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Abstract: The objective of this paper is to investigate a mathematical model describing the infection
of hepatitis B virus (HBV) in intrahepatic and extrahepatic tissues. Additionally, the model includes
the effect of the cytotoxic T cell (CTL) immunity, which is described by a linear activation rate by
infected cells. The positivity and boundedness of solutions for non-negative initial data are proven,
which is consistent with the biological studies. The local stability of the equilibrium is established.
In addition to this, the global stability of the disease-free equilibrium and the endemic equilibrium is
fulfilled by using appropriate Lyapanov functions. Finally, numerical simulations are performed to
support our theoretical findings. It has been revealed that the fractional-order derivatives have no
influence on the stability but only on the speed of convergence toward the equilibria.

Keywords: adaptive immune response; compartment; CTL immune responses; fractional order
model; HBV infection; intrahepatic compartment; intrahepatic global stability; numerical simulation

1. Introduction

The hepatitis B virus (HBV) attacks liver cells (hepatocytes) and kills almost a million
people every year. The HBV is known as a global public health issue [1,2], and it infects
around two billion people, with more than 360 million chronic carriers. This serious
infection can be easily transferred by any infected bodily fluid contact [3-5], and it can
cause acute or chronic disease following transmission. Many mathematical models have
been constructed to represent and better comprehend the dynamics of this deadly viral
illness [6-9]. All of these models take into account how the HBV virus interacts with both
healthy and diseased liver cells. However, HBV infection models with two compartments
are rare. Recently, the model for describing the adaptive immune response in an HBV
infection model with virus to cell transmission in both liver with CTL immune response
and the extrahepatic tissue is studied in [10]. They have used the following system of
differential equation:

dlidlt(t) =851 — lel — blHlV,
dlcllii(_t) = blHlV - {1111 — pllw,
dI‘;zt(t) = Sy — dsz — szzV,
dl(t

25 ) byHyV —as D,
d‘;jﬁf) =k +kyl, — 0V,
AW (t)

=qLHW —rW.

dt
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where we denote the liver and the second extrahepatic compartment as compartments
C1 and G, respectively. In this model, Hy, I1, Hp, I, V and W denote the concentrations
of uninfected hepatocytes in Cj, infected hepatocytes in C;, uninfected hepatocytes in
C, infected hepatocytes in Cy, free virus and the CTL immune response (in C) at time ¢,
respectively. In addition, s; is the recruitment rate of healthy cells and dl,- is the average
lifespan of uninfected cells in compartment C;(i = 1,2). The healthy cells become infected
by free virus at a rate by H V, infected cells in compartment C;(i = 1,2) die at a rate 4;1;,
and infected cells in compartment C; are cleared by the CTL immune response at a rate
pliW. Free virus (V) grow in blood at a rate k1 I; + k21, decay at a rate cV. Finally, CTLs
(W) expand in response to viral antigen derived from infected cells at a rate I W and decay
in the absence of antigenic stimulation at a rate rW.

In this paper, we will study the same above problem but using the fractional derivative
equations that will be considered is as follows:

DaHl(t) =91 —d{Hy — b1HV,

Dall(i’) b1H1V—a111 — pllw,
D“Hz(t) =8y —dyHy, — by H,V,

Dalg(t) =byHV —asp, M)
D*V(t) =kl + kI, — 0V,
D*W(t) = gLW — rW.

where « is the order of the fractional derivative and H1(0) = Hyg, [1(0) — Lo, H2(0) —
Hyo, I1(0) — Ino, V(0) — VoW(0) — Wy are the initial data, such as our dynamical model
with two HBV proliferative compartments: One is the liver, whereas the other is the
extrahepatic compartment, which includes serum, peripheral blood mononuclear cells
and perihepatic lymph nodes. According to the investigations, the immune response
has an influence, or it has no impact on the extrahepatic compartment. It is considered
that the CTL response plays a half function in clearing infected hepatocytes. Furthemore,
it has no role in the second proliferative compartment of extrahepatic tissue. We notice
that the fractional derivative order can be considered as an index of memory in many
biological and physical problems [11]. For instance, for evolution problems in biology, we
can find this kind of derivative to model HBV [12]. The fractional derivative equations
were used study other models such as Kawahar and KdV equations [13-17]. Different
papers studied the behavior of many viral infections by using the fractional derivative
equations [18-22]. We notice that the Laplace operator has been used to study the stability
of a fractional-order delayed predator—prey system [23]. In addition, fractional derivative
have shown its efficiency in studying many biological systems [24-26]. Recently, optimal
control problems have been studied using fractional derivative equations [27]. These same
techniques were applied to study the interaction between tumor cells and the immune
system [28]. Therefore, our motivation in this paper is to take into account the memory
effect in our biological dynamical system by incorporating the fractional derivative instead
of the ordinary one.

