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Abstract: Spin-Hall effect (SHE) of light is one of the main manifestations of the spin-orbit interaction
of photons, and has been extensively studied for optical beams with homogeneous polarization. Here,
we present a theoretical study of the SHE of cylindrical vector vortex beams (CVVBs) possessing
inhomogeneous polarization. We derive the analytical expressions of the SHE of CVVBs reflected
and refracted at a dielectric interface with radial and azimuthal polarization of incidence. The spin-
dependent shifts of the SHE of light linearly depend on the topological charge of the CVVBs. In
contrast to the conventional SHE of horizontally or vertically polarized beams, the SHE shifts of the
CVVBs are asymmetrical when the topological charge is nonzero. This asymmetry results in the
transverse Imbert-Fedorov (IF) shifts that are proportional to the topological charge. Furthermore,
based on weak measurement, we propose an experimental scheme to enhance the SHE and related IF
shifts with proper pre- and post-selection polarization states. Our results advance the study of the SHE
of structured light and may find applications in SHE-based techniques such as precision measurement.

Keywords: Spin-Hall effect of light; cylindrical vector vortex beams; Imbert-Fedorov shift;

weak measurement

1. Introduction

Spin-Hall effect (SHE) of light is an optical analogy of SHE in electronic systems,
where the spin-1 photons correspond to the spin-1/2 electrons and the refractive index
gradient corresponds to the electric potential gradient [1,2]. The SHE of light manifests
itself as the spin splitting of optical beams in light-matter interaction, and originates from
the spin-orbit interaction of light, which describes the coupling between the spin and orbit
angular momenta of photons [3]. This phenomenon typically occurs when optical beams are
reflected and refracted at dielectric interfaces, and it produces the opposite transverse shifts
of the two spin components, i.e., the right-handed circular polarization (RCP) and the left-
handed circular polarization (LCP) [4-6]. The SHE of light has also been studied in a variety
of physical systems including gradient-index media [7], uniaxial crystals [8], photonic
crystals [9], random media [10], birefringent waveguides [11], metasurfaces [12,13], curved
spacetimes [14], etc.

In general, the spin-dependent shift of the SHE of light is at the deep-subwavelength
scale. To detect the effect, the weak-measurement technique, which can significantly amplify
the tiny SHE shifts, is commonly used [15-17]. By incorporating the weak measurement,
the SHE of light provides a precision metrological tool due to its sensitivity to variations in
physical parameters of the interfaces, and has been used in probing nanoscale fluctuations
of meta-atoms [18], precision measurement of optical conductivity [19], real-time detection
of chemical reaction [20], and identifying graphene layers [21], to mention a few.

One of the most important features of the SHE is its sensitivity to the polarization of the
incident beam. Most of the previous studies on the SHE of light have focused on homogeneous
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incidence polarization, especially on horizontal and vertical polarization [1,2]. However,
there exists diverse structured light possessing complex inhomogeneous polarization [22,23].
An important example of such structured light with fundamental and practical interest
is cylindrical vector vortex beams (CVVBs) [24,25], which can be generated by using
spatial light modulators [26], space-variant subwavelength gratings [27], q-plates [28-30],
metasurfaces [31,32], etc. The CVVBs are characterized by an axisymmetric polarization
distribution and a helical phase factor ¢!/? (1 is an integer number) with a polarization and
phase singularity that appears as an isolated dark spot and that possesses a topological
charge of | [33]. The spatial phase and polarization freedoms of the CVVBs provide the
possibility to process information in high-dimensional Hilbert spaces, enabling higher
information capacity [34,35]. Due to these unique properties and the potential applications
in the fields of optical communications [36], super-resolution imaging [37,38], particle
trapping [39], and atomic compasses [40], the study of CVVBs has attracted enormous
research interests over the past few years.

