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Abstract. Some general fixed points theorems in Hilbert spaces are proved which
generalize the results from [1].
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Let R+ be denote the set of all non-negative reals. Let H the set of all real function

g(/p ... , I,): R: ~ R+ satisfying the following conditions:

(HI): g is non-decreasing in variables 14 and I"
(Hz): g(u,O,O,u,u) < u , Vu > 0,

(HJ): there exists hE (0, 1) such that for every u,v E R+ with
(!fa): u ~ g(v, V,u,u + v,O), or
(Ht,):' u~g(v,u,v,O,u+v),

we have u ~h.v.

1
Ex. 1. g(/t, ..• , I,) = q.max{/p 12, /3'-(/4 + tj)} where q E (0, 1) and h = q .

2
(HI). Obviously.
(Hz). g(u,O,O,u,u) = q.u < 0, Vu > O.

1(Ha). Let u,v~O be such that u~g(v,v,u,u+v,O) then u~q.max{v,v,u,-(u+v),O}
2

which implies u ~ q.v = h.v .
(Ht,). If u ~ g(v,u, v,O,u + v), similarly, we have u ~ h.v .

EL 2. g(/t, ... , I,)~[al: +bl: +CI: +d(/4/,)X]){ where k~l; a>O; b,c,d~O
and a+b+c+d < 1.
(HI). Obviously.

(Hz). g(u,O,O,u,u)= [aul: +dul:]){ =(a+d»){.u<u, Vu>O.



(Ha). Let u,vER, be such that lJ~g(v,v,u,u+v,O), then we have

(
a -+- h)'>~ l'a + b)J/~u ~ -- .v = hj.vwith hI = -- < 1.
l-c l-c

(

,II

Ifu~g(v,u,v,O,u+v), similarly, we have U~h2'V with h2 = a+CJlk <1.
I-b

1+ t2 1+ t2 t t 1iEx. 3. g(t), ... , t.) = [at)2 + bt
3
2__ 2

2
+ ct; __ 3

2
+ d --..U.-

2
] 2 where

J l+t l+t l+t) I )

a > O~ b,c,d '? 0 and a + b + C + d < 1.
(HI). Obviously.

. 2

(H2). g(u,O,O,u,u) = [au2 +d-~-zl1i ~(a+d)1i.u<u, 'Vu>O.
l+u

(Ra). Let u,vER+ be such that uS;;g(v,v,u,u+v,O), then we have

(
a+c+av2 J1i ( a-b+av2 J1i

ll~ 2 .V~ 2 .v=hl·v, where hI E(O, 1).
1- b + v (1- b - c) 1- b + v (1- b - c)

If uS;; g(v,u, v,O,u + v), similarly, we have uS;; h2. v where h2 E (0, 1).

Thus g satisfies condition (H3) with h = max {hI' h2}.

Remark 1. There exists the functions g: R~ ~ R+ which satisfies conditions
(HI) - (H3) and is decreasing in variable t2 and t3•

- 2 bt4t, 1i h bEx. 4. get), ... , t,)-[at1 + 2 2 ] were a>O, '?O and a+b<l.
t2 + t3 +1

(HI). Obviously.

(H2). g(u,O,O,u,u)=(a+b)Xu<u, 'Vu>O.

(Hj). Let u,vER+ be such that u~g(v,v,u,u+v,O), then we have u~a1iv=h.v,

where hE (0, 1). If u ~ g(v,u, v,o,u + v), then u ~ hv where h = aX < 1.

Theorem 1. Let ~ and T2 be two mappings from Hilbert space X into itself such
inequality
(1) 117;x- T2yll S;; g(llx- yll,llx - ~xll,lly -l~yll,llx - T2yll,lly - ~xll) holds for all x,y E X

where g EH, then FT'= FT , where FT = {x EX: x = Tx}.
1 2



Proof. Let u E Fr, be, then
I

Ilu- Tzull = IITlu - Tzull ~ g(llu - ull,llu- ~ull,llu- Tzull,llu - Tzull,llu -l~ull) =
= g(O,O,llu - Tzull,Jlu - Tzull,O). By (Ha) we have Ilu - Tzull ~ owhich implies

thus u E FT and FT eFT' Similarly, by (Hb), we have FT c Fr, .
2 I 2 2 I

Theorem 2. Let ~ and Tz be two mappings from Hilbert space X into itself such
that inequality (1) holds for all x,y E X where g satisfies (H2). If 1; and Tz have a
common fixed point z, then z is a unique common fixed point for ~ and Tz.