The paper is organized as follows. The next section is devoted to the existence,
positivity and boundedness of solutions, which is followed in Section 4 by the local stability
analysis. In Section 5, we study the global stability of the equilibrium. We construct an
appropriate numerical algorithm and give some numerical simulations in Section 6, and
the last section concludes the work.

2. Preliminary Results

Is this section, we recall some preliminary definitions of the fractional order integral,
Caputo fractional derivative and Mittag—Leffler function [29].
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Definition 1. The fractional integral of order & > 0 of a function 1 : R, — R is defined by

90 = g [ =9 (e

where I (.) stands for Gamma function.

Definition 2. The Caputo fractional derivative of order « > 0 of a function ¢ : R, — R is given
as follows
D*p(t) = I""D"y(t)

whereD = Ytandn —1<a < n,n € N. In addition, if 0 < « <1, we have

a1 Ey'(s)
Dop(t) = T(a—1) /o (t—s)"‘ds

Definition 3. Let « > 0. The function

By
0= LG

is called the Mittag—Leffler function of parameter .

Let f : R* — R" where n > 1. Consider the fractional order system

DEX(t) = f(X)

X(0) = Xo @)

with 0 < & <1, and X € R". For the global existence of solution of system (2), we have
the following lemma.

Lemma 1. Assume that f satisfies the following conditions

e f(X)and (of /0X)(X) are continuous on R".
o |If(X)] <c1+clX| forall X € R", with c1 and ¢y are two positive constants.

Then, the system (2) has a unique solution defind on R™.

The proof of this lemma follows immedjiately from [20].

3. Positivity and Boundedness of Solutions

It is commonly known that any solutions reflecting cell densities in issues involving
cell population evolution should be non-negative and bounded. As a result, demonstrating
the model’s positivity and boundedness will be important. First of all, for biological reasons,
the initial data Hyg, I19, H20, Io0, Vo and Wy must be larger than or equal to 0. The main
result of this section is given as follows:

Proposition 1. For any non-negative initial conditions, there exists an unique solution of system (1)
defined on R™. In addition, this solution is non-negative and bounded t > 0.

Proof. The model (1) can be described as follows:

DEX(t) = f(X) ®)
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with

and

f(X) =

Hy
L
Hp
I
1%
W
51 = lel = b1H1V

blHlv = a111 = Pllw
Sy = d2H2 = szzV

szzV = 61212
klll Jrkz[z =coV
W =rW

Note that if « = 1, (3) will be a system with ODEs. By using the results in [19], we
establish the existence of solutions. In the case of FDEs, let

oo o oo

and

SN
'S
|

Therefore,

51
0
Ay = 802 ,
0
0
0 0 0 0
—a 0 0 0
0 —d, O 0
0 0 —ap 0
kl 0 k2 —0
0 0 0 0
-hp 0 0 0 0 O
by 0 0 0 0 O
0O 0 —-bh 0 0 O
0O 0 b, 000
0O 0 0 0 0O
0O 0o 0 0 0O
0 0 0 0 0O
0 —p 00 0O
0 0 00 O0O0
0 0 00 O0O0
0 0 0 0 0 O
0 g 00O0O0

o O O oo

F(X) = Ay + ApX + VA3X + WALX

This implies that

1FCON < NAwll+ (A2l + VI As ]+ (WAL DX

Hence, the proprieties of the previous Lemma are satisfied. Then, system (1) has
a unique solution on R*. Now, we will show that the non-negative solutions R§ =
{(Hy,I1,Hy, b, V,W) € R®: Hy >0,I; > 0,H, > 0,1 >0,V > 0and W > 0} is positively

