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Abstract: We study the propagation characteristics (spectral intensity and degree of coherence) of a
new type of Lorentz non-uniformly correlated (LNUC) beam based on the extended Huygens–Fresnel
principle and the spatial power spectrum of oceanic turbulence. The effects of the oceanic turbulence
parameters and initial beam parameters on the evolution propagation characteristics of LNUC beams
are studied in detail by numerical simulation. The results indicate that such beams exhibit self-
focusing propagation features in both free space and oceanic turbulence. Decreasing the dissipation
rate of kinetic energy per unit mass of fluid and the Kolmogorov inner scale, or increasing the relative
strength of temperature to salinity undulations and the dissipation rate of mean-square temperature
of the turbulent ocean tends to increase the negative effects on the beams. Furthermore, we propose a
strategy of increasing the beam width and decreasing the coherence length, to reduce the negative
effects of the turbulence.

Keywords: non-uniformly correlated beam; self-focusing; oceanic turbulence; turbulence resistance

1. Introduction

Since the invention of the laser in 1960, due to its coherence, brightness, monochro-
maticity and directivity, it has been widely used in industrial processing, medicine, optical
communication systems and other fields, contributing to the progress of human society and
economic development [1,2]. Free-space optical communication is an important application
of laser; it uses the propagation of light beams to wirelessly transmit data for the receiver.
This technique is useful in situations where physical connectivity is not possible. Research
on the propagation of light beams in random media has attracted much attention in recent
decades [3–5]. However, researchers prefer to study the interaction of light beams with
the turbulent atmosphere, as well as the propagation characteristics of light beams in the
turbulent atmosphere, but there seems to be a tendency to forget that turbulent ocean,
which covers 71 percent of the Earth’s total area, is another important random media. This
may be because the power spectra of refractive index fluctuations of the atmosphere and
ocean have similar structures [3,5]. We know temperature, humidity, salinity fluctuations
and the irregular motion of water are the main drivers of oceanic turbulence. Apart from
absorption and scattering, the main disturbance of light beams in the ocean is random
vibrations in refraction [5,6]. Relative to turbulent atmosphere, the situation of light beams
propagating in turbulent ocean is more complex. Therefore, with the development of
underwater technologies, it is necessary and meaningful to study the influence of oceanic
turbulence on light beam propagation characteristics and how to reduce the negative effects
of oceanic turbulence on light beams.
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It is known that light beams with low spatial coherence, known as partially coherent
beams (PCBs), display better propagation performance than comparable coherent light
beams [7], such as better resistance to turbulence [4,8], which has been physically explained
from the perspective of the coherent mode representation [9,10]. With the development
of the unified theory of coherence and polarization and the control of optical coherent
structures [11], more and more light beams with novel physical features caused by differ-
ent correlation structures have been customized [7,12]. PCBs with prescribed correlation
structures not only exhibit novel propagation features, but also have better resistance to
turbulence. Heretofore, researchers have investigated the propagation characteristics of
some PCBs with prescribed correlation structures in oceanic turbulence, such as multi-sinc
Schell-model beams [13], partially coherent radially and azimuthally polarized rotating
elliptical Gaussian beams [14], radially polarized multi-Gaussian Schell-models [15], etc.
These works all confirm the excellent turbulence resistance capability of PCBs with pre-
scribed correlation structures in oceanic turbulence. However, the studied target beams
are confined to the Schell-model correlated type, i.e., uniformly correlated beams. One
distinct and broad class of beams with a spatially variant correlation function, referring
to non-uniformly correlated beams, exhibit special self-focusing properties and possess
not only lower scintillation but also higher intensity than Gaussian–Schell model beams
over certain propagation ranges. This type of beam shows potential for free-space optical
communication applications [16–20]. Ding et al. introduced a partially coherent source
with circular coherence and showed the propagation behavior of this beam in turbulent
ocean [21]. They only discussed the influence of the oceanic turbulence parameters on the
propagation characteristics, and did not give a strategy to reduce the negative effects of
oceanic turbulence.

In this paper, we introduce a new class of non-uniform correlated beams, termed
Lorentz non-uniformly correlated (LNUC) beam, and investigate its propagation character-
istics in oceanic turbulence, and discuss the effects of oceanic turbulence parameters on
the evolution of spectral intensity and degree of coherence (DOC). We also give a strategy
on how to adjust the initial parameters, beam width and coherence length of the beam to
reduce the negative effects of oceanic turbulence.