In this article, we focus on the theoretical study of the SHE of CVVBs. Although the
SHE of vortex beams with homogeneous polarization has been studied extensively [1,2],
little research has been conducted on the SHE of inhomogeneously polarized vortex beams
such as CVVBs. Here, taking the radially polarized vortex beam (RVB) and the azimuthally
polarized vortex beam (AVB) as two typical examples of CVVBs, we derive the analytical
expressions of the SHE shifts of reflected and refracted beams at a dielectric interface. We
find that the SHE shifts linearly depend on the topological charge of the incident beam.
The opposite transverse shifts of the two spin components (RCP and LCP) of the reflected
(refracted) beam exhibit asymmetry when the topological charge of the incident beam
is nonzero. As a result, the reflected (refracted) beam undergoes an overall transverse
shift, i.e., the Imbert-Fedorov (IF) shift [41], which is shown to be proportional to the
topological charge. The calculated SHE and related IF shifts are a fraction of the wavelength.
To amplify these shifts, we propose a weak-measurement scheme with proper pre- and
post-selection polarization states, allowing the experimental detection of the effects. Our
research could be extended to study the SHE of vector vortex beams with more complex
inhomogeneous polarization [22], such as high-order CVVBs, high-order Poincaré sphere
beams, etc. The previously reported SHE-based precision measurement schemes employ the
homogeneously polarized beam without topological charge [18-21]. Utilizing vector vortex
beams such as CVVBs in the SHE-based precision measurement could provide additional
degrees of freedom beyond the incidence angle, e.g., topological charge, azimuthal order
of polarization, etc., for estimating the physical quantity to be measured and thus might
improve the accuracy of the measurement.

2. SHE of RVB and AVB

Figure 1 shows the schematic diagram of the SHE of light under consideration. The
optical beam is reflected and refracted at a dielectric interface separating two isotropic
media with the refractive indexes of n and n’. Here, we consider the air-glass interface with
n = 1 for air and n’ = 1.515 for BK7 glass at the wavelength of 632.8 nm (He-Ne laser).
This configuration is often employed in the experimental studies on the SHE. Due to the
spin-orbit interaction, the reflected (refracted) beam splits into its two spin components by
opposite transverse SHE shifts d, ;) . along the y-axis. If the SHE shifts are asymmetrical,
ie., |0;()+| # |0e(r),—|, as in the case of the RVB and AVB discussed below, the overall
transverse IF shift J, ) ;p occurs. In addition, the reflected (refracted) beam also undergoes
a longitudinal shift known as the Goos-Hénchen shift [41], which is out of the scope of
this work.
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Figure 1. Schematic diagram of the SHE of light at a dielectric interface between two media with the
refractive indexes of n and n’. Or(t),+ and J,(y) g denote the SHE and related IF shifts of the reflected
(refracted) beam, respectively. 6;, 6;, and 6; denote the angles of incidence, reflection, and refraction,
respectively, and N denotes the normal to the interface. (xi,v,z;), (xr, ¥, 2zr), and (xt,y, z¢) are the
coordinate systems with z;-, z;-, and zi-axes attached to the incidence, reflection, and refraction
directions, respectively, which are determined by the Snell’s law.

Here, we consider the SHE and related IF shifts of the RVB and AVB. The incident elec-
tric fields of the two types of beams can be written in the form of E; = u;é; with the same am-
plitude profile of u; = rill‘e_riz/ Whellds — o= (¥ +y*)/Wh [, 4 isgn(1)y]", but different polariza-
tion vectors of § = &, = cos¢iXi + sing;y for the RVB and
& = &, = —singiX; + cos¢;y for the AVB, respectively. wy is the beam waist and /
is the topological charge. (xj,y,z;) is the Cartesian coordinate attached to the incidence
direction (the zj-axis) with the basis vectors of %;, ¥, and 2;. (ri, ¢;, zi) is the corresponding
cylindrical coordinate with the basis vectors of &;,, & ¢, and 2;. Figure 2 displays the
distributions of the intensity and polarization of the RVB and AVB. The beam center at
(0,0, z;) is a phase singularity as well as a polarization singularity, where both the phase
and polarization are indeterminate, and the intensity is zero.

o |
o

o 00

Figure 2. (a) The RVB is a superposition of a horizontally polarized HG;9 mode and a vertically

(‘n°e) Aysusyuy

polarized HGy; mode. (b) The AVB is a superposition of a horizontally polarized HGy; mode and a
vertically polarized HGyy mode. The arrows represent the local polarization.

