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Abstract: A complex Pythagorean fuzzy set (CPFS) is an extension of a Pythagorean fuzzy set that is
used to handle the vagueness with the degrees whose ranges are enlarged from real to complex subset
with unit disc. In this research study, we propose the innovative concept of complex Pythagorean
fuzzy graphs (CPFGs). Further, we present the concepts of regular and edge regular graphs in a
complex Pythagorean fuzzy environment. Moreover, we develop a complex Pythagorean fuzzy
graph based multi-attribute decision making an approach to handling the situations in which the
graphic structure of attributes is obscure. A numerical example concerning information technology
improvement project selection is utilized to illustrate the availability of the developed approach.

Keywords: complex Pythagorean fuzzy graph; edge regular complex Pythagorean fuzzy graph;
decision making

1. Introduction

The concept of Pythagorean fuzzy sets [1-3] is a relatively peculiar mathematical framework
in the fuzzy family with a larger ability to deal with imprecision and obscurity in decision-making.
The Pythagorean fuzzy model relaxes the condition y +v < 1 with y? +1? < 1 and has higher
potentiality than intuitionistic fuzzy sets (IFSs) [4] to manage the complex obscurity in practical
decision making problems. Ramot et al. [5] put forward the concept of a complex fuzzy set (CFS)
by extending the range of membership function from real to complex number with the unit disc.
Yazdanbakhsh and Dick [6] provided a systematic review of CFSs. After the inception of CFS by
Ramot et al., several researchers [6-8] divert their attention to CFSs. Later, Alkouri and Salleh [9,10]
generalized the concept of CFS to complex intuitionistic fuzzy sets (CIFSs) by representing the degree
of complex valued non-membership functions and proposed the concepts of complex intuitionistic
fuzzy relation and a distance measure under a CIFS environment. Rani and Garg [11] investigated
some series of distance measures between the two CIFSs, presented the complex intuitionistic fuzzy
power aggregation operators [12], generalized complex intuitionistic fuzzy aggregation operators [13]
and provided their applications in the process of decision-making. Kumar and Bajaj [14] introduced
some distance and entropy measures in complex intuitionistic fuzzy soft circumstances. PFS can only
handle the vagueness and uncertainty that exist in the data but is unable to show the partial ignorance
of the information and its fluctuations at a specific phase of time during their execution. Moreover,
in real life, vagueness and uncertainty presenting in the data occur concurrently with changes to the
phase (periodicity) of the data. Thus, to consider this information, the existing theories are insufficient
and hence, some information loss during the process. To overthrow it , Ullah et al. [15] introduced
the notion of CPFSs and extended some distance measures to accommodate complex Pythagorean
fuzzy values.
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A graph is a model of relations and is a convenient tool for depicting information comprising
a relationship between objects. In networking, due to the development of system complexity, a variety
of uncertain information is frequently encountered. To handle this vague or uncertain information,
Rosenfeld [16] put forward the notion of fuzzy graphs. Mordeson and Peng [17] defined the
operations on graphs within fuzzy contexts. Yu and Xu [18] developed the graph based multi-attribute
decision-making model, to solve MADM problems with the interrelated attributes. With the more
obscure information in the networks, several generalizations of fuzzy graphs [19,20] have been put
forward by many researchers. Naz et al. [21] emanated the concept of Pythagorean fuzzy graphs
(PFGs). Later, Akram et al. [22-24] proposed certain novel concepts of graphs under a Pythagorean
fuzzy environment. Akram et al. [25] simplify the expressions of an interval-valued Pythagorean fuzzy
set by providing a new idea of a simplified interval-valued Pythagorean fuzzy set and originally put
forward the notion of simplified interval-valued Pythagorean fuzzy graph along its applications in
decision making. In the existing theories of fuzzy graph and its generalization, the vagueness present
in the data and its relations are managed with the aid of membership and non-membership degrees
which are the subset of real numbers and may give up some effective information. An alternative
to these, CFS handles the uncertainties with the degrees whose ranges are extended from the real
subset to the complex subset with unit disc and hence handle the two-dimensional information
in a single set. To utilize this benefit, Thirunavukarasu et al. [26] put forward the concept of
complex fuzzy graphs. Yaqoob et al. [27] introduced the concept of complex intuitionistic fuzzy
graph with its application in cellular network provider companies. Further, Yaqoob and Akram [28]
extended the concept of complex fuzzy graphs to complex neutrosophic graphs. As CPFS is a more
generalized version of the existing theories such as FSs, IFSs, CFSs and CIFSs. Thus, motivated by this,
in this paper, within complex Pythagorean fuzzy contexts, we introduce the innovative concept of
complex Pythagorean fuzzy graphs (CPFGs) in which pairs of the membership degrees represent the
two-dimensional information. We develop operations on two CPFGs and investigate their desirable
properties. We define the concepts of regular and edge regular graphs with appropriate illustration and
examine some of their crucial properties with complex Pythagorean fuzzy information. Aggregation
operators have great importance in many fields of information processing such as decision making,
medical diagnosis, pattern recognition, data mining machine retrieval and machine learning, and so
forth. Aggregation operators are commonly used to convert all the inputted individual information
into a single value. So, we also develop systematic operations and aggregation operators to aggregate
complex Pythagorean fuzzy information. Finally, we develop a CPFG based MADM approach to
handle situations in which the attributes graphic structure is uncertain.

The paper is structured as follows: Section 2 proposes a new generalization of Pythagorean fuzzy
graphs—called CPFG—and investigates its properties in detail. Section 3 discusses the edge regularity
of a graph in complex Pythagorean fuzzy circumstances. In Section 4, we discuss the aggregation
operators of CPFSs and provide the application of CPFSs and CPFGs in MADM and finally we draw
conclusions and elaborate on future work in Section 5.

Definition 1 ([15]). Let Y be the universe of discourse. A complex Pythagorean fuzzy set € defined on Y is an
object of the form
% = {(r, ‘u(g(r)ei“(g(r),V(éj(r)eiﬂcg(r)) r e Y}’

where i = /=1, g (r),vg(r) € [0,1], ag(r), B (r) € [0,271], 0 < pZ.(r) +v2(r) < 1and 0 < a,(r) +
B2 (r) < 2m.
Definition 2 ([15]). Let ¢ = {(r,pg(r)e®c"),vu(r)efe)y - v ¢ Y}, & =

{(r,y(gl(r)ei“(gl(r),v%l(r)eiﬁ(gl(r)) cr € Y}, and 6 = {(r,ycgz(r)ei“‘gz(r),v%z(r)eiﬁ(gz(’)) s r €Y}
be the three CPFSsin Y, then

() €1 C G ifand only if pey, (r) < peg (r), v (1) = veg, (r) for amplitude terms and aq, (r) < aqg, (1),
B, (r) > B, (r) for phase terms, for all v € Y;
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(i) 61 = G if and only if pe, (1) = pg, (r), v, (r) = v, (r) for amplitude terms and ae; (r) = aq, (1),
B, (r) = B, (r) for phase terms, for all ¥ € Y;
(iii) G = {(r,vg(r)ePe), uy(r)eve)) . r € Y}

For simplicity, the pair (ue'®, ve'f) is called the complex Pythagorean fuzzy number (CPEN),
where y,v € [0,1] such that 4> +v?> < 1and a, B € [0,27] such that 0 < a? + p* < 271.

Example 1. Suppose a fixed set Y contains only one element v, uy(r) = 04,a¢(r) = 1.2m,ve(r) =
0.7,B5(r) = 1.6m Then € = {(r,0.4e27(06) 0.7¢27(08))} js g CPFN and denoted by ¢ =
(0.4¢277(0:6) 0.70127(08)) for simplicity.
2. Graphs in Complex Pythagorean Fuzzy Environment

In this section, the innovative concepts of complex Pythagorean fuzzy relation and CPFG are

introduced and some related properties are investigated.

Definition 3. Let ¢ = {(r, ycgl(r)ei“%”l (’),vggl(r)eiﬁ‘fl (7)) coor €YY}, and 6 =
{(r, ycgz(r)ew“@(r),U{Z(r)elﬁ‘gz(r)) :7 € Y} be two CPFSs in Y, then

M 6 U% = { (7, (e, (1) V gy (1) @090, (g (1) A (r)) P NP0 ) oy v

@) 1N = { (7, (e, (1) A iy (1) “9 090D, (g (1) Vg (1)) P P00 2y e v

Definition 4. A CPFS 2 in'Y X Y is said to be a complex Pythagorean fuzzy relation in Y, characterized by
D = {(rs, ugp(rs)e®2 %) v, (rs)eP2(9)y | s € Y x Y},

where gy : Y xY — [0,1] and vy : Y x Y — [0, 1] depict the membership and non-membership function of
9, respectively, such that 0 < p2,(rs) +v2,(rs) < Land 0 < &% (rs) + B, (rs) < 27 forallrs € Y X Y.

Definition 5. A complex Pythagorean fuzzy graph on a non-empty set Y is a pair 4 = (¢, 2), where € is a
complex Pythagorean fuzzy set on Y and 2 is a complex Pythagorean fuzzy relation on Y such that:

1o (rs)e®2 %) < (g (r) A pieg (5)) el (0e (DA (5)),
(rs)eP2 (%) < (v (r) V vig (s) el (P (NVB% ()

rs)
Vg

0 < % (rs) +v2(rs) < 1and 0 < a% (rs) + p%,(rs) < 27 forall r,s € Y. We call € and 9 the complex
Pythagorean fuzzy vertex set and the complex Pythagorean fuzzy edge set of ¢4, respectively.

Example 2. Consider a graph G = (C,D), where C = {s1,52,53,54,55} is the vertex set and D =
{5152, 5253, 5354, 5155, 5255, 5355, 5455 } is the edge set of G. Let 4 = (¢,2) be a CPFG on C, as given in
Figure 1, defined by:

€

S1 Sp S3 54 S5
0. 5€i2”(0 7)" 0.8¢127(0.8) " (. 70i271(0.9) " () 4¢i270(0:6) " (0 .8ei27(0.9) |’

52 S3 54 S5
0. 661271 (04) " 0.3¢i271(0:6) " ().4¢1271(0.3) " 0.3¢i271(0.5) " (). 5¢i277(0.3) ’
9 = 5152 5283 $354 5185 $285 5355 4S5
- 0.5¢i271(0.6) " () ei271(04) " (0.4¢1271(0.3) " () 4¢i271(0.6) " (. 7¢i271(0.3) " () 6ei27(0.8) " (.3¢i27(0.5) )/

5152 5253 5354 5155 5255 5355 5455
0.6¢i271(0.5) " 0.2¢i27(0.5) " (). 2¢i271(0.4) " () 6¢i27(0-2) " ().4¢1271(0.5) " 0.4¢i270(0.3) " (). 4¢i27(0.4)
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)

51 (0_581%(0.7) , 0.651i277(0'4)) 84(0.48127&0.6)7 0_36127r(o.5))

5’5(0.86727((“‘9), 0_5(31%(0.3))
Figure 1. Complex Pythagorean fuzzy graph.

