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Abstract: We have shown how the spin Hall effect is formed in a tight focus for two light fields
with initial linear polarization. We have demonstrated that an even number of local subwavelength
regions appear in which the sign of the longitudinal projection of the spin angular momentum
(the third Stokes component) alternates. When an optical vortex with topological charge n and linear
polarization passes through an ideal spherical lens, additional optical vortices with topological
charges n + 2, n − 2, n + 1, and n − 1 with different amplitudes are formed in the converged beam.
The first two of these vortices have left and right circular polarizations and the last two vortices have
linear polarization. Since circularly polarized vortices have different amplitudes, their superposition
will have elliptical polarization. The sign of this elliptical polarization (left or right) will change
over the beam cross section with the change in the sign of the difference in the amplitudes of optical
vortices with circular polarization. We also have shown that optical vortices with topological charges
n + 2, n− 2 propagate in the opposite direction near the focal plane, and together with optical vortices
with charges n + 1, n − 1, they form an azimuthal energy flow at the focus.

Keywords: optical vortex; optical Hall effect; cylindrical vector beam; Richards–Wolf formula

1. Introduction

The photonic (or optical) spin Hall effect is a fundamental optical phenomenon that
occurs after the propagation of a beam of light through an optical interface or an inhomoge-
neous medium. It represents the spin-dependent deviation of the real photon path from the
geometric propagation path. The optical spin Hall effect was first predicted in [1]. In this
work, a semiclassical equation of the motion of a wave packet of light was obtained, taking
into account the Berry curvature in momentum space. This equation naturally describes
the interaction between orbital and spin angular momentum, i.e., the conservation of the
total angular momentum of light. This leads to a shift in the motion of the wave packet
perpendicular to the permittivity gradient, i.e., to the polarization-dependent Hall effect
for light. Later, also theoretically, in [2], the spin Hall effect was demonstrated during the
refraction and reflection of a linearly polarized Gaussian beam at the interface between two
media. In [2], the transverse displacements of the centers of the beams were calculated.
When a linearly polarized light beam is scattered, photons of opposite helicity accumulate
at opposite borders of the beam. Later, the optical spin Hall effect was also predicted in [3]
for the Rayleigh scattering of light in a microcavity. In [3], an analogy was established
between the well-known spin Hall effect in semiconductors and the polarization depen-
dence of Rayleigh light scattering in microcavities. This dependence is a consequence of the
strong spin effect during the elastic scattering of exciton–polaritons: if the initial polariton
state has zero spin and is characterized by linear polarization, the scattered polaritons
become strongly spin-polarized. The polarization in the scattered state can be positive
or negative, depending on the orientation of the linear polarization of the initial state
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and the scattering direction. The spin polarizations of polaritons scattered clockwise and
counterclockwise have different signs. In [4], the experimental observation of the existence
of the optical spin Hall effect was reported and the propagation of polariton spin over
more than 100 µm in a high-quality quantum microcavity in the GaAs/AlGaAs structure
was demonstrated. When the polarization plane of the exciting light rotated, the direction
of the spin was switched. In [4], the light leaving the microcavity formed four side lobes
in the far diffraction zone, two of which had right-hand circular polarization along one
diagonal and left-hand circular polarization along the other diagonal. If a transverse electric
polarization was chosen instead of the transverse magnetic polarization, then the left- and
right-hand polarizations in the far zone were changed. It was experimentally shown [5]
that when light with linear polarization propagates through a hyperbolic metasurface
(the metasurface has different dielectric transmission in different directions), light with
right and left circular polarization will be collected at the borders of the laser beam. In [5],
a binary subwavelength grating in a thin gold film on the glass surface was used as a
hyperbolic metasurface. The grating period was 220 nm, the height was 50 nm, and the
wavelength was 532 nm and 638 nm. To demonstrate the Hall effect, the third component
of the Stokes vector was measured.

