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Abstract: The objective of this paper is to study a new mathematical model describing the human
immunodeficiency virus (HIV). The model incorporates the impacts of cytotoxic T lymphocyte
(CTL) immunity and antibodies with trilinear growth functions. The boundedness and positivity
of solutions for non-negative initial data are proved, which is consistent with biological studies.
The local stability of the equilibrium is established. Finally, numerical simulations are presented to
support our theoretical findings.
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1. Introduction

The human immunodeficiency virus (HIV) is a virus that causes, at the end stage
of infection, acquired immunodeficiency syndrome (AIDS). The human system then fails
to perform its functions [1,2]. Several mathematical models of HIV dynamics have been
developed in recent decades [3—7]. For example, reference [8] investigates a model repre-
senting the interaction between CD4™ T cells, HIV contagions, and cytotoxic T lymphocyte
(CTL) growth using two saturated rates defining viral infection and CTL proliferation. The
authors demonstrate how the cellular immune response may be used to restrict the spread
of HIV infections. Several recent studies have emphasized the importance of antibodies
in reducing viral replication and improving patient quality of life [9-12]. The relevance of
antibodjies in infection control was recently examined by the authors of [13]. The essential
novelty here is that antibody growth is dependent not only on the virus and antibody con-
centrations, but also on the uninfected cells” concentration. It is very important, since the
role of the immune response to HIV infection has been recently recognized by the medical
literature to be of great value. Indeed, it is now well known that the CTL immune response
increases depending on the infection. This increase also depends on the number of CTLs
themselves. Moreover, the antibody immune response increases depending on the virus
proliferation, and this growth also depends on the number of viruses. As the growth of
the immune system cells depends on the number of healthy target cells (CD4™ T cells), the
development of immune responses is described using a trilinear term [14-16]. The objective
of the HIV virus is to destroy CD4 ™ T cells, often called messengers or the command centers
of the immune system. Once the virus invades the body, these cells send a message to the
immune system. CTLs and antibodies represent the immune system, which responds to
this message and sets out to eliminate the infection by killing infected cells and free viruses.
To include the antibodies in the model, their participation in controlling the infection is thus
essential. Additionally, a comparison between simulations with HIV ordinary differential
equation models and clinical data has been done in [17,18]. The following model has been
presented:
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Z—: = A —dx — Bxv,

d

d% = pxv —ay — pyz,
% = aNy — uv — qow,
% = cxyz — hz,

dw

’r = gXvW — oW

In this model, x(t),y(t),v(t),z(t), and w(t), denote the concentrations of uninfected
cells, infected cells, HIV virus, CTLs, and antibodies, respectively, at time t. The healthy
CD4™ T cells (x) grow at a rate A, die at a rate d, and become infected by the virus at a
rate Bxv. Infected cells (y), die at a rate a and are killed by the CTLs response at a rate p.
Free virus (v) is produced by the infected cells at a rate aN, die at a rate y, and decay in
the presence of antibodies at a rate g, where N is the number of free viruses produced by
each actively infected cell during its life time. CTLs (z) expand in response to viral antigen
derived from infected cells at a rate c and decay in the absence of antigenic stimulation at a
rate h. Finally, antibodies (w) develop in response to free viruses at a rate g and decay at
a rate 0. It is worthwhile to note that all the model rates are assumed to be non-negative.
We are interested in the same topic in this study, but we include the function of the CTL
immune response and saturation rate in the model. The nonlinear system of five differential
equations under investigation is as follows:

dx Bxv

E_)L_dx_l—i-tw'

dy  pxv

dit " 1+ao WTHE

dv

= — v — 1
I aNy — yv — gqow, ¢y
z

E—cxyz—hz,

dw _ XOW — oW

it~ $

where « is the saturated infection rate and the initial conditions are x(0) = xo, ¥(0) = yo,
v(0) = vg, z(0) = zg, and w(0) = wy.

