us,. Then,

Us, X .o x Us, x [ Xs=Fy(e) x .. xF,(e) x J] Xs € T

S#81...8n 575151

The topological sum can be proven in the same way. O
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Let (X, 7,E) and (Y, T,, E) be two soft topological spaces. YX denotes the all soft continuous
mappings from the soft topological space (X, T, E) to the soft topological space (Y, T, E); ie
= {(f,lg) (X, 1,E) > (Y,T/,E) | (f,1g) — a soft continuous map}.

If (F,E) and (G, E) are two soft sets over X and Y, respectively, then we define the soft set (G, E)
over YX as follows:

G e) = { (1e) : (X, E) = (7)1 /(F@) € Gle) | foreache < .

Now, let x, € (X, 7, E) be an any soft point. We define the soft mapping ey, : (YX,E) — (Y, T, E)
by ey, (f) = f(xa) = (f(x)),. This mapping is called an evaluation map. For the soft set (G, E)
over Y, e;}(G,E) = (G*,E) is satisfied. The soft topology that is generated from the soft sets

{(Gxa, E)| (GE) € T,} as a subbase is called a pointwise soft topology and denoted by 7.

Definition 23. (YX, 1), E) is called a pointwise soft function space (briefly PISFS).

Example 5. Let X = {x',x?},Y = {y', 42,43} and E = {e1, e, }. If we give the soft sets F; : E — P(X) for
i€land G:E — P(Y) defined by

Fi(e)) = {x'}, Fi(e) =0
Fle1) = ©, B(e) ={x"}
B(e1) = {x'}, FB(er) = {x*}
Gler) = {y' v’} Gler) = {¥},

then the families T = {®, X, (F1, E), (F, E), (F3,E)} and T = {®, Y, (G, E)} are soft topologies.
Now, let us give the soft continuous mappings set YX. (f;,1g) : (X,7,E) — (Y, T ,E) consist of
the mappings

AGY = ¥ A =y
fa(x) Vo fa(x?) = 3/
f(x") v, ) =y
fa(x") v fa(@®) =y
() = B =y

Then, the soft subbase of soft pointwise topology consists of the following sets.

(G*,E) = {fifo fu f5}, (G, E) = {f}
(G*,E) = {fifo} (G%E) =1{fs fu fo}

Remark 5. The evaluation mapping ex, : (YX,7,,E) — (Y, T, E) is a soft continuous mapping for each soft
point x, E (X,t,E).

Proposition 6. A soft mapping g : (Z,1,E) — (Y, 1y, E)—where (Z,,E) is a soft topological space—is
a soft continuous mapping if and only if the soft mapping ex, o g : (Z,1,E) — (Y, T, E) is a soft continuous
mapping for each x, € (X,7,E).
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Theorem 7. If the soft topological space (Y, T, E) is a soft Ti—space for each i = 0,1,2, then the soft space
(YX, 1, E) is also a soft T;—space.

Proof. The soft points of the soft topological space (YX,1,, E) denoted by (fy, E); i. e, if B # a

then f,(B) = @ and if B = a then fy(B) = f. Now, let fy # g be two soft points. Then, it should

bef # gora # . If f = g then (f(x)), # (8(x))s € (Y, 7 E) foreachx € X.If f # g,
then f(x°) # ¢(x°) such that x* € X. Therefore, (f(x°)), # (g(xo))ﬂ

(f(xo))“ + (g(xo))/5 c (Y, T, E) is satisfied for at least one xy € X. Since <Y, T, E) is a soft T;—space,

there exists soft open sets (Fi, E), (F,, E) € 7 where the condition of the soft T;—space is satisfied. Then,
0 0

the soft open sets (le “, E) = 6;21 (F,E)and (sz ? E) = e;gl (F, E) are neighbourhoods of soft points f,

and gg, respectively, where the conditions of soft T;—space are satisfied for these neighbourhoods. [

is satisfied. In both cases,

Now, we construct relationships betwen some function spaces. Let {(Xs, Ts, E) }ses be a family of

pairwise disjoint soft topological spaces, (Y, T, E) be a soft topological space, and ] <YX5, T, E) ,
s€S

® (X, s, E) be a product and sum of soft topological spaces, respectively. The soft mapping

seS

vl (YXS,TSP,E) — (Ys?sxs, (TI)P,E>

seS

is defined by st ({fs}) (xa) = fso (xa) = (fso (x)),, Where ¥V {(fs,1g)} € S];EYXs, Vg, € sEeBs(Xs' 7, E),

x4 belongs to unique (X, Ts,, E). We define the inverse mapping of V
1. S@ Xs ’ X
V. (Y S (T )p,E) — ITS (Y ,TSP,E>
s€

by V71(f) = {foiS = flx.  Xs —>Y} cII (YXS,TS,,,E) foreach f: @& Xs — Y.

seS seS

Theorem 8. The mapping

v g (YXS,TSP,E) - (YESXS, (r’)p,E)

is a soft homeomorphism in the pointwise soft topology.

Proof. To prove the theorem, it is sufficient to show that the mappings V and V! are soft continuous.
For this, we need to show that the soft set V! (e, !(F, E)) is a soft open set, where each e; ! (F, E)

@ X ’
belongs to a soft subbase of the soft space (YsES , (’L’ ) , E) .
p

ex\(F,E) = {f:sgsxs Y| f(x) € (F,E)} = {fso (X = Y| fy (%) € (F,E)}.