In [6,7], the spin Hall effect was also investigated in other metalenses. For example,
in [7], the metasurface consisted of V-shaped gold antennas located on a transparent sub-
strate. By changing the length and orientation of the V-shaped structures of subwavelength
antennas with a size of 180 nm, tunable phase delays were introduced between the incident
field with a telecommunication wavelength and linear polarization and the first order of
diffraction. In the far zone of the transmitted beam, the spin Hall effect was observed, since
light with left and right circular polarizations propagated at different angles to the optical
axis. In [8], a review is given of papers on the optical spin Hall effect, which also arises
in chiral materials [9], multilayer nanostructures [10], two-dimensional atomic crystals
(graphene) [11,12], and topological materials [13].

In the above-mentioned papers, special, complex, and exotic optical elements were
fabricated to demonstrate the spin Hall effect. However, the spin Hall effect arises in simpler
situations, for example, when light passes through an ordinary spherical lens [14–16].
To increase the effect, spherical lenses with a high numerical aperture are required. Even
more simply, the spin Hall effect was experimentally demonstrated in paraxial laser beams
with a special type of cylindrical polarization, which had only linear polarization in the
initial plane at each point [17]. In paraxial beams, the Hall effect arises due to diffraction in
free space and is much stronger than in the case of refraction at the interface.

In this work, using two initial vortex laser beams with homogeneous and non-uniform
linear polarization, the mechanism of the formation of the spin Hall effect in a tight focus is
investigated. The Richards–Wolf theory [18] makes it possible to obtain exact analytical
expressions in the focus for all projections of the vectors of the electric and magnetic fields
of an electromagnetic wave. By analyzing the obtained expressions, it was shown that
when a light beam passes through the focus of a spherical lens, there is a spatial separation
of light with right and left elliptical polarization.

2. Additional Optical Vortices Formed after a Spherical Lens

We investigated an optical vortex with linear polarization with the initial Jones vectors:

E(θ, ϕ) = A(θ) exp(inϕ)

(
1
0

)
, H(θ, ϕ) = A(θ) exp(inϕ)

(
0
1

)
, (1)

where θ is the polar angle; ϕ is the azimuthal angle, which defines a point on a sphere with
the center in the focus; and n is the topological charge, an integer, and the linear polarization
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vector is directed along the horizontal x-axis. In [19], the projections of the electric and
magnetic vectors in the plane of tight focus for the initial field (1) were obtained:

Ex =
in−1

2
einϕ

(
2I0,n + e2iϕ I2,n+2 + e−2iϕ I2,n−2

)
,

Ey =
in

2
einϕ

(
e−2iϕ I2,n−2 − e2iϕ I2,n+2

)
,

Ez = ineinϕ
(
e−iϕ I1,n−1 − eiϕ I1,n+1

)
,

Hx =
in

2
einϕ

(
e−2iϕ I2,n−2 − e2iϕ I2,n+2

)
,

Hy =
in−1

2
einϕ

(
2I0,n − e2iϕ I2,n+2 − e−2iϕ I2,n−2

)
,

Hz = in+1einϕ
(
e−iϕ I1,n−1 + eiϕ I1,n+1

)
.

(2)

Equation (2) includes functions Iν, µ that depend only on the radial variable r:

Iν,µ = 2k f
α∫

0

sinν+1
(

θ

2

)
cos3−ν

(
θ

2

)
cos1/2(θ)A(θ)eikz cos θ Jµ(kr sin θ)dθ, (3)

where k = 2π/λ is the wave number of monochromatic light with wavelength λ; f is the
focal length of the lens; α is the maximum angle of the inclination of rays to the optical axis,
which is determined by the numerical aperture of the aplanatic lens NA = sin α; and Jν(ξ)
is the Bessel function of the first kind of the νth order. The function A(θ) is a real function
that determines the radially symmetric amplitude of the initial field, which depends on the
angle of inclination θ of the beam emanating from a point on the initial spherical front and
converging to the center of the focus plane. The description of the light field at the focus
using Equation (3) was first obtained in the classic work by Richards and Wolf [18].

