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MATRIX TRANSFORMATIONS OF SOME. GENERALIZED ANALYTIC
SEQUENCE SPACES

- Tunay Bilgin .
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Abstract-The aim of thxs paper 1s__ to deflne and ‘t0_1m_res_:t1gz_1_te the. generahzed '___ahelytié

sequence spaces cy (p,$), It (p,s) and 1" (p,s) and to determine the matrices of classes

like, (1% (p.8), £, ), (co(:8),4) 5 (P (p:s), L), (e (D:S) 5 ©) 4(e$(pas) , €) and (17(p,s)

,c ),where .the sequence space “and ¢ are respectively the -spaces of bounded and
convergent complex sequences. .
Key words-Generalized analytic Sequence space Matmx~Transf0rmatzons .

1. INTRODUCTION :
Let p= (pp) be a bounded sequence of strictly positive real numbers and v = (vn)
any fixed sequence of non-zero complex numbers such that -
le inf ivniyn—‘r O<r<eo) ‘

We defme legm {2} the sequence spaces co(p,s) and oo (p,s) and K (p §) as

follows,
co(pss) = {x= (xp):n S [xq vn[pn—>Oasn-~>oo s20};
B (pss) = {X=(xp) : Supp 08| X n vy [Pn <o, 20}

(p,s) = {x= (xn) E nS{xgvpPn<es, s>0}

When s = 0, Vn— 1 and pp= 1 for every n the spaces ¢, (p,s) 12 (p,sj and I" (p,s)

turn out to be respectively the scalar sequence spaces ¢, /., and I

When s = 0, vp=1 for every n these spaces are respectively the well known
spaces co (p), L. (p), and (@) deﬁned by Maddox [7] and Simons {11]

When , vy, = 1 for every n these spaoes are respectively the spaces co (p,s)
(p.s), and [ (p,s) defined by Bagarir [1] and Cakar and Bulut [3} .

When s = 0 these spaces are respectlveky D0 (P, Doo (p) and D" (p) deﬁned by
Ratha and Srivastava [10]. It may be noted here that the spaces. D "(p), D<m (p) and
D"(p) are the same as (Co' (D) (L. (P)s and (/(p)), (See [4]) - o

Throughout the paper the followzng mequahty will be used frequently. For any
C>0 and any complex numbers a, b, -
ola . b= o qla]q _ +§bl ) _’where 1< P < oo and - p‘1+q"1m1.
(1
' Usmg the same kmd argument to that in. [8], we. get that the necessary and
sufficient condition for above sequence spaces to be hnear is pe l It is easy to see
that ¢ (p,s) is paranormed space by

g(x) = Supy (k “SxpviPy JIM, where H = supy py and M = max (1,H).
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Also I, (p,s) is paranormed by g(x) if and only if infpy > 0.

The space I (p,s) is paranormed by h(x) =( % % ”S]xkvklpk)”M.

All the spaces defined above are complete in their topologies.

If (X.,g) is a paranormed space, with paranorm g, then we denote by X* the

continuous dual of X, i.e., the set of all continuous linear functionals on X. If E is any
set of complex sequences X = {xk) then E* will denote the "o -dual of E,

E%={a 3 lak Xkl'< oo, forall x e E}

2. o -AND CONTINUOUS DUALS
In the following Lemmas we have the o -and continuous duals of cg(p,s) , 1" (p,$)
and -dual of 1L, (p.s) ( see, Bilgin [2]) | R o
Lemma 2.1. Let0< Pk < SUPk Pk < oo - Then
(i) (co(p,s))“ = M) (p.s) |
e
Yk
- (i) (cﬂ(p $))* 13 1somorphlc to M (p,s)