To compare the CPFGs with PFGs, we convert the vertex set and the edge set of CPFG in Figure 1,
from complex Pythagorean fuzzy numbers to the Pythagorean fuzzy numbers by considering the
phase terms of each complex Pythagorean fuzzy value as zero, as shown in Figure 2.

)
57‘@,%1 (0.6,0.2) ,0_4}

$4(0.4,0.3)

55(0.8,0.5)

Figure 2. Pythagorean fuzzy graph.

The proposed extended fuzzy graph—named CPFG—is more rational to reality in the process of
decision-making. In PFG, the information consists of a real-valued membership and non-membership
degrees and just considers the amplitude term, which causes loss of information. Further, a CPFG is
an extension of the existing theories such as fuzzy graphs, complex fuzzy graphs [26] and PFGs [21]
by considering more or more information related to the vertices and relations and to deal with the
two-dimensional information in a single set.

Definition 6. Let ¢ = {(r, ug (r)e®e () vy (r)eiPe (1)) | € C} and 2 =
{(rs, nop(rs)e®2 () vy (rs)eP2 () )|rs € D} be the vertex and the edge set of a CPFG ¥, then the
order of a CPFG ¥ is denoted by O(¥) and is defined as:

i Y ag(r) i L Be(ri)
O) = Y ug(rie i< Y v (ri)e i€ :

1’,‘€C 7'1'EC
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The size of a CPFG ¥ is denoted by S(¥) and is defined as:
i Y ag(rnr) i Y ol
S@)=| ¥ uo(rr)e i<’ . Y vg(rir)e 0

TiTjGD T’ierD
Example 3. The order and size of the CPFG given in Figure 1 is O(¥) = (3,231'2”(3-9),2.11‘271(2-1)) and
S(9) = (3.5¢127(35) 2 8271(28)) yespectively.
Definition 7. The complement of a CPFG ¢ = (¢, 2) on an underlying graph G = (C,D) is a CPFG
G = (€, 2) defined by

L jg (e = pg(r)ee ) and v (r)eiPe ) =
(g (r) A g (5)) ell@e (Nhas

(i (r) A pig(5)) €8N E) g (15)et2 ()50 < gy (rs)e®o () < 1.

vcg(r)eiﬁﬁg(’).
(s)) if yg(rs)ei“@(”) —0,

2 g (rs)ea (i) —

(v (r) V v (s))e!(Be (1) VB« (s) if vy (rs)eiBo () = 0,

(Vg (1) V veg (5))el B (VB4 (5) — vy (rs)eP2 (1) i 0 < vy (rs)elP2 (%) < 1.

Example 4. Consider a CPFG Y = (¢,2) on C = {sq1,5s2,53,54}, as in Figure 3, defined by:

¢ = S1 So S3 S S1 Sp S3 S4
S 0.7¢i27(0.8) " ().8¢127(0.7) " (0.6¢i27(0.6) " 0.9¢i27(0.7) | " \ (.4¢127(0.6) " ().3¢i270(0.5) " () 5ei27(0.3) " () 2pi271(0-4) 4
9 = 5154 5254 5354 5154 5254 5354
- 0.2¢i27(0.4) " (0.8¢127(0.7) ” (). 3¢i271(02) ) "\ .3¢i270(0.5) " (.3¢i271(0.5) ” () 4¢i277(0.3) :
(0.767L27r(0,8)7 0_4ei27r(0.6))
S1
®

((g0)22:2€°0 {(10)22:7C°0)

54(0.9¢727(0-7) (. 2¢727(0-4))

(0.66i27r([)'6>, 0.562'27\'(0.3)) (0.861;217(0,7) , 0.361.277(0‘5))

Figure 3. Complex Pythagorean fuzzy graph.
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Utilizing Definition 7, complement of a CPFG can be obtained, as given in Figure 4, and defined by:

7 - S1 So S3 Sy4 S1 Sp S3 Sy4
- 0.7¢i271(0.8) " ().8¢127(0.7) 7 ().6¢i27(0.6) " 0.9¢i27(0.7) | " \ (.4¢127(0.6) " ().3¢i277(0.5) " (). 5ei27(0.3) ” (). 2pi271(0-4) 4

N
|

5154 5354 5152 5253 5351
0.5¢i27(0.3) " ().3¢127(04) 7 ().7i27(0.7) " () 6¢i27(0.6) * ().6i27(06) )’

5154 5354 5152 5253 5351
0.1¢1271(0.1) " 0.1¢i27(0.1) ” 0.4¢i27t(0.6) * (. 5¢i27t(0.5) * () 5ei27(0-6) :

It is easy to see from Figure 4 that ¢ = (¢, 7) is a CPFG.

(0.761'271'(0.8) , 0.461'271'(0.6))
51

s3 (0.661'271'(0.6)70.561'271'(0.5)) .

(0.66i27r(0‘6)’ O.5ei27r(0‘3)) (0.86’2”(0'7), O.3ei2”(0'5))
Figure 4. Complement of a complex Pythagorean fuzzy graph.

Theorem 1. The complement of a complement of CPFG is a CPFG itself, that is, g=9.

Proof. Suppose that ¢ is a CPFG. Then, by utilizing Definition 7, we have

e (N € ") = 1 (1€ ") = 1y (r)e®€ ") and v (r)eP€ ") = v (r)ePe ) = v (r)eP€ ") forall v € C.

If 11 (rs)e®2(15) = vy, (rs)elP2(15) = 0, then

1o (r9)e2 ) = (ueg (r) A paeg (5))e 6 M ED = (uep (r) A paeg ()6 M6 6D — gy (rs)ei2 ),

Vg (19)eB7 1) = (U (1) V g (5)) e Be VB D) — (11 (1) V v (s))el (B (VB2 () — 1, (r5)eiB (19),
If0 < H@(Ts)ei“@(“),vg (rs)eiﬁ@(rs) < 1, then

i (19)e° 2T — (4 (1) A i (3)) el @6 N G)) _ 3oy ing (rs)

)
= (ueg (1) A pig () e D) — (uig (1) A g (5))e! 06 NN — gy (r5)et 2 2]
)

_ ‘Z/l_o](T’S eizx@(rs)’
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v (rs)eP2 0 = (1) Vg () Pe VPl g (1s)eiPa )
(Vg (1) V vgg (5)) e Be (VB () — (1 (1) V 1 (5) ) el Be (VB ) s (rs) el (7))
= y.@(rs)eiﬁ@(rs)

forallr,s € C. Hence @ = ¢. [

Definition 8. The union % U% = (61U 6, 21 U 2) of two CPFGs % = (61, 21) and %, = (62, Z2a) of
the graphs Gy = (Cy, Dy) and Gy = (Cy, Dy), respectively, is defined as follows:

te (r)e*e (") ifre Cp—Cy,
() (1, U pegy) (e 0 a)0) = £y ()l ifreC—Cy,
(15, (1) V gy ()@ V00 iy e 0 Gy,
vsgl(r)eiﬁ‘gl (") ifreC—Cy,
Q) (v U vgy) (n)e'Far Be) ) = Ly (1)eifar () ifreC,—Cy,
(vig, (1) A v, () Per DMPa M) e e €N Gy,
Hay (rs)e: %) ifrs € D; — Dy,
(i) (pg U y%)(rs)ei(“f’zl Uag,)(rs) — 1o, (rs)gi"‘?ﬁz(’s) ifrs € Dy — Dy,

(o, (rs) vV y%(rs))ei(“@l (s)Veo, (1)) ifrs € Dy N Dy,

_ Vo, (rs)ei’g% s) if rs € D1 — Do,
(iv) (vg, U 1/_@2)(rs)el(ﬁ'91U Bay)lrs) — ugz(rs)elﬂ@z(“) ifrs € Dy — Dy,
(vg, (rs) A v%(rs))el(ﬁgl (r)\B2, (1) it rs € Dy N Dy

Theorem 2. The union % U %, of % and 4, is a CPFG of G1 U Gy if and only if % and %, are CPFGs of G4
and Gy, respectively, where C1 N Cy = @.

Definition 9. The ring-sum 4 &% = (61 ® 62, 21 ® 2n) of two CPFGs 4 = (61, Z1) and %, = (€2, Dn)
of the graphs Gy and Gy, respectively, is defined as follows:

(i © peg) () = (peg, U gy (r)eHr ),
(v, @ U%)(r)ei( Par® Py (1) — (vg U vcgz)(r)ei( PV b)) ifr e UG,

Ha, (rs)ei”‘@l(rs) ifrs € D1 — Dy,

(g, & o) (rs)e C712) 09 =Ly (r)eia(9) g rs € Dy — Dy,
0 if rs € D1 N Ds.

‘ Vg, (rs)eP71 () ifrs € Dy — Dy,

(vg, ® U@Z)(TS)EZ( P ® Pa)rs) - v%(rs)elﬁ%(rs) ifrs € Dy — Dy,
0 ifrs € D1 N D;.

Proposition 1. If 4 = (61, 21) and %, = (¢>, Z») are the CPFGs, then 4 @ %, is the CPFG.

Definition 10. Let ¢4 and 4, be two CPFGs of Gy and Gy, respectively. The join 4 + % = (61 + 62, 1 +
D) of 4 and 4y, is defined as:

i | (e ) (0 9T @) = (g U ) (e @@ re) )

(vg, + vy (e Fat Pe)) = (4 U v (el Pa P)l) forallr e CrU G,
(ii) (V@l + #92)(7’5)61@@1 tag,)(rs) _ (V@l U V@z)(rs)el(“?l D, )(rs)

(vg, + V%)(rs)el( ot Ba,y)rs) — (vg U V@Z)(rs)el( B2V B2,)(s) ifrs € Dy UD,,
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iy | (190 + 1) (1) 2712200 = g (1) A g (s)e 1 N

(vg, + v%)(rs)el( Pyt Ba,y)rs) — Vg, (1) V v, (5)ePén VB ifrs e D,
where D' is the set of all edges joining the vertices of C1 and Cp, C;1 N Cy = @.

Theorem 3. The join 4 + %, of % and %, is a CPFG of Gy + Gy if and only if 4 and %, are CPFGs of G4
and Gy, respectively, where C1 N Cy = @.

Definition 11. The degree of a vertex r € C in a CPFG ¢ is denoted by dy (), and is defined as
dg(r) = (die (r),d,ipg(r)), where

dyein (1) = Y. 1y (rs)e! Erarrec 2o (rs),
r,s£reC

dveils (7’) = Z V@(T"S)ei ZY,S#VEC ;B@(rs)_
r,s#reC

Definition 12. The total degree of a vertex r € C in a CPFG ¥ is denoted by tdy(r), and is defined as
tdy (r) = (td,e™(r), tdve'P (r)), where

tdyeia (7’) = E #@(rs)ei):r,s#mc y@(rs) + ﬂ%(r)em%(r)’
r,s#reC

tdvgiﬁ (r) — Z Vg (rs)ei Zr,s#rec Vg (VS) + Vep (r)eilg% (7')
r,s#reC

Definition 13. Let ¢ and %, be two CPFGs. For any vertex v € Cq U Cy, there are three cases to consider.
Case 1: Eitherr € C; — Cyorr € Cp — Cyq. Then, no edge incident at v lies in D1 N Dy. Thus, forr € C; — Cy,

i ZD uc_@l(rs)
(dyein) g, (1) = Y po (rs)e ™01 = (dyein ), (1),
rs€Dq
i B, (rs)
(dveiﬁ)%ugz(r) = Z Vo, (TS)E meR = (dveiﬁ)gl (1’),
rseDq

(b yein )y U, (1) = (b yin ), (1), (i )00, (1) = (8dip )7, (7).