The RVB and AVB can be decomposed into horizontally and vertically polarized
Hermite-Gaussian (HG) modes: E; = Ejy + Ejyv = ExX + E;¥, as illustrated in
Figure 2. For the RVB, the amplitude profiles of the horizontal and vertical components are
Ex(xj,y) = ujcos ¢ = uyx;/ri and Ey(xi,y) = wsin¢; = u;y/ri, which are the HGyy and
HGy; modes, respectively. For the AVB, they are E,(x;,y) = —usin¢g; = —u;y/r; and
Ey(xi,y) = ujcos ¢; = u;x;/r;, which are the HGy; and HG;g modes, respectively. E; i and
E; v can be further regarded as a superposition of RCP and LCP light,

1 1
Eig= EEx(y)éi,Jr + EEX(y)éiﬁr (1a)
i . i R
Eyv = —\ﬁ}Ey(y)ei’Jr + \ﬁE}, ()&, (1b)
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where & + = % (%; £ 1§) are the spin basis vectors for the RCP and LCP in the incidence co-
ordinate system xiyz;. Upon reflection (refraction) at the interface, the two spin components

of E; iy and E; v are shifted by the opposite SHE shifts of £, ) i and £6,(y) v, respectively.
In the case of reflection, E; iy and E; vy evolve to

T T
E.q = iEx (y - 5r,H)ér,+ + iEx (]/ + (Sr,H)ér,fz (2a)

V2 V2
irg R irs A
Er,V = _ﬁEy(y - 5r,V)er,+ + ﬁEy(]/ + 5r,V)er,—/ (2b)
respectively. In the case of refraction, they evlove to
E t”E( Oep)@ +t”E(+5 )é (3a)
== - é — &, a
tH V2 Y = OtH)Ct+ N Y TotH)et,
oy = — BB (5 — buv)s + “Ey (y + 0py ) (3b)
LV J2 Y Y —otv)€+ Noi Yy+onv)et—,

respectively. &) 1 = % (f(r(t) +iy) are the spin basis vectors in the coordinate system
Xp(t)YZy(t) attached to the reflection (refraction) direction (the z,y)-axis) with the basis vectors
of Xy (1), ¥, and 2,(y). 7p,(5) and £,,) are the Fresnel reflection and refraction coefficients at the
incidence angle of 6;. For the sake of clarity, xj, xr, and x; are omitted in the above equations
since the SHE shifts of concern occur only along the y-axis. The SHE of horizontally
and vertically polarized light has been well studied. The spin-dependent shifts are given
by [15,16,42]

rpkwitan 6;(ry + ;)

Oy = — , 4
o (rp +15)? + r3k2wjtan? 6; (42)
t 6; r
Sry = _C"k i (1 + r”) (4b)
S
1 (cost; ts
OtH = % ( Sin; cot eltp) , (40)
1 (cost ty
Oy = P (sin ) cot 6; i ), (4d)

where k = 271/ A is the wave number with A referring to the wavelength in the incidence
medium, and 6; is the refraction angle given by the Snell’s law: nsin6; = n’ sin 6;. Here,
we cite the formula in Ref. [42] for 6,1 [Equation (4a)], which is valid for any incidence
angle including the Brewster angle 6y = arctan (n'/n). The commonly used formula
oy = —cotb/k(14rs/rp) diverges at 6 (r, = 0). For partial reflection, i.e., n < n,
the Fresnel coefficients r,, ) and () are real, and hence, J, ;) iy and 6,y v are real. In the
following, we restrict our discussion to this scenario.

Next, we calculate the SHE shifts of the RVB and AVB based on the well-established
results of Equations (2)-(4). The electric field E, () of the reflected (refracted) beam from the
interface is the superposition of E, () i and E,(y) v,

E; =Eq+Eyv =Epi ()ér+ + Er—(v)ér -
_ | _ s _ .
= {ﬁEx(]/ 5r,H) ﬁEy(y 5r,V):| Cr+ (5a)

rp irs R
+ | LEx(y+0on) + —=Ey(y+0pv) | &,
|:\/§ X(y ,H) \ﬁ y(]/ ,V):| I,
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Ei = Egy + Eyv = Ev 1 (y)&,+ + Ei— (v)é, -

ty it .
= [ﬁEx(_‘/ —0gH) — \*@Ey(y - 5t,V)} €+ (5b)
tp itg } .
+ | EEx(y+6n) + —=Ey(y+6 -
[ﬁ (Y + 0un) 7 y(y+0ry) |8,

where E, ) . denote the amplitude profiles of the two spin components of the reflected
(refracted) field. The SHE shifts can be calculated by