‘s/p. -Up
k/k N K (0,520

where M (ps)= U A {a = (ak) : %

Lemma 2.2. I 1<pk<sup Pk < oo and pk"la-qk"l“l k= 0,1,2

then

(¥ (p,s)* = M¥(p,s) and " p,s)* is isomorphic to MV(p,s) where

STk stg, -1 g ip o
MV(p,s) = a*—*—“(ak): RN TR T (w520
_ ,_ M|
i) If 0<infpg <pk <! then (¥ (p,s))* = m¥(p,s) and (" (p‘,-s))>i< is isemorphic
o e, Py '

to mY(p,s), whére m¥(p,s) = la= (a ) supk' i ES (0,520

Lemma 2.3. (FE;'(p;S)j?Ml(ﬁ,é)',wiﬁere

MV( 8= nja="{a;): ﬁkAkN
oo P N¥ k k

3. MATRIX TRANSFORMATINOS
“Let X and Y be any two nonempty subsets of s , the set of all sequences of real or
complex numbers, and let A= (apk ) be the infinite matrix of complex numbers ank (1,
k=1,2..). For every x= (xg) € X and every mteger n, we Wnte .
D An®=3 agk Xk ,_ BR©)
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The sum without limits in (2) is always taken from k =1 to k = oo,‘The sequence
Ax = (Ay (X)), if it exists, is called the transformation of X= (xk) by the matmx A We
write A € (X Y) if and oniy Ax e Y whenever x: € X

Necessary and suff1<:1ent condxuons fora mal;rlx A (ank) to be in the calss (X,
Y) for different sequence spaces X and Y are given l:_)_y several authors ([1], (3], [5],
etc.). Our results in this note characterize_some of the classes like; (I (p.s) s 1),

(copss), 1),

(1Y (p,8),1.), (1% (p,S) C) (ch(PsS) , ¢) ,and (l (ps). C)

Theorem 3.1. A & (l (p s) l ) 1f and oniy 1f there exzsts an mteger N >1
such that B

SUPnZk la Vi |ksjpkN1/pk <o, o L. :
Proof. For sufficiency ‘take an integer N > max (1, Supg k‘SIvkxk]Pk) Then
sup p |Zkankxk} <sup n 2 !ankxk|
= supn 2 |ank/vk{k”p" (k"s|x v |p" ””* | -
<sup g Zk |a klv |k“"”k Ni"pk <o
and therefore Ae (1, (p,s), L, ). ‘ . -
For the necessny suppose. thatAe (I(p.s), L, ) but there isan. N >1 such that
. supy P |ank/v IkS/pkNl’!pk = oo,.: | S P
‘Then the matrix B= (b, ) = ((ank/vk)ks“’*N””‘)E (f E ) for some integer N
>1 So there exists xeé’ wzth!jx}l 1 such thatheE 1, Now .

y = (yk) (k”‘"*N””"xk/v )e i, (p,s) but Ay Bx@l whlch contradicstthe p
factthat A€ (1L (p,s), I yand this compietes the proof o ‘

Theorem 3.2, A€ (co(p s) , 1) 1f and only 1f there ex:sts an :nteger B>l
such that D=sup, 3, lanlvy %ks"pkB U <o

Proof. The proof is easy. o =
Theorem 3.3. HIf1<p, < Sup py <o then A et (p,s) l ) 1f and only zf
1 Lsup, Ek &ahklvqu Rk *@k=D <00 for some integer R > 1.
i) If O<infp, S pp £1 thenAe(E (p,s), [, ) if and only if
e sup, . k |ank/vk| P <oo
Proof. 1) Suffzmency . By using the inequality (1) we get

Q’ i

g, iy
k R k+§<svx

<R(
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for every n. Then , we obtain (Ay(x)) € [, ,whenever x € I"(p,s).

Necessity. Using the same kind of argument to that in [3],the necessity of the condition
is obtained in a similar manner as done in Theorem 3(i), by choosing a sequence x
: . -1 e
kg s(g
sgn(—)x kK
Ve

H/pk %k

i

MI)VW'I —qk./pk
¢ <k <k,

el (p.s); “k

=y >
x, 0k >ko

gk
ay /v,| Q%" and an integer Q>1 such that

kg
for all n, where V' = 2
co : =1

Q6”>L.(

4,(x)|sL)

ii) The sufficiency and the necessity can be proved respectively by the same
kind of argument used in Theorem 2 (ii){ [3] ), and by the uniform boundedness
principle. _

Theorem 3.4. A€ (c,(p,s) ,c)if and only if

i) there exists an integer B >1 such that |
D= sup, Ek |l v | KPK Bk < o0

i) lim,(a,)=0, ,foreachk.