2. Theoretical Model of a LNUC Beam

We consider a scalar, monochromatic, beam-like field generated by a statistical sta-
tionary source propagating along the z-axis. In the source plane (z = 0), the second-order
statistics of such source is characterized by the two-point cross-spectral density (CSD) in
the space-frequency domain,

W(r1, r2) = 〈E∗(r1)E(r2)〉, (1)

where r = (x, y) represents the spatial position in the source plane, E(r) is a component
of the electric-field vector, the asterisk represents the complex conjugate, and the angular
brackets represent the ensemble mean. For brevity, we will work with a single frequency
and suppress its explicit description in the arguments of the electric filed and the CSD.

To be physically implemented, the CSD must be Hermitian and correspond to a non-
negative definite kernel. The condition of non-negative definiteness will be satisfied if it
may be given as a one-dimensional superposition integral as [22]

W(r1, r2) =
∫

p(v)H∗(r1, v)H(r2, v)dv. (2)

here v is a one-dimensional position in Fourier space, p(v) is a weight function with a
Fourier transform, and H(r, v) is an arbitrary kernel function. To generate partially coherent
sources with non-uniform correlation structures, we consider a kernel of the form
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H(r, v) = τ(r) exp
(
−ivr2

)
, (3)

where τ(r) = exp
(
−r2/2w2

0
)

with w0 as the beam width and k = 2π/λ as the wave number
with λ being the wavelength. Then, we set a new weight function p(v) to satisfy the
following specific distribution

p(v) =
δ2

2
exp

(
−δ2|v|

)
. (4)

Substituting Equations (3) and (4) into Equation (2), we obtain

W(r1, r2) = exp

(
−

r2
1 + r2

2
2w2

0

)
µ(r1, r2), (5)

where µ(r1, r2) represents the spectral DOC of the proposed partially coherent source, given
by a Lorentz form

µ(r1, r2) =
δ4

δ4 +
(
r2

1 − r2
2
)2 , (6)

where δ denotes the spatial coherence length. Equation (6) shows that the spectral DOC
is not only related to the separation, but also to the specific positions of two points, that
is, not a homogeneous function, it is non-uniformly correlated and it takes the form of a
Lorentz function. Therefore, this new type of partially coherent source, whose CSD is given
by Equations (5) and (6), is referred to as a LNUC source.

The density plot of the absolute value of the spectral DOC of a LNUC source is shown
in Figure 1. The beam parameters are set to w0 = 1 cm and δ = 1 cm. It is found that
the distribution of the spectral DOC displays circlar symmetry in the x1 − y1 plane and
rectangular symmetry in the x1 − x2 plane. In the x1 − x2 plane, the high-coherence region
of the LNUC beam is confined to the center and two diagonal lines of the beam in the source
plane, which confirms that the correlation structure of such a source is of non-uniform
type. We therefore obtain a new type of non-uniformly correlated source with a prescribed
correlation function.
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Figure 1. Density plot of the absolute value of the spectral DOC of a LNUC beam (a) in the x1 − x2

plane with y1 = y2 = 0, (b) in the x1 − y1 plane with x2 = y2 = 0.

3. CSD of a LNUC Beam Propagating in Oceanic Turbulence

When a PCB propagates in a turbulence medium from the source plane along the positive
half plane z > 0, under the paraxial approximation, its CSD at an arbitrary cross-section
perpendicular to the z-axis can be described by the extended Huygens–Fresnel principle [3]
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W(ρ1,ρ2, z) = k2

4π2z2

∫ ∫ ∞
−∞ W(r1, r2) exp

{
− ik

2z

[
(ρ1 − r1)

2 − (ρ2 − r2)
2
]}

×〈exp[Ψ(r1,ρ1, z) + Ψ∗(r2,ρ2, z)]〉d2r1d2r2,
(7)

where ρ1 = (ρ1x, ρ1y) and ρ2 = (ρ2x, ρ2y) represent two spatial positions in the target plane,
z is the propagation distance, and Ψ(r, ρ) is the complex perturbation phase caused by the
refractive index fluctuation of the random transmission medium between the source and
target planes. The last term in the above equation, the ensemble average, can be expressed
as the following formula [3]

〈exp[Ψ(r1,ρ1, z) + Ψ∗(r2,ρ2, z)]〉 = exp
{
−π2k2zT

3

[
(r1 − r2)