The paper is organized as follows. Section 2 is devoted to the existence, positivity, and
boundedness of solutions. The analysis of the model is carried out in Section 3. Then, in
Section 4, the results are illustrated through numerical simulations. We finish in Section 5
with our conclusions.

2. Positivity and Boundedness of Solutions

It is generally known that any solutions reflecting cell densities should be non-negative
and bounded. Therefore, it will be useful to establish the positivity and boundedness of
solutions of the model (1). First of all, for biological results, the initial data x, v, v, zo,
and w( must be larger than or equal to 0. The main result of this section is given as follows:

Proposition 1. For any non-negative initial conditions, the solutions to the problem (1) exist. In
addition, this solution is non-negative and bounded for all t > 0.

Proof. First, we show that the non-negative Ri = {(x, Y,0,z,w) € RS: x>0 y>00
0,z > 0and w > 0} is positively invariant. Additionally, for (x(t),y(t),v(t),z(t), w(t)
Ri, we have:

m IV
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Bxv >0,
14+av —
ZZ:O =0 Z 0, and ww:() =0 Z 0.

J.CJ(:O = A Z 0/ ]/y:O = UUZO = aN]/ Z 0/

Therefore, all solutions initiating in R} are positive. Next, we prove that these
solutions remain bounded. By adding the two first equations in (1), we have B =
A —dx —ay — pyz; thus,

B(t) < B(0)e " + (1-e),
- o
where B(t) = x(t) + y(t) and 6 = min(a;d). Since 1 —¢™% < 1and 0 < 7% < 1,
we deduce that B(t) < B(0) + %. Therefore, x and y are bounded. From the equation
0 = aNy — pv — quvw, we deduce that

o(t) <v(0)e " +aN /Oty@)e@*f”‘dc
Then,

o(t) < 0(0) + ‘ffnynoo(l —e ).

Since 1 — e " < 1, we have v(t) < v(0) + %Hy”oo Thus, v is bounded. Now, we
prove the boundedness of z. From the fourth equation of (1), we have

Z(t) + hz(t) = cx(t)y(t)z(t).

Moreover, from the second equation of (1), it follows that

. c .

2(t) + hz(t) = EX(t)(ﬁx(t)v(f) —ay(t) —y(t)).
By integrating over time, we have

z(t) = z(0)e M + /Ot %x(s)(ﬁx(s)v(s) —ay(s) — y(s))eh(sft)ds.

From the boundedness of x, y, and v, and by using integration by parts, the bound-
edness of z follows. The two equations 0(t) = aNy(t) — pv(t) — qu(t)w(t) and w(t) =
gx(t)v(t)w(t) — ow(t) imply

(1) +ow(t) = gr(tpo(t)u(t) = Sx(t)(aNy(t) —o(e) — po(r).

Then,
w(t) = w(0)e 7 + /Ot gx(s)(aNy(s) — uo(s) — v(s))eﬂ(sft)ds'

From the boundedness of x, y, and v, the boundedness of w follows. [

We established the well-posedness of the proposed model in this research, ensuring
that all solutions exist and are bounded. This is consistent with the biological fact that these
populations” overall cell numbers are limited.

3. Analysis of the Model

In this section, we determine the steady states of the model (1).
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3.1. Stability of the Disease-Free Equilibrium
The basic reproductive number of the system (1), is given by

BAN
Ro= 22—

From a biological point of view, Ry denotes the average number of secondary infections
generated by one infected cell when all cells are uninfected. Moreover, the same system
has the following disease-free equilibrium:

A
Ef= (d,0,0,0,0>.

At any arbitrary point, the Jacobian matrix of the system (1) is given by

_4_ B —px
d I+av 0 (1+av)? 0 0
e ca-pr b oy O
] = (1+av)
0 aN -y —quw 0 —qu
cyz cxz 0 cxy —h 0
gow 0 gxw 0 gxv—0o

Proposition 2. The disease-free equilibrium, E, is locally asymptotically stable for Ry < 1.