invariant. Indeed, for (Hy(t), 1 (t), Ha(t), I(t), V(t), W(t)) € RS, we have:
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DIXHlHl:O = 51 2 0,' D“Ilh:o = blH]V 2 0,' DaH2H2:O = S2 Z 0,‘
D‘XI212:O =byH,V >0;, D*Vy_g=kiI1 +kyI, >0and D*Wy_o=02>0
Therefore, all solutions initiating in RS are positive. Next, we will prove that these
solutions remain bounded.
D“Tl(i’) =851 — lel — l/'llll — lew
T;(t) = H;i(t) + L;(t) and &1 = min(dy, a1)

Ti(t) = Ti(0)e ! + 3 (1 — 1)
01 —min(dy,a1); 0< et <1 then 1—e %<1

Therefore, Hy and I; are bounded.
DaTz(t) =3y —doyHy — a1

Ta(t) = Ta(0)e %2 + 2 (1 — o)
0 =min(dy,ap); 0<e 2 <1 then 1-¢ %<1

Therefore, H, and I, are bounded.
D*W(t) = qhW —rW
then

DaW(f) +rW = th
= %(_Dall(t) +b1HV —aiIy)

(—Dall(i’) +s1 —diHy — DaHl(t) — {1111)

< [1(0©) + 10 - ) + W) e

2L L= @ + 0 - )@ e

— Hy(t) — Lt).
d;

< W(0) + s [max<1;2 — r>H1(0) +11(0) +max(sr1; sl)

+max(0;1 - a71) HI1HOQ}

Therefore, W is bounded. From the fifth equation of (1), we obtain

D*V(t) =k +kylp — oV
D) = Voe "+ G-+ k) { [ N1() + RO}

(k1 + k)
g

<Vo+ 11+ Ll (1— ™)

(ky +k2)

<V + ”

11+ Il
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We conclude that all the solutions are bounded and also, each local solution can
be prolonged up to any positive time, which means that the solution of the problem
exists globally. [

4. Local Stability of Equilibrium

At any equilibrium system, we have

51— lel — blHlV =0
blHlV - {1111 - p11W =0
Sy — dsz — szzV =0
bgHzV — {12[2 =0

kil +kylhb —oV =0
ghW—rW =0

4)

by the first and third equation of this system, we obtain

51 52

H=———F, H=—F—
! bV +dy’ 2 bV +dp

Substituting them into the second and fourth equations of the same system, they yield,

respectively,
S1 bl 1% Szbz \%

I = ; e
! (a1 + pW)(01V + dq) 2 ar (b V + d)
When V # 0 and W = 0, substituting I; and I, of (3) into the fifth equation of (4)

f(V):=

_0_ =

1 |: k1b1sq kaboso
al(blv+d1) ﬂz(b2V+d2)

We can see that this function f (V) is decreasing with respect to V. We have

1 (ks kos 1 1
f((f( ;1+ 22)) = dikos o T dokys od3 =Jo
1 2 1+122+k 1 1+ 211+k 2

dokys 1b181 dikzsy 2b2sy

By the monotonicity of function f(V), Equation (3) has a unique positive root V(1)
only when

1[kibysi  kob
f(o):{llsl_Fm] o1

o Llldl a2d2
Thus, (1) has a boundary equilibrium E; (Hl(l), Il(l), 2(1), él), V(l),O) when f(0) > 1.