2 + (r1 − r2) · (ρ1 − ρ2) + (ρ1 − ρ2)
2
]}

, (8)

where T =
∫ ∞

0 κ3Φn(κ)dκ with Φn(κ) is the power spectrum of refractive-fluctuations of
the oceanic turbulence, it is defined as [5,23]

Φn(κ) = C0ε−1/3κ−11/3χT

[
1 + 2.35(κη)2/3

][
exp(−ATσ) + ω−2 exp(−ASσ)− 2ω−1 exp(−ATSσ)

]
, (9)

where C0 = 0.388 × 10−8, ε is the dissipation rate of kinetic energy per unit mass of
fluid, ranging from 10−1 m2/s3 to 10−10 m2/s3, χT is the dissipation rate of mean-square
temperature, and it varies from 10−4 K2/s to 10−10 K2/s, η is the Kolmogorov inner scale.
ω ∈ [−5, 0] is a non-dimensional parameter indicating the relative strength of temperature
to salinity undulations,−5 and 0 mean turbulences are dominantly induced by temperature
and by salinity, respectively. The quantities are AT = 1.863 × 10−2, AS = 1.9 × 10−4,
ATS = 9.41× 10−3 and σ = 8.284(κη)4/3 + 12.978(κη)2 [23]. Thus, T can be expressed in
the following form

T = C0ε−1/3χTη−1/3
(

47.5708ω−2 − 17.6701ω−1 + 6.78335
)

. (10)

We can now calculate the CSD of LNUC beams in the target plane using the above
equations. For the convenience of operation, we substitute Equations (2) and (3) into
Equation (7), and after exchanging the integration order, we obtain the formula

W(ρ1,ρ2, z) =
k2

4π2z2

∫ ∞

−∞
p(v)P(ρ1,ρ2, v, z)dv, (11)

where P(ρ1, ρ2, v, z) can be obtained after integrating over r1 and r2,

P(ρ1,ρ2, v, z) =
w2

0
w2

z
exp

[
− ik

2z
(
ρ2

1 − ρ2
2
)]

exp
[
−
(

w2
0k2

4z2 + 1
3 π2k2zT

)
(ρ1 − ρ2)

2
]

× exp

{
− 1

w2
z

[
−i
[

kw2
0

2z
(
1− 2vz

k
)
− 1

3 π2kz2T
]
(ρ1 − ρ2) +

(
ρ1+ρ2

2

)]2
}

,
(12)

where

w2
z = w2

0

(
1− 2vz

k

)2
+

(
z

kw0

)2
+

4π2z3

3
T. (13)

Therefore, we can obtain the CSD of LNUC beams in the target plane by
Equations (4), (11) and (12), and we can analyze the spectral intensity of such beams
by using the diagonal elements of the CSD, i.e.,

S(ρ) = W(ρ,ρ), (14)
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and the spectral DOC of such beams using the normalized CSD, i.e.,

µ(ρ1,ρ2) =
W(ρ1,ρ2)√

W(ρ1,ρ1)W(ρ2,ρ2)
. (15)

4. Numerical Calculation and Analysis of Propagation Characteristics of LNUC Beams

In this section, we study the propagation features of LNUC beams propagating in free
space and in oceanic turbulence by using the above derived formulas. In the following
examples, the initial beam parameters and turbulence parameters are set as λ = 632.8 nm,
w0 = 1 cm, δ = 1 cm, ε = 10−3 m2/s3, χT = 10−8 K2/s, η = 1 mm, and ω = −3.0. If the
parameter is used as a variable, it will be marked in the figures.

4.1. In Free Space

The propagation characteristics of LNUC beams in free space can be obtained by using
Equations (11)–(15) with the setting T = 0. The intensity evolution of the LNUC beams in
free space is shown in Figure 2. Figure 2a presents normalized density plots of transverse
intensities at different propagation distances, and Figure 2b illustrates normalized spectral
density distribution of the LNUC beam at ρ x − z plane. We clearly observe that, as the
propagation distance increases, the beam spot size undergoes a decreasing process and
the on-axis intensity undergoes an increasing process, implying that such beam exhibits
self-focusing propagation characteristics during propagation. Figure 2c shows how the
on-axis intensity depends on both propagation distance and coherence length in free-space.
One confirms that the on-axis intensity of LNUC beams increases to a maximum over
short distances and then gradually decreases. Furthermore, the peak value increases
with decreasing coherence length, which means that the self-focusing property of the
low-coherence LNUC beams is more dramatic.
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For clarity and without loss of generality, we choose two spatial positions on the
x-axis, i.e., ρ1y = ρ2y = 0, to discuss the evolution of the spectral DOC of such a beam on
propagation in free space. Figure 3 shows the evolution of the absolute value of the spectral
DOC of a LNUC beam. From this, we can draw the following conclusions: firstly, the
high-coherence area is confined to center and diagonal lines of the beam; secondly, the
high-coherence area increases with the propagation distance; thirdly, the spectral DOC
distribution is symmetrical in the horizontal, vertical and diagonal directions.
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Figure 3. Evolution of the normalized spectral DOC on propagation in free space.