Proof. At the disease-free equilibrium, E fr the Jacobian matrix is given as follows:

—d 0 B 0 o0
0o —a B 0 o0
Jee=1 0 aN —u 0 0
00 0 —h 0
00 0 0 -0o

The characteristic polynomial of Jg, is
PEf(X) = a0X5 + 611X4 + a2X3 + 113X2 + 114X1 +as,

where
ap =1,
m=c+h+u+a+d,
_oda+ ad® + hda + pda + 0d? + odh + ody + hd? + pd? + hdy — aNBA

a2
d
. acd? + aodh + acdy + ad*h + pd*a + adhy + od*h + od*y + odhy + d*hp
3 =
d
_ aNoBA + aNBAd + aNhpA
d 4
. acd?h + acd*y + acdhy + ad’hy + od?hy — aNodBA — aNchBA — aNdhpA
4= ’
d

as =chuda(l — Ryp).

By the Routh-Hurwitz theorem [19] applied to the fifth-order polynomial, the eigen-
values of the Jacobian matrix have negative real parts, since we have a; > 0, ajap >
as,a1apaz > a%a4, and aqapazag > 010%05 + a%aﬁ. Consequently, we obtain the asymptotic
local stability of the disease-free equilibrium E¢. [
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3.2. Infection Steady States

We now show the existence and stability of the infected steady states. All these steady
states exist when the basic reproduction number exceeds unity, and disease invasion is
always possible. In fact, it is easily verified that the system (1) has four of them:

E1 = (x1,y1,71,0,0),

X = u(dRo + A) = du(Ro —1) oy = du(Ry — 1)‘
NA(ad + B)’ aN(ad + B)’ u(ad + B)
E; = (x2,42,02,22,0),
Xy = AMavy 4+ 1) Yo = va
advy + Pop +d’ aN “
2y = a(—adpvy + NBA —du — Buvy)
pu(advy + puy +4d) ’
oy — V/a2h2(ad + B)2N2 + 2achuM (ad — B)N + 2A2u2 + (ad + B)haN — c}\u'
2acAu
E5 = (x3,y3,v3,0,ws3),
x5 = Alavz +1) vy — BA o
advs + Bos +d’ a(advs + Bos+d) 7
w5 — —adpvz + NBA — Buvs — du
q(advs + Bvz +d) ’
oy — (ad + B)o — gA + +/(ad + B)202 + 2gA(ad — B)o + g2
28\
Ey = (X4, Y4, 04,24, Ws)
Aoy +1 h Nagh — oc
= txdw(l +[%U44)-d' ya= %041 wa= gacq .
S andghvy + aBghvy 4 adgh — xBcA
gph(advy + Pog +d) ’
0s = (ad + B)o — gA + /(ad +2ﬁ;202 +2gA (ad — B)o + gz/\2.
gAn

In this case, the endemic equilibrium point E; represents the equilibrium case in the
absence of an adaptive immune response. The endemic equilibrium points E; and E3 define
the equilibrium case in the presence of only one kind each of adaptive immune response,
antibody response, and CTL response, respectively. The last endemic equilibrium point, Eg4,
is for chronic HIV infection with the presence of both kinds of adaptive immune response,
CTLs and antibody. To study the stability of the points Ej, E3, E3, and E4, we need the
following reproduction numbers:

R, = Mad+p)
V7 (NaA +u)p’

R N(NapgA? — a?d?c — adgAu — 2apdo + BgAu — B?0)
2= 5
u?dg

4

2
¢ (aNh(zxd +B) + \/aNth(zxd + B)? + 2aNchAp(ad — B) + cz/\zyz) — 2722

3 pr—
2cop <(ocd +B) <aNh(zxd +B) —cAu+ \/aNzhz(ocd + B)? + 2aNchAp(ad — B) + c2A2y2> + 2d0cc)xy>

7

and
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_ C,B/\za (U(ad+ﬁ)+ \/az(ad+ﬁ)2+20g(ad—ﬁ)+g2)\2+g/\>

ah ((zxd +B) (U'(Déd +B)+ \/O'Z(D(d +B) +20g(ad — B) + g2A2> + gA(ad — ﬁ)) '

For the first point, E;, we have the following result.