It should be noted that in this paper, expressions (2) are correct near the focal plane
and in the focus located at z = 0. Therefore, when in this work we talk about focus, it means
that we talk about the field in the focal plane (z = 0).

It can be seen from (2) that although the initial field has one optical vortex with topo-
logical charge n and amplitude exp(inϕ), the focal plane contains four optical vortices
with angular harmonics exp(i(n + 2)ϕ), exp(i(n − 2)ϕ), exp(i(n + 1)ϕ), and exp(i(n − 1)ϕ).
Therefore, the initial energy (power) of the beam (1) is divided into five parts. The power
of each of these optical vortices was obtained in [14]. Let us find the polarization of these
vortices. From (2), it can be seen that optical vortices with topological charges (n + 1) and
(n − 1) have linear polarization, but the linear polarization vector is directed along the
optical axis. That is, these vortices propagate along the plane of focus without crossing
it. Therefore, these two vortices do not contribute to the longitudinal projection of the
spin angular momentum (SAM), which shows the presence of elliptical or circular polar-
ization in the beam cross section. The longitudinal projection of the SAM is determined
(up to a constant) by the expression, which includes only the transverse projections of the
light field (2):

Sz = 2Im
{

E∗x Ey
}

. (4)

Therefore, we consider the polarization of harmonics with topological charges n, n + 2,
and n− 2. From (2), it follows that the Jones vectors for these optical vortices have the form:

einϕ I0,n

(
1
0

)
,

1
2

ei(n+2)ϕ I2,n+2

(
1
−i

)
,

1
2

ei(n−2)ϕ I2,n−2

(
1
i

)
. (5)

It can be seen from (5) that the initial optical vortex with topological charge n has re-
tained its linear polarization at the focus, and additional vortices have circular polarization:
the vortex with topological charge (n + 2) has left-hand circular polarization, and the vortex
with topological charge (n − 2) has right circular polarization. But since their amplitudes
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are different, the superposition of these vortices will have elliptical polarization. The sum
of three optical vortices in (5) can be represented as:

einϕ I0,n

(
1
0

)
+ 1

2 ei(n+2)ϕ I2,n+2

(
1
−i

)
+ 1

2 ei(n−2)ϕ I2,n−2

(
1
i

)
=

einϕ

2

[(
2I0,n
0

)
+ cos(2ϕ)

(
A
−iB

)
+ i sin(2ϕ)

(
B
−iA

)]
,

A = I2,n+2 + I2,n−2, B = I2,n+2 − I2,n−2.

(6)

It should be noted that since the energy contribution of the first term in the super-
position for Ex in (2) and (6) is much greater than that of the second and third terms [14],
the topological charge of the entire superposition Ex is equal to the topological charge of
the optical vortex with a larger amplitude. This means the topological charge of the vortex
field Ex in (2) and (6) is equal to n. However, despite the small amplitude of the second
and third terms in (6), these terms will significantly affect the spin, which is proportional to
the product (4) of all terms in (6). Similarly, the topological charge Ey in (2) and (6) will be
equal to n − 2 (n > 0).

It can be seen from (6) that if B > 0, then at ϕ = 0, π (on the horizontal axis) there will
be left elliptical polarization, since instead of (6) we obtain:

(±1)n

2

(
2I0,n + A
−iB

)
. (7)

For ϕ = π/2, 3π/2 (vertical axis), instead of (6), we obtain the right elliptical polarization:

(±i)n

2

(
2I0,n − A
iB

)
(8)

because near the optical axis 2Io,n > I2,n+2 + I2,n−2. And vice versa, if B < 0, then on the
horizontal axis at ϕ = 0, π instead of (6), we obtain the right elliptical polarization:

(±1)n

2

(
2I0,n + A
i|B|

)
(9)

and on the vertical axis at ϕ = π/2, 3π/2, instead of (6), we obtain the left elliptical
polarization:

(±i)n

2

(
2I0,n − A
−i|B|

)
. (10)

Thus, due to the fact that the initial field in the form of an optical vortex with linear
polarization after the spherical lens formed additional optical vortices with different ampli-
tudes and with left and right circular polarizations, when three optical vortices are added
in the focus plane, they form, at certain radii from optical axis, four local areas (two each
on the vertical and horizontal axes of Cartesian coordinates), in which the left and right
elliptical polarizations will be separated in pairs. That is, the spin Hall effect will take place
at the focus. Note that at n = 0 (no optical vortex) in (6), the additional vortex harmonics
exp(i2ϕ) and exp(−i2ϕ) will have the same amplitudes I2,2 = I2,−2, and therefore there will
be no spin Hall effect at the focus.