When W # 0, from the last equation of system (4), we have I; = % = Il(z). Substituting

itand H; = b]\%d] into the second equation of (4) gives

q apr aydyr
W=————=1|b(s—— |V —-—
r)r(l71V+dl){1<1 ﬂ/) q ]
Then, a necessary condition on the existence of the positive equilibrium is s; > %,
and for the positive equilibrium E, (H§2), 11(2), Héz), 12(2), V@), W(z)), substituting I} = %
and I = % into the fifth equation of (4) yields

1 k11’ kzszz ]
V)= | 4 222
g( ) O'{L]V az(b2V+d2)

In the case s; > %, we have
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1 (ks kys 1 1
g(a(clll+(§2)) = dikzso + dokis <1
1 2 1+ 5522 14 2fs

ods
dakys1 dqkpsy kobosy

Then, according to the monotonicity of function g(V'), we have limy_,o+ (V) = +oo;
then, ¢(V) = 1 has a unique root in the interval (V, 1 (k;% + ké% ) if and only if g(V) > 1.
For all this, we will determine the steady states of the model (1). The basic infection
reproductive number of the system (1) is given by

Ry — 1<k1b151 + k1b252>.

0~ o a1d1 ledz

From a biological point of view, Ry denotes the average number of secondary infections
generated by one infected cell when all cells are uninfected. Moreover, the same system
has the following disease-free equilibrium

51 S2
E = —_ —
f <d1/0/d2/0/010)
In addition, model (1) admits two endemic steady states

E, = (H},I%,H%,I%,Vl,o)

where .
H = —1
L=y vitd,
Il . blslvl
L m(Vi+dy)
52
Hl = —*—,
27 bVt d,
1 b252V1

2= ﬂz(bzvl +d2)‘

where V(1) is the positive root of (4). This endemic equilibrium exists when Ry > 1, and

E, — (H2, 2, H2, 12, V?, wz)

where s
HI = 1 _,
L™ V24 d,
T
=-,
g
52
H = ——*—,
2 b2V2 +ds
12 _ szsz
2 Ilz(bz V2 4 dz)
and 4
Wz:;ﬂR1—1%
Here (1)
I
Ry = 14
r

and V) is the positive root of (4). This endemic equilibriam exists when Ry > 1.
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5. Global Stability of the Equilibrium

In this section, we will study the global stability of each equilibrium of system (1) by
using some suitable Lyapunov functional and by using LaSalle’s invariant principle [4].
For the infection-free equilibrium E f,we have the following result:

Theorem 1. If Ry < 1, then the infection-free equilibrium Ey = (;—11,0, %,0, 0, 0) is globally
asymptotically stable.

Proof. When Ry < 1, we have klhlsl < land kzbm < 1, that is blsl < ga] and bm < gaz
So, Ry < 1is equivalent to the followmg 1nequa11ty

qb151 1 (& _ blﬂ)
pdy P\ ki dq

842 _ bysy basy

ko dy dy

0<

We can choose a positive number 1, satisfying the inequality

qb1s1 (& _ M)
P

pd ky dq
by M b5,
5 4 A

1 (gqb1s1 bosy ) (qblsl b252> qa41
- +mp—=—= | <mp-and — +m < =
g( pds U, kz g\ pd da pki

Furthermore, for the given m;, we choose a positive number m, satisfying the inequality

1 qblsl szz) . { ar q&h}
- +m—— | <mp <min{ my-—, —
8( pdy "d, ? 'k pky

When m; and m; are given, we have a Lyapunov function

then

L(t) = %Il(t) +mib(t) + maV(t) +w(t)

the derivative of L along solutions of our model is given by

DuLf(t) < <m2k1 — Zal) L + (mpky — myan) I

+ (Zb1H1 + mybyHy — m2g> V—rw

< - (qﬂl - m2k1> L
p

(m1a2 — Ti’lzkz)lz — <m2g — Ebld — m1b2d2>V —rw
<0

Thus, when Ry < 1, then D*L f(t) < 0. Let My be the largest invariant set in
{(Hl,O, H,,0,0,0); D*L¢(t) = 0}. We observe that D*Ls(t) = 0 if and only if Hy =

HY = 1 = 0,H, = H)Y = 2,1, = 0,V = 0and W = 0. Thus, My = {E} =
{(H1, Ih,Hy, I, V,W)}. It follows from LaSalle’s invariance principle [8] that the infection-

free equilibrium Ey is globally asymptotically stable whenever Ry <1. [
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Theorem 2. If Ry < 1 < Ry, then the infection equilibrium E4 (Hfl), 11(1),H§l), 12(1), V(l),O) is
globally asymptotically stable.