B fny:(t),iEr(f),idxr(f)dy

Or(t)+ = ; . (6)
(0 ffEr(t),iEr(t),:tdxr(t)dy

Substituting E, ) (yj:(fr(t),H(V)) ~  Ey)(¥) £ 6¢(),(v)9Ex() /9y into Equation (6)

and using
OE, ] 2ry . . oS Pyt
= | — — —== | Exsin + (ilEy — E , (7a)
%y <rr<t) wg ) Eron ity + (1Ex — By) r(o)
oE i 2r cos ¢
v r(t) . . r(t)
= = — E,sin + (Ex +1ilE , (7b)
9%y <rr(t) wy ) P+ (Ex 2 Te(t)
we obtain the expressions of the SHE shifts,
s®) _ T%,CSr,H + 126y Lrprs(pm — drv) 8a)
i 3+ 13 2 24z
5A) _ r%,csr,H + 128y 1 rprs(OpH — Orv) (8b)
it 5+ 13 2 o
SE® _ O Ty T tpts (B — Guv) 9
b t2 42 2 2427
2 2
A) |, B0+ 50y 1 tpts(de — Oev) (6d)

Sy = ,
b 12+ t2 2 B4t

with the superscripts R and A denoting the RVB and AVB, respectively. Here, we keep
Or(t),H(v) up to the first order in calculation, which implies that the above analytical results
hold only when the shifts are enough small compared to the beam waist, i.e., ;) py(v) < wo.
It has been shown that 6,11 becomes very large near the Brewster angle [42,43]. There-
fore, Equations (8a) and (8b) are inaccurate near the Brewster angle and one should use
Equation (6) to calculate the SHE shifts especially for the beams with small beam waists. In
Equation (8), the first /-independent term is equal to the SHE shifts of the homogeneously
+45°-polarized beams with the incidence polarization vectors of & = % (% £9) [15,16].
The second [-dependent term is proportional the topological charge I and thus arises from
the orbit angular momentum of the incident beam. Equation (8) represents the main results
of this work.

It is to be noted that for both the RVB and AVB, when the topological charge [ # 0,
the SHE shifts of the RCP and LCP components of the reflected (refracted) beams are

ﬁ)Aﬂ # |(5$)A_) |. This is very different from the case of the SHE of light

with homogeneous linear polarization, in which the SHE shifts are symmetrical [15,16]. As
a consequence, the reflected (refracted) beams of the RVB and AVB experience an overall

asymmetrical, i.e., \5;
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transverse shift, i.e., the IF shift, which is zero for the beams with homogeneous linear
polarization. The overall IF shift can be calculated by

yE E;(pdxpdy
Or(t)IF = JJ <t il 9)
’ f f E Clxr(t) ]/

Substituting Equations (5) and (7) into Equation (9), we obtain

(R) [ rprs (5r,H - 5r,V)

rlF — E 7’% + 7’% 7 (].Oa)
(A) _£ rp”s((sr,H - 5r,V) 1
oF =~ 5 . (10b)
| tpts(yr — Opv)

s® — LlptsOu = ov) 10

U -y (10c)
tots(Oeg — O
sA _ Ly s(0en t,V)' (10d)

VET 2 242

The above analytical results hold only when (5r(t),H(V) < wyp. Equations (10a) and (10b) are
inaccurate near the Brewster angle, and one should use Equation (9) to calculate the IF

shifts especially for the beams with small beam waists. It is seen from Equations (10) that
the RVB and AVB experience opposite IF shfits, i.e., (523,11: = —(553)),11:.
From Equations (8) and (10), we see that the IF shift is an average of the opposite

SHE shifts of the two spin components, i.e., sRA) ((5(F)A) + (5((t) )> Furthermore,

r(t),1F
we find (E)A) (5((t) I;‘ = (5%)A) (5((t) 123 This means that the SHE shifts (5((t) ) are
symmetrical about the centroid of the reflected (refracted) beam, determined by the IF shift
SRA)
r(6),TF

Figure 1. This can also be clearly seen in Figure 3, in which we plot & (( )A) and 0&

though they are asymmetrical about the centroid of the incident beam, as shown in
A)
£ (t),IF

function of ! with the incidence angle 8; = 30° and 60°. It is seen that both § (( 0,4 ) and 6 <?)Ai%

SR SR S(A) 4 S(A)

depend linearly on I. As I changes from negative to positive values, é; 1, 0,1z, 64, and J; ¢

decrease, while 5r(,i), (5&}), 55}1), and 55112 increase. When | = 0, one has the symmetrical SHE

shifts of (5r(,Ii’A) = j:(rf,ér,H + r?érlv)/(r’z, +72) and (St(,IiA) = :t(t%,ét,H + t%étlv)/(t% +t2). In
this case, the IF shifts 5I(Ft)AI)F =0.
Figure 4 plots the SHE shifts (555)'2 versus the incidence angle 6; with different topo-

as a

logical charges [. At the Brewster angle of 6 ~ 56.6°, the reflection coefficient r, = 0 and
the SHE shifts of the reflected beams 5r(,IiA) = £, v, which is independent of /. In the case

of reflection, the SHE shifts 5r(,§E'A) as a function of 6; exhibits different features for / < 0 and

I > 0. For example, when < 0 (the dashed lines), as 6; goes from 0° to 90°, 5511) increases

from zero to a positive maximum, then decreases to a negative minimum (except for the
range near 0g), and finally returns to zero. There exist two extreme points except for 6; = 0.