Forre C, —Cq,

i ~ZD agz(rs)
(dyei“)‘flqu (V) = 2 Ho, (rs)e e = (dyem)gz(}’),
rs€Dyp
i T o)
(dveiﬁ)glng(r) = Z V@z (Ts)e re2 = (dueiﬁ)gz (T)
rs€Dy

(td i )0, (1) = (tpia ), (1), (t i )y 0y (1) = (g ), (7).

Case 2: r € C1 N Cy but no edge incident at r lies in D1 N Dy. Then, any edge incident at r is either in D1 — Dy
orin Dy — Dy.
i ¥ (agUng,)(rs)

([dpe)pum, (r) =}, (pg Upg,)(rs)e =102
rs€D1UD,
i T ag,(rs) i T ag,(rs)
= X ua0s)e s+ ¥ pg(rs)e o
rs€Dq rs€Dyp

(dygic ), (r) + (dyein )5, (7).
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Similarly, (dyeiﬁ)%u% (1’) = (dvgiﬁ)gl (7’) + (dveiﬁ)gz (7’),
i Y (wgUng,)(rs)

(tdy)gum (1) = Y (g Upig,)(rs)e <010 + (g, () V pegy (1)) @61 Ve, (1)
TSED]UDZ

(e (1) (dyin )y (1) + (e (1) V gy (r))e!r V20
= (tdy ) (1) + (t i)y (r) — (e (r) A piegy (r))e! @6 0062 00),

Similarly, (tdveiﬁ)%u% (r) = (tdveiﬁ)gl (r) + (tdveiﬁ)%(”) _ (V(fl (r) v Ve, (r))ei(ﬁcgl (VB (1))
Case 3: v € C1 N Cy and some edges incident at v are in D1 N Dj.

(dyei“)fﬂugz (1’) = 2 ("ll_@l U ‘le_@z)(T'S)
rseD1UD;
i ¥ ag(rs) i Y ag,(rs)
— 2 V-% (TS)E rs€eDy—Dyp + Z V@z (rs)e rs€Dy—Dq
rs€Dy1—Djp rs€Dy—Dy

i Y ag(rs)Vug,(rs)

+ Y, Hgy(rs)V pg,(rs)e "2

rs€D1NDy
i ¥ ag,(rs) X xep, (15)
— Z y@l (T’S)E rseDy—Dp 4 Z y@z(rs)e rseDy—Dq
rs€eD1—D» rs€Dy—Dq

i Y ag(rs)Vag,(rs)

+ ), Hg(rs)V g, (rs)e "t
rs€e D1NDy

b Y () Apgyrs)e s
rs€D1NDy

i T oag (75)/\}1@2(75)>

i Y ag, (rs)hag,(rs)
_ Z 1o, (rs) A V@z(i’s)e rseDinDy 1 o

rs€D1NDy
iy zx@l(rs) iy vc@Z(rs)
= X g (9)em ™ T+ Y g rs)e
rs€Dq rs€Dy

i Y ag,(rs)hag,(rs)
_ 2 Ha, (rs) A V@z(i’s)e rseDinDy b o

rs€D1NDy

i DZmD ag, (rs)A\ag, (rs)
= (dyi)g (1) + [di)g (r) = 3 g, (rs) A g, (rs)e “01702
rs€D1NDy

. i Y (Bay (rs)VBay (rs))
Similarly, (dyer)enm (1) = (duen), () + (dyer) (1) = 8 (v, (1) V vz, (rs) e 17 :
rs€D1NDy

In addition,

i Y (ag,(rs)\ag,(rs))
(tdye"“)% U% (1") = (tdyei"‘)g1 (1’) =+ (tdyei“ )gz (T’) - Z (V@1 (VS) A Ko, (rs))e eP1IND2
rseD1ND;

—(pteg, (r) A g (1))@ (NN ()
i ¥ (Bay(rs)VBa,(rs))

(tdyei)gue, (1) = (tdyip)e, (1) + (tdyeis ) g, (1) — Z (vg, (rs) V vg,(rs))e P12
rseD1ND;,

~ (v (1) V gy (r)) P (VB2 (1),

Example 5. Consider two CPFGs % = (¢1,%1) and % = (62, Z») on C1 = {s1,82,54} and C; =
{s1,52,53,54}, respectively, as in Figure 5.



Math. Comput. Appl. 2019, 24,73 10 of 33

i27(0.7 Li2m(0.4
(0.7¢727(05) (6127 (0.6)) (0.4¢%27(0-7) (.8¢i2m(04))

S2

S4

(O,3ei2ﬁ(0'8) , 0.781;27\-(0_4)) (0.5€i27f<0.9)7 0'481‘27&0.2))

Gi G
Figure 5. CPFGs.

Further, their union % U %, is given in Figure 6.

(0.7€i27r(0'7), 0-6i27r(0.4))

(0.56i2ﬂ(0‘9), 0.46i2ﬂ(0‘2))

Figure 6. Union of two CPFGs.

Since s3 € Cp \ Cq, thus,
(dyeiw)%u% (53) = (dyei“)gz (53) = 0'761'27-[(0.9)/
(dyeiﬁ)glng(SE") = (dyei/s)gz <S3) = 1'Oei2ﬂ(0-7)_
Therefore, de, q, (s3) = dg, (s3) = (0.7¢127(09),1.0627(0.7)),
(td o )10, (53) = (t, 0 ), (53) = 1.427(17),
(td ip )0, (53) = (td g ) (53) = 1.2627012),

Therefore, tdy, g, (53) = tdg,(s3) = (1.4¢27(17) 1 ei27(12)),
Since sg € C1 N Cy but no edge incident at sy lies in D1 N Do,

(dyeiu)ijlugz(&;) = (dyem)gl (s4) + (d#em)gz (s4) = 0.8¢27(14),

(d,i6 )00, (52) = (d,i6 ), (54) + (A8 ), (54) = 1462712,
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Therefore, dg, iy, (54) = dy, (54) + deg, (54) = (0.8¢127(14) 1 4,127(12))

(td o )yt (54) = (b e ) (54) + (td, i), (54) — (pieg, (54) A gy (54) ) (@a ()M () — 1 327(23),
(tdyeis )5y, (52) = (dygip )og, (54) + (byein ), (52) — (Ve (52) V v (50) )P )V P (50)) = 1 gei27(14),

Therefore, tdg, g, (1) = (1.3¢271(23) 1 8ei271(14)),
Since sy) € C1 N Cy and s15y € D1 N Dy, thus,

(dye) o (52) = (dyen)eg, (52) + (o ), (52) = (Hp, (5152) A pg, (s152) )e!(“n 1521 (152)) — 8 127(12),
Ayt )0, (52) = (dyeis); (52) + (dyis ), (52) — (Vg (5152) V Vg, (5152) e P21 (S152)VB 2 (5152)) = 7 gei27(1.2),

Therefore, deg, g, (s2) = (0.8¢27(12), 1 8¢27(1-2)) ;

(td, )0y (52) = (b ia)egy (52) + (t i), (52) — (tep, (5152) A gy (s15) ) "1 (152N (9122))
(g, (52) A i (52) )l (2w (52)) 1 5i27(19)
(tdyis )y (52) = (tdyip ) (52) + (b, ip )y (52) — (Vi (5152) V Vg (5152) e Pn (5152) VP2, (s152))

— (v (52) V vigy (52))e P (2 Prea(52)) =  gi2m(10),
Therefore, tdg, g, (52) = (1.5¢727(19), 2 4¢i27(1:6)),
Definition 14. Let ¢ and %, be two CPFGs. For any vertex v € C1 & Cy, there are two cases to consider.
Case 1: If eithervr € C; — Cyorv € Cy; — Cy.

Case 2: If r € C1 N Cy. Then, any edge incident at r is either in D1 — D, or in Dy — Dy.
In both cases:

(i) g,0% (1) = (dyeic )0, (1), (A yeis )09, (1) = (dyip )50, (1),

(td oo ), (1) = (b in )09y (1), (i ), 0, (1) = (b ip )egy gy (7).

Definition 15. Let ¢ and %, be two CPFGs. For any vertex r € C1 + Cy,

i D): . (ag, U, )(rs) i 06&:/‘1( YNasg, (s)
(dyei) g1, (r) = Y (g, Upg,)(rs)e P12 + ) pa (r) Apg (s)e v ,
rs€e D UD, rseD’
i T (B2, U B, )(rs) i L B (n)V Be,(s)
(dyeis )+, (1) = Y. (vg U vg,)(rs)e 1P + ) vg(r)V v (s)e ref :
rs€eD1UD;, rseD’
e, 8 2 1) | Lt (e ()
(tdye )10y (r) = ) (e Upg,)(rs)e »01 + )t (r) A, (s)e =<'
rseD1UD; rseD’
i (1) V g, (s)e ™ (Ve (9),
i DE . (B2,U Bo,)(rs) i L Be (r)V Be,(s)
(tdyeis )+, (1) = Y. (vg U vg,)(rs)e =01 + Y vg (r) V vg(s)e re!
rseD;UD, rseD’

+ v (?’) N Vg, (S)eiﬁ’fl (A Bs, (S)
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Definition 16. A CPFG ¥ = (¢, 2) on G is called a regular CPFG if the degree of its each vertex is same.
If each vertex has degree (r1,12), that is, dg (r;) = (dyia (), dypis (r)) = (r1,72) for all r; € C, where

dun(r) = Y pg(rs)eurrectals) =y,
rs#reC

dveiﬁ (r) = Z Vg(rs)eizr,#rec B (rs) _ .
r,s#reC

& is called reqular of degree (r1,12) or (r1,12)-regular.