Proof. Suppose that ~ and Tz have a second common fixed point Z':i:- z . Then

Ilz - z'll = III;z - Tzz'll ~ g(lIz - z'lI,llz - I;zll,llz'-Tzz'II,llz - Tzz'II,lIz'-~zll) =
= g(lIz - z'lI,o,o,lIz - z'lI, Ilz - z'lI) < Ilz - z'll, a contradiction.
In [1] is proved following theorem.

Theorem 3. Let X be a closed subset of a Hilbert space and ~ and Tz be mappings
of X into itself satisfying

(2) 111;X - Tzyf ~ a.llx - yllZ + h.lly _ TzyliZ 1+ IIx - 1;xf + cJJx_ 1;xllz 1+ Ily - Tzyt
1+llx- ylJ 1+lIx- yll

[or all x,y in X, where a,b,c are non-negative reals with a + h + C < 1. Then 1; and
Tz have a unique common fixed point in X .

The purpose of this paper is to extend Theorem 3 and others results from [1]
for the functions g EH.

Theorem 4. Let X be a closed subset of a Hilbert space and 1~and Tz be mappings
of X into itself satisfying inequality (1) for all x,y in X, where g EH. Then 'j~ and
1~ have a unique common fixed point in X .

T. l' ~, TXl = IXo, Xz = ZXl' ... , XlII = lIX211,X211+Z = zXZn+I'"

Then we have
IlxzlI+1 - xzllil = lI1;xzn - TZX211_111 S g(IIX2/1 - xllI_III,llxzn - 1;xznll,lIxzlI_1 - Tzx2n_llI,
Ilx Zll - 7~XZII_III,Jlxzn__1 -1~xzIl11) = g(llx 2/1 - X zll_III,lIx 2n - X211+IIJ,IIXzlI-I - X211 11,IIXzll - X z,,jj,
Ilx ZIl--1 - x211+11I) ~ g(IIXzn - X211_111,IIX211 - X zlI+III,IIX2n-1 - X211 II,O,IIXzn-1 - XZII II+ IIXzn - X 211till)
which implies, by condition (Bb), that

Ilx ZII+1 - XZn II~ h.llxzll_1 - XZII II·
Similarly, by condition (Hb), we have

IIxzn - x2n_111 ~ h.llxzn_1 - xzll-zll·
Hence we get

Ilxn+1 - xn II ~ h" ·llx] - Xo II for all n G. N· .



limit of XII' i.e. lim XII = U . Since X2111! = T..x2n and X2n+2 = T2x2n+1 are subsequence
of {x,,}, {7;x211} and {T2x2nll} also converge to the same limit u. We now prove that
u is a common fixed point of 1~ and 7~. Consider

Ilu _1~uI12 = Ilcu -X2nll) + (Xln--J _7~u)112 ~ Ilu -x2n+1112
+2Re < u - X211+PX2nll -7;u > +

+ IICX2n+! - T2u )11
2 = llU - X2n 1111

2 -f-Ill~x 2n _1~UI12 + 2 Re < u - x2n 11' X2111! -1;1/ >:::

~ 1111-x2n+J + g2 (1IX211 - ull,117~X7." - x2nll,!ITzu - ull,llxzlI - Tzull,llu - T..x2111!) -+-

+2 Re < u - x2n+! , X 211.l - 1; 11 > .

Letting n~oo,sothat xZn,Xlnt] ~u and Re<u-x2n+],X2n+l,T2U>-,° we get

Ilu - T2ull ~ g(O,O,IITzu -1III,1I1;u - ull,O).

By condition C~) follows that Ilu - T2ull ~ 0, which implies T2u = Ii . By Theorems 1

and 2 follows that u is unique common fixed point for T..and T2.