Ry

Proposition 3. If Ry > 1, then E; is locally asymptotically stable for R, < 1and Ry < 1.

Proof. If Ry > 1, then the Jacobian matrix at E; is given by

—d - ﬁlfivl 0 —B (1+9;1vl)2 0 0
lBlfl}lvl —a IB(1+J;1.01 )2 _pyl O
Je, = 0 aN —u 0 —qu;
0 0 0 cx1yp —h 0
0 0 0 0 gx101 — &

Its characteristic equation is

(cx1y1 —h — X)(gx101 — 0 — X) (boX3 + X2+ X + b3) =0
where

bp=1,

pd(Ro —1)
,B + OCdRO !

b = ap+ d(a-+ 1) + 5 (Bd(a-+ 1) (Ro 1) — apd(B-+ ad),

(apd(Ry — 1) — aANd(B +ad) (Ry —1— - (1- 2 — )
B+ adRy :

b1:ﬂ+d+}l+

by = apd +

Direct calculations lead to
gx101 —0 = A1(Ry — 1) and cxqy; —h = B1(R; — 1)

with
A — dgu dcpt2

 N(ad + )? and By = aN2(ad + B)?

The sign of the eigenvalue A;(R; — 1) is negative if Ry < 1, zero if R, = 1, and
positive if R, > 1. The sign of the eigenvalue Bj(R; — 1) is negative if Ry < 1, zero if
R; =1, and positive if Ry > 1. On the other hand, we have b; > 0 and by — bybs > 0 (as
Rp > 1). From the Routh-Hurwitz theorem [19], the other eigenvalues of the above matrix
have negative real parts. []

For the second endemic-equilibrium point E;, we have the following result.
Proposition 4. If Ry > 1and Rz < 1, then Ej is locally asymptotically stable.

Proof. We assume that Ry > 1. The Jacobian matrix of E is given as follows:
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_q_ B __Bx
d ; T+av, 0 (1;,,402)2 0 0
v X
] . 1+0302 —a— pzz (1+0('(2Jz)2 _pyz O
B 0 aN —u 0 —quy
cYazo CX2Zp 0 cxoys —h 0
0 0 0 0 gxvp—0

The characteristic equation of the system (1) at the point E; is given by

(gx20p — 0 — X) (CQX4 + 01X+ X%+ o3 X + c4> =0

where
C():l,
co=d+a+pu+ fi + pz2,
) 1[302 aN,sz

cy = (a+u)+ap+pz|d+p+h+ >_ !

5 ( oc> n) +ap P2< " 14 avy (1+¢wz)2

- 'B '802 ,BUZ B IIlN,BdXZ
C3—€l‘1/l<d+1+a +pz2 Hd+hd+ﬂh+ﬂl+,wz+h1+avz (1+avy)?’

v

¢y = pzo (yhd + ”hlf;vz - aNﬁhyz).

Simple calculations lead to
X0y — 0 = 0’(R3 — 1).

Then, gxpvy — 0 = 0(R3 — 1) is an eigenvalue of Jg,. The sign of this eigenvalue is
negative if R3 < 1, null when R3 = 1, and positive if R3 > 1. On the other hand, from the
Routh-Hurwitz theorem [19], the other eigenvalues of the above matrix have negative real
parts when Ry > 1. O

For the third endemic-equilibrium point E3, the following result holds.
Proposition 5. If Ry > 1, then Ej is locally asymptotically stable for Ry < 1.