Since

vl (e;;(F,E)) = V1<{f50 :Xe = Y| foy (xa) € (F,E)})

{fso Xy = Y| f (xa) € (F,E)} < T (st,TSp,E>
s#£sg
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is the last soft set, V1 (e;a 1 (F, E)) is a soft open set on the product space ] (YXS, Tsps E) .
seS

Now, we prove that the mapping V~ L. (YSGS s, ( /) , E) — 711 (YXS,TSP,E> is soft continuous.
P seS

Indeed, for each, the soft set (ex’a 1(1—",15))50 (F,E) x T1I (YXS,TSP,E) belongs to the subbase of the
S#S(

product space ] (YXS, Ty E) ,

s€S
(), (BB < TT (7 ):{{fs}GHSYwasU (mg(m}

is satisfied.
Since the set

(vl)l((ex;) 5 % 1 (¥, ))

S#Sq

- v ((e;{}) (FE)x T (Y* =, ))

50
{5t €0}

P Xs ’
belongs to subbase of the soft topological space (Yses , (T) ,E) , the mapping V! is soft
p

continuous. Thus, the mapping

V] (YXS,TSP,E) — (Yseeasxsl (T/)pIE>

seS

is a soft homeomorphism. [

Now, let {(Y;, 7., E) }ses be the family of soft topological spaces, (X, T, E) be a soft topological
space. We define mapping

A 51; (Y&,7, E) - ((gYS>X/ <S€1—£Ts’>p,E)

by the rule V {f; : X = Y;} € [] (YSX,TS’ ,E),A{fs} = Af.
seS i ses

X
Let the inverse mapping A"l = ((HYS) , (HTSI) ,E) — TI1 (YSX,TS/p,E) be
p

seS seS seS

A7L(f) = {psof:fs:Xs—>Y}

X
foreach f € ((Hl@) ,(HT;) ,E).
seS seS %

Theorem 9. The mapping

A g (¥&,7, E) = ((gYS>X, <ETS’>p,E)

is a soft homeomorphism in the pointwise soft topology.
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Proof. Since A is bijective mapping, to prove the theorem it is sufficient to show that the mappings A
and A~ are soft open. First, we show that the mapping A is soft open. Let us take an arbitrary soft set

(1), B (1), B2 T y>

SFS]...5)

belongs to the base of the product space [] (YSX, T;p, E) . Since the soft set
s€S

A ((e;;)ﬁ (Fsy, E) X . X (e;pi)s (s, E) < I1 YS>X)

SFS1...5k

_ {{ AV (k) E (BarB)ofu (1) E (psk,g)}
= (Ffl,E)x . Sk“k,E ( 1 YS>

SFS1...5k

is soft open, A is a soft open mapping.
Similarly, it can be proven that A~! is soft open mapping. Indeed, for each soft open set

X
6;{11 ((Fsl,E) X ... X (Fsk,E) X H Ys> S ((HYS) , <HTS,) ,E) ,
SFS1...5k seS s€S P
AL <exf ((psl, E)x..x (Fy,E)x ] Ys>>
SF£S1...5k

- ({f X = HYS | f(xa) € (Fs, E) X ... X (F, E) H Ys})

seS SF#S7...5k

{psof|f(x“) FSllE) Fsk/ H Ys}

SFS1..5k
= {peofIpa o f(xa) € (B E), o ps 0 f(x0) € (B E) |
Hence this set is soft open and the theorem is proved. O
Now, let (X,7,E), (Y, T/,E> and (Z, TN,E> be soft topological spaces and f : <Z, T“,E) X
(X,7,E) — (Y, T/,E) be a soft mapping. Then, the induced map ]A( : X — Y%is defined by
?(x,x) (zg) = f (xa,2p) for soft points x, c (X,7,E) and zg c (Z, ', E). We define exponential law
E: Y2 X (YZ>X

A A
by using induced maps E(f) = f; i.e., E(f)(xa) (z8) = f (28, Xa) = f(xa) (2) . We define the following

mapping
X
-1. (YZ> y yZxX
which is an inverse mapping E as follows

A

=1 B (zp %) = E°! (f(xa) (Z/s)) = f (2, %a) -
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Generally, in the pointwise topology for each soft continuous map g, the mapping E~! (g) need
not be soft continuous. Let us give the solution of this problem under some conditions.

Theorem 10. Let (X, 7,E), (Y, T/,E) and (Z, T//,E) be soft topological spaces and the mapping e :
YZ x X — Z,e(f,z) = f(z) be soft continuous. If there is a pointwise soft topology in the function
space YX and the soft mappinggf : X — Y7 is soft continuous, then the soft mapping

ET(]):ZxX Y
is also soft continuous.

Proof. By using the mapping
1Z><§:Z><Y%Z><YZ,
we take N
ZxXES 732 Ltz Sy,
Hence eoto (12 X §) € Y?*X, where t denotes switching mapping which is the mapping
changing the places of the arguments. Let us apply exponential law E toeo t o (1 7 X §) . For each soft
point x, c (X,7,E) and g € (Z, TN,E),

{[E(eoto(12x8))] ()} (zg) = (eoto(12x8)) (zp%)

= eot (zﬁ,é\(xa))

A

= e (80 zp)
= (8(x) (zp).

Since E (e oto (12 X g)) = §, E! (§) =e¢oto (12 X §> . Hence evaluation maps e and t are

A
soft continuous, E~! ( g) is soft continuous. O

4. Conclusions

In this paper, we introduce the concept of the pointwise topology of soft topological spaces.
Finally, we investigate the properties of soft mapping spaces and the relationships between some soft
mapping spaces. We hope that the results of this study may help in the investigation of soft normed
spaces and in many studies.
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