Example 6. Consider a CPFG Y = (¢,2) on C = {sq1,52,53,54}, as in Figure 7, defined by:

& 51 52 53 S4 51 52 53 S4
0.8¢i271(0.7) " 0. 7¢127(0.8) " (.6¢i271(0.9) " .6¢i271(0.7) | " \ (.5¢i277(04) " ().2¢i271(0.3) " ().4¢i272(0.5) " () 3¢i27(0.5)
9 = 5153 5254 5154 5283 5153 5254 5154
B 0.6¢1271(0.7) " 0.6¢i27(0.7) " ().41277(0-6) " (). 4¢127(0.6)

5283
0.2¢127(0.3) " 0 2¢i27(0.3) * ().1¢1271(0.5) " (0.1 ¢i27(0-5) ) > ’

(0'76127r([).8) , 0.26i27r(().3))

52

((¢0)2e?T'0 " (9:0)22227"0)

S:
(0'661'277(0.9) 750_462'277(0.5))

((¢0)2e?T0 * (90)2222V"0)

Sy4

(0.661277(07) , O_BeiQﬂ'(OAS))

Figure 7. (1.0¢27(13) 0.3¢27(08) ) _regular complex Pythagorean fuzzy graph
The degrees of its vertices s1, 52, 53 and sy are determined as
dg(s1) = {(na(s15) + po(sisy))e@@tr9)T02615)) (g (s153) + vg(s1sy))elPo i) thalss))
(1.0627(13),0.3¢2708)), - dyg (s,) = {(4o(s2s3) + mgp(sasy))el@2(20) 700 (23] (vg) (s555) +
vy (s254) )€ (P2 (5253) TP (1.0e2713),0.302708)) - dgy (s3) = {(ua(s3s1) +
ﬂ@(SBSZ)) el(ao (s351)+ag (1/9(5351) + V@(5352))ei(ﬁ@(53sl)+ﬂ@(53sz))} _ (1 Qei27t(1.3) ,0. 3¢i27(0.8) )
dy(ss) = {(no(sss1) + po(sssy))eltoEs)+aa(ss)) (v (sys1) + vo(sysy))el P Sas)+halss))y

(1.0627(13) 0.3¢127(08))  Clearly, dy(s1) = dy(sy) = dy(s3) = dy(sy) = (1.0e27(13),0.3¢277(08)),
Therefore, ¢ is (1.0e27(13),0.3¢727(08) ) _reqular CPFG

(5284)) }
(s352))

7

Definition 17. A CPFG ¥ on G is called partially regular, if the graph G is regular

Definition 18. A CPFG ¥ on G is called full regular, if ¢ is both partially reqular and regular
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Definition 19. A CPFG ¥ = (¢, 2) on G is called a totally reqular, if its each vertex has the same total degree.
If each vertex has total degree (4, 7), that is, tdg (r;) = (td e (r), td s (r)) = (71, %) for all r; € C, where

tdn(r) = Y pglrs)errrectol®) e (e = 7,
rs#reC

td () = Y Vg (rs)et Lrstrec Bo(1s) 4y (r)etPe(r) = 75
rs#reC

& is called totally reqular of degree (T, Fa) or (A, F»)-regular.

Example 7. Consider a CPFGY = (¢,2) on C = {sq1,5s2,53,54}, as in Figure 8, defined by:

v - 51 S 53 Sy S1 So 53 Sy
- 0.7¢i27t(0.8) " (0. 70i27(0.8) " ().7,i271(0.8) " (0. 7¢i271(0.8) | " \ (.6¢i277(04) " (.6¢i271(0-4) " .6ei27t(0.4) " () gei27(0-4) /

9 = 5152 5283 5354 5154 5152 5253 5354 5154
o 0.4¢1271(0.8) " () ei27(04) " (). 41271(0.8) " (. ei2(04) | "\ (.5¢i277(0.3) " (). 5¢i271(0.2) " (0 5i272(0.3) * () 5ei27(0.2) ’

(0.761'2‘”(0.8) , 0.661',277(0.4))

(O.66i2ﬂ(0‘4), O_5ei27r(0.2))

(0'661'271'(0.4) , 0.561'277(0.2))

(0.76i2ﬂ<0‘8), 0_66i27r(0.4))
Figure 8. (1.7¢27(20) 1.6¢127(09))_totally regular complex Pythagorean fuzzy graph.

The total degrees of its vertices s1,5sy, 53 and sy are determined as:

tdy(s1) = {(po(s152) + o (s154) + pig (s1))e "2 G192 e srsa e (o)),
(Vg (s152) + Vg (s154) + v (51) ) P2 G192+ B2 (s150) B (1))}
— (1 76127‘[ (2.0) 1 661271(0 9))

tdy(s2) = {(ng(s251) + pop(s283) + pop (s2))e' (2 (2s) Tag(sasa)) b (2))
(Vg (5251) 4 vy (523) + Ve (57) ) et (P2 (5251)+B 2 (5253) 4B (2))}
— (1 76127'[ 20 1 661271'(09))

tdy(s3) = {(ug(s3s2) + o (s354) + pep(s3))el@e (5352) Tag(sasa) aw (s3))
(v (s382) + i (s354) -+ v (s3))elP2 (552 )+ )y
— (1 70127(2.0) 1 66127‘[(0 9))
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tdy(ss) = {(Hg(s451) + o (5453) + pep(sg))el@e (as1)Tag(sa3) ag (sa))
(Vg (s481) + v (5483) + v (s4))e 1(/5@(5451)+/5@(5453)+l3<€(54))}
— (1 76127'( (2.0) 1 68127[(0 9))

Clearly, tdy(s1) = tdg(ss) = tdy(s3) = tdy(sy) = (1.7e2720),1.6¢27(09). Therefore, 4 is
(1.7¢27(20) 1.6¢727(09))totally reqular CPFG.

nri nrp

Theorem 4. Let ¥ = (¢, 2) bea (rq,12)-reqular CPFG. Then S(4) = (—— R

—=), where |C| = n.

Proof. Assume that ¢ is a CPFG with size

i rZéDlxo (erj) ir rzeDlg@(rirj)
=| X nglnrye ™ ), va(rir)e :

r,-rjeD Tﬂ’]'ED

Since ¢ is (11, 12)-regular, that is, dy (r;) = (d,,si (r),dis (r)) = (r1,72) forall r; € C, where

dyei“ (}’) = Z ‘u@(rs)gizr,s#rec"‘@(”) =11,
rs#reC
dl/eiﬁ (}") = Z U@(rs)ein,s#reC /5@(}’5) = 1.
r,s#reC
Therefore,
dg(ri) = < Y. ug(rs)eErstrecsals) Ny (rs)elLstrec 5.@(75)>
r,s#reC r,s#reC

Z dg(?’l) = < Z Z y_@(rs)ei):r,syérec 0‘@(1’5)’ Z Z V@(rs)ei):f»‘#'ec ﬂ@(fS))

r;eC rieCr,s#reC ri€Cr,s#reC

Since each edge is considered twice, so

<Z d”em (7’), Z dl/eilB (T)) = 2 < Z y@(rs)ein/s#VEC’X@(rs), Z V@(rs)eiZns;&recﬁ@(m)>

rieC rieC rs#reC r,s#reC
(nry,nry) = 25(9)
nry nrp\
(3%) = 5@

O

Theorem 5. Let ¢ = (¢, 2) be a (A, F)-totally reqular CPFG. Then 25(9) + O(¥) = (nA,n%),
where |C| = n.

Proof. Assume that ¢4 is a CPFG. Since ¥ is (7, .%)-totally regular, that is, tdy(r;)) =
(td”eia(r),tdveiﬁ(?')) = (A, %) forall r; € C, where

td"{em (r) B 75752}’6(: y@(rs)eizr,s#VGC“@(rs) + ]’l%; (r)ei“(g (r) = ‘%/
td,s(r) = Y v (rs)el Lrstrec Bo(rs) 4y (r)etPe(r) = g,

rs#reC
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Therefore,

Y tdy(r;)

7’,‘€C

15 0f 33

< 2 1237 (Ts)eizr,s#recu‘@(fs) + py (r)eizxcg(r)’
rs#reC

Z vy (rs)el Lrstrec P (rs) 4y (r)e'Pe (ﬂ)
r,s#reC

( Z Z V_@(Ts)ei Zr,s#rec “@(rs) —+ Z e (r)em‘g (7‘),
r;ieCr,s#reC rieC

Z Z V@(rs)eizr,s#ecﬁ@(rs) + 2 V(g(r)eiﬁcg(r)>

rieCrs#reC r;eC

Since each edge is considered twice

Y tdy(r;)

7’,‘€C

( ZC tdyei“ (ri)/ Z tdyeiﬁ (7’,’))

}',‘EC
(nFi,n%)

(n%5,n7)

O

Corollary 1. Let ¥ = (¢, 2) be a (r1,r2)-reqular and (7, F5)-totally reqular CPFG. Then O(¥)

n{(A, %) — (ri,r)}

= (2 Z ‘u@(r5>eizns#rec"‘@(f's) 4 2 ycg(r)ei“%”(’),
r,s#reC reC

2 Z V@(rs)ein,S#VEC ﬂ@(rs) + Z V(ﬁ(r)ei.gcg(r)>
rs#reC rieC

2( Y. mog(rs)eiTrarrectale) -y vg(rs)eir/#’ecw(ﬁ)>
rs#reC rs£reC

i thkg(fi) i Ecﬁ%(fi)
+ | Y we(ri)e i€ Y v (ri)e i€
rieC r;eC
i ZDﬁ@(?irj)
v (rirj)e I

i © ﬁ%(ﬁ‘))
r;eC

Y ag(rr))

i
2| X pglrire DY
7'1'1’]'€D

1’,‘7’]'€D
iy ag(ri)

+ (Z pig (ri)e 1<C J Y.
rieC

rieC

vg (ri)e

25(%) + O(9).

Proof. Assume that ¢ is a (r1,r;)-regular CPFG. Then the size of ¢ is

nri nrp

5(@) = ("1 "),

As ¥ is a (7, Z,)-totally regular CPFG. Then from Theorem 5, we must have

25(9)+0(¥9) = (nA,nh)
oY) = (n7A,n%h)—-25(9)
(nA,nJ) — (nry,nry)
n{(A, %) — (r,r2)}

Hence O(¥¢) = n{(%1, %)

—(ry, )} O
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3. Edge Regularity of a Graph in Complex Pythagorean Fuzzy Circumstances

In this section, we propose the concepts of edge regular and totally edge regular complex
Pythagorean fuzzy graphs and discuss their properties in detail. Further, these results are elaborated
with examples.

Definition 20. Let 4 = (¢, %) be a CPFG. The degree of an edge r;vj € D is defined as dg (r;rj) =

(dyeia (ri77), dypip (riT}) ), where
dein (rirj) = d,ein (ri) + d,ein (r}) —2ug (rir]-)EZZ“@(rfrf)
i ag(rn) i L ag(rr)
riry€D rirgeD
= Y uglrinde ¥ + Y ug(rirge *# ,
rirg€D riry€D
k#j ki
d,s (Tﬂ’j) = d,,s (ri) + d,s (Tj) — 2V@(1’i1’j)€21ﬁ@(rirf)
i Z ﬁ@(rirk) i E .B@(rjrk)
rirkEID "j"kG'D
= Y vy(rirg)e k7] + Y vy (riry)e ki
rirgk€D i’ji’kED
k#j koA

Definition 21. The minimum and the maximum edge degree of a CPFG ¢ is dp(¥) = (6,(¥),0,(¥)) and
Ap(9) = (Au(9), Dy (9)), respectively, where

min{dye;a (T’ﬂ’j) ‘ rit; S D}, 51/(%) = max{dvgf,g(rirj) | Tit; € D},
Aﬂ(g) = max{d}wm (1’1'7"]'> ‘ rit; € D}, Ay(%) = min{dvei,; (I’ﬂ’]’) | rit; S D}

Definition 22. A CPFG ¥ on G is called an edge regular, if its each edge has the same degree. If each edge has
degree (sq,82), i.e., dy(rir;) = (s1,82) for all r;r; € D, where

[ lX@(?’,’Tk) i X ‘X@(rjrk)
€D rjreeD
_ k#j k#i —
dyein (rirj) = Y. pg(ringe 7 + Y pglrr)e ¥ =51,
rir €D rjrk€D
k£ ki
i ¥ Balrin) i Y Palrn)
rire€D rirg€D
o )
dis(riry) = Y vg(rirge + Y vg(rine * =s,.
I’irkGD VijED
k+£j ki

9 is called edge reqular of degree (s1,s2) or (s1, s2)-edge regular.