Proof. We assume that R, > 1. The Jacobian matrix of the system at point E3 is given by

_4_ _Bus ___Bxs
d ﬁ1+IXU3 0 (15_“2)3)2 0 0
1% X
] N 1+0(?03 —a (1+IXS3)2 —PY3 0
B ™ 0 aN —u —quws 0 —qus
0 0 0 cx3ys —h 0
gU3Ws3 0 gx3w3 0 gx3zvs—0

The characteristic equation associated with Jg, is given by

(cxsys — h — X) (d0X4 Fd X3+ doyX? + d3X + d4) =
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where
do =1,
dl—a—l—d-l-pl-l- f + quws,
pus ) Bx3
dr=|d+ a )+a d+a+o+ —aN——"—"—,
2 ( 1+1xv> 1) V+< e 1+ av; )7 (1 + av3)?
d3:a;4(d+ pos >+<ad+(rd+ua+a > aNd—P¥ 5,
1+avs (1+ av3)

dy = adoqus.

Here, cx3y3 — his an eigenvalue of Jg,. By assuming cx3y3 —h = h(R4 — 1), we deduce
that the sign of this eigenvalue is negative when R4 < 1, zero when R4 = 1, and positive for
R4 > 1. On the other hand, from the Routh-Hurwitz theorem [19], the other eigenvalues
of the above matrix have negative real parts when R > 1. Consequently, E3 is locally
asymptotically stable when Ry > 1and Ry <1. O

For the last endemic-equilibrium point E4, we prove the following result.
Proposition 6. If R3 > 1and R4 > 1, then Ey is locally asymptotically stable.

Proof. The Jacobian matrix of the system at the point E4 is given by

4 By __ Bx
d 1+avy 0 (1+1w4)2 0 0
. 1&2@4 —a—Ppz4 (1f;24)2 —PY4 0
Je, = 0 aN —} — quy 0 —quy
CY424 CX4Z4 0 cxqys —h 0
gU4Wy 0 gX4Wyq 0 8X404 — O

The characteristic equation associated with Jg, is given by

FoXP+ XA+ /X34 X2+ fuX + f5 =0

where
fo=1,
f1:a+d+y+1f + pzs + qug,
_ Py By
f2—<d+1+1w‘1 (a+u)+ap+ pzy d+h+y+71+(w + quwy
+qm<d+a+a+ Pus )—aN’Bx4 5
1+avy (14 avy)
_ s oy oy
f3—ay(d+1+lw4 + pzy dy+dh+yh+y1 +h1+ocv4
By s
+qw4<ad+ad+a0+a1+“ + pqz4wy d+a+h+1+lw4
—aNdi’Bx4
(1"‘0(04)2
_ pos Pus
fa —ﬂdqw4+PZ4(dh#+#h1 aoy  NPa )+ pazaws| do o et ho ),

_ puy By
f5s =ohd (pqz4w4 + aN1 rp 1 Traos) )
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From the Routh-Hurwitz theorem applied to the five-order polynomial, the eigen-
values of the Jacobian matrix have negative real parts, since we have f; > 0, fifo >

fa, fifafs > fifa, and fifafsfa > fifsfs + f7f7. Consequently, we can obtain the asymp-
totic local stability of the endemic point E5. [

4. Numerical Simulations

The numerical simulations were performed using in-house code run in MATLAB
software. To solve numerically the five differential equations of the system (1), numerical
simulations have been carried out. The simulation parameters were derived from [13,19-21].
Our first numerical simulations were focused on demonstrating the importance of anti-
bodies to reducing infection severity. Other numerical simulations was used to verify
our theoretical findings. We also take into account the initial conditions given as follows:
x0=5yo=10v90=120=1and wy = 1.

Figure 1 shows the development of the infection in the free equilibrium case: d = 0.007,
B =0.00025,a =0.2,p =1, p = 2.06,c = 0.0051, h = 0.004, A =1, N = 6.25, g = 0.00013,
g=012, a = 104, and ¢ = 0.12. Within these chosen parameters, we have the basic
reproduction number being less than unity Rg = 0.1084 < 1, and we can observe the
convergence of the curves corresponding to the stability of the disease-free equilibrium
Ef = (142.8571,0,0,0,0). This confirms our theoretical result given in Proposition 2.