Proof. First, we define a Lyapunov function Ly as follows:

Ly(t) = §1<H1() H} — H}In H;{()Jrl()fﬂf[l 111(1)>
1 1

kz 1 g1y, H2(t) 1 12( )

+(V(t)—V1—V11 Vél))ﬂ;la{i (t)

calculating the derivative of L along positive solutions of system (4), it follows that

k Hi} I
DLy (t) <-* [(1 - ) (s1 —biH1V — diHy) + ( - 1) (bW HV —apl; — p11Z)]
a H1 11

ko H} I
+ = 1——= (Sz —bHV — d2H2) + - = (szzV — azlz)
ar H2 12

vl k
+ <1 — > (klll — kol — U’V) + %(qh — T)Z
1

1 1 1 1 1
D*Ly (1) < klilH <2_H_Hl> +k1111<3_Hl_HlVIl_ v 11)

H; Hl

end
H  HVI V'

Hy Hvip v~
Thus, when Ry < 1 then DOLf(t) < 0. Let M be the largest invariant set in
{(Hl, Iy, Hy, I, V,W); D°L¢(t) = 0}. We observe that D*L¢(t) = 0 if and only if H =
H},L =1],Z =0and % = % = 7 Thus, My = {E1} = {(Hy, I, Hy, Io, V,W)}. Thus,
it follows from LaSalle’s invariance principle [8] that the infection-free equilibrium E; is
globally asymptotically stable whenever Ry <1. O

For the second endemic equilibrium E;, we have the following result:

Theorem 3. IfRy > 1and Ry > 1 the infection equilibrium E, (Hl( ), 11( ), Hé ), (2), V@), W(Z))
of system (1) is globally asymptotically stable.
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Proof. We define first a Lyapunov function L; as follows:

Kk @ 402 Hy @ @
Lz(t) _al—l-pW(Z) <H1 H; H; In H(Z) +h -1 L In 11(2)

Hp 2 40 I
e B (D Y oy (Y

2 2
<H§) 1?
@)

(7))
(7))

1
+k2<H2H§2)H In I
2
w® —w@n
The derivative of L, along the positive solutions of the system (1) is

)
ar 2
ka ) )
+2(y_y@ _y@;

as

pkq (

NI i S—
q(a1 +pW®@)

« ky H§2)
D*Ly(t) Sm 1- T (s1 —diHy —b1H{V)
@
+ (1 — i) (byHV — p11W)]
(2) (2)
k H I
+ ;; (1 - I‘?z) (Sz - d2H2 — szQV) + (l - i) (szzV — 11212)]

@ pky w®)
1— —— | (ki1 + kol — ¢V 1-— L —r\W
+< Vv )( 1 1+ 212 g )+q(a1+pW(2)) W (ﬂll 7")

Then

kyd, H? H?  H
DLy(f) <——1L 2L _ -1
2(t) = a + pW®@ H; Hl(z)

Lk 1@ (3 Y  mvyY ven
H H  H9ven  y@
1 1 1

. kodp HS 5 HY  H
an H2 Héz)

@ (5 B Ve e
22 H, H(Z)V(2)I VI(Z)
2 2 2

Thus, when Ry > 1 and Ry > 1, it implies D*L,(t) < 0. Let M, be the largest
invariant setin {(Hj, [, Hy, I, V, W); D*L,(t) = 0}. We observe that D*L;,(t) = 0 if and
onlyif H = H?, 1, = I Hy = HP, 1, = 117,V = V(@ and W = W® for any time t.
Therefore, My = {Ex} = {(Hy, I1, Hy, I, V, W) }. Since E; exists whenever RCTL > 1, then
by the Lyapunov-LaSalle invariance principle [4], E; is globally asymptotically stable if
REL > 1and R{THY < 1. O

6. Numerical Simulations

In the previous sections, we have studied the theoretical part of our fractional prob-
lem (1). In this present section, we will present some numerical simulations to the same
problem. We notice that the simulation parameters were inspired from [10].