Example 8. Consider a CPFG 9 = (¢,2) on C = {s1,52,53,54}, as in Figure 9, defined by:

¢ 51 52 53 54 51 52 53 54
7 0.6¢i271(0.7) " 0.4¢127(0.5) " ().4¢i27(0.6) " (0. 7¢i271(0.8) | " \ (.7¢i27(0.6) " ().8¢i27t(0.8) " (.9¢i27(0.4) ” () 5¢i271(0.5) 4
9 = 5152 5253 5354 5154 5153 5254

- 0.2¢i27(0.3) " () 1127(0.2) * () 3¢i271(04) " ().4¢127(0.5) ().4¢i27(0.5) " (). 1¢i27(0.2) |}~

5152 5253 5354 5154 5153 5254
0.7¢1271(0.7) " 0.9¢i27(0.6) ” (.8¢i271(0.5) ” (.6¢i27t(0-6) * (0.9¢i27t(0-4) * () 6i27c(0-8) !
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(04022, (0.5

. »0.8¢22
0 &¢ (0.2¢727(0-3) 0.7¢72m(0.7)) 2 ‘ ”(0.8))

(0 1€i27r(0.2) , 0.962'2#(0.6))

_ A (0.3¢27(0-4) () 8¢727(05)) N m@.bﬁ\\
(0 7822”(0-8) 4 - [} Qge
> 0-58227r(0,5)) <fﬁ‘®® )
N9
\Q.

Figure 9. (1.0¢27(14),3,0¢27(24) )_edge regular CPFG.

Clearly, dy(s152) = dg(s2s3) = dg(sssy) = dg(sss1) = dg(s153) = dy(sasy) =

(1.0e27(1:4) 3.0027(24)) . S0, 4 is (1.027(14), 3.0e27(24))-¢dge reqular CPFG.

]

Theorem 6. Let 4 = (¢, 2) be a CPFG on a cycle graph G. Then

Y dy(ri) =}, dg(rir)

rieC fj?‘jED

Proof. Let ¥ = (¢, %) be a CPFG and let G be a cycle r17273 ... r,71. Then

n n
Y dg(riripr) = (Z dyein (iti41), Y dyis(ririga >

i=1 i=1 i=1

Consider

=

dye’”‘ (i’z‘i’zqu) = dyei"‘ (1’11’2) + dyeia (7‘2}’3) +...+ d[/tei" (rnrl),where hel =1
1

= (1) + dyein (r2) = 2 (r1r2)e?™2 7)o dyi (12) + dyia (13) = 2y (rars) 22 02
t oo dyie (1) + dyeie (1) — gy (ryry )22 (m)

= 2dyu(r1) +2d,00 (r2) + ... 4 2d, 0 (70)
-2 (y@(rlrz)zm@(””) + y@(r2u3)62i”‘9(r2”3) + ..+ y@(rnrl)EZi”‘@(r"rl))

2i Z g (ritis)
= 2) dye(n) 22;4@ ririp1)e i
rieC i=1

2i ): D‘.J(rrrurl)
= Y dyen(r) + Y dyein(r;) =2 Zy@ Fitigr)e i1

rieC rieC i=1
2i ): ag(ritis1) 2i Z ag(ritis1)
= Z dyem T +2ZV@ ritip1)e =1 722#@ ritip1)e =
rieC i=1
= Z d}lem r,‘ .
rieC

n
Similarly, Y- d,is(ririz1) = L ds(ri). Hence Y dg(r;) = ¥ dy(rr ) O
i=1 rieC rieC ririeD
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Theorem 7. Let 4 = (¢, 2) be a CPFG on a regular graph G. Then

Z d‘f(”i”j) = ( Z dg rl”]).“@(”z”]) el Z dg 7’1”])”9(”1”]) ebalrir )) ’

rir;€D rirjeD rlrjeD
where dg(rirj) = dg(r;) +dg(rj) — 2 forall r;r; € D.

Proposition 2. Let 4 = (¢, 2) be a CPFG on a I-regular graph G. Then

Y. dy(rr) = ((l —1) ) dyin(ri), (1-1) ) dvgiﬂ(fi)> :

TierD rieC rieC

Proof. Suppose that ¢ is a CPFG on a I-regular graph G. Utilizing Theorem 7, we get

Y. dg(rirj)

ngED

( E dg(rirj)pa (rirj)e e rirj) E dg (rirj)ve (rirj)e /39(’1'/))

rreD rreD

( Y. (de(r) +da(r)) = 2pg (rir))e™ ), Y (dg(r;) + dg(r;) — 2)vey (rir;)eP2 7 >>'

rir;€D rirj€D

Since G is a I-regular graph, dg(r;) =1, forall r; € C, so

lrrZeDag(rlr]) lrrzeD.B@(rzrj)
Z dg(fﬂ’j) = 2(1-1) Z to( rlr] 7 ,2(1-1) Z v@(r,«rj) 7'j ,

ritj€eD ritj€D ritj€eD

- <z-1 Y dyie (), (1= 1) Y dyip rl>.

rieC rieC

O

Theorem 8. Let 4 = (¢, 2) be a CPFG on a graph G. If (44€'*2 ,v5eP2) is a constant function, then 9 is
an edge regular CPFG if and only if G is an edge regular.

. . . . !
Proof. Suppose that (1ge®?,v4eP2) is a constant function, y@(rirj)e“’@(r"’f) = ¢1e271) and

v@(rirj)ew@(”’f) = czeizﬂ(clz) for all r;7; € D, where cleizn(‘:ll) and czeiZ”(Clz) are constants. Assume
that ¢ is an edge regular CPFG. We show that G is an edge regular. On the contrary, suppose that G is
an edge irregular, i.e., dg(ri7j) # dg(r1rm) for at least on pair of r;7;, 71 € D.

From the definition of edge degree of a CPFG,

dy (rirj) = (dyein (rirj), dyeis (rirj)),
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where

i Y wag(rin) i x ‘X@(”j’k)
rirkeD rokGD

dyeia(rir)) = Y pg(rinde 77 + ) uolrne H

rity€D T]'TkGD

k#j ki
2r( ¥ ) 2rn( ¥ )

riry€D r]-rkED

= Y e o+ Y e K

rity€D V]'rkED

ki ki
= e (dg(r) — 1) + e (dg(rj) — 1)
_ cleiZH(C;)(dG(T’i) + dG(Fj) —-2)

= C1€i2n(ci)dc (1’1'1’]') for all rirj € D.

Analogously, we can show that d i (rir;)) = czeizn(clz)dc(rirj) for all r;rj € D. Therefore
dg(rirj) = (cleizn(c/l)dg(rirj),czeiZ”(C;)dG(rirj)), dey (r1rm) = (cleih(c;)dc(rlrm),czeih(c/z)dc(rlrm)).
Since dg(ri7;) # dg(r17m), s0 dy (rir;) # dg (rirm). Thus ¢ is an edge irregular, a contradiction. Hence
G is an edge regular.

Conversely, let G be an edge regular. To show that ¢ is an edge regular CPFG. Consider
¢ is an edge irregular CPFG. ie., dy(rirj) # dg(rpry) for at least one pair of r;rj,rpr; € D,
(dyei"‘ (1’1'1’]‘), dveiﬁ (1’1'1’]')) 75 (dyei“ (”P”q)/dueiﬁ (rprq)). Now dye“" (1’,‘1’]’) ;é dyei"‘ (rprq) implies

i Y ag(rir) i X ag(rn) i Y Balrprs)
r,-rkGD rjrkep rprs€D
L ug(rire 7 + L pg(rne £ L pglrprse 71
7[7'kED rjire€D rprs€D
k#j k#i s#£q
i X Balrsr)
rsra€D )
+ L pglrsrge 7P , since pge? is a constant, so dg(;rj) # dg(rprg), a contradiction.
rsrg€D
s#Ep

Therefore ¢ is an edge regular CPFG. O

Theorem 9. Let ¢ = (¢, 2) be a regular CPFG. Then ¢ is an edge reqular CPFG if and only if
(hge'®2,v5eP2) is a constant function.

Proof. Let ¢ be a (r,r2)-regular CPFG ie. dg(r;) = (ry,rp) for all r; € C. Suppose that
(1pe*2,v5eP2) is a constant function. Then y@(rirj)ei“@(”’f) = cleizn(“;) and v@(rirj)eﬁ@(rirf) =
czeih(c/z) forall r;r; € D, where cleizn(ci) and cpe2™ (e2) are constants. By definition of edge degree of
a CPFG,

dy (rirj) = (dyeie(rir), dyip (rit})),

where
dyeie (ri7j) = Ay (17) + dyia (7)) = 2pap (rir) 22 17
= 1r+rn-—- 2616127[(61)
= 2(r1 — c1¥(@)) for all rirj € D.
Similarly, d, s (ri7;) = 2(r2 — czeiZ”(C;)) for all ;7; € D. Hence ¢ is an edge regular CPFG.
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Conversely, assume that ¢ is an edge regular CPFG, i.e., dg(rir;) = (s1,82) for all r;r; € D.
We show that (j5¢™*?,v4e/2) is a constant function. Since dy (r;r;) = ( ueie (7i1), dygip (rirj)), where

dwia (1’,‘1’]') = dyem (1’1') + dyeia (1’]’) — 2}{@ (T’ir]')€2i“9(rirf)
51 = r+r = 2ug (e Um)
‘ 2p —
y@(rir]-)ezw‘@(”’f) = w forall 7;r; € D.

Similarly, U@(]’irj)eZiﬁ@(rirj) (2r227752)

constant function. [

for all r;r; € D. Hence (hge™2,vgeP?) is a

Definition 23. The total degree of an edge rjrj € D ina CPFG 9 = (¢, 9) is defined as tdy (rir;) =
(tdia (rir), td  ip (rir;) ), where

tdyeia (7’1'7’]') = d‘uem (7’,’) + d‘ugm (1’]‘) — ]l@(?’irj)elag(rirf)
i ZDa@(rirk) i ZeD“@Wk)
rirg€l Tilk : )
= X nglrm)e 7 + )Y ug(rirge + g (rirj)e ™2 i),
r,—rkep r]‘VkED
k#j ki
fp(rry) = s (1) + dyis (1) — v (rir )P ()
i ):eDﬁ.@(Virk) irrze B (rirr)
Tilg &l JURS! .
= Y vy(rin)e ¥ + ) vg(rine 7 + g (rir;)ePo i),
r,—rkep erkGD
k#j ki

Definition 24. A CPFG % on G is called a totally edge regular, if its each edge has the same total degree. If each
edge has total degree (1, 2), i.e., dg (rirj) = (A1, 72) for all r;rj € D, where

i Y ag(rir) i T ag(rn)
rirkep VkaG'D .
td,u(riry) = Y, uo(rirde 7 + Y ug(ringe * + g ()2 i) = 7,
rirkGD T]'I’kGD
k#j ki
i ¥ PBolrir) iy Palrn)
rirkED Tj?’kE‘D )
tdyis (rir) = Y vglrinde 7 + ) vg(rre * +vg (rir)) P2 ) = 7.
rirk€D rjre€D
k#j ki

& is called totally edge regular of degree (.1,.%3) or (A1, %2 )-totally edge reqular.