Substituting (2) into (4), we obtained the axial SAM component at the focus for the
field (1):

Sz =
1
2
(I2,n−2 − I2,n+2)(I2,n−2 + I2,n+2 + 2 cos(2ϕ)I0,n)

If the longitudinal projection of the SAM in the focal plane is positive, then the
projection of the vector perpendicular to the plane of the polarization ellipse onto the optical
axis is also positive. This means that the polarization vector rotates counterclockwise, as in
the case of right-handed elliptical polarization. Otherwise, if the longitudinal projection
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of the SAM in the focal plane is negative, then the vector perpendicular to the plane of
the polarization ellipse has a negative projection on the optical axis. This means that the
polarization vector rotates clockwise, as in the case of left-handed elliptical polarization.
Due to the fact that the polarization ellipses in the focal plane are inclined and do not lie
in the focal plane itself, the right-hand and left-hand rotation of the polarization vector in
these ellipses does not change. Therefore, in order to establish the presence of the spin Hall
effect at a tight focus, we do not need to consider the transverse projections of the SAM
vector, Sx and Sy; it is enough to determine the sign of the longitudinal projection Sz.

3. Reverse Energy Flux at the Focus of an Optical Vortex with Linear Polarization

It also follows from Equation (2) that not all the initial energy flux will cross the focus
plane in the direction of light propagation, because part of the energy will propagate along
the focus plane, and part of the energy will cross the focus plane in the opposite direction.
Substituting the projections of the electromagnetic field (2) into the well-known expression
for the Poynting vector, written up to a constant P = Re(E∗ ×H), where E and H are the
electric and magnetic fields, the signs “*” and “×” mean complex conjugation and vector
product, and Re is the real part of the complex number, we obtain an expression for the
longitudinal component of the energy flux at the field focus (1):

Pz =
1
2

(
2I2

0,n − I2
2,n+2 − I2

2,n−2

)
. (11)

The longitudinal projection of the energy flux at different radii r can be positive or
negative, since the terms in (11) have different signs. On those circles centered on the optical
axis, where Pz < 0, the energy flow flows in the opposite direction. It can be shown [14]
that the total energy at the focus of each term in Pz is equal to the expression:

Wν,µ = 2π

∞∫
0

∣∣Ivµ(r)
∣∣2rdr = 4π f 2

α∫
0

sin2ν+1
(

θ

2

)
cos5−2v

(
θ

2

)
|A∗(θ)|2dθ = Wν. (12)

It can be seen from (12) that the energy (or power) does not depend on the number
of the Bessel function µ, which is included in the integrals (3). Applying Equation (12) to
the total axial energy flux that crosses the focus plane from left to right and which has
density (11), we obtain:

P̂z =

∞∫
0

rdr
2π∫
0

dϕPz(r) = W0 −W2 = W − 2W1 − 2W2. (13)