(R)

However, when I > 0 (the solid lines), 6, decreases from 0 to a negative minimum and
then returns to zero (except for the range near 6g). There exists only one extreme point
except for 6; = 0. I = 0 is the critical case (the black dot-dashed line), in which the first
extreme point is found at 6; = 0°. In the case of refraction, as 8; goes from 0° to 90°, the SHE

(RA)

. RA) . : iy . .
shifts (5t( v ) increase monotonically from 0 to a positive maximum, while ;" decrease

monotonically from 0 to a negative minimum. There is no extreme point. For the IF shifts

SRA)

K0, IF 35 @ function of 6;, as shown in Figure 5, there is only one maximum or minimum
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point except for 6; = fg in both the cases of | > 0 and [ < 0. The maximum (minimum)
point is located at 8; ~ 43.8° for reflection and at 6; ~ 66.5° for refraction. At the Brewster

angle of 6g ~ 56.6°, the IF shifts of the reflected beams & (IEQA) =0.

T,

@) e @uns 6‘5? """'Jr@ —_—— 53["_’_ e 5B L Lgein Jr@ —_— (;é‘]‘g

Shift /2

-0.04 S —
-0.08 R S L JUTTEIN
=3 =2 1 0 1 2 33 2 1 0 1 2 3
l l
Fi . (RA) ; (RA)
igure 3. The SHE shifts (Sr(t) | and the IF shifts 5r(t) I of (a) the reflected beams and (b) the refracted

beams versus the topological charge [ with the incidence angle 6; = 30° (left column) and 6; = 60°
(right column). The refractive indexes are taken as n = 1 and n’ = 1.515. The beam waist is taken as

sel=0 —l=1 —I=2 —I=3

(@ 03

R] v R) -
5 s e

Shift /A

0 15 30 45 60 75 900 15 30 45 60 75 90
6i/° 6i/°

(®) 0.12

o0

0.06

o

-0.06

-0.12

0 15 30 45 60 75 900 15 30 45 60 75 90

8;/° 6i/°
Figure 4. The SHE shifts (555{’)2 of (a) the reflected beams and (b) the refracted beams versus the
incidence angle 6; with the topological charge l€[—3,3]. The circle and the square symbols in (a)
indicate the maximum and minimum points, respectively. The other parameters are as in Figure 3.
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To verify the analytical results (Equations (8) and (10)), we perform numerical calcu-
lations using Equations (6) and (9). The numerical results are compared with analytical
ones in Figure 6 for topological charge | = 0,2, which shows good agreement even near the
Brewster angle.

@ - l=-3 cemal=-2 ececl=-1 siail=0 ——|=1 —[=2 =—1[=3

R e, z A
65,112 - N 515112

C
0 15 30 45 60 75 900 15 30 45 60 75 90

0;/° 6;/°
(b)
0.02
S 85w
0.01
S
E o0
=
90}
-0.01
-0.02
0 15 30 45 60 75 900 15 30 45 60 75 90
0;/° 0i/°
(RA)

Figure 5. The IF shifts 5r(t) i of (a) the reflected beams and (b) the refracted beams versus the
incidence angle 6; with the topological charge /€[—3, 3]. The circle and the square symbols indicate

the maximum and minimum points, respectively. The other parameters are as in Figure 3.