Example 9. Consider a CPFG Y = (¢,2) on C = {s1,52,53,54}, as in Figure 10, defined by:

v - 51 S 53 Sy S1 So 53 Sy
- 0.8¢i271(0.7) " 0. 7¢127(0.8) " (.6¢1271(0.9) " .6¢i27(0.7) | " \ (.5¢i270(0.6) " ().2¢i271(0.3) " (). 4¢i272(0.5) " () 3¢i27(0.5) 4

9 = 5152 5283 5354 5451 5152 5253 5354 5451
o 0.4¢1271(0.6) " () 4¢1271(0.6) " () 4¢127(0.6) " (. 4¢i271(0:6) | "\ (.1¢i270(0.5) " (0.1¢i271(0.5) " (.1¢i272(0.5) " ().1¢i27(0.5) ’
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(0.86i2ﬂ(0'7), 0.561;277(0'6) )

(0.46i2ﬂ(0‘6), 0. 16i2ﬂ—(0‘5) )

(0.46i277(0'6), 0.16i2ﬂ(0'5))

(O.6€i2ﬁ(0'9) , 0.467:271'(0.5))
Figure 10. (1.2¢727(1:8),0.3¢27(15))_totally edge regular complex Pythagorean fuzzy graph.

Clearly, tdy(s157) = tdg(s2s3) = tdy(s3sy) = tdg(sss1) = (1.227(18) 0.3¢127(15)) S0, @ is
(1.2¢27(18) 0.3¢727(15) ) totally reqular CPFG.

Theorem 10. Let &4 = (¢, 2) be a CPFG on a regular graph G. Then

i L ag(rnr)

Y tdg(riry) = Y. de(rir)pug(rir)e® @) + N g (rirj)e I ,
ViT]'ED T,‘?’/‘ED I’ii']'GD
' i L Balm)
Y. do(rir)ve(rir)ePo ) 4 Y7 vg(rirj)e 1"
rir;€D ritj€D

Theorem 11. Let 4 = (¢, 2) be a CPEG. Then (jge®2,v4e'P2) is a constant function if and only if the
statements given below are equivalent:

(i) ¢ is an edge regular CPFG;
(ii) ¥ is a totally edge reqular CPFG.

Proof. Assume that (4¢*2,v5¢f2) is a constant function. Then y@(rirj)ei“@(’i’i) = clea”(cll) and
v@(r,»rj)eiﬁ-@(”’/) = czei2”(5;) for every r;r; € D, where cwizn(ci) and CZeizn(Clz) are constants.
(i) = (ii). Suppose that ¢ is (s1,s2)-edge regular CPFG. Then dy (r;r;) = (s1,s2) forall r;r; € D.
Consider
(dyei”‘ (ritj) + e (riry)e ™2 00, d g (i) + V@(Virj)eiﬁg(””))
= (s1+ Cleizn(cll), Sy + C2€i27r(c,2)) for all r;r; € D.
Therefore, CPFG ¥ is a totally edge regular.
(ii) = (i). Let ¥ be a (#1,.%3)-totally edge regular CPFG. Then tdy(rirj) = (d,u(rirj) +
y@(rirj)ew‘@(rirf),dwi,s(rirj) + v@(rirj))elﬁg(ri’f)) = (A, 72) forallr;rj € D.
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Now,

dg(l"ﬂ’j) = (dyeia (rl'rj),dve,'/g (T'l'}’]-))
(«5’1 — pg(rirj)e 2 i), 7 — yg(rirj)eiﬁ@("irj))

_ («5”1 _ CleiZH(c;)’yz _ CzeiZT((c/Z))'

. ! . /
Therefore, ¥ isa (S — c1e27(c1) 7y — czelzn(%))-edge regular CPFG.
Conversely, assume that (i) and (ii) are equivalent. We show that (y5e*?,v4e$2) is a constant
function. Assume that (4ge®?,v4eP2) is not a constant function. Then u @(rirj)e’“@(”f ) £

y@(rprq)ei“-@(rv’ﬂ) and v@(rirj)eiﬁ@(’frf) #+ v@(rprq)ei59(rprﬂ) for at least one pair of r;rj,r,r; € D.
Suppose that 4 is a (s1, 52)-edge regular CPFG. Then dg (r;7;) = dg (rprg) = (s1,52). Hence

tdy (rirj) = (dyei“(rir]')+V@(rirf)eiag(rirj)'dveiﬁ(rirj)+V@(”ir]')eiﬁ@(rirj))

= (51 + ‘u@(,’irj)eia@(rirj),Sz + V@(T’irj)eiﬁ@(rirf)> )

tdy(rprg) = (dﬁei“(r!’rﬂ)+V@(rprq)emg’(r"r")rdueiﬂ(rprq)+V@(7prq)eiﬁ@(rprq))

_ (51+y0j(1’prq)ei“9(7”r‘7),52+1/@(7’p1’q)€iﬁ@(r’ﬂq))-

As V@(”i”j)ei“@(rirj) # V@(l’prq)ei“@(’f’rﬂ) and v@(rirj)eiﬁg(”’f) + v@(rprq)giﬁ.@(’pfq), 50
tdy (rirj) # tdy (rpry). Hence ¢ is a totally edge irregular, a contradiction. Therefore, (p 7€%2,v5eP2)

is a constant function. Similarly, (xge™®?,v5ef2) is a constant function, if ¢ is a totally edge
regular CPFG. O

Theorem 12. If a CPFG ¥ is edge regular as well as totally edge regular, then (pge*?,vgeP2) is a
constant function.

Proof. Obvious. O

Theorem 13. Let 4 = (¢, %) be a CPFG on a l-reqular graph G. Then (1ge'®2,v5eP2) is a constant
function if and only if & is both regular and totally edge regular CPFG.

Proof. Let % be a CPFG on a I-regular graph G. Assume that (y5¢™*?,v4e'f2) is a constant function,
y@(rirj)ei"‘@(”rf) = ¢1?™(1) and V@(r,-rj)eiﬁf?(”r/) = ¢2™(@) for all r;r; € D, where c1e2™(¢1) and

. /
0627(¢2) are constants.

Utilizing definition of vertex degree, we have

dg(l"i> = (dyeia(ri)rdygfﬁ(ri))
i ZDa@(rirj) i ZD,B@(rirj)
= | X nolrirye ™" ;Y vglrire T
rirjeD rirj€D
2r( L ) 2m( ¥ )
7’,‘7‘j€D 1’[7’]'€D

= (lcleiz’r(cll), lczeizn(cg)) forallr; € C.

Therefore, ¢ is regular CPFG.
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Now, tdy (rirj) = (tdia(rir;), td, e (rir;)), where

i L ag(rn) i L ag(rn)
riry€D erkED
i . ) n
tdein(rir)) = Y ugl(rinde 7 + ), nolrrde + g (riry) e )
riry€D VijED
k#j k#i
. / ) / , /
_ 2 ClezZH(c1)+ Z ClEIZH(c1)+Cl€zZH(c1)
riry€D riry€D
k#j ki

_ Clei2n(c;)<l _ 1) + CleiZH(c;)(l _ 1) + Clei2n(c/1)

= cleizﬂ(ci)(Zl —1) forallrirj € D.

Similarly, td.ps(rirj) = czeizn(cg)(Zl — 1) for all r;r; € D. Therefore ¢ is a totally edge
regular CPFG.

Conversely, assume that ¢ is regular as well as totally edge regular CPFG. We show that
(hpe*2,v5eP2) is a constant function. Since CPFG ¢ is regular, dy(r;) = (r1,r2) forallr; € C.
Also, ¢ is a totally edge regular, tdy (r;rj) = (1, %2) for all ;7; € D. According to the definition of
total degree of an edge, we have tdg (r;r;) = (tdyem (rirj), td s (ri7;)), where

tdyeia (rjrj) = dyei“ (ri) + dyei“ (1’]) - ]/l_@(rl‘r]‘)eia@(rirj)
A= rtr— pg(riry)et2 i)
po(rirj) = 2rp— S forallrrj € D.

Similarly, vy (rir;) = 2r — 7 for all r;7; € D. Hence (u 2€%2 ,v5¢'P2) is a constant function. [
Definition 25. A CPFG ¥ on G is said to be partially edge regular, if G is an edge regular.

Definition 26. A CPFG ¢ on G is said to be full edge reqular, if 4 is edge reqular as well as partially
edge regular.

Theorem 14. Let 4 = (¢, 2) be a CPFG on G such that (n5e'*2,v4e2) is a constant function. If 4 is
full regular CPFG, then & is full edge regular CPFG.

Proof. Suppose that (ige®?,v5ef2) is a constant function. ‘u@(rirj)ei"‘@(r’rf) = cleizn(cll) and
v@(rirj)elﬁ@(”’f) = czeiZ”(C;) for all r;r; € D, where cle’?”(‘:ll) and czeﬁ”(C;) are constants. Let ¢
be a full regular CPFG, then dg(7;) = I and dg (r;) = (r1,r2) for all v; € C, where I,7; and r, are
constants. Therefore dg(r;7;) = dg(;) +dg(r;) —2 = 2] — 2 = constant. Hence the graph G is an
edge regular.

Now, dg (rirj) = (i (i7j), dis (ri7j)) for all r;r; € D, where

Ding (rir;
dyeia (rirj) = dyeia (i) + dyyeia (rj) — 2u g (rirj)e iagy (i)
. /
= 1 +r — 2027
= 2r — 2127 = constant.

Similarly, d, s (ri7j) = 2r2 — 2C2€"2”(C;) =constant, for all ;7; € D. Hence ¢ is an edge regular
CPFG. Thus ¥ is full edge regular CPFG. O
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Theorem 15. Let 9 = (€, D) bea . -partially edge reqular and .-totally edge regular CPFG. Then S(%) =
where m = |D|.

1+ y’”

Proof. The size of CPFG ¥ is

L ag(rir) iz ﬁﬁ(ﬁ’j))

= ( Y. ugl(rirjle WJED ;Y vg(rir)e P
rl-r]-eD

T[T]'GD

Since ¥ is .’ /-partially edge regular and .-totally edge regular CPFG, i.e., dg(r;rj) = - "and
tdg (rirj) = 7, respectively. Therefore,

i Z a@(}’r})
Y, tdy(rr) = Y. de(rirpg (rir)e™ @ T + Y- ug(rirj)e 0 ,
rir;€D rir;€D ritj€D
i E ﬁ@(’t'ﬁ)
Y. dg(rirj)vg(rirj r)efo ) 4 ¥y, (rirj)e
rir;€D ritj€D
= Z dG(rirj)V@(rir]) et M’ Z dg rzr])VQ(r 7’]) ePo i) +5(9)
rir;€D rrleD
ms = 'S(9)+S(¥)
my
S5(¢) = -
) 14+

O

4. An Approach to Decision Making with Complex Pythagorean Fuzzy Information

In this section, a decision-making approach is developed based on the proposed CPFGs. Further,
the developed approach is demonstrated with a suitable illustration.