In Equation (13), W is the total beam power, which is equal to W = W0 + W2 + 2W1 [14].
It can be seen from (13) that the longitudinal energy flow is the sum of the direct energy
flux equal to the total beam power W minus the energy flux 2W1 of two vortex harmonics
exp(i(n + 1)ϕ) and exp(i(n − 1)ϕ), which have only a longitudinal projection of the electric
field Ez and therefore propagate along the plane of focus and do not intersect it and minus
the energy flux 2W2 of the other two vortex harmonics exp(i(n + 2)ϕ) and exp(i(n − 2)ϕ),
which propagate in the opposite direction, crossing the plane of focus from right to left.
The last statement follows from Equation (2). In (2), in the expression for Ex, both harmonics
exp(i(n + 2)ϕ) and exp(i(n − 2)ϕ) enter with a plus, and they enter the expression for Hy
with a minus. Therefore, the trio of vectors Ex, Hy, and kz < 0, where kz is the axial
projection of the wave vector, describing the propagation of these two harmonics, is a right
triple, where the projection onto the z-axis of the wave vector is negative. Similarly, from (2),
it can be seen that in the expressions for Ey and Hx, both vortex harmonics exp(i(n + 2)ϕ)
and exp(i(n − 2)ϕ) enter with the same signs; that is, the triple of vectors Ey, Hx, and kz < 0
are also the right trio of vectors, and therefore, these vortex harmonics propagate in the
opposite direction of the z-axis.
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On the other hand, the Poynting vector at the field focus (1) has, in addition to the
longitudinal component Pz, the azimuthal component of the transverse energy flux Pϕ.
Therefore, we can assume that the total transverse (azimuthal) energy flux is equal to the
sum of the last two terms in (13):

P̂ϕ =

∞∫
0

rdr
2π∫
0

dϕPϕ(r) = 2(W1 + W2). (14)

Expression (14) is obtained from the energy flux conservation law. However, it is not
possible to directly integrate the azimuthal energy flux density. In [19], the azimuthal
component of the Poynting vector at the focus of the field (1) was found (the radial
component is equal to zero):

Pr = 0,
Pϕ = I1,n+1(I0,n + I2,n+2) + I1,n−1(I0,n + I2,n−2).

(15)

It can be seen from (15) that the transverse energy flux at the field focus (1) has only
an azimuthal projection and rotates around the optical axis either counterclockwise (Pϕ > 0)
or clockwise (Pϕ < 0).

4. Multiple Order Spin Hall Effect at the Focus of a Cylindrical Vector Beam with an
Optical Vortex

In this section, we investigate the mechanism of the formation of the spin Hall effect at
the focus of a more complex light field, which has both phase and polarization singularities
in the initial plane. The Jones vector of such a light field in the initial plane has the form:

Em,n(θ, ϕ) = A(θ) exp(imϕ)

(
cos nϕ
sin nϕ

)
,

Hm,n(θ, ϕ) = A(θ) exp(imϕ)

(
− sin nϕ
cos nϕ

)
.

(16)

For light field (16), in contrast to the light field (1), the topological charge is designated
as m, and the order of the cylindrical vector beam (16) is designated as n. We used these
notations so that the Equations (6) and (19) are similar to each other.

The distribution of all projections of the electric and magnetic fields in a tight focus
has already been found in [20]. Here, without derivation, we present these projections for
the convenience of readers:

Ex = im+n−1

2 ei(m+n)ϕ
(

I0,m+n + e−2iϕ I2,m+n−2
)
+ im−n−1

2 ei(m−n)ϕ
(

I0,m−n + e2iϕ I2,m−n+2
)
,

Ey = im+n

2 ei(m+n)ϕ
(
−I0,m+n + e−2iϕ I2,m+n−2

)
+ im−n

2 ei(m−n)ϕ
(

I0,m−n − e2iϕ I2,m−n+2
)
,

Ez = im+nei(m+n−1)ϕ I1,m+n−1 − im−nei(m−n+1)ϕ I1,m−n+1,
Hx = im+n

2 ei(m+n)ϕ
(

I0,m+n + e−2iϕ I2,m+n−2
)
− im−n

2 ei(m−n)ϕ
(

I0,m−n + e2iϕ I2,m−n+2
)
,

Hy = im+n−1

2 ei(m+n)ϕ
(

I0,m+n − e−2iϕ I2,m+n−2
)
+ im−n−1

2 ei(m−n)ϕ
(

I0,m−n − e2iϕ I2,m−n+2
)
,

Hz = im+n+1ei(m+n−1)ϕ I1,m+n−1 + im−n+1ei(m−n+1)ϕ I1,m−n+1,

(17)