Proof. Necessity. Let A € (et (p.s) ,c). Since e,=(0,0,0,..0,1,0,...) in cg (p,s)
(i) must hold. Put y = 2 ¢ kX (y,) is a sequence of continuous linear
functionals on ¢ (p,s) such that lim y, exists. Therefore by uniform boundedness
principle for 0 < 8 < 1,.there exists S {0] cB (p.s) and constant K such that v, sK
for eachnand x € ¢’ (p.s). Lét us define X" = (x]) € co (p.s) by following
. {6“'”"*16”"“ sgn(a,, /v, 05k S'r}

’ _ L .

¥

"o ‘ , otherwise
where M=max(1,sup p, ). Now x" = (x)e S5 [0] and
Der lauv | KPR BTPE < K
for each n and r, where B=8"". Therefore (i) holds.
Sufficiency. Suppose (i)- (i) hold and x & c}(p,s). Hence for 0 <¢ < 1, there exists
r,

- pkiM £
Vk>r }k s"’kxkvk‘ <

<——<1
B2D+1)
and therefore k>r

' | ' e Yo .
Bl/ﬁk;k—s/pkxkvkl< BM/pk ‘k—slpkxkvk’ <( J < <B.

2D+1 2D+1
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By (i) and (ii) we have Y, |o, /v [k’ B™/*<Dand
Zk- (ank “ak)(xk}s zk(
= Ek (1(ank /v, )vkxk| R t(txk /v vx, !)
SB(Ek |a”,c/vk]k”’”‘B'”‘”“
30 ot v kBT P )< 2BD < o0

ankxk| + ]ak'xk !)

for each n. Hence 2 |(ank - oc,c) (xk )I < ¢ foreach n.
k>r

Therefore, we have lim, P G = Y . Ok Xk - This proves that A € (cg(p,s) , ¢).

Theorem 3.5. A € (I.(p,s) ,c¢)ifand onlyif

i) Zk lafv| kP NVPE convergens uniformly in n for all integers N >1,

it) lim,{a;)= oy , foreachk :

Proof. Sufficiency. By (i) Zk @, %, converges uniformly in n for each x €
leo (p,8). Therefore lim,, Z ¢ GnkX = 2 ¢ %Xy, and hence sufficiency holds.
Necessity. Suppose that A€ (I.(p,s) ,c).Since e, € l, (p,s),(ii) must hold. If (i)
does not hold,then {(a,, / v, )k"" N ) ¢ (£.,c) for some integer N > 1,whence as in
Theorem 3.1 there is x € I, (p,s) such that (Zk @, % )¢ ¢.This completes the proof of

the Theorem. :
Theorem 3.6, A e(1"(p,s) ,c) if and only if
) CR) = sup, 3, layy/vy KR k%D <o for some intoger

g, 1v|" <o {0<infp, <k<1)

R>1 (1 <P, SSup p, <oo) and sup,; k’
i) lim,(a,; )= o , for each k,
Proof. We consider only the casel < p, <sup p, <o .Necessity. Let

Ae (P (ps) ,c).Since e;e ' (p,s) , (ii) must hold. Now, y;, exists for each n

and

x € V(ps) ¥y g, =E i Gk ¥e)- If we put Ap= (ypn) , then (Ap) is a sequence of
continuous real functionals on 1" (p,s) and further sup, |Ayl < on  I"(p,s). By

uniform boundedness principle desired result (i) follows. '
Sufficiency. Suppose that the conditions (i) and (ii) hold. Then the series Zkank X

converges for eachnand x € IV (p,s). We have

lim, lim, ¥ Ja, /v |*R* k@D <CR) thatis,

k=t
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2y o v MR B <supy B[R R < oo

Thus, Zakxk converges for each x € 1"(p,s). For each x € 1"(p,s) we can
k

choose
r 2 lsuch that

2»: k'six,cvk{"’i <1.
By using the inequality (1) it is easy to check that
Y olay — 0%, | <2RQ2 CR)+1) (ka k™|x,v,

Therefore lim a.pX, = Y, X
n k nkvk k kvE

Py )l."H (Hmsup pk).
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