1

150
= 0.8
=100 B
3 ~ 0.6
3] =
> Q
T 50 £04
S ~o0.2
0 0
0 100 200 300 400 500 0 1 2 3 4 5
Time Time
1 15
0.8
Z &
= 0.4 &)
0 0.5
0.2
1] 0
0 5 10 15 20 0 200 400 600 800 1000
Time Time
1
0.8
<06
=S
04
<
0.2

0
0 10 20 30 40

Time

Figure 1. Behavior of the infection over time for d = 0.007, = 0.00025,a = 0.2, p = 1, y = 2.06,
c =0.0051,h = 0004 A =1, N = 6.25, g = 0.00013, g = 0.12, « = 1074, and ¢ = 0.12, which
corresponds to the stability of the free equilibrium Ef = (142.8571,0,0,0,0) with (Ro = 0.1084 < 1).

Figure 2 shows the infection dynamics for the following parameters: d = 0.1, = 0.000024,
a=0002,p1=3c=58x10"°h=0231=10,N=2640,¢ =13x107%,4g=5x 1077,
a = 107>, and ¢ = 0.2. With these parameters we can easily compute the reproduction
numbers Ry = 2.1120 > 1 and R; = 0.7535 < 1, which means that the first one is greater
than unity, and the second is less than one. This predicts numerical stability of the first
endemic equilibrium, E;. Indeed, we can observe that the curves converge toward the first
endemic equilibrium E; = (85.8342,479.1444,800.2941,0,0), which confirms our theoretical
finding concerning the stability of E;.
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2000
<100 @
g _\’\“m. = 1500
o LA N
~ N
S =
S £ 1000
«, 50 3
£ S 500
<)
0 0
0 0.5 1 1.5 2 25 0 0.5 1 1.5 2
Time <104 Time «10%
3000 1000
2000 =
£ 500
N =
1000 O
0 0 l L
0 0.5 1 15 2 2.5 0 0.5 1 1.5 2
Time «10% Time «10%
1
0.8
S 06
£
S04
<
0.2

0
0 10 20 30 40 50

Time

Figure 2. Behavior of the infection in time for d = 0.1, 8 = 0.000024, 2 = 0.002, 4 = 3,c = 5.8 x 1079,
h =023 A =10, N = 2640, ¢ = 1.3x107% g = 5x 1077, « = 107>, and ¢ = 0.2, which
corresponds to the stability of the endemic equilibrium point E; = (85.8342,479.1444,800.2941, 0, 0)
with (Rg = 2.1120 > 1 and Ry = 0.7535 < 1).

Figure 3 shows the infection dynamics for the following parameters: d = 0.05, f = 0.000024,
a = 0.0017, p = 0.0001, u = 2.06,c =39 x 107, h = 0.15,A = 12, N = 2640, ¢ = 1.3 x 1079,
q=5x10"% a = 1071, and ¢ = 20. With these parameters we can easily compute the
reproduction numbers R; = 1.0010 > 1 and R3 = 0.0325 < 1. This predicts the numerical
stability of the second endemic equilibrium, E;. Indeed, we can observe that the curves converge
toward the second endemic equilibrium E; = (199.7789,192.5205,419.4330, 87.4592,0), which
confirms our theoretical finding concerning the stability of E;. Additionally, Figure 4 shows
the infection dynamics for the following parameters: d = 0.05, § = 0.000024, a = 0.001,
p = 0.0001, y = 2.06,c =24 x107% h = 026, A = 14, N = 2640, ¢ = 1.3 x 1079,
g=>5x 1072, & = 10711, and ¢ = 0.1. With these parameters, we can easily compute the
reproduction numbers Ry = 3.6200 > 1 and R4 = 0.1318 < 1. This predicts the numerical
stability of the third endemic equilibrium, E3. Indeed, we observe that the curves converge
toward the third endemic equilibrium, E3 = (246.9057,434.8010,279.2416,0,4.168 x 108),
which confirms our theoretical finding concerning the stability of E3. Figures 3 and 4 show
the actions of the disease in the absence of CTLs and antibody responses, respectively.
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250 1500
= 200 v 2
S & 1000
T 150 S
< 100 = 500
= 50 W
0
0 0 2000 4000 6000
0 2000 4000 6000
Time Time
3000 2500
w 2000
£ 2000
< 5 1500
3
1000 1000
A 500 A
W \
0 0
0 2000 4000 6000 0 1000 2000 3000 4000 5000
Time Time
1
0.8
w
L
< 0.6
=
£ 04
<
0.2
0
0 1 2 3 4 5
Time

Figure 3. Behavior of the infection over time for d = 0.05, B = 0.000024, a = 0.0017,
p = 00001, p = 206, c = 39x107% h = 015 A = 12, N = 2640, ¢ = 13 x 1079,
g =5x10"%, &« = 1071, and ¢ = 20, which corresponds to the stability of the endemic equi-
librium E; = (199.7789,192.5205,419.4330, 87.4592, 0) with (Ry = 1.0010 > 1 and R3 = 0.0325 < 1).
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Figure 4. Behavior of the infection over time for 4 = 0.05, § = 0.000024, 2 = 0.001, p = 0.0001,
o= 206 c=24x10°%h = 026 A = 14, N = 2640, ¢ = 1.3x107% g = 5x 1077,
a« = 1071, and ¢ = 0.1, which corresponds to the stability of the endemic equilibrium
E3 = (246.9057,434.8010,279.2416,0,4.168 x 108) with (Ry = 3.6200 > 1 and R4 = 0.1318 < 1).
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Finally, Figure 5 shows the infection dynamics for the following parameters: d = 0.05,
B = 0.000024, a = 0.0017, p = 0.0001, 4 = 2.06, c = 3.9 x 107%, h = 0.15, A = 12, N = 2640,
g=13x10"°%49=5%x10"",a = 107!, and o = 0.1. With these parameters we can easily
compute the reproduction numbers R3 = 1.0200 > 1 and R4 = 2.4652 > 1; both of them are
greater than unity. This predicts the numerical stability of the fourth endemic equilibrium,
E4. Indeed, we can observe that the curves converge toward the fourth endemic equilibrium
E4 = (208.5510,1982.7148,420.251,104.9445, 3.6800 x 107), which confirms our theoretical
finding concerning the stability of E4 of model (1), which is globally asymptotically stable;
this is consistent with Proposition 6. Figure 5 shows the actions of the complaint in the
presence of all the variables acting on the model. The figure shows the continuity of
HIV contagion. Additionally, we observe that the two immunity systems may control the
infection better than only one immunity type. We have observed many oscillations like
those in many previous works in the literature [22,23]. We have studied numerically the
stability of the problem’s equilibria. We have found that the numerical tests are consistent
with the theoretical results.
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Figure 5. Behavior of the infection over time for d = 0.05, B = 0.000024, a = 0.0017,
p = 00001, u = 206, c = 39x10°6, h = 015 A = 12, N = 2640, g = 1.3 x 105,
g = 5x 1072, « = 1071, and ¢ = 0.1, which corresponds to the stability of the endemic
equilibrium E4 = (208.5510,1982.7148, 420.251, 104.9445, 3.6800 x 107) with (R3 = 1.0200 > 1 and
Ry = 2.4652 > 1).

5. Conclusions

In this paper, we presented and investigated a new mathematical model of human
immunodeficiency illness by considering the adaptive immune response and a trilinear
antibody growth function. The model’s primary innovation is that it considers how anti-
body formation is influenced not only by illness and antibody concentration, but also by
the concentration of uninfected cells, which has been validated by current findings. The
boundedness and positivity of the findings were established once the new mathematical
model was proposed. The local stability of the disease-free and infection-stable states was
also investigated. Other numerical simulations were also carried out in order to verify the
theoretical conclusions on equilibrium stability.
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