In the initial plane, the light field (16) has a linear polarization at each point of the
beam cross section, and such a field can be represented as a superposition of two optical
vortices with topological charges m + n and m − n with left and right circular polarizations
with the same amplitude modules:

eimϕ

(
cos nϕ
sin nϕ

)
=

1√
2

ei(m+n)ϕ

(
1
−i

)
+

1√
2

ei(m−n)ϕ

(
1
i

)
. (18)

Then, as follows from (17), in the plane of focus, due to refraction on the surface of
a spherical lens, additional optical vortices appear with topological charges m + n − 2,
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m − n + 2, m + n − 1, and m − n + 1. The Jones vector for the transverse components of the
electric field at the focus, as follows from (17), has the form:

E⊥ = im+n−1

2 eimϕ

[(
ei(n−2)ϕ I2,m+n−2 + (−1)ne−inϕ I2,m−n

)( 1
i

)
+(

e−i(n−2)ϕ(−1)n I2,m−n+2 + einϕ I2,m+n

)( 1
−i

)]
.

(19)

It can be seen from Equation (19) that the transverse light field at the focus is a
superposition of two optical vortices with different amplitudes and left and right circular
polarization. This means that when these fields are added, the regions with left and right
elliptical polarizations will be in focus. It is known that for the sum of two scalar optical
vortices with different topological charges p and q, the intensity distribution will have
|p − q| “chamomile” petals. In our case, the field with the right circular polarization will
have 2n − 2 lobes, and the field with the left circular polarization will also have 2n − 2
lobes, but they will be located in different places. And since the fields with orthogonal
polarization are added modulo, then in the focus of the field (19), there will be only 4n − 4
side lobes of intensity, in which the polarization will alternate: left elliptical, then right
elliptical. From (17), one can obtain the exact expression for the longitudinal projection of
the spin density vector at the focus for field (16):

Sz = Im
(
E∗x Ey

)
= 1

2

[
I2
0,m−n − I2

0,m+n + I2
2,m+n−2 − I2

2,m−n+2+

2(−1)n cos(2(n− 1)ϕ) (I0,m−n I2,m+n−2 − I0,m+n I2,m−n+2)].
(20)

It can be seen from (20) that on a certain circle in the beam cross section at the focus
centered on the optical axis, the longitudinal spin angular momentum (spin density) will
change sign 4(n − 1) times, since the cosine argument changes sign over the period exactly
that many times. Here, we have shown how regions with different spins are formed at the
focus, and thus have shown that for field (16), the spin Hall effect takes place at the focus.

5. Numerical Simulation

Using the Richards–Wolf formula, we numerically simulated the focusing of a linearly
polarized optical vortex (1) with an aplanatic lens (NA = 0.95). We assume focusing an
initial plane wave A(θ) = 1 of wavelength λ = 532 nm. Figures 1 and 2 show the distribution
of module (a, c) and phase (b, d) of the electric field components Ex and Ey for optical
vortices equal to n = 1 (Figure 1) and n = 2 (Figure 2).

Figure 1b,d show the phase values at four points on the Cartesian axes. If we compare
these phase values in Figure 1b,d, it can be seen that on the vertical axis, the phase differ-
ences of the fields Ex and Ey will be equal to −π/2, and the phase differences along the
horizontal axis will be equal to π/2. And since the amplitudes of the fields Ex (Figure 1a)
and Ey (Figure 1c) are different, along the vertical axis at these points, there will be a right
elliptical polarization, and along the horizontal axis at these points, there will be a left
elliptical polarization. The topological charge in Figure 1b is equal to 1, and in Figure 1d it
is equal to −1.