, ® ) :
B e o e ot Y o) o
0.12f
[
<
£ -0 0.06f
=
1%}
-0.25} 0.
0 15 30 45 60 75 90 0 15 30 45 60 75 90
6;/° 0;/°
R) (A) RA ,
6r,lF 5r,1F 6r(,IF ) 682 é‘t(,ﬁ?) 6t(,?FA)
0.15 0.02
00l
“/\-.
ra 0.01
~ 005
~
& 0
=
“ _o.05f
-0.01
-0.15¢, -0.02
0 15 30 45 60 75 90 0 15 30 45 60 75 90
6;/° 6/°
. . . . . RA
Figure 6. Analytical results (lines) and numerical results (symbols) for the SHE shifts 5r((t> i) and IF

shifts 5r(ﬁ)AI‘)F versus the incidence angle 6; with I = 2 (blue and green) and | = 0 (black). The other

parameters are as in Figure 3.
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3. Weak Measurement of SHE Shifts

The SHE and related IF shifts are only a fraction of the wavelength (see Figures 3-5),
so it is difficult to observe them directly using, e.g., a camera or a quadrant detector. The
weak-measurement technique can greatly enhance the tiny shifts by employing a pre- and
post-selection scheme, allowing the experimental observation of the effects. In this section,
we discuss how to properly choose the pre- and post-selection polarization states so as to
amplify the SHE and IF shifts of the RVB and AVB. For clarity, we omit the subscripts i, r,
and t of the basis vectors in the following equations.

The SHE shifts of the RVB and AVB can be rewritten in the unified form of

04+ = £01 + i, (11)

where 7 is the [-independent shift and Jjp is the [-dependent IF shift (see Equations (8) and
(10)). We first choose the radial polarization as the pre-selection state:
épre = = %(e’“ﬁu +e'?e_). Upon reflection (refraction), the incident beam

&
E; = u;(Y)épre evolves to

9

Lo R 1 R o
E = \ﬁe Pup(y —64)&s + \—ﬁe‘/’ul(y —é_)e_ ~uy(y—Op)é —i 5

018p.  (12)
In the second step, we use u;(y — d+) = u;(y F 61 — o) ~ wi(y — dp) F uy/dyé; and
& =—7 (e7%e, —ee_). The post-selection state is a superposition of the radial and
azimuthal polarizations: épost = sin &, +icosn &p. Projecting the reflected (refracted)
beam E, ;) on the post-selection state épost yields

A . ou
€post * Er(t) =smy ul(y —dIp) — cos Ui aiyl‘sl' (13)

When the post-selection state ép0st is nearly orthogonal to the pre-selection state épre,
ie., épost - €pre = siny < 1 and thus 7 < 1, one obtains &5 - Eyy) ~ nu(y — o) —
ou;/dyéy ~ nuy(y — & — 7 161). The I-independent shift 1 is amplified by a factor of
#~1, which can be very large. The amplification factor is restricted by 17! < kwy =
27wy / A [44,45]. For A = 632.8nm and wy = 50A, one has 1 <« 17_1 < 314. For a larger
beam waist of wy = 200A, 77 can be as large as 1257.

However, the above scheme can only amplify the [-independent shift §;. To amplify
the [-dependent IF shift iy, a different pre- and post-selection scheme should be used.
Here, we choose the right-handed circular polarization as the pre-selection state: épre = ..
It is a superposition of the radial and azimuthal polarizations: épre = %ew (e +i&y).
After reflection (refraction) at the interface, the radial and azimuthal components of the
incident beam E; = u;(y)épre = —=€%u;(y)é, + —=¢i%1;(y)é4 experience the opposite IF

V2 V2
shifts (51(15) =16 and (51(?) = - I(p = —16, (see Equation (10)),
1 . i . . o .
Ep = Eel‘Pul (y — 51(;{))& + ﬁel‘/’u; (y — 51(?)>e¢ ~u(y)éy — e2“/’a—ylléze_. (14)

In this scheme, the post-selection state is a superposition of the right- and left-handed
circular polarizations: épost = siny e~ '?&, + cos e'9@é_. Projecting E, () on épost yields

A i - i ou
€post " Ex(t) = e sinnu;(y) — e¥cosy a—ylléz. (15)

When ;7 < 1 and thus &5y - épre < 1, one has &5 - Eryy = ePn7u(y) — ¢9u; /9yls, ~

e yu;(y — 77116,). Therefore, the I-dependent IF shift /6, is amplified by using this scheme.
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The pre- and post-selections can be readily performed by a proper combination of a
polarizer, a half-wave plate (HWP), a quarter-wave plate (QWP), and a vortex plate (VP),
as illustrated in Figure 7. The HWP, QWP, and VP are described by the Jones matrices

_ |cos2a  sin2« |10 __|cos¢ —sing
Trawe = {sinZoc —cosZa]’TQWP_ {0 i]’TVP_ [simp cos<p]’ (16)

respectively. