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Abstract: The purpose of this research study is to present some new operations, including rejection,
symmetric difference, residue product, and maximal product of Pythagorean fuzzy graphs (PFGs),
and to explore some of their properties. This research article introduces certain notions, including
intuitionistic fuzzy graphs of 3-type (IFGs3T), intuitionistic fuzzy graphs of 4-type (IFGs4T), and
intuitionistic fuzzy graphs of n-type (IFGsnT), and proves that every IFG(n—1)T is an IFGnT
(for n > 2). Moreover, this study discusses the application of Pythagorean fuzzy graphs in
decision making.
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1. Introduction

Intuitionistic fuzzy sets (IFSs) [1] of first type, an extension of Zadeh’s notion of the fuzzy
set [2] which itself extends the classical notion of a set, are sets whose elements have degrees of
membership and non-membership. Yager [3,4] considered the Pythagorean fuzzy sets (PFSs) as a new
generalization of IFSs which is characterized by the membership and the non-membership degree
satisfying the condition that their square sum is not greater than 1. Some results for PFSs and the
Pythagorean fuzzy TODIM approach to multi-criteria decision making have been presented in [5,6].
Zhang and Xu [7] dealt with the mathematical form of the PFS and introduced the concept of the
Pythagorean fuzzy number (PFN). They also discussed a series of the basic operational laws of PFNs
and proposed the Pythagorean fuzzy aggregation operators, including the Pythagorean fuzzy weighted
averaging operator. The PFS is more general than the IFS because the space of PFSs” membership
degree is greater than the space of IFSs” membership degree. For instance, when a decision-maker gives
the evaluation information whose membership degree is 0.5 and non-membership degree is 0.8, it can
be known that the IFN fails to address this issue because 0.5 + 0.8 > 1. However, (0.5)2 + (0.8)% < 1.
On the other hand, the notions of IFSs of second type (IFSs2T), IFSs of third type (IFSs3T), IFSs of
fourth type (IFSs4T), and IFSs of n-th type (IFSsnT) have been studied in [8-11]. For convenience,
IFSnT is represented by IFNnT—that is, { = ( He 1/§). The key difference between IFN1T, IFN2T, IFN3T,
IFNA4T, ..., IFnNT is their different constraint conditions. That is, py + v, < 1, ]/1[23 + 1/123 <1, y% + 1/,3; <
1Luj+vi<1,..., pr +v7 <1, respectively. The comparison of these spaces is shown in Figure 1.
For other notation applications, readers are referred to [12-20].

A graph is a convenient way of interpreting information involving the relationship between
objects. Fuzzy graphs are designed to represent the structures of relationships between objects such
that the existence of a concrete object (vertex) and the relationship between two objects (edge) are
matters of degree. The concept of fuzzy graphs was initiated by Kaufmann [21]. Later, Rosenfeld [22]
discussed several theoretical concepts, including paths, cycles, and connectedness in fuzzy graphs.
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Mordeson and Peng [23] defined some operations on fuzzy graphs and investigated their properties.
Parvathi and Karunambigai [24] considered intuitionistic fuzzy graphs (IFGs). Later, Akram and
Davvaz [25] discussed IFGs. Akram and Dudek [26] described intuitionistic fuzzy hypergraphs
with applications. Recently, Naz et al. [27] originally proposed the concept of Pythagorean fuzzy
graphs(PFGs), a generalization of the notion of Akram and Davvaz’s IFGs [25], along with their
applications in decision-making. Akram and Naz [28] studied the energy of PFGs with applications.
Dhavudh and Srinivasan [29,30] dealt with IFGs2T. The graph operations perform a substantial
role in many fields, especially in computer science. For example, the Cartesian product offers a
significant model for linking computers. There are various operations on PFGs. Verma et al. [31]
presented some operations of PEGs. In this research study, we present some new operations, including
rejection, symmetric difference, residue product, and maximal product of PFGs (IFGs2T), which may
be suggestive of some aspects of network design. We explore some of their properties, especially the
degree of vertices, and total degree as its modification, of resultant PFGs, acquired from given PFGs
using these operations. We introduce certain new notions, including IFGs3T, IFGs4T, and IFGsnT,
and prove that every IFG(n—1)T is an IFGnT (for n > 2). Moreover, we show that the definition
and operations of PFGs (IFGs2T) mentioned in [29,31] contain some flaws. Finally, we discuss the
application of PFGs in decision making.

fa/pp/piy s - [ IFNIT: @ = (s, ver)
—@®— IFN2T: 3 = (1g>vg)
—@— IFN3T:y = (p~, vy)
—@— IFN4T:6 = (ps, vs)
—@— IFNNT:C = (ug,ve)
u? + 1/? =1
Vot
py +vy =1
2 2 _
U + v = 1
— o + Vo =
I I I I
02 04 06 08 10 va/vs/vy/vs. - [

Figure 1. Comparison of spaces of intuitionistic fuzzy sets of n-th type (IFSsnT, given as IFNnT): IFN1T,
IFN2T, IFN3T, IFNA4T, - - -, IFNnT.
2. Operations on Pythagorean Fuzzy Graphs

Definition 1. [27] A Pythagorean fuzzy graph (PFG) on a nonempty set V is a pair P = (C, D) with C a PFS
on V and D a PFR on V such that

up(xy) < pe(x) Ape(y), vp(xy) > ve(x) Vve(y),

and 0 < p3,(xy) +va(xy) <1 for all x,y € V, where, yp: V. x V. — [0,1] and vp: V x V — [0,1]
represent the membership and non-membership functions of D, respectively. A PFG is also called an intuitionistic
fuzzy graph of 2-type (IFG2T). For convenience, IFS2T(PFS) is represented by IFN2T(PEN) (i.e., B = (pp, vp)).

Example 1. Consider a simple graph G = (V,E) such that V = {a,b,c,d,e} and E = {ab, bc,ad, bd, ce} C

V x V. Let
c- /(A b c d eN(fa b c d e\ .
~\\0.770.7'0.80.7709 /)" \0.6"06"0.3"0.7 04
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be the Pythagorean fuzzy vertex set and the Pythagorean fuzzy edge set defined on V and E, respectively.
By direct calculations, it is easy to see from Figure 2 that P = (C, D) is a PFG (IFG2T).

(0.7,0.6) (0.7, 0.6) (0.8,0.3)
a b C
(0.6, 0.6) (0.7,0.7)

: E
- o
S o
< &

®
d e
(0.7,0.7) (0.9,0.4)

Figure 2. Pythagorean fuzzy graph (PFG) (intuitionistic fuzzy graph of second type, IFG2T).

Definition 2. Let Py = (C1,D1) and P, = (Cp,Dy) be two PFGs of the graphs G; = (V4,Eq) and
Gy = (Va, Ep), respectively. The rejection of Py and Py is denoted by Py | P, = (C1 | C2, D1 | D7) and
defined as:

(0 (e, | ey) (x1,x2) = pey (x1) A pe,y (x2)
(ve, | ve,)(x1,x2) = ve, (%1) V v, (x2)
forall (x1,x2) € V1 XV,
(i) (1o, | 1p,) (%, 22) (x,y2)) = pie, (%) A pey (x2) A pie, (2)
(vp, | vp,)((x,x2)(x,2)) = ve, (x) Vv, (x2) Vv, (y2)
forall x € Vi, xoy» & Ep,
(i) (1, | 1p,) ((x1,2) (Y1, 2)) = pe, (x1) A pe, (v1) A pey (2)
(vp, | vp,)((x1,2)(y1,2)) = ve, (x1) Vv, (y1) V ve, (2)
forallz € Vy and x1y1 € Eq,
(iv) { (1o, | #Dz)((xhxz)(yl/yz))) = pe, (x1) A pie, (Y1) A ey (x2) A pie, (y2)

(vp, | vp,) ((x1,22) (Y1, ¥2)) = ve, (x1) Ve, (y1) V ve, (x2) V ve, (y2)
forall xy1 & Eq and xpyp & Ej.

Example 2. Consider two PFGs P; = (C1,D1) and P, = (Cp, Dy) on Vi = {l,m,n,0} and Vo = {p,q,r},
respectively, as shown in Figure 3. Their rejection Py | Py is shown in Figure 4.

Proposition 1. Let Py and P, be the PFGs of the graphs Gy and Gy, respectively. The rejection Py | P2 of Py
and P, is a PFG.

Proof. Let P; = (C1, D7) and P, = (C1, Dy ) be the PFGs of the graphs G; = (V4, E1) and Gy = (V3, Ep),
respectively. Then, for (x1,x2)(y1,y2) € E1 X Ep,
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Figure 3. PFGs.
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Figure 4. Rejection of two PFGs.

Ifxy =1, %12 & Ey,

(mp, | 1) ((x1,x2)(y1,12)) = pe, (1) A piey (x2) A ey (y2)
= A{pe, (x1) Apey(x2) } A e, (y1) A e, (y2)}
= (mey | mey) (x1,x2) A (pey | e,) (v, v2),
(vp, [vp,) ((x1,%2)(y1,12)) = ve,(x1) Ve, (x2) Ve, (v2)
= {ve, (x) Vg, (x2) } V{ve, (v1) Vve, (v2)}
= (ve, | ve,)(x1,%2) V (ve, | ve,) (W1, 42)-

4 0f 28
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If xo = yo, x1y1 € Eq,

(1o, | 1py) ((x1,%2) (v1,12)) = pey (x1) A ey (Y1) A piey (x2)
= {ue, (x1) A pe, (x2) } A {pe, (v1) A pe, (v2) }
= (pe, | ney) (x1,x2) A (pey | ie,)(y1,v2),
(vp, [ vp,)((x1,%2)(y1,y2)) = ve,(x1) Vv, (y1) Ve, (x2)
= Ave,(x1) Vg, (x2)} vV {ve, (v1) Ve, (v2) }
= (ve, | ve,)(x1,x2) V (ve, | ve,) (Y1, y2)-

If xyy1 ¢ E1, xoy2 € Ea,

(moy [ 1p,)((x1,%2)(y1,92)) = pey (x1) Apiey (1) A e, (x2) A ey (v2)
= {pc, (x1) A pey (x2) } Ape, (v1) A pey (v2)}
= (pe, | mey) (x1,%2) A (ney | pey)(v1,y2),
(vp, [vp,)((x1,x2)(y1,¥2)) = v, (x1) Ve, (y1) Ve, (x2) Vve, (v2)
= {ve,(x1) Vg, (x2)} vV {ve, (v1) Ve, (v2) }
= (ve, | ve,)(x1,x2) V (vey | ve,) (y1, v2)-

Hence, from all cases it is clear that Dy | D, is a PFR on C; | C;. Hence, Py | P2 = (C1 | C2, D1 | D2)
isa PFG. O

Definition 3. Let Py = (Cy, D1) and P = (Cy, D3) be two PFGs. For any vertex (x1,x2) € Vi X V,

(du)p,|p, (x1,%2) = Y (o, | pp,) (%1, %2) (Y1, ¥2))
(X], xZ)(]/l/ yz)EE]XEz

= Y te, (x1) A e, (x2) A e, (y2) + Y. pe, (x1) A pie, (Y1) A e, (x2)
X1=Y1, Xoy2&Es Xo=Y2, X1y1¢E1

+ )3 pe, (x1) A piey (Y1) A ey (x2) A e, (y2),
x1y1€E1, x2y2¢Ep

(dv)p,p, (x1,x2) = Y (vp, | vp,)((x1,%2)(y1,¥2))
(x1, x2)(y1,42) EE1 X Ep

= ) ve, (x1) Ve, (x2) Ve, (y2) + ) ve, (x1) Ve, (y1) V ve, (x2)
xX1=Y1, Xoy2¢E> X2=Y2, X1y1¢E1

+ ). ve, (x1) Ve, (y1) Vve, (x2) Vve, (Y2)-
x1y1€E1, x22¢E>

Definition 4. Let Py = (Cy, D1) and P = (Cy, D3) be two PFGs. For any vertex (x1,x2) € Vi X Vp,

(tdy)p, p, (X1, X2) = ) (o, | wp,) ((x1,%2) (Y1, y2)) + (pe, | pey) (%1, %2)
(x1, x2)(y1, y2)€EE1 X Ep

= Y te, (x1) A pe, (x2) A pie, (y2) + ) pe, (x1) A e, (1) A pey (x2)
x1=Y1, X2y2&E2 X2=Y2, x1y1¢E1

+ ) pe, (x1) A, (1) A pie, (x2) A pe, (y2) + (e, (x1) A e, (x2)),
x1y1€E1, x0y2¢E>
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(tdv)p,|p, (%1, %2) = ) (vp, [ vp,)((x1, x2)(y1, ¥2)) + (ve, | ve,) (x1, x2)
(x1, x2)(y1, y2)€EE1 X Ep

= Z ve, (x1) Ve, (x2) Ve, (y2) + Z ve, (x1)V ve, (v1) Ve, (x2)
x1=Y1, x2y2&E Xo=Y2, X1y1£E1

+ ) ve, (x1) Ve, (Y1) V vg, (x2) V vg, (y2) + (ve, (x1) V vg, (x2))-
x1y1€E1, x2y2¢E>

Example 3. Consider two PFGs Py and P, as in Example 2. Their rejection is shown in Figure 4. Then, by
definition of vertex degree in rejection,

(du)p, 2, (L) = {pe, (1) A pe,(p) Ay (1)} + {pe, (1) A pe, (m) Ape, (p) A pe, (r) }

+{pe, (1) Ape, (n) A e, (p) A piey (1)}
=06+06+06 = 1.8,

(dv)p,p, (L p) = {ve, (1) Vve,(p) Vv, (1)} + {ve, (1) Vve, (m) Vve, (p) V ve, (1) }
+ {ve, (1) Ve, (n) V e, () V e, (r)
=07+07+07 = 2.1.
Therefore, dp, p,(I,p) = (1.8,2.1). Also, the total degree of vertex (I, p) is given by:

(tdu)p,p, (L) = {pe, (1) A pe,(p) A e, ()} + {pe, (1) A e, (m) A e, (p) A pie, (1)}
+ {pe, (1) A e, (n) A pe, (p ) A ch(f)} + (e, (1) A e, (p))
=064+064+064+06 =

(tdv)p, p, (L p) = {ve, (1) Vve,(p) V ch(f)} +{ve, (1) Vve, (m) Ve, (p) Ve, (r)}
+{ve, (1) Ve, (n) Ve, (p) Vv, (1)} + (ve, (1) V vg, (p))
=074+074+07+07 = 28.

Therefore, tdp, 1p, (I, p) = (2.4,2.8).
Similarly, we can find the degree and total degree of all vertices in Py | Ps.

Definition 5. Let Py = (C1, D) and P, = (Cp, D) be two PFGs of the graphs G; = (V4, E1) and
Gy = (Vi, Ep), respectively. The symmetric difference of Py and P, is denoted by Py &Py = (C; & Cp, D1 ®
D,) and defined as:

pe, ® pe,)(x1,%2) = pe, (x1) A pie, (x2)
ve, ®g,)(x1,x2) = ve,(x1) Ve, (x2) forall (x1,x2) €Vix Vo,

vp, @ VDZ)(X, X2)(y,y2) = Vg (x) Vvp, (nyz) for all x€Vy,xy2 € Ep,

ip, © pp,)(x1,2)(y1,2) = pp, (x1y1) A pie, (2)
vp, ®up,)(x1,2)(y1,2) = vp,(x1y1) Vve,(z) forall z€ Vo, x1y1 € Ey,

tie, (x1) A pie, (y1) A pp, (x2y2) for all x1y1 & Eq, x2y2 € Eo
(1p, ® Up,)(x1,%2)(y1,y2) = § or
tie, (x2) A pie, (y2) A pp, (x1y1) for all x1y1 € Eq, xoy2 € Eo,

(
(
EﬂDl © up,)(x,%2)(y,y2) = pe, (x) A pp,(x2y2)
(
(

(iv)
ve, (x1) Vve, (y1) V vp, (x2y2) for all x1y1 € Eq, xay2 € Ep
(vp, ®vp,)(x1,%2)(y1,¥2) = or
ve, (x2) Ve, (12) V vp, (x1y1) for all x1y1 € Eq, x2y2 & Ea.

Example 4. Consider two PFGs P; = (C1,D1) and P, = (C2,Dy) on'Vy = {a,b} and Vo = {c,d, e},
respectively, as shown in Figure 5. Their symmetric difference Py ® P, is shown in Figure 6.
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Figure 5. PFGs.
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Figure 6. Symmetric difference of two PFGs.

Proposition 2. Let Py and P, be two PFGs of the graphs Gy and Gy, respectively. The symmetric difference
P1@® P, of Py and Py is a PFG of G; @ Gy.

Proof. Let P; = (Cy,D;) and P, = (Cy,Dy) be two PEGs of the graphs G; and G, respectively.
Let (x1,x2)(y1,y2) € E1 X E;.
Ifx; =y = x,

(1D, © ) ((x,x2)(x,y2)) te, (x) A pip, (x2y2)
pe, (x) A{pe, (x2) A pie, (y2) }
{He, (x) Ape, (x2) } A{pe, (X) A e, (y2)}

(He, @ pe,) (X, x2) A (e, © pey) (%, 2),

IN

(vp, ®vp,)((x, x2)(x,42)) ve, (x) Vvp, (x2y2)
ve, (x) V{ve, (x2) Vve, (y2)}
{ve, (%) Vve, (x2) } V {ve, () Vv, (y2)

(ve, ® ve,)(x,x2) V (ve, ®ve,)(x,y2).

v
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Ifx, = yp = z,

(hp, © pp,)((x1,2)(y1,2)) =

(vp, ®vp,)((x1,2)(y1,2))

If xqy1 ¢ E1 and xpy7 € Ep,

(]/lDl @ ]JDZ)((XL x2) (yll yZ))

I IA

v

IN

(vp, @ vp,)((x1,x2)(Y1,y2)) =

If xyy1 € E1 and xpy> € Ep,

v

(#p, @ pp,)((x1,%2)(y1,¥2)) =

<

(vp, ®vp,)((x1,%2)(y1,42)) =

Hence, P; ® P, is a PFG. [

v

o, (x1y1) A pe, (2)

{me, (x1) Ape, (y1)} A e, (2)

{ne, (x1) Apey (2) 3 Ape, (va) A pey(2) }
(e, @ pey)(x1,2) A (He, @ pie,) (v1,2),

vp, (x1y1) V v, (2)

{ve, (x1) Ve, (y1)} Vv, (2)

{ve, (x1) Ve, (2)} V {ve, (v1) Vve, (2)}
(ve, ®ve,)(x1,2) V (ve, @ ve,) (v1,2).-

te, (x1) A pe, (y1) A pp, (x2y2)

te, (x1) A pe, (y1) Ape, (x2) A e, (v2)}
{pc, (x1) Npey (x2) } A e, (v1) A pey (v2) }
(e, ® pey) (x1,x2) A (pey @ pey) (Y1, Y2),

ve, (1) Ve, (y1) V vp, (x2y2)

ve, (x1) Ve, (y1) V {ve, (x2) Ve, (y2) }
{ve, (x1) Ve, (x2) } V {ve, (v1) Vve, (v2)}
(ve, ®ve,)(x1,%2) V (vey @ ve,) (Y1, 12)-

o, (¥191) A pe, (x2) A pe,y (Y2)

{me, (x1) Ape, (y1)} A e, (x2) A e, (v2)
{me, (x1) Ape, (x2)} Ape, (1) Ape, (v2) }
(e, @ pey) (x1,x2) A (pey © pey) (Va,v2),

vp, (¥1y1) V v, (x2) V ve, (v2)

{ve, (x1) Ve, (y1) } Vv, (x2) V ve, (v2)
{ve, (x1) Vve, (x2) } Vv {ve, (v1) Vve, (v2) }
(ve, ®ve,)(x1,%2) V (vey @ ve,) (Y1, y2)-

8 of 28

Definition 6. Let Py = (Cy, D) and P, = (Cy, D) be two PFGs. For any vertex (x1,x3) € V1 X Va,

(dﬂ)P1®P2 (Xl, xZ) =

_|_

_|._

(o, ® pp, ) ((x1,x2) (Y1, y2))

(%1, x2)(y1, y2) EE1 X Ep

Yo He (x1) App, (x2y2) + Y. wp (viyn) Ay (x2)

X1=Y1, X2y2€E

)3

x1y1€E1,%02€E>

)3

x1y1€E1, X242 €E>

x1¥1€E1, x2=y2

pe, (x1) A pie, (Y1) A pp, (x2y2)

o, (x1y1) A e, (x2) A pie, (y2),
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(dv)pap, (x1,%2) = Y. (vp, @ vp, ) ((x1,%2) (Y1, ¥2))
(%1, x2)(y1,42) €EE1 X Ea

= Y. e (x1) Vp, (x2y2) + Y. vp (ny) Vg, (x2)

x1=Y1, x2y2€E> x1y1€E1, x2=Y2

+ Y ve, (x1) Vve, (y1) V vp, (x2y2)
x1y1¢E1, x2y2€E

+ 2 Up, (x1y1) Vv, (x) Ve, (y2).
x1y1€E1, x202¢E>

Theorem 1. Let Py and P be two PFGs. If uc, > up,, ve, < vp, and pe, > up,ve, < Vp,.
Then, for all (x1,x2) € Vi x Vo, dpgp,(x1,%2) = podp,(x1) + p1dp,(x2), where p; =| Vi |
—dg, (x1)andp; = | Vo | —dg,(x2).

Proof. By definition of vertex degree of symmetric difference, we have

(du)pep, (X1, X2) = Y. (1py, @ ppy) (21, x2) (Y1, y2))
(%1, x2)(y1, y2)€E1 X E2

= Y () App,(ay)+ Y, ppy (xayn) Apicy(x2)

xX1=Y1, X2y2€E x1¥1€E1, x2=Y2

+ Y te, (x1) A e, (y1) A pp, (x2y2)
x1y1€E1, x22€E>

+ Y o, (x1y1) A e, (x2) A pie, (y2)
x1¥1€E1, X202 €E>

= Y wup,(xay2)+ Y, pp (xiy1) + Y 1, (X2y2)

x2Y2€E> xy1€E x1y1€E1, x2y2€E>

+ Y up, (x1y1)
x1y1€E1, X242 €E>

= p2(du)p, (x1) +p1(du)p, (x2),

(dv)pyap, (x1,%2) = ). (vp, @ vp,)((x1,%2) (Y1, ¥2))
(%1, x2)(y1, y2)EE1 X Ep

= Y ve, (x1) Vvp, (x2y2) + Y vp, (x1y1) V v, (x2)

x1=Y1, x2y2€E> x1y1€E1, xo=1y2

+ Y. ve, (1) Ve, (y1) V vp, (x2y2)
X1Y1 ¢E1, x2y2€E2

+ Z vp, (x1y1) V Ve, (x2) V v, (Y2)
x1y1€E1, x2y2€E>

= ) vp(xay2)+ Y, vp(xiy1)+ Y. vp, (X2y2)

Xoy2€Ey r1y1€E x1y1€E1, X242€E>

+ Y vp, (¥1y1)
x1y1€E1, 1202 €E>

= p2(dv)p, (x1) + p1(dv)p, (x2).

Hence, dp op, (x1,%2) = podp, (x1) + p1dp,(x2), where p; =| Vi | —dg,(x1) and py =| V> |
—dGZ(Xz). O
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Definition 7. Let Py = (C1, D) and P, = (Cp, D) be two PFGs. For any vertex (x1,x3) € Vi X V3,

(tdy)pyap, (x1,x2) = Y (1p, @ pp,) ((x1,x2) (Y1, ¥2)) + (e, D pe,) (1, x2)
(x1, x2)(y1, y2)EE1 X Ez

= Y tie, (x1) A pip, (x2y2) + Y o, (x1y1) A e, (x2)

x1=Y1, X2y2€E3 x1y1€E1, xo=V>

+ ) ue, (x1) A pie, (y1) A pp, (x2y2)
x1y1€E1, x2y2€E2

- ). pp, (x1y1) A pe, (x2) A pe, (v2) + pe, (x1) A pe, (x2),
x1y1€E1, x2y2¢E>
(dv)prap, (x1,%2) = Y. (vp, ®vp,) ((x1,%2)(y1,¥2)) + (ve, © ve,) (x1,x2)
(%1, x2)(¥1, y2) EE1 X Ea
= Z ve, (x1) V vp, (x2y2) + Z vp, (x1y1) V e, (x2)

X1=Y1, nyzeEz xlyleEl, X2=12
+ Y ve, (x1) Ve, (y1) V vp, (x2y2)
x1y1€E1, x22€E>
+ ) vp, (x1y1) V e, (x2) Vve, (y2) + ve, (x1) V ve, (x2).

x1y1€E1, X292 ¢Ep
Theorem 2. Let Py = (Cy,Dy) and P, = (Cy, Dy) be two PFGs. If

() He, 2 HD, and He, > Vpl’then
(tdp)piap,(x1,x2) = pa(tdy)p (x1) + p1(tdy)p,(x2) — (p1 — Dpp, (x2) — (p2 — Dpp, (x1) —
Hpy (x1) V pp, (x2)
(i) ve, <wvp, andve, < vp,, then
(tdv)piop,(x1,x2) = pa(tdy)p, (x1) + p1(tdy)p,(x2) — (p1 — Dvp, (x2) — (P2 — D)vp, (x1) —
Vp, (¥1) A vp, (x2))

forall (x1,x2) € Vi x Vo, p1 = | Vi | —dg,(x1) andpy, =|V, | —dg,(x2).
Proof. For any vertex (x1,x2) € V3 x V3,

(tdy) P, (X1, %2) = Y (o, ® pp,) ((x1,%2) (Y1, y2))
(x1, ¥2)(y1, y2)€EE1 X Ep

= ). pe, (x1) A pp, (x2y2) + ) o, (x1y1) A pic, (x2)

xX1=Yy1, X2y2€E> x1y1€E1, x2=Yy2

+ ). pe, (x1) A pe, (y1) A pp, (x232)
x1y1€E1, x2y2€E

+ ). o, (x1y1) A e, (x2) A pe, (y2) + pey (1) Apie, (x2)
x1y1€E1, X012 €Ep

= )Y pup,(ay2)+ Y, pp,(viy1) + ) pp, (x212)

nyzeEz xlyleEl X1Y1 gElr xZ]/zeEz

+ ). pp, (x1y1) + pe, (x1) A pie,y (x2)
x1y1€E1, x292€E>

= ). wup,(ay2)+ Y. pp,(viy1) + ). pip, (x212)

X22€Ey x1y1€E x1y1€E1, x2y2€E>

+ ). i, (x1y1) + e, (x1) + pe, (x2) — pre, (x1) V pie, (x2)
x1y1€E1, x2y2¢E>

= pa(tdy)p, (x1) + p1(tdy)p, (x2) — (p1 — D)pp, (x2) — (p2 — 1) ppy (1)
— Hp (xl) \ #Pz(xZ)/
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(th)P]@Pz(xllxz) - Z (VD1 @VDl)((xLXZ)(]/l/]/Z))
(x1, x2)(y1, y2) €E1 X Ep

= ) ve, (x1) V vp, (x2y2) + ). vp, (x1y1) V v, (x2)

x1=Yy1, X2y2€E x1y1€E1, xo0=Y2
+ ) ve, (x1) Ve, (y1) V vp, (xay2)
x1Y1€E1, x2y2€E
+ Z vp, (x1y1) Ve, (x2) Vve, (v2) + ve, (x1) Ve, (x2)

x1y1€E1, x2y2€E>
= Y vp,(xay2)+ Y. vp,(xiyn) + Y vp, (X2y2)

Xoy2€Ep xy1€Ek x1y1€E1, x22€E>

+ ) vp, (x1y1) + v, (x1) Ve, (x2)
x1y1€E1, x2y2¢E>

= Z vp, (X2y2) + 2 vp, (x1y1) + Z vp, (x2y2)

x2l2€En xy1€E x1y1€E1, x2y2€E2

+ ) vp, (x1y1) + v, (x1) + ve,(x2) — ve, (x1) Ave,(x2)
x1y1€E1, X242 €E>

= p2(tdy)p, (x1) + p1(tdy)p,(x2) — (p1 — D)vp, (x2) — (p2 — 1)vp, (x1)
- UPl(xl) /\VPZ (xZ)'

Wherep; = | V1| —dg,(x1)andpy, = [V2|—dg,(x2). O

Example 5. Consider two PFGs Py and P, as in Example 4. Their symmetric difference is shown in Figure 6.
Then, by Theorem 1, we must have

(dy)pyap,(a,e) = padyp (@) +prdup, () = 1.8,

(dv)pap,(a,e) = padvp (a) + prduvp,(e) = 15.

Therefore, dp,op,(a,e) = (1.8,1.5).
In addition, by Theorem 2, we must have

(tdy)piep,(a,€) = pa(tdu)p, (a) +p1(tdy)py(e) = (p1 = Dppy(€) = (2 = Dpipy (@) = ppy (@) V iy (€) = 24,

(tdv)pyep, (a,€) = pa(tdy)p, (a) +p1(tdy)p, () — (p1 — 1)ppy (€) — (P2 = D, (a) —vpy (a) Avp, (e) = 1.8,

Therefore, dp,op,(a,e) = (2,4,1.8).
Similarly, we can find the degree and total degree of all vertices in Py @ Pa.

Definition 8. Let Py = (C1, D) and P, = (Cp, D;) be two PFGs of the graphs Gy = (V4, E1) and
Gy = (Vu, Ep), respectively. The Residue product of Py and P, is denoted by P; ¢ P, = (C1 Cy, Dy @ D;)
and defined as:

ve, e v, ) (x1,X2) = v, (x1) Avg,(x2) forall (x1,x2) € Vi x Vp,

#p, ® ip,)(x1,%2)(Y1,¥2) = pp, (x1y1)

0 { (e, @ 4oy (x1,%2) = piey (¥1) V ey (32)
(
(
(vp, e vp,)(x1,%2)(y1,¥2) = vp,(x1y1) for all x1y1 € Eq, x2 # yo.

Example 6. Consider two PFGs Py = (C1,Dy) and P, = (Cp, D2) on'Vi = {a,b,c}and V, = {d, e},
respectively, as shown in Figure 7. Their Residue product Py e P, is shown in Figure §.
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(0.8,0.4)

(0.6,0.7)

IS

b (0.5,0.8) c .
(0.6,0.7) (0.7,0.5) (0.9,0.2) (0.6, 0.6)

(a) P1 (b) P2

Figure 7. PFGs.

(0.9,0.2) (0.9,0.2)

(c,e) g
(0.7, 0.5) :
;i 0> 02
°
(b, e) (a,e)

(0.6,0.6) (0.8,0.4)

Figure 8. Residue product of two PFGs.

Proposition 3. Let Py and Py be two PFGs of the graphs Gy and Gy, respectively. The Residue product
P1 @ P, of Py and Py is a PFG of Gy e Gy.

Proof. Let P; = (C1,Dq) and P, = (Cp, D) be two PFGs of the graphs G; and G, respectively.
Let (x1,x2)(y1,y2) € E1 X Ep. If x1y1 € Eq and xp # y», then

(up, o up,)((x1,%2)(y1,¥2)) = pp, (x11)

te, (x1) A pe, (1)

{me, (x1) Apey (y1)}V {e, (x2) Ape, (y2)}
{ne, (x1) Ve, (x2)} Ape, (1) V pe, (v2) }
(e, @ mey) (x1,x2) A (pey @ ey) (V1,y2),

ININ

(vp, e vp,)((x1,%2)(y1,¥2)) vp, (x1y1)

ve, (1) Ve, (y1)

{ve, (x1) Vve (y1) } A {ve, (x2) Vve, (v2) }
= {ve, (x1) Avey(x2)} V {ve, (1) Ave, (v2) }

(ve, @ ve,) (x1,x2) V (e, @ ve, ) (Y1, 42)-

AVANLY,

Hence, P; @ P, is a PFG. [J
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Definition 9. Let Py = (C1, D) and P, = (Cp, Dy) be two PFGs. For any vertex (x1,x3) € Vi X V3,

(dy)pyep, (X1,%2) = Y (1D, ® up,)((x1,%2) (Y1, 42))
(x1, x2)(y1, y2)€EE1 X Ep

= Y. up(ay)

x1y1€E1, X272
= (d,u)P1 (xl)’

(dv)pep, (X1, %2) = ) (vp, e vp,)((x1,x2) (Y1, Y2))
(%1, %2)(¥1, y2) €EE1 X Ea

= Z Vp, (x1y1)

x1y1€E1, x2#Y2
= (dv)p, (x1).

Definition 10. Let P; = (C1,D;) and P, = (Cy, D3) be two PFGs. For any vertex (x1,x2) € Vi X V,

(tdy)p,ep, (X1,%2) = ) (1p, ® up,)((x1,%2) (Y1, ¥2)) + (pe, ® pe,) (x1,x2)
(x1, x2)(y1, y2)€EE1 X Ea

= ) o, (x1y1) + pe, (x1) A e, (x2)

x1y1€E1, x2#Y2

= Y. pp, (x1y1) + pe, (1) + pe, (x2) — pe, (x1) V pie, (x2)
x1y1€E1, x2#Y2

= (tdy)p, (x1) + pe,(x2) — pie, (x1) V pe, (x2),
(tdy)p,ep, (X1, %2) = Y (vp, e vp,)((x1,%2)(y1,¥2)) + (ve, ® ve,)(x1,Xx2)
(x1, x2)(y1, y2)EE1 X Ep

= Y vp, (x1y1) + ve, (x1) V ve, (x2)
x1y1€E1, X272

= Y. vp (vyn) +ve (x1) + v, (x2) — pe, (x1) Ave, (x2)
x1y1€E1, x2#Y2

= (tdy)p, (x1) + e, (x2) —ve, (x1) Ave, (x2).

Example 7. Consider two PFGs Py and P, as in Example 6. Their Residue product is shown in Figure 8.
Then by definition of vertex degree in Residue product,

(du)prep,(be) = (du)p (b) = 09,

(dv)prepy(bye) = (dv)p, (b) = 15.
Therefore, dp,op,(b,e) = (0.9,1.5).
In addition, by definition of total vertex degree in Residue product,

(tdy)p,ep, (b, e) = (tdu)p, (b) + pe,(e) — pe, (b) V pc, (e) = 1.5,

(tdy)prep,(be) = (tdy)p, (D) +ve,(e) —ve, (b) Ave,(e) = 2.2.

Therefore, tdp, op,(b,e) = (1.5,2.2).
Similarly, we can find the degree and total degree of all vertices in Py e Ps.

Definition 11. Let Py = (Cy1,D1) and P, = (Cz, D3) be two PFGs of G; = (V4, E1) and Gy = (Va, Ep),
respectively. The Maximal product of Py and P, is denoted by Py x Py = (Cq * Cp, D1 * Dy) and defined as:
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(0 (e, * pey) (x1,x2) = pey (1) V pe, (x2)
(ve, * vey) (x1,x2) = v, (x1) A v, (x2)
forall (x1,x3) € V1 x V,
iy 4 (o s D) ((6x2) (4, 92)) = e, (%) V i, (x232)
(vp, * vp,)((x,%2)(x,y2)) = ve, (x) Avp,(x2y2)
forall x € Vy and xpy, € Ey,
i) { (1, * 1,) ((x1,2) (11,2)) = i, (¥11) V iy (2)

(vp, *vp,)((x1,2)(y1,2)) = vp, (x1y1) A ve,(2)
forall z € Vo and x1y1 € Eq.

Example 8. Consider two PFGs Py = (C1,D1) and P, = (Cp,Dy) onVy = {a,b} and V, = {c,d, e},
respectively, as shown in Figure 9. Their Maximal product Py x Py is shown in Figure 10.

(0.8,0.4)
(&

(0.4,0.5) (0.4,0.5)

(0.6, 0.5)

a b e' (0.5,0.5) 'd
(0.9,0.2) (0.6, 0.5) (0.6,0.5) (0.7,0.5)
(a) P (b) P2
Figure 9. PFGs.

(0.9,0.2)
(0.9,0.2
(a,d) (0.9,0.2) (a,e) )
2
022 v
Y 0.8,0.4
(a,0) — o
(0.9,0.2) (0.8,0.4)
02
&
(b,€) (0.6, 0.5) (b, d)
(0.6,0.5) (0.7,0.5)

Figure 10. Maximal product of two PFGs.

Proposition 4. Let Py and P, be two PFGs of the graph Gy and Ga, respectively. The Maximal product
P1 * Pa of Py and Py is a PFG of Gy * Gy.

Proof. Let P; and P, be two PFGs of the graph Gy and Gy, respectively. Let (x1, x2)(y1,¥2) € E1 X Ea.
Ifx; = Y1 and XolYo2 € Ep,

(1o, * up,) (x1,%2)(y1,¥2)) = pe,(x1) V pp, (x2y2)

pe, (x1) V{pe, (x2) A e, (v2) }

{mc, (x1) V pe, (x2) } A e, (x1) V e, (v2) }
= (pe, *pey) (x1,x2) A (e, * Hey) (y1,y2),

IN



Math. Comput. Appl. 2018, 23, 42 15 of 28

(vp, *vp,)((x1,22)(y1,¥2)) = ve,(x1) Avp,(x2y2)

ve, (x1) A e, (x2) Ve, (v2) }

{ve, (x1) Avey (x2) } v {ve, (x1) Ave, (y2) }
(ve, * vey) (x1,x2) V (ve, *ve,) (Y1, y2)-

v

If x, = Yo and X1Y1 € E1,

(p, * up,) ((x1,%2)(y1,¥2)) = pp, (x1y1) V pe, (x2)

< Ape, (x1) Ape,(y1) )V ope, (x2)

= {ue, (x1) Ve, (x2) } AMpe, (y1) V pe, (x2) }

= (pc, * uey) (x1,x2) A (pe, * pey) (Y1, Y2),
(vp, *vp,)((x1,%2) (y1,¥2)) = vp,(x11) Ave,(x2)

> e, (x1) Vg, (v1) } Ave, (x2)

{ve, (x1) Ave, (x2) 3V {ve, (v1) Ave, (x2) }
= (vg, *ve,) (%1, x2) V (v, *ve,) (Y1, y2)-

Hence, the Maximal product of two PFGs is a PFG. O
Definition 12. Let Py and P, be two PFGs. For any vertex (x1,x) € Vi X V3,

(du)pwpy (X1, %2) = Y. (Hpy * up,) ((x1,%2) (Y1, ¥2))
(x1, x2)(y1, y2)€EE1 X Ea

= Yo pe () Vpp(ay2) + ), Ep (xayn) Ve, (x2),

xX1=Y1, X2y2€E X2=Y2, x1y1€E1

(dv)pl*pz(bez) = Z (VDl *VDz)((xerZ)(ylryZ))
(x1, x2)(y1, y2)EE1 X Ea

= Z ve, (x1) Avp, (x2y2) + Z vp, (x1y1) A ve, (x2).

x1=Y1, X2y2€Ey X2=Y2, X1y1€E1
Theorem 3. Let Py and P, be two PFGs. If e, > pp,, ve, < vp, and yc, > pp,, v, < vp,. Then
dp,«p, (x1,%2) = (dg, (x2) e, (x1) +dg, (x1) e, (x2), dg, (x2)ve, (x1) +dg, (x1)ve, (x2)).

Proof. By definition of vertex degree of P; * P,, we have

(dp)pysp, (x1,%2) = Y (1, * up,) ((x1,%2) (Y1, Y2))

(x1, x2)(y1, y2)€EE1 X Ea
= Y. te, (x1) V pp, (x2y2) + Y o, (X1y1) V pe,(x2)

x¥1=Y1, X2y2€E Xo=Y2, ¥1y1€E1
= Y. pe (n)+ Yo ke (x)
X1=Yy1, X2y2€E> X2=Y2, X1y1€E1

= dg,(x2)pc, (x1) +dg, (x1)pe, (x2),
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(dv)pysp, (x1,%2) (vp, *vp,)((x1,x2)(y1,¥2))

(x1, x2)(y1, y2) EE1 X Ea
= ) ve, (x1) Avp, (x2y2) + ) vp, (x1y1) A g, (x2)

x1=Y1, X2y2€E> X2=Y2, X1y1€E1
= Y v+ Y vp(an)
xX1=Y1, X2y2€E2 X2=Y2, x1y1€E1

= dg,(x2)ve, (x1) +dg, (x1)ve, (x2).

O
Definition 13. Let Py and P, be two PFGs. For any vertex (x1,x2) € Vi X V3,

(tdy)pyp, (X1, %2) = Y (1o, * up,) ((x1,%2) (Y1, ¥2)) + (be, * pe,) (x1,x2)
(%1, x2)(y1, y2)€EE1 X Ea

= Z te, (x1) V pp, (x2y2) + Z up, (x1y1) V pic, (x2)

xX1=Y1, X2y2€E> X2=Y2, ¥1y1€E1
+ e, (x1) V pe, (x2),

(tdy)p,«p, (1, X2) = ) (vp, *vp,)((x1,%2) (Y1, y2)) + (ve, * ve,)(x1,x2)
(x1, x2)(y1, y2)€EE1 X Ep

= Y ve, (x1) Avp, (x2y2) + ). vp, (x1y1) Ave, (x2)

xX1=Y1, X2Y2€E> X2=Y2, X1y1€E1
+ v, (x1) Avg, (x2).
Theorem 4. Let Py and P, be two PFGs.
(i) If ue, > wp, and pc, > pp,, then (tdy)p.p,(x1,x2) = dg,(x2)uc, (1) + dg, (x1)pc, (x2) +
]/lcl (xl) \ #Cz (XZ)/

(i) Ifve, <vp,andve, < vp,, then (tdy)p .p,(x1,%2) = dg, (x2)ve, (x1) +dg, (x1)ve, (x2) +ve, (x1) A
v, (x2).

Proof. By definition of vertex degree of Py * P, we have

(1) If 1461 2 ]’l'Dz and ]’102 Z yD]'

(tdy)pyap, (x1,%2) = Y. (Up, * up,) ((x1,%2) (Y1, Y2)) + (ke * pe,) (x1, x2)
(x1, x2)(y1, y2) EE1 X Ea

= Y, e (x)+ Yo He(x2) + pe (1) Ve, (x2)

xX1=Y1, X2y2€E> X2=Y2, X1y1€E1

= dg,(x2)pc, (x1) +dg, (x1)pc, (x2) + pe, (x1) V pie, (x2).

(i) Ifve, <wvp,andve, <vp,,

(tdy)pap, (¥1,%2) = ), (vp, *vp, ) ((x1,%2) (y1,y2)) + (ve, * ve,) (x1, x2)
(x], xz)(y], yQ)GE] X Ey

_ Y e (x) + Yo e, (x2) +ve, (x1) Ave, (x2)

x1=Yy1, X2y2€E Xo=Yy, X1y1€E1

= dg,(x2)ve, (x1) +dg, (x1)ve, (x2) +ve, (x1) Ave, (x2).
O

Example 9. Consider two PFGs Py and Py as in Example 8. Their Maximal product is shown in Figure 10.
Then, by Theorem 3, we must have

(@) pypy(0,0) = doy (©)pc, (6) + dg, (D), () = 20,
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(dv)pep,(b,c) = dg,(c)ve, (b) +dg, (b)ve,(c) = 14.
Therefore, (d)p,«p,(b,c) = (2,1.4).
In addition, by Theorem 4, we must have

(tdy)p,wp, (b,c) = dg,(c)puc, (b) +dg, (b)pc,(c) + pe, (b) V pe,(c) = 2.8,

(tdy)pap,(b,c) = dg,(c)ve, (b) +dg, (b)ve,(c) +ve, (b) Ave,(c) = 1.8.

Therefore, (td)p,.p,(b,c) = (2.8,1.8).
Similarly, we can find the degree and total degree of all vertices in Py * Ps.

3. Intuitionistic Fuzzy Graphs of n-th Type

Definition 14. An intuitionistic fuzzy graph of third type (IFG3T, for short) on a nonempty set V is a pair
P = (C,D) with C an IFS3T on V and D an IFR3T on V such that

up(xy) < pe(x) Ape(y), vp(xy) > ve(x) Vve(y)

and 0 < p3(xy) 4+ vh(xy) < 1 for all x,y € V, where, yp: V. x V. —s [0,1] and vp: V x V — [0,1]
represent the membership and non-membership functions of D, respectively. For convenience, IFS3T is
represented by IFN3T (i.e., v = (fhy, Vy)).

Example 10. Consider a simple graph G = (V,E) such that V. = {a,b,c,d,e,f,g} and E =
{ab,ae, be,cd,de,ef, fg}. Let

/(o b c d e f g\ (a b c d e f g\\_ .
- 0.7°0.870.8"0.6"0.7706"09 /" \0.85 0.750.65"0.9"0.85" 09" 0.6
ab ac be cd de of fg) (ab ac be cd de ef fg

- <(0.65’ 0.5 0.6"0.45" 0.6 0.4’ 0.5)’ (0.85’ 0.870.9°0.9"0.9” 0.95’ o.95> >

be an intuitionistic fuzzy vertex set of third type and an intuitionistic fuzzy edge set of third type defined on V
and E, respectively.
By direct calculations, it is easy to see from Figure 11 that P = (C, D) is an IFG3T.

(0.7, 0.85) (0.8,0.75)
a (0.65, 0.85) b

d

(0.6,0.9) (O.G,fO.Q)

Figure 11. IFG3K.

Definition 15. An intuitionistic fuzzy graph of fourth type (IFG4T, for short) on a nonempty set V is a pair
P = (C,D) with C an IFS4T on V and D an IFR4T on V such that

up(xy) < pe(x) Ape(y), vp(xy) > ve(x) Vve(y)
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and 0 < p3(xy) + vh(xy) < 1 for all x,y € V, where, yp : V. x V. —s [0,1] and vp: V x V. — [0,1]
represent the membership and non-membership functions of D, respectively. For convenience, IFS4T is
represented by IFNAT (i.e., 6 = (ps,v5)).

Example 11. Consider a graph G = (V,E), where V. = {a,b,c,d,e, f} and E = {ac,bc,cd,ce,de,df,ef}. Let

c-((a b cd e fN(fa b c d e fN\_ .
- 0.970.75°0.8"0.6"0.90.85 )"\ 0.75" 09" 0.85" 095" 0.75" 0.8

po((f be cd ce de df ef \ (ac bc cd ce de df ef
N 0.8”0.75" 0.55" 0.8 0.55” 0.6" 0.85 /" \ 0.85” 0.9" 0.95" 0.85" 0.95” 0.95” 0.8

be an intuitionistic fuzzy vertex set of fourth type and an intuitionistic fuzzy edge set of fourth type defined on
V and E, respectively.

By direct calculations, it is easy to see from Figure 12 that P = (C, D) is an IFG4T.

(0.9,0.75) (0.6, 0.95)
a d

f(0.85,0.8)

(¢6°0 ‘e 0)

e
(0.75, 0.9) (0.9, 0.75)

Figure 12. IFG4K.

Definition 16. An intuitionistic fuzzy graph of n-th type (IFGnT, for short) on a non-empty set V is a pair
P = (C,D) with C an IFSnT on V and D an IFRnT on V such that

up(xy) < pc(x) Apc(y), vp(xy) > ve(x) Vve(y)

and 0 < plh(xy) +vih(xy) <1 for all x,y € V, where, up : VxV — [0,1] and vp : V x V — [0,1]
represent the membership and non-membership functions of D, respectively. For convenience, IFSnT is
represented by IFNnT (i.e., { = (pg,v7)).

The key difference between IFN1T, IFN2T, IEN3T, IFN4T,. . ., IFnNT is their different constraint
conditions. Thatis, py + v, <1, ptl% + 1/% <1, y% + 1/;3 <1, y§ + 1/31 <1,..., ‘ug + vg < 1, respectively.
The comparison of these spaces is shown in Figure 1.

Theorem 5. Every IFG(n-1)T is an IFGnT (for n > 2).

Proof. Let P = (C, D) be an IFG of (n — 1)-th type. Then for any edge xy € EC V x V,

u D ) + 00D () <1,

where up : VxV — [0,1] and vp : V x V — [0,1]. Since pup(xy),vp(xy) € [0,1], therefore,
wh(xy) < y(g_l) (xy) and v} (xy) < vgl_l) (xy) foralln > 2.

Thus,
n n -1 -1
1 (xy) +vip () < pin () + vl () < 1.
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This implies that P = (C, D) is an IFGnT for n > 2. This completes the proof. [

Remark 1. The converse of Theorem 5 may not be true, as can be seen in the following examples.
1. Consider P; = (C1,Dy) as shown in Figure 13.

0.7,0.5 (0.6,0.7)
( a ) (0.5,0.7) b
o G °
S o &
S % o
5 2 3
c (0.7,0.4) d
(0.8,0.3) (0.7,0.4)

Figure 13. P; = (C1, D).
Notice that
yzpl(xy) + v%l(xy) <1 forall xy € E.
This implies that Py = (C1, Dy) is an IFG2T(PFG). Howeuver,
pp, (ab) +vp, (ab) =05+07 =12 £ 1.

This shows that P; = (C1, Dy) is not an IFG1T. Thus, we conclude that every PFG(IF2T) may not be

an IFGIT.
2. Consider P, = (Cp, D7) as shown in Figure 14.

(0.7,0.8) (0.9, 0.6)
a (0.65, 0.85) b
o
) N
% R <
o o
o S (0.8, 0.65)
< 3
O ~—
o™
(0.5,0.9)
c d
(0.5, 0.85) (0.6, 0.9)

Figure 14. P, = (Cp, D»).

We see that
y%z(xy) + v%z(xy) <1 forall xy € E.

Thus, Py = (Ca, D7) is an IFG3T. However,
1p, (ab) + v, (ab) = (0.65)* + (0.85)* = 1.145 £ 1.

This shows that P, is not an IFG2T. Hence, every IFG3T may not be an IFG2T.
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3. Consider P3 = (C3, D3) as shown in Figure 15.

(0.9,0.7)

(0.55, 0.95) (0.75,0.9) (0.6, 0.95)

We see that

Thus, P3 = (C3, Dg)

This shows that P is

(0.75, 0.85)

Figure 15. P3 = (C3, D3).

pp, (xy) + v, (xy) <1 forall xy € E.
is an IFG4T. Howeuver,
#p, (ab) +v3, (ab) = (0.55)° + (0.95)% = 1.190 £ 1.

not an IFG3T. Hence, every IFG4T may not be an IFG3T.

Consequently, every IFGnT need not be an IFG(n — 1)T (for n > 2).

4. Some Flaws in the Definition of PFGs (IFGs2T)

20 of 28

Dhavudh and Srinivasan [29,30] dealt with IFGs2T, and Verma et al. [31] presented some
operations of PFGs (IFGs2T). In this section, we show by counter examples that definition [29,30] and
operations [31] of PFGs contain some flaws.

Definition 17. [29,31] A PFG (IFG2T) on a nonempty set V is a pair P = (C, D) with C a PFS on V and D

a PFR on V such that

up(xy) < pe(x) Ape(y), vol(xy) <ve(x) Vve(y)

and 0 < pk(xy) +v3(xy) <1 for all xy e ECV x V.

Example 12. Consider two PFGs Py = (C,D1) and P, = (C3, D) on Vi = {a,b,c,d} and V, =
{a,b,e, f}, respectively, as shown in Figure 16.

(0.7,0.1) (0.5,0.6) (0.3,0.8) (0.5,0.6)
a (0.4,0.6) c a e
o] = )
< o> = S
. » =} o
g S E S
d (0.2,0.6) b f
(0.7,0.7) (0.2,0.4) (0.7,0.2) (0.6,0.7)
(a) P2 (b) P2

Figure 16. PFGs.
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(a) Union of two PFGs
Using Definition 17, we see that the union Py U Py as displayed in Figure 17 is not a PFG, since

pup(ab) =02 < 07=07A0.7 = pc(a) A puc(b),
vp(ab) =08 £ 02=0.1V02=v¢e(a)Vve(b).

(0.5, 0.6)
e

(0.7,0.1)
a

(0.2,0.8)

Figure 17. Union of two PFGs.

(b) Direct sum P; ¢ P,
Definition 17 shows that direct sum Py @ P, of PFGs Py = (C1, D7) and Py = (Ca, D2) as displayed in

Figure 18 is not a PFG, since
pup(ab) =02 < 07=07A0.7 = pc(a)Apuc(b),
vp(ab) =08 £ 02=0.1V0.2=ve(a)Vve(b).

(0.7,0.1) (0.5,0.6)
a e

(0.2, 0.8)

Figure 18. Direct Sum of two PFGs.

(c) Residue product P; e P,
Consider two PFGs P = (C1, D) and Py = (Cy, Dy) as shown in Figure 19.

Definition 17 shows that Residue product Py @ P, as displayed in Figure 20 is not a PFG, since

04 < 06=09AN0.6=puc((a,d))ANuc((b,e)),
07 £ 06=02V0.6=vc((a,d))Vve((be)).
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(0.8,0.4)

- (0.6,0.5)
d p
(0.7,0.5) (0.9,0.2) (0.6, 0.6)
(b) P2
Figure 19. PFGs.
(0.7,0.5) (0.9, 0.2) (0.6, 0.6)
(e, ) (0.6,0.4) (a,d) (0.4,0.7) (b, e)

(c,d) (0.6,0.4) (a, e) (0.4,0.7) (b, d)
(0.7,0.2) (0.8,0.4) (0.9,0.2)

Figure 20. Residue Product of two PFGs.

Remark 2. By applying Definition 1, it has been shown in [27] that all these operations hold. Thus, we conclude
that Definition 1 [27] is more powerful than Definition 17 [29,31].

5. Application to Group Decision-Making

In this section, we apply the concept of PFGs to a decision-making problem. A group
decision-making problem concerning the “selection of most important investment object” is solved to
illustrate the applicability of the proposed concept of PFGs in a realistic scenario based on Pythagorean
fuzzy preference relations (PFPRs) [27]. The algorithm of the selection of the most important investment
object within the framework of a PFPR is outlined in Algorithm 1.

Selection of the Most Important Investment Object

A risk preference investor wants to put an idle fund into in the Shanghai Stock Exchange as a
long-term investment. He thinks that six companies, z; (i = 1,2, ...,6), which represent six different
industries, are very promising. Given that his time and energy are limited, he plans to choose the
most important investment object from these options. Therefore, he consults his investment adviser
e and three stock specialists ey, e3, and e4. The decision makers compare six companies with respect
to the possibility of the increasing trend of the stock prices and the appraisements of these corporate
stocks, and provide their preference information on z; (i = 1,2, ...,6), which are represented by the

(k)
1
each pair of stocks [32]. The corresponding PFPRs Ry = ( pl(]k ) )6x6 are shown as follows.

The PFDGs D; corresponding to PFPRs Ry (k = 1,2,3,4) given in Tables 1-4 are shown in

Figure 21.

Pythagorean fuzzy element (PFE) p..” which indicates the preferences of experts e, (k = 1,2,3,4) over
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K
3

I S @lle <
S L= iE) o
3 SO P o
z e gl\s &
21
== 2 == S
=l 4 =1 -
- I [=1 T f=]
© S =z =
elle =2 2lle =

Figure 21. Pythagorean fuzzy digraphs.

Table 1. Pythagorean fuzzy preference relation (PFPR) of the investment adviser.

R1 Z1 Z2 z3 Z4 Z5 Z6

z; (05,05) (04,07) (09,01) (0.7,02) (03,08) (0.5,0.8)
z  (0.7,04) (05,05) (04,08) (0.6,07) (0.1,05) (0.8,0.6)
zz (0.1,09) (08,04) (05,05) (02,09) (0.7,05) (0.3,0.7)
zg  (02,07) (0.7,06) (09,02) (0505) (0.1,03) (0.8,0.3)
zs  (0.8,03) (05,0.1) (05,07) (03,01) (0505) (0.7,0.7)
z6  (0.8,05) (06,08) (0.7,03) (03,08) (0.7,07) (0.5,0.5)

R z1 2z z3 Z4 z5 Z6

z1 (05,05) (08,06) (0507) (0804) (0.7,06) (03,0.6)
z  (0608) (0505) (03,08 (02,09) (07,05 (0.803)
z3 (07,05) (08,03) (0505) (07,04) (02,06) (09,02)
zg  (04,08) (09,02) (04,07) (0505 (0.8,05) (03,07)
25 (0607) (0507) (0.602) (0508) (0505) (0.6,0.8)
2 (06,03) (03,08 (02,09) (07,03) (0.8,06) (05,0.5)
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Table 3. PFPR of the second stock specialist.

R3 z1 ) z3 Z4 Zs5 Z6

z1 (05,05) (02,08 (07,06) (0508) (03,09) (0.7,06)
z  (08,02) (0505 (01,04) (0.606) (0.805) (0504)
zz (06,07) (04,01) (0505) (0.1,07) (03,08 (09,02)
zs  (08,05) (06,06) (07,01) (0505) (0.608) (0.2,07)
zs (09,03) (05,08 (08,03) (0806) (0505) (080.3)
z6  (0.6,07) (04,05) (02,09) (0.7,02) (0.3,08) (0.5,0.5)

Ry z1 Z z3 z4 z5 Z6

z1 (05,05) (03,09) (04,07) (0.6,03) (0.7,06) (0.1,08)
z  (09,03) (0505) (09,04) (05,08) (0.608) (0.507)
z3 (0.7,04) (04,09) (05,05) (07,04) (05,08) (09,03)
zs  (03,06) (08,05) (04,07) (0505) (09,03) (04,0.6)
zs (0.6,07) (08,06) (0805) (03,09) (0505 (0.9,04)
ze (08,01) (07,05) (03,09) (0.6,04) (04,09) (050.5)

Compute the averaged PFE pl(k) of the company z; over all the other companies for the experts

ex(k =1,2,3,4) by the Pythagorean fuzzy averaging (PFA) operator:

1/n 1/n
n n
P = PEAG vy ply)) = 1(1—[(1”5‘)) /(HW‘) R
j=1

The aggregation results of the experts ¢ (k=1,2,3,4) are as follows:

e “) (0 6413,0.4060), pi!) = (0.5942,0.5681), p") = (0.5464,0.6198), p\") = (0.6780,0.3947),
(0.5977,0.3004), p{!) = (0.6427,0.5681);

er: p 5 (0.6567,0.5582), & = (0.5897,0.5924), p¥ = (0.7185,0.3915), p{¥) = (0.6587,0.5192),
2) = (0.5542,0.5616), p'? = (0.5897,0.5185);

e p (3% (0.5388,0.6854), & = (0.6332,0.4107), pS) = (0.5996,0.3971), p{¥) = (0.6204,0.4509),
o _ = (0.7659,0.4318), p'>) = (0.4988,0.5415);

ey p 43 = (0.4949,05972), ps) = (0.7334,0.5473), p{*) = (0.6822,0.5085), p\*) = (0.6587,0.5161),

Pé ) (0.7281,0.5793), pé ) = (0.6018,0.4481).

To determine the weights of the experts, we first utilize the Pythagorean fuzzy Hamming distance
between two PFEs:

1
D(p1,p2) = 5 (I3, = 1| + V3, =2, + 173, = 72|,

= 2 2 - 2 2
where 7y, = \/1— g5 —v5, 7y, = /1=y, — V5,

to compute d(pl(]),pl(])), i,j = 1,2,...,6;,k = 1,2,3,4 and obtain the difference matrix Dy, =

(dgjlk))nxn = (pz(j)'pz(j ))nxn as follows:

0 0.4800 0.5600 0.2700 0.4000 0.4400
0.4800 0 0.0700 0.3200 0.4800 0.2700
0.5600 0.0700 0 0.6500 0.4500 0.7200
0.2700 0.3200 0.6500 0 0.7900 0.5500 |’
0.4000 0.4800 0.4500 0.7900 0 0.1500
0.4400 0.2700 0.7200 0.5500 0.1500 0

D1y =Dy =
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Di3 =Dz =
Dyy =Dy =
Dp3 = D3 =
Dyy =Dy =
D3y =Dy =

D11 = Dy = D33 = Dyy =

Utilize Equation (1) to determine the average values of the difference matrix

; 1 & &k
A=) 3 dy

_ - 13.2000
dip =dy = 3
_ - 11.0400
dyz = d3p = T3

0.1500
0.3500
0.6000
0.1700
0.2800

0.3200
0.6500
0.1300
0.4000
0.2400

0.6000
0.2400
0.4800
0.4500
0.4000

0.5500
0.0900
0.3500

0.2800

0.2200
0.3300
0.5500
0.4500
0.4800

0.1500

0.6300
0.1300
0.6300
0.5900

0.3200

0.6500
0.1500
0.7400
0.3900

0.6000

0.5600
0.4500
0.1500
0.3900

0.5500

0.7200
0.2100
0.3900
0.4000

0.2200

0.8000
0.2800
0.3900
0.3300

0.3500
0.6300

0.3500
0.4000
0.7200

0.6500
0.6500

0.6500
0.3900
0.7200

0.2400
0.5600

0.4800
0.3300

0.0900
0.7200

0.4900
0.0500

0.3300
0.8000

0.4800
0.1600
0.0500

O O O O O O

0.6000
0.1300
0.3500

0.9000
0.6000

0.1300
0.1500
0.6500

0.8000
0.4800

0.4800
0.4500
0.4800

0.3900
0.0500

0.3500
0.2100

0.1700
0.1300

0.5500
0.2800
0.4800

0.5500
0.1300

S O O O o O
o O O O o o

o O O O o o

0.1700
0.6300
0.4000
0.9000

0.4000

0.4000
0.7400
0.3900
0.8000

0.3300

0.4500
0.1500
0.3300
0.3900

0.5500

0.3900
0.4900
0.1700

0.4800

0.4500
0.3900
0.1600
0.5500

0.2400

O O O O O O
O O O O O O

0.2800
0.5900
0.7200
0.6000
0.4000

0.2400
0.3900
0.7200
0.4800
0.3300

0.4000
0.3900

0.0500
0.5500

0.2800
0.4000
0.0500
0.1300
0.4800

0.4800
0.3300
0.0500
0.1300
0.2400

i=1j=1
_ _ 13. _ _

= 0.3667,d13 = da; = 338200 =0.3833,dys = dyy =
_ _ 61 _ _

= 03067, doy = dyp = % = 0.2394,d3y = dyz =

25 of 28

)

= (0.3911,

= 0.3022.

s
Using d; = ). dj, we determine the deviation of the expert e; from the reaming experts
k=1k#I

as follows:

di = 1.1411, dy = 0.9128, d3 = 34.6900, d4 = 0.9328.
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Utilizing Equation (2), we determine the weights of the experts.

-1
L,Z:LZ,.

: 8 @
Y (d)!
=1

w; =
w1 = 0.0303, wy, = 0.0242, w3 = 0.9207, ws = 0.0248.

Compute a collective PFE p; (i = 1,2,...,n) of the company z; over all the other companies using
the Pythagorean fuzzy weighted averaging (PFWA) operator [4]

S

pi=PEWA (", p?,... p) = Wl “T10- (y,2>)Wf,ﬁ<y,.)zvf> .

k=1 k=1
That is,

p1 = (0.5450,0.6690), pp = (0.6342,0.4214), p3 = (0.6041,0.4048),
ps = (0.6243,0.4521), ps = (0.7579,0.4329), ps = (0.5099,0.5392).

Compute the score function s(p;) = ‘uiz —v2[7]of p;(i = 1,2,3,4,5,6), and rank all the companies

1

zi(i=1,2,3,4,5,6) according to the values of s(p;)(i = 1,2,3,4,5,6):
s(p1) = —0.1505, s(p2) = 0.2246, s(p3) = 0.2011, s(ps4) = 0.1854, s(ps) = 0.3870, s(ps) = —0.0307.

Then, z5 > zp > z3 > z4 > z¢ > z1. Thus, the optimal choice is z5.
We present our proposed method in the following Algorithm.

Algorithm 1: A discrete set of alternatives Z = {z1,z5,...,2,}, a set of experts e =
{e1,€2,...,em}, and construction of PFPR Ry = (pf}c))nxn for each expert.

Begin

2. Aggregate all P,(]k ) (j=1,2,...,n) corresponding to the alternative z; and get the PFE pgk) of the

alternative z; over all the other alternatives for the expert e, by using the PFA operator.

3. Compute d(pg), pg()), i,j=1,2,...,6;1,k =1,2,3,4 and obtain the difference matrix

Dy = (dgk) Ynscn = d( pg), pg{) )nxn using the Pythagorean fuzzy Hamming distance between

two PFEs 1
D(p1,p2) = 5 (11, = 1|+ V3, =B | + |, — 2, |) -
_ n o n
4, Compute the average value of the matrix Dy by utilizing dj; = % ¥y dl(jlk)
i=1j=1
S
5. Determine the deviation of the expert ¢; from the rest of the experts using d; = . 1[}:(# dig.
-1 ’
6. Calculate the weight vector for decision organizations by utilizing w; = s(dl) = 1=1,2,...,s.
Y (di)~
1=1

7. Aggregate all pl(k) (k=1,2,...,m) into a collective PFE p; for the alternative z; using the
PFWA operator.

8. Compute the score functions s(p;) of p;(i =1,2,...,n).

9. Rank all the alternatives z;(i = 1,2, ...,n) according to s(p;) (i = 1,2,...,n).

10.  Output: The selection of the optimal object.

11. End
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6. Conclusions

A Pythagorean fuzzy set model is suitable for modeling problems with uncertainty, indeterminacy,
and inconsistent information in which human knowledge is necessary and human evaluation is needed.
Pythagorean fuzzy models give more precision, flexibility, and compatibility to the system as compared
to the classical, fuzzy, and intuitionistic fuzzy models. A fuzzy graph can well describe the uncertainty
of all kinds of networks. In this paper, we introduced new operations, including rejection, symmetric
difference, residue product, and maximal product of Pythagorean fuzzy graphs. These graph products
are suggestive of some aspects of network design. They may be useful for the configuration processing
of space structures. The repeated application of these operations in constructing a network generates
graphs that display fractal properties. Next, we introduced certain notions, including intuitionistic
fuzzy graphs of 3-type (IFGs3T), intuitionistic fuzzy graphs of 4-type (IFGs4T), and intuitionistic fuzzy
graphs of n-type (IFGsnT), and proved that every intuitionistic fuzzy graph of (n — 1)-th type is an
intuitionistic fuzzy graph of n-th type (for n > 2). We are planing to extend our research work to (1)
interval-valued Pythagorean fuzzy graphs; (2) simplified interval-valued Pythagorean fuzzy graphs;
(3) hesitant Pythagorean fuzzy graphs.

Author Contributions: M.A., A.H., FEL and ].M.D. conceived and designed the experiments; A.H., EI. and ].M.D.
wrote the paper.

Conflicts of Interest: The authors declare no conflict of interest.
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