Figure 2b,d show the phase values at four points on the Cartesian axes (and center).
If we compare these phase values in Figure 2b,d, it can be seen that on the vertical axis, the
phase differences of the fields Ex and Ey will be equal to −π/2, and the phase differences
along the horizontal axis will be equal to π/2. And since the amplitudes of the fields Ex
(Figure 2a) and Ey (Figure 2c) are different, on the vertical axis at these points, there will
be a right elliptical polarization, and on the horizontal axis at these points, there will be
a left elliptical polarization. From Figures 1 and 2, it follows that in both cases in the
focal plane, there are regions with the centers located on the Cartesian axes, in which the
elliptical polarization has different signs. On the vertical axis, the polarization vector rotates
counterclockwise, and on the horizontal axis, it rotates counterclockwise. The topological
charge in Figure 2b is equal to 2, and in Figure 2d it is equal to 0.
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Figures 3 and 4 show the distribution of the module and phase of the electric field
components Ex and Ey for cylindrical vector beams (16) with optical vortices equal to m = 1
(Figure 3) and m = 2 (Figure 4).
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From Equation (20) it follows that for n = 1, the spin density at the focus of (16) will
have radial symmetry. It depends on the radial variable only. Therefore, Figure 3b,d show
the phase values at two points on the horizontal axis. If we compare these phase values
in Figure 3b,d, it can be seen that at the center, the phase difference of the fields Ex and
Ey will be equal to −π/2, and the phase difference at some distance from the center will
be equal to π/2. Since the amplitudes of the fields Ex (Figure 3a) and Ey (Figure 3c) are
different, in the center (on the optical axis), there will be a right elliptical polarization, and
on a circle of a certain radius, there will be a left elliptical polarization. The topological
charge in Figure 3b is equal to 0, and in Figure 3d, it is equal to 0.

Similarly, if we compare the phase values in Figure 4b,d, we can see that at the center,
the phase difference of the fields Ex and Ey will be equal to −π/2, and the phase difference
at some distance from the center will be equal to π/2. Since the amplitudes of the fields
Ex (Figure 4a) and Ey (Figure 4c) are different, in the center (on the optical axis), there
will be a right elliptical polarization, and on a circle of a certain radius, there will be a left
elliptical polarization. The topological charge in Figure 4b is equal to 1, and in Figure 4d,
it is equal to 1.

Figure 5 shows the distributions of the SAM at the focus of the beam (1) with topo-
logical charge n = 1 (Figure 5a) and topological charge n = 2 (Figure 5b) and at the focus
of a cylindrical vector beam (16) of order n = 1 with topological charge m = 1 (Figure 5c)
and topological charge m = 2 (Figure 5d). Figure 5 confirms the distribution of regions with
left and right elliptical polarizations that follow from the discussion of Figures 1–4. At the
focus of (1), regardless of the topological charge n, the regions with the right elliptical polar-
ization are located along the vertical Cartesian axis, and the regions with the left elliptical
polarization are located along the horizontal Cartesian axis (Figure 5a,b). At the focus of
a cylindrical vector beam (16) of order n = 1 for any topological charge m, regions with
different signs of the SAM (with different directions of rotation of the elliptical polarization
vector) will be located on circles with different radii (Figure 5c,d).
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Figure 6 shows the distribution of the SAM (Figure 5), normalized to the intensity in
the focal plane:

Sz =
2Im

(
E∗x Ey

)
E∗x Ex + E∗y Ey

. (21)
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6. Discussion

Thus, in this paper, using two vortex beams with uniform (1) and inhomogeneous
linear polarization (16), we have shown how the spin Hall effect is formed in a tight focus.
We have shown that for these light fields (1) and (16), additional optical vortices are formed
at the focus with different amplitudes and with left and right circular polarization (5). The
superposition of these additional vortices forms regions located either on the Cartesian axes
(Figure 5a,b) or on circles of different radii (Figure 5c,d), in which the elliptical polarization
of different signs (left or right) takes place. In both cases, (1) and (16), the initial field had
no SAM (Sz = 0). But as the fields (1) and (16) propagate in free space after the spherical
lens, subwavelength regions with spins of different signs are formed at the focus. In this
case, the total spin at the focus (the spin density (4) averaged over the beam cross section)
is still equal to zero. The question remains: why and at what moment are additional optical
vortices formed? The answer to this question can be found in the Richards–Wolf theory [18].
If before the spherical lens the transverse projections of the field were equal to Ex,0 and Ey,0,
then immediately after the spherical lens, these projections are transformed according to
the expression:(

Ex
Ey

)
=

(
1 + A(θ) cos2 ϕ 0.5A(θ) sin 2ϕ

0.5A(θ) sin 2ϕ 1 + A(θ) sin2 ϕ

)(
Ex,0
Ey,0

)
, A(θ) = cos θ − 1, (22)

where θ and ϕ are the polar and azimuthal angles in a coordinate system with the center at
the focus. It can be seen from (22) that the transformation matrix contains the squares of the
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cosine and sine of the azimuthal angle, which are responsible for the formation of additional
vortices with topological charges equal to n + 2 and n − 2. However, immediately after
the spherical lens, these additional optical vortices with left and right circular polarization
have equal amplitudes, and therefore, their superposition has linear polarization. Optical
vortices with different topological charges are divergent differently due to diffraction in free
space. Therefore, during the propagation, these additional optical vortices acquire different
amplitudes, and their superposition forms an elliptical polarization of different signs. That
is, immediately after the spherical lens, the Hall effect is absent and has a maximum value
in the plane of focus. Between the spherical lens and the focus, the spin Hall effect has an
intermediate value from zero to a maximum.

The Hall effect can be estimated from the value of the normalized SAM (21). The closer
the modulus Sz is to 1, the stronger the spin Hall effect. Also, the magnitude of the Hall
effect is affected by the ratio of light energy at the focus, which falls in regions with spins of
different signs, to the total energy of the beam at the focus.

It should be noted that the spin Hall effect, which appears as a transverse displacement
by small fractions of the wavelength of reflected beams with left and right circular polar-
ization from the interface between two media [21] or from a metasurface [22], is difficult
to measure. However, there are already attempts to use this effect to differentiate optical
signals and to enhance the edges of the image [21,22]. The Hall effect arising at a sharp
focus is much easier to detect by measuring the third Stokes component. For example,
in Figure 6, in the plane of focus in a region of about 300 nm in size, the third Stokes
component (21) is equal to 0.5, and in an adjacent region of the same size, it is equal to −0.5.
The authors plan to carry out such experimental measurements. The spin Hall effect at a
sharp focus can be used for the subwavelength magnetization of materials using the inverse
Faraday effect [23] or for structuring the surface of polarization-sensitive materials [24].

It should also be noted that the optical Magnus effect is closely related to the optical
spin Hall effect [25]. In [25], it was experimentally shown that an optical vortex with
circular polarization, propagating in a uniaxial crystal at an angle to the optical axis, splits
into two beams, one of which is displaced in the direction perpendicular to the tilt plane.

7. Conclusions

In this paper, we have shown theoretically and numerically that in a tightly focused
cylindrical vector beam of order n with an embedded optical vortex with a topological
charge of m (16), there are six optical vortices: two with topological charges m + n − 2
and m − n with right-hand circular polarization, two with topological charges m − n + 2
and m + n and with left-hand circular polarization (19), and two with topological charges
m + n − 1 and m − n + 1 with linear polarization directed along the optical axis (17). The
last two optical vortices do not contribute to the longitudinal projection of the spin angular
momentum vector, which is proportional to the third Stokes component and indicates
the existence of right-hand or left-hand circular polarizations in the focal plane. Optical
vortices with left and right circular polarization have different amplitudes in the focal plane,
due to the fact that optical vortices with different topological charges diverge differently
in space. Due to the different amplitudes of optical vortices, their spins of different signs
are not compensated in summation. Therefore, regions with positive and negative spin
(regions with left and right elliptical polarization), or, in other words, with a positive and
negative longitudinal projection of the SAM (21), are formed in the focal plane. When
n = 1 (Figure 6c,d), the distribution of the longitudinal projection of the SAM has circular
symmetry. The separation of photons with different spins in space is called the optical spin
Hall effect.
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