4.2. In Turbulent Ocean

Figure 4 illustrates the evolving behavior of the spectral intensity and DOC of a LNUC
beam in oceanic turbulence, and we find that such a beam still displays a self-focusing
feature in oceanic turbulence. We find from Figure 4b that as the propagation distance
increases, the coverage of the high-coherence area gradually decreases along the diagonal
lines (around ρ1x = −ρ2x). With further increases in propagation distance, the distribution
of the spectral DOC becomes spatially quasi-homogeneous, almost constant along the
diagonal lines (ρ2x − ρ1x = constant), which means that such beam is negatively affected by
the oceanic turbulence. Comparing with Figures 2–4 one confirms that with the increase in
propagation distance, the influence of oceanic turbulence gradually accumulates and plays
a dominant role, and the LNUC beam is negatively affected, which is realized as the spectral
intensity evolution is greatly broadened, and the spectral DOC gradually degenerates into
spatial quasi-homogeneous.
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Next, we will discuss the effect of turbulence parameters on the spectral intensity and
the DOC of the proposed beams, and discuss the role of the initial beam parameters in
resisting the negative effects of turbulence.

4.2.1. Turbulence Parameters

We first focus on the effect of the dissipation rate of kinetic energy per unit mass of
fluid. The effects of different values of this turbulence parameter on the spectral intensity
and DOC degradation at a propagation distance z = 150 m in oceanic turbulence are
compared in Figure 5.

We find that with a small rate of dissipation of kinetic energy per unit mass of fluid,
the size of the beam spot increases significantly and the distribution of spectral DOC
degenerates more quickly to spatially quasi-homogeneous. It can convince the readers that
oceanic turbulence with a small rate of dissipation of kinetic energy per unit mass of fluid
has a large effect on the evolution of the spectral intensity and DOC of the proposed beams.
To demonstrate this conclusion more favorably, we plot the normalized spectral intensity
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on-axis on propagation in oceanic turbulence and the cross-line (ρ2x = 0) of the absolute
value of the spectral DOC at z = 150 m for different rates of dissipation of kinetic energy
per unit mass of fluid in Figure 6.
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Figure 6. (a) Normalized on-axis intensity of LNUC beams propagating in oceanic turbulence and
(b) the cross-line (ρ2x = 0) of the absolute value of the spectral DOC at z = 150 m for different rates of
dissipation of kinetic energy per unit mass of fluid.

We confirm from Figure 6a that the LNUC beam also displays a self-focusing propaga-
tion property in oceanic turbulence. The peak value of the spectral intensity decreases with
the decrease in the rate of dissipation of kinetic energy per unit mass of fluid, which means
a weaker self-focusing property of the LNUC beam in the oceanic turbulence with a low
rate of dissipation of kinetic energy per unit mass of fluid. Figure 6b illustrates the same
conclusion from the perspective of the degradation of the absolute value of the spectral
DOC. It degrades more rapidly to a Gaussian distribution as the rate of dissipation of ki-
netic energy per unit mass of fluid decreases. Therefore, we can say the oceanic turbulence
with low rate of dissipation of kinetic energy per unit mass of fluid has a large negative
influence on the evolution of the spectral intensity and DOC of LNUC beams.

We next discuss the effect of the other three turbulence parameters, the Kolmogorov
inner scale, the relative strength of temperature to salinity undulations and the dissipation
rate of the mean-square temperature of oceanic turbulence on the evolution of the spectral
intensity and DOC. For brevity, we only plot the normalized on-axis intensity of LNUC
beams on propagation and the cross-line (ρ2x = 0) of the absolute value of the DOC at
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z = 150 m for different values of these three oceanic turbulence parameters in Figure 7.
We confirm that the oceanic turbulence with small Kolmogorov inner scale, or the large
relative strength of temperature to salinity undulations and large dissipation rate of mean-
square temperature, has a large negative influence on propagation characteristics of the
proposed beams.
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4.2.2. Beam Parameters

Based on the above analysis, we understand the effect of different turbulence parame-
ters on the spectral intensity and DOC of LNUC beams propagation in oceanic turbulence.
In practice, it is difficult for us to change the parameters of oceanic turbulence. Therefore, it
is necessary to explore how to maintain the excellent propagation characteristics of the pro-
posed beams in oceanic turbulence, i.e., how to improve the oceanic turbulence resistance
by adjusting its initial beam parameters.