Corollary 1. Let X be a closed subset of a Hilbert space and T.. and 1; be mappings
on X into itself such that

a) IIT..x- T2yll ~ k. max{llx - y!I,llx -l~xll,lly- T2yll, ~ (11x - T2yll + liy - 7;xli)}

where k E CO, 1), or

b) liT..x _l;yllk ~ allx - )f + bllx - T..xll
k + eilY - T2yllk + d[llx - 7;yll·lly -l~xllJ%

where k21, a>O, b,e,d20 and a+b+e+d<l,or

2 '2 2 1 + Ilx - T..x11
2

liT.. x - T2y\l ~ allx - YII + blly - T2yll 2 +
1+llx- YII

II /1
2 1 + Ily _1;yI12 !Ix - T2yll·lly - T..xii+ex-T,x -----+d------

! 1+ Ilx - yl12 1+ Ilx _ yl12
where a> 0, b,e,d? 0 and a -I- b -I- e -I- d < 1,
holds for all x,y in X. Then 1~ and 7; have a unique common fixed point in X.

Theorem 5. Let X be a closed subset of a I-lilbert space and {Tn}"EN a sequence of
mapping on X into itself satisfying inequality

(3). IITn x - Tn+1yll ~ gCllx - yll,llx -1:,.'<"II,IIY - Tn+,yll,llx - T,l+lyll,lly - Tn xii) for all

x,y EX, where g EH. Then the sequence {T,,}nEN has unique common point in X.

Proof. By Theorem 4, T.. and 1; have a unique common fixed point. By Theorem 1,
z is unique fixed point for the sequence {1~}nEN .



Corollary 2. Let X be a closed ::iuhsctof a Hilbert space and {Tn} nEN a sequence of
mappings on X into itself such that

a) il1;,x- 'I:"IYII ~ k. max{llx - y!I.llx -- J:,xii,iiy -1;1l1YII,~(11x -1;,,1)'11 +lly -1>11);
where k E (0, 1), or

b) 111;,-'" - 1';lllyt ~ allx - yli' + bllx - 1>1t + ellY - 1'1/+1yf + d[lIx -l~+IY!! -IIY -1>111}~
where kzl, a>O, b,c,JzO and a+b+e+d<l,or

2 2 2 1+ 'Ix - l' xl12

11~,x -7;"lyll ~ allx - yll + hlly - Tn+1yll I II II 112 +
l+x-y

c)
'II - T 112 1+ Ily - TI/+1y112 d Ilx - TI/+Iyll·lly - 1>11+c x I/X 2 + 2

1+lIx - yll 1+llx - yll
where a>O, b,e,dzO and a+b+e+d<l,
holds for all x,y in X _ Then the sequence {1'ntEN have a unique common fixed
point.

Theorem 6. Let X be a closed subset of a Hilbert space and ~ and I; be mapping
on X into itself satisfying inequality
(4)_II~px - T2qyll ~ g(lIx - yll,llx - ~pxll,lly - T2qyll,llx - T2qyll,lly - ~pxll) for all x,y EX,

where g EH, and p,q are some positive integers. Then ~ and 1'2 have a unique
common point in X .

common fixed point, say u, so that ~Pu = u, 1'2
qu = u.

Now, ~Pu = u implies ~ (~Pu) = ~u and ~P(~u) = l~u _Hence ~u is a fixed point
of 1/ . Similarly, 1;u is a fixed point of T2q. Now if u :;t:. T2u , we have

1111- T2ull = II~pu - T2
q (1'2u)11~ g(llu - T2ull,llu - ~pull,II1'2u - T2q(T2u)II,llu - T2

q
(T2u)ll,

"'l~u- ~qull) = g(llu - T2ull,0,0,lIu- T2ull,llu - T2ull) < Ilu - T2ull
which is a contradiction. Thus u = T2u. Similarly we get u = ~u _ If v is another
common fixed point of ~ and 1'2 then clearly v is also a common fixed point of l~P
and 1;q _By Theorem 4, ~p and T2q have a unique common fixed point.

Corollary 3. Let X be a closed subset of a Hilbert space and ~ and 1; be mappmgs
on X into itself such that

a) Ill/x - T2
Qyli ~ k.max{llx- yll,llx- T/xl\,lly- T2Qyll,k(IIX- T2Qyli+ lly -l/xil)}



where kz1, a>O, b,c,dzO and a+b+c+d<l,or

II~px-T2qyr ~allx- yll2 +blly-TzqyIl2 1+llx_~P~1I2 +
l+llx- yll

II
_ p 1121+I\Y-TzqyIl2 Ilx-T2qyll'lly-~pxl\

+c x ~ X 2 +d 2

1+ Ilx- yll 1+ Ilx- yll
where a>O, b,c,dzO and a+b+c+d<l,
holds for all x,y in X and p,q positive integers. Then ~ and Tz have a unique
common fixed point.
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