Definition 27. Lef ¢; = (yjei"‘/ ,vje’ﬂf) (j=1,2,...,n) bea collection of CPFNSs, the complex Pythagorean
fuzzy weighted averaging (CPFWA) operator is a mapping CPFWA: (€)" — €, where

n
CPFWA(01,02,--.,0n) = Y_ ;0]
j=1

n
w = (wy,wy, ..., w,)7 is the weight vector of o; (j=1,2,...,n), with w;j € [0,1],and Y, w; = 1.
=1

With the operations of CPFNs, by induction on n, we get CPFWA operator as:

w

n 21— n —(sL)2)7 v
CPFWA (01,02, .-.,0n) = \jl_n(l_(i‘#)w’e ( =) H Y2 T LBy
j=1
Definition 28. Lef ¢; = (y]'ei"‘/ ,vie i) (j =1,2,...,n) be a collection of CPENS, the complex Pythagorean

uzzy weighted geometric (CPFWG) operator is a mapping CPFWG: (€)" — €, where
fuzzy weighted g p PP g (€)

n

CPFWG(01,02,---,0n) = [ [ (/)
j=1

n
w = (wy,wy, ..., w,)7T is the weight vector of o (j=1,2,...,n), satisfying wj € [0,1) and ¥ wj = 1.
=1
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With the operations of CPFNs, by induction on 71, we get CPFWG operator as:

n

n . u w
CPFWG(Ql,Qz, .. .,Qn) = H(yj)wielznnjzl(ﬁ) /, \J 1-— H (1 _ (1/]
=1 j=1

=

Definition 29. Let ¢; = (y; %, v e’ﬁf) (j=1,2,...,n) beacollection ofCPFNs and w = (wy,wa, ..., wy)T

be the weight vector of 0j (j = 1,2,...,n), satisfying w; € [0,1] and Z wj = 1, the complex Pythagorean
j=1

fuzzy ordered weighted averaging (CPFOWA) operator is a mapping CPFOWA: (¢)" — €, where

n

CPFOWA(01,02, - .., 0n) = Z Wiy (j)

With the operations of CPFNs, by induction on n, we get CPFOWA operator as:

. iz [1-T1 (152 )Y, o Bet e
CPFWA(01,02,---,0n) = \J 1-—- H (1 — (Vﬁ(j))z)w]e /:1< ) ,H(Vg(j))w/‘gﬂnnj:l( zg )
j=1 =1

Definition 30. Let ¢; = (yjei“/,vjeiﬁf) (j=1,2,...,n) beacollection of CPFNs and w = (wy, wy, ..., wy)"

be the weight vector of ¢; (j = 1,2,...,n), satisfying w; € [0,1] and ]Zl w;j =1, then the complex Pythagorean
fuzzy ordered weighted geometric (CPFOWG) operator is a mapping CPFOWG: (€)" — €, where

n
CPFOWG(o1,02,---,0n) 2 QU(]

With the operations of CPENs, by induction on n, we get CPFOWG operator as:

n w nPai) \w; w; 1
CPFWG(01,02, -+, 0n) = r{<ua<j)>wfelzﬂﬂle( ) %Jl—]‘[(l—(va(,-)ﬁ) CE
]:

Particularly, if w = (1/n,1/n,...,1/ n)T, then the CPFOWA and CPFOWG operators reduce to
the CPFWA and CPFWG operators, respectively.
A score function for the CPEN is defined as follows:

Definition 31. Let 0 = (ue',ve'f) be a CPFN. Then

1
2 2y, Lo o
s(@) = (W —v) + 5 (" = F7)
is the score of o, where s is the score function of 0, s(0) € [—2,2].

Definition 32. Let 0 = (ue'™, ve'P) be a CPFN. Then

1
he) = (12 +v*) + (0 + )
is the accuracy of o, where h is the accuracy function of 9, h(o) € [0,2].

For any two CPFNs g1 and 97,
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1. ifs(o1) > s(02), then 01 > 02;
2. ifs(e1) = s(02), then

o ifh(o1) > h(02), then 01 > 02;
e ifh(01) = h(02), then g1 ~ 02.

4.1. Decision-Making Approach

Consider a MADM problem containing a discrete set of m alternatives A =
{A1,Ay,...,An}. Let Z = {ry,ry,...,mn} be a set of attributes characterized by a CPFS
{r, (ug (r)e®e) v (r)ePe()) | r € Y}. Also each attribute classified with a vertex and links
between attributes with relations (edges) in CPFG.

Ina CPFG ¥ = (¢, 2), for an alternative, assume that if an attribute r; € Z is most important,
we choose r; = 1, otherwise r; = 0. Then the importance of each attribute r; can be calculated by using

L = (y%(rl-)ei“%’("‘),vcg(ri)eiﬁ‘f(”))xi—1—3?/\/1. i=12,...,n. (1)

where N is the set of the attributes r;’s neighbors and

=) (#9(71'7]‘)6%(””),V@(Virjeiﬁ@(rirf)> §(rir)rj,
JEN:

g(rirj) € [0,1] is the influence coefficient between relevant attributes.

In the CPFG based MADM problems, if there are prioritization relations among the attributes, we
will solve this problem by using the prioritized aggregation operators [29] together with the necessary
complex Pythagorean fuzzy graphic structure.

For a CPFG, suppose that we have a collection of attributes (vertices) partitioned into ¢ distinct
categories Cy, Cy, ..., Ct such that C; = {rj1,7j2, ..., 7in, }, Where ri(j=12.., n;) are the attributes in
the category C; and suppose C; > C, > ... > C; is a prioritization relationship among these categories.
In the category C;, the attributes have a higher priority than those in C; if i < j. Then the universal
set of attributes is Z = le C; and the total number of attributes is n = Zle n;. The prioritized
hierarchy structure of Z is shown in Figure 11. We put forward an approach to handle the CPFG based
MADM problems according to the prioritized complex Pythagorean fuzzy aggregation operators
well-organized with the degrees of attributes.

Compute the degrees of all attributes d(r;) (i = 1,2,...,n) which can be normalized by

i(r;) = d(pg(ri)) d(veg (7)) - )
o <Z;n—ld(ﬂ<€(7’j))' P d(y%(r].))> i=12,..., ?

Cy o Mz,
Cy o T21,722,- -5 T2y
Ct . Tt1, 782, -« o5 Tty

Figure 11. Prioritized hierarchies of attributes (criteria) set.
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The weights are associated with attributes dependent upon the satisfaction of the higher priority
attribute by designing the prioritization between attributes. Then for each category C;, firstly we define
j_ (1,0),(1,0), i=0 3)

! p(d(rin), d(ri), ..., d(rin,)), i=1,2,...,t

where ¢ is an alternative function such as the maximum or minimum function, for calculating /; based
on which we determine the weight of each category:

i
wi=]]lo1, i=12,...,t 4)
k=1

Using the complex Pythagorean fuzzy weighted combination (CPFWC) operator, the overall
importance of the alternative can be calculated as:

10 = CPFWC (I o, ., In) = Vi (VI (wi AT)) ®)

And finally to select an optimal alternative, determine the score functions s(I (’f)) =( ygg - 1/%0) +
ﬁ(w% - IB%)(Z =1,2,...,m), and rank all the alternatives A;(i = 1,2,...,m) in accordance with
s(IUY(i=1,2,...m).

The approach involves the following steps:

Step 1. For a MADM problem, consider a discrete set of alternatives A = {A1, Ay, ..., Ay}, aset of
uncertain attributes Z = {ry,7,,...,7,} and the construction of a CPFG the vertices of which
indicate the attributes considered and edges indicate complex Pythagorean fuzzy relations of
attributes.

Step 2. We determine the degrees of all attributes in a CPFG and normalize them on the basis of
Equation (2).

Step 3. Among the attributes, we nominate the prioritization relationships. Then the collection of
attributes is partitioned into t distinct categories Cy, Cy, . .., Cy such that C; = {r1,7i2, ..., Tin; },
where j (j = 1,2,...,n;) are the attributes in the category C;.

Step 4. On the basis of Equation (3), we compute the values of [; for each priority category C;.

Step 5. On the basis of Equation (4), we cumpute the weight w; of each category according to
L, i=12,...,t

Step 6. On the basis of Equation (1), we determine the importance of each attribute ;.

Step 7. By using the CPFWC operator (Equation (5)), we determine the overall importance of the
alternatives and select the optimal alternative(s) in accordance with s(1i))(i = 1,2,...m).

4.2. lllustrative Example

In this subsection, a numerical example is utilized to illustrate the validity of the developed
MADM approach.

Midwest American Manufacturing Corp. (MAMC)’s information management steering committee
wants to prioritize for development and implementation a set of nine information technology
improvement projects (alternatives) A;(i = 1,2,...,9):

A1 : Quality Management Information;
Ay : Customer Order Tracking;

Ajz : Fleet Management;

Ay : Electronic Mail;

As : Employee Skills Tracking;

Ag : Inventory Control;

A7 : Design Change Management;
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Ag : Materials Purchasing Management;
Ag : Budget Analysis.

which have been given by area managers. The committee is distressed that the projects (alternatives)
are prioritized from maximum to minimum potential input to the firm'’s strategic goal of achieving
ambitious advantage in the industry. To determine the possible input of each project, a set
of seven factors (attributes) r;(i = 1,2,...,7) are considered: Under the complex Pythagorean
fuzzy circumstances, an expert is invited to evaluate these alternatives with complex Pythagorean
fuzzy elements. Therefore, the complex Pythagorean fuzzy decision matrix is given in Table 1.
The hierarchical structure of the given decision making problem is depicted in Figure 12.

Goal

Selection of the best
Smartphone accessories supplier

A Ay Ay Ay As Ag A As Ay
uality Managemen Customer Fleet Electronic Employee Inventory Design Change | Materials Purchasin Budget
Information Order Tracking Management Mai Skills Tracking Control Management Management Andysis

Figure 12. The optimal project selection hierarchical structure.

Assume that a graph G = (C, D), with seven factors (attributes) C = {ry,72,73,74,75,7¢,77} and
a set of their relations (edges) D = {riry, 1174, 1776, 75,1774, 1713, 1772, 1711 }. Let 4 = (€, 2) be a CPFG
of a graph G, as in Figure 13.