Figure 8 illustrates how the normalized on-axis intensity depends on the beam width
and coherence length during propagating in oceanic turbulence. One confirms from
Figure 8a that as the beam width increases, the peak value of the intensity becomes larger,
which means that the self-focusing propagation feature of the beam with a large beam
width is more dramatic. We also plot the normalized on-axis intensity of LNUC beams in
oceanic turbulence for different coherence lengths. We find that LNUC beams with low
coherence exhibit more pronounced self-focusing propagation characteristics. Therefore,
adjusting both the beam width and the coherence length of LNUC beams can be used to
improve the oceanic turbulence resistance.
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Figure 8. Normalized on-axis intensity of LNUC beams propagating in oceanic turbulence for
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Figure 9 shows the distribution of the absolute value of the spectral DOC of LNUC
beams at propagation distance z = 150 m for different beam widths and coherence lengths.
From Figure 9a, we confirm that the spectral DOC of the LNUC beam with large beam
width has small bumps (side lobes) on both sides of the main peak at z = 150 m. As the
beam width decreases, the small bumps (side lobes) gradually disappear and the spectral
DOC finally degenerates into a Gaussian distribution. Furthermore, the distribution of the
spectral DOC is closely related to the coherence length. We find the conversion from the
Gaussian to non-Gaussian distribution as the coherence length decreases, which implies
that LNUC beams with low coherence are less affected by the oceanic turbulence from
the perspective of the spectral DOC. Therefore, we conclude that LNUC beams with large
beam width and low coherence are less affected by oceanic turbulence.
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5. Discussion

With regard to the numerical results we present, it is worth discussing and explaining
the physical nature that leads to LNUC beams having their novel propagation features.
From Equation (2), one finds that a partially coherent source can be regarded as an in-
tegral/superposition over the beam coherence mode according to a prescribed weight.
Equation (3) shows that each mode being superimposed has a quadratic phase factor, which
causes them to converge individually, and the focal distance is determined by the expres-
sion z = 1/2v. At different propagation distances, then, different modes will dominate.
Therefore, designing a prescribed weight p(v) (see Equation (4)) and constructing a new
type of non-uniform correlated beam by it is the key. By superimposing different modes
with the prescribed weights, it is possible to tailor beams with extraordinary propagation
properties along the z-direction.

Next, let us explain the physics of how adjusting the coherence length can improve the
resistance of turbulence of such beams. We know, the partially coherent source synthetical
by the superposition of more coherent modes has better resistance to turbulence [9,10].
From Equation (4), we confirm that the coherence length δ determines the effective value
range of v, i.e., the waist of the weight function. By decreasing the coherence of the
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beam, the width of the weight function can be increased, thereby increasing the number
of the modes. Therefore, LNUC beams with low coherence will be less affected by the
oceanic turbulence.

6. Conclusions

We have introduced a new type of non-uniformly correlated beams that named LNUC
beams, and have studied the propagation of such beams in free space and oceanic tur-
bulence. An analytical expression for the CSD of LNUC beams in oceanic turbulence is
derived, and the evolutions of the spectral intensity and DOC of such beams are numeri-
cally illustrated. LNUC beams exhibit self-focusing propagation features in both free space
and oceanic turbulence. We have found that such beams with large beam width and low
coherence exhibit more dramatic self-focusing features in oceanic turbulence. Furthermore,
adjusting the initial beam width and coherence length can mitigate negative effects from
oceanic turbulence. We also investigate the effect of oceanic turbulence parameters, the
dissipation rate of kinetic energy per unit mass of fluid, the dissipation rate of mean-square
temperature, the Kolmogorov inner scale and the relative strength of temperature to salinity
undulations on the evolution of intensity and DOC of such beams. The class of LNUC
beams proposed here display novel self-focusing properties on propagation in free space
and oceanic turbulence, and such beams show potential for applications such as free-space
optical communications and laser radar.
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