Figure 1 shows the infection dynamics for the following parameters as in the first
numerical result of [10]: s1 =1, =0.8, b; =0.08, b, =0.1,d; =0.2,d> =0.2,a1 =0.2,a, = 0.2,
ki =1,k;=12,p =03,r =02, 0 =5and g = 0.1. Within these chosen parameters,
we have that the basic reproduction number is less than unity Rg = 0.88 < 1, and we
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observe the convergence of the curves, which corresponds to the stability of the disease-free
equilibrium E = (5,0,4,0,0,0). This result is completely is in good agreement with [10]
and also confirm our theoretical result given in Theorem 1.

Figure 2 shows the infection dynamics for the following parameters: s; = 1,5, = 0.8,
b1 =0.08,bp=01,d1=04,d,=02,21=02,a2=02,k1 =1,ky=12,p=03,r=050=23
and g = 0.56. Within these parameters, we can easily compute the reproduction numbers
Ro =1.4783 > 1 and R; = 0.8929 < 1, which means that the first one is greater than unity
while the second is less than one. This predicts the numerical stability of the first endemic
equilibrium E;. Indeed, we observe that the curves converge toward the first endemic
equilibrium E; = (2.009,0.9807,2.4844,1.5155,1.2224,0), which confirms our theoretical
finding concerning the stability of E;.

Finally, Figure 3 shows the infection dynamics for the following parameters: s; = 1,
Sy = 0.8, bl = 0.08, bz = 0.1, dl = 0.2, dz = 0.2, ap = 0.2, ap = 0.2, k1 = 1, k2 = 1.2, p= 0.3,
r = 02,0 =2and g = 0.16. Within these parameters, we can easily compute the repro-
duction numbers Rg = 2.2 > 1 and R; = 1.25 > 1, which means that both of them are
greater than unity. This predicts the numerical stability of the second endemic equilibrium
E;. Indeed, we observe that the curves converge toward the first endemic equilibrium
E; = (2.9069,1.3333,2.1052,1.8947,1.800, 0.2221), which confirms our theoretical finding
concerning the stability E; of model (1), which is globally asymptotically stable; this is
consistent with Theorem 3.

5 2
( —1=0.5 —=0.5|
— =07 —=0.7|
‘ [ =) 1
3 ]
H] Il 1
2 4
1 | 0.5 L
0 0=
0 20 40 60 80 0 20 40 60 80 100
Time Time
4 == 1.5
r — =0.5| —=0.5
s y=0.7 | — =07
a=0.9| a=0.9
1 — =1
3 1
Hz [2
2 0.5 K
1 LN
0 20 40 60 80 100 0 20 40 60 80 100
Time Time
5 T -
— =0.5| —0=0.5
4 —= 6 e
3
v w )
5 1
2
1
0 00 10 20 30
0 5 10 15 20 .
Time Time

Figure 1. Behavior of the infection during the time for s; =1, s, =0.8, by = 0.08, b, = 0.1, d; = 0.2,
dy=02,a71=02,ap=02,k1=1,kp =12, p =03,r =0.2,0 =5and g = 0.1, which correspond to the
stability of the disease-free equilibrium E; = (5,0,4,0,0,0) with Ry = 0.88 < 1.
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Figure 2. Behavior of the infection during the time for s; =1, s = 0.8, b; = 0.08, b, = 0.1, d; =04,
dy=02,a1=02,ap=02,k; =1,ky =12, p = 0.3,r = 0.5,0 =23 and g = 0.56, which correspond to the
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7. Conclusions

In this paper, we have studied a mathematical model describing HBV infection in
intrahepatic and extrahepatic tissues. In our suggested model, we have taken into consider-
ation the effect of CTL immune response. The positivity and boundedness of solutions for
non-negative initial data were proven, which is consistent with the biological background.
The local stability of the equilibrium was established. Moreover, the global stability of the
disease free equilibrium and the endemic equilibrium was also fulfilled by using some ap-
propriate Lyapanov functional. Numerical tests were performed to support our theoretical
findings. In the end of this paper, we have studied the effect of the fractional derivative
on the numerical stability of each equilibrium. It has been revealed the fractional order
derivative has no influence on the stability but only on the speed of convergence toward
the equilibria.
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