(0_96i27r(044) , 0.26i2ﬂ(0'3))

Figure 13. The relationships among the factors r;(i = 1,2,...,7).
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Table 1. The evaluation information on the projects in a complex Pythagorean fuzzy environment.

r ) r3 4
Ap (0.3¢127002) 0.4627(06))  (0.5027(03) ( 4¢1277(08 (0_731'271( 5) 0.261‘271(0.4)) (0.9¢27(04) 0 227(03))
A, (0'681'271(0.3),0.561'271(0.8)) (0. 8ei27(04) () 3,i27(0.5 (O.7ei2"< 3) 0.261'271(0.6)) (0. 5i27(0.2) O.3ei2”(°'9))
A, (O.6ei2”<0'4), 0.7ei2”(0‘5)) (0. 70i27(02) () 3,i271(06 (0_6ei2n(0 3) 0.4e"2”(0‘5>) (0. 7¢i27(0.5) 0_3ei27r(0.6))
Ay (0.5¢27004) 0.4627(07))  (0.8¢27(05) (3¢i27(05 (0.627(0:6) 0.2¢127(05))  (0,9¢27(02) (.3¢127(0:4))
As  (0.7627(01) 0.727(09))  (05¢27(03) () gei27(0:8 (0.7¢27(06) 06¢27(05))  (0.7¢27(04) () 4¢i27(05))
Ag (0.561'271(0.6), 0'761'271(045)) (0.2¢1271(0:9) 0.9¢i27(0:2 (0.6¢27(0- 5) 0.8@12”(0-7)) (0. 8¢127(0.7) 0.361’271(0.6))
Ay (0'881'271(0.8),0.661'277(0.6)) (0. 70i271(04) () 5i27(08 (O.6ei2"<0 4) 0.461'277(0.8)) (0. 51271(0.4) 0.881‘271(0.7))
Ag (0.4ei2”<0'3), 0.761'271(0‘8)) (0. 1£271(07) () 8¢i27(05 (O_Seizn(o 3) 0.4e"2”(0‘9>) (0. 61270(0.7) 0.5ei2”(0'5))
Ay (0.9¢127(02) (3¢127(09))  ((.8¢27(03) (.1¢i27(0:9 (0.227(07) 0.9¢127(05))  (05¢27(04) (.7¢127(08))

75 76 r7
Ay (0 6ei27(0.5) ,0 3€i27r(0‘8)) (0 70i27(0.2) ,0 3ei27r(0.4)) (0.88i2”<0 4) 0.16i27r(0‘3))
Ay (0 2¢i27(0.3) 0.9€i27r(0.8)) (0 70i27(0.3) O.4ei2”<0'8)) (0.58’271(0 4) 0.6€i27r(0.7))
Ay (0.7¢127005) 0.527(06))  (0.6¢127(07) 02¢57(05))  (0.4¢127(02) .9¢i27(09))
Ay (0.3¢27(07) 0.8¢27(06))  (0.7¢127(04) (.127(09))  (0.6¢i27(04) 0.7¢127(05))
As  (0.6¢127(0- 3) 0 661‘271(0.4)) (0. 3i27(0.5) 0'981’271(0.8)) (0.7¢27(0- 9) 0'461‘271(0.4))
Ag (0. 6¢1277(0.5) 0.361'271(0.8)) (0. 7127(0.9) O.4ei27r(0.4)) (0'881’271(0 7) 0.1ei2”(0-4))
Ay (0.3¢127001) 0.8627(08))  (0.8¢127(03) (.4¢27(08))  (0.5¢127(03) 0 6¢27(08))
Ag  (0.2627008) 0.527(06))  (0,6¢127(02) 0.527(07))  (0.9¢127(07) ) 3¢i27(06))
Ay (0.7¢27(09) 0 5027(04)y  (0.7¢127(04) 0 627(05))  (0.527(07) ().8¢i27(05))

Step 1. In graph of Figure 13, the degree of each attribute is determined as:

d(l"1> _ (0.761‘27((04) 1. 56127T (2.2) ),d(?’z) _ (0'561'271(0.3),1'161‘271(1.7)),
d(1’3) — (0.581271(03) 046127r (0.7) )/d(r4) _ (0‘9ei27r(0.4)/0.86i27r(1.3))/
d(1’5) _ (O.3€i2ﬂ(0 1) 04612n(09)),d(1,6) _ (0.46i2n(0'2),0.6€i2n(0'9)),
d(1’7) _ (2_361'27'[(1 1) 2. 861271(4 7))

Utilizing Equation (2), normalize the above degrees as:

d(r1) = (0.1250027(01429) 0.1974¢27(01774)y (r,) = (0.0893¢/27(0-1071) (1447627 (0-1371))
d(r3) = (0.0893¢27(01071) () 0526,i27(0.0565)) 3 (1,) = (0.1607¢27(0-1429) (.1053¢i27(0-1048))
d(rs) = (0.0536¢27(00357) 0,0526627(00726)) J(r4) — (0.0714¢27(09714) 0,0789¢27(00726)

d(r7) = (0.410727(03929) () 3684¢i27(0.3790) ),

Step 2. Suppose that there exist prioritization complex Pythagorean fuzzy relations C; =
{7‘1,1’4},C2 = {1’3},C3 = {7‘2,1’7},C4 = {75,7‘6}, Cl' > C] ifi < ] (Z,] = 1,2,3,4). SO,
m=2n=1n3=2,n4 =2.
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Step 3. If ¢ is a minimum function, then utilizing Equation (3), we obtain

lo = <1ei2n(1)loei2n(0)>

I = (0 1250¢/277(01429) () 1974,1270(01774) )
I, = (0 0893¢/271(0-1071) () 0506,i27(0.0565) )
I3 = (0 0893¢/271(0-1071) () 3684,i27(0-3790) )

l4 — (0.05363127-[(0'0357),0.0789€i2n(0'0726)>

Step 4. On the basis of Equation (4), we calculate the weight of each category as:

w1 :lo

_ (161'271(1)’ Oeizn(o))

wy=ly®1l = (0.125061'271(0.1429),0.197461'271(0.1774))

ws =l @ h @ o = (0.0112627(001%9) 0.204027(0155) )

wy =l @l ®h @l = (0.0010027(001),0,4144¢27(04162))

Step 5. If there is an alternative Aj, in which just attribute ‘r;” is most important, then x; = 1 and

x=0(=12,...,

6). Also take é(rir]-) =0.5fori,j=1,2,...,7and i # j, then on the basis

of Equation (1), the importance of all attributes are:

(4)

A)

i

i

(ng (1)) g (r1)ePe ")) xy + 2
o (rir7)e? rm)/V@(7177)€’ﬁj(m7)) G(rir7)x7

(0.142162(070), 9.707127(0837))

(g (r2) e 72 vig (ra) P 12) ) xy + 2,
l/l 727’7 llX@ 7277) 1/9(7/21’7)eiﬁ@(7277)) g(r2r7>x7

(O 2146¢127(01421) 0 7746,i27(0. 8944))

(nep (r3)e™ € 73) v (r3)eP e 12) ) x5 + 2y,
11 (r3r7)e 1a@(r3r7) v@(r31’7)€lﬁ@(r3r7)) &(rary)xy

(O 3660¢127(02146) () g305,i271(0- 8367))

(g (r4) € ), vig (r )P e 1) ) xy 4 2,
1o (rary) e 47) vg (ryr7)el @(7477)) &(rar7)x7

(0 4472,1271(01421) ) 5477,i27(0. 8367))

(neg (r5)e™ 75), v (r5)eP € 15) x5 + 2
(V@(Tsﬁ)ei‘x@(””)/V@(7577)6iﬁ@(r5’7)) &(rsr7)x7

(0,2146gi2”(0~0708) , 0.6325¢27(0.9487) ) )
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1Y = (g (re)e 8 ug (1) e U6) ) xg + 21,
= (V@(%W)@m@(“”)/V9(7677)€iﬁ@(r6r7)> G(rer7)xy

- (0'2889ei27r(0.1421)0'774681'271(0.9487)),

i (pig (r7) ™6 77, veg (7)€ 7)) x7 4 2,

_ (0.8€i2”(0'4), 0.1 ei27r(0.3)) .
Step 6. On the basis of Equation (5), we determine the overall importance of the alternative A; as:

(A1) — Vi7:1(\/;‘11(wi A Ii(jA))) _ (0447261'271(0.1429),0'204061‘271(0.3000))

s(141)) = 0.1566.
Furthermore, we determine the score functions of overall importance of the other alternatives
Ai(i=2,3,...,9):
s(1142)) = 0.0397,s(114%)) = 0.0412, s(1144)) = 0.0433,s(1\45)) = 0.0341, s(1\4¢)) = 0.0307,

s(1147)) = 0.0300, s(148)) = 0.0302, s(1149)) = 0.0309.

We rank the alternatives according to the score function of the overall importance of the
alternatives A;(i =1,2,...,9), as:

A]>—A4>A3>—A2>—A5>A9>—A6>-A8>A7

4.3. Comparative Analysis

Ashraf et al. [30] proposed the graph based decision making model, to accommodate single-valued
neutrosophic values. We have utilized this approach to the above illustrative example and compared
the decision results with the proposed approach of this paper for CPFGs. The results corresponding to
these approaches are summarized in Table 2.

Table 2. Comparative analysis.

Methods Score of Alternatives Ranking of Alternatives

Ashraf et al. [30] 0.7415 0.5810 0.5894 0.6115 0.5212 04390 02690 02781 04799 Ay = Ay = A3z = Ay = As > Ag = Ag = Ag = Ay
Our developed method ~ 0.1566 0.0397 0.0412 0.0433 0.0341 0.0307 0.0300 0.0302 0.0309 A; = Ay = A3 = Ay = Ag = As = Ag = Ay = Ag

From this comparative study, the results obtained by the existing approach coincide with the
proposed one which validates the proposed approach. Hence, the proposed approach can be suitably
utilized to solve the MCDM problems. The novelty of this decision making approach is that we have
developed an MADM model with the interrelated attributes and described numerous relationships
among the attributes by utilizing the corresponding graphical structures with complex Pythagorean
fuzzy information.

5. Conclusions

CPFS as a generalized formation represents some general complex scenario. Our research paper
enriches the area of fuzzy graph theory in several directions. Firstly, under the Pythagorean fuzzy
circumstances, a novel concept of CPFGs has been proposed by combining PFGs and CFGs. CPFG,
an extended structure of a fuzzy graph is more practical and flexible as compared to the classical,
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fuzzy, complex fuzzy and Pythagorean fuzzy models as it deals the vagueness with the membership
and non-membership degrees whose ranges are generalized from real to the complex subset with a
unit disc. Secondly, the novel concepts of regular and edge regular graphs have been defined with
appropriate illustration and some of their crucial properties are examined within complex Pythagorean
fuzzy contexts. Thirdly, some aggregation techniques have been investigated for CPFNs and, further,
the complex Pythagorean fuzzy graphic structure has been utilized to depict the interrelated attributes
in MADM and developed the multi-attribute decision making approach based on CPFG. Meanwhile,
we interpret the relationships among the attributes and then derive a solution utilizing the MADM
model based on the CPFGs. Taking into account the interval-valued vagueness, we shall extend the
proposed research work to the complex interval-valued Pythagorean fuzzy setting and provide its
applications further.

Author Contributions: M.A. and S.N. conceived of the presented idea. S.N. developed the theory and performed
the computations. M.A. verified the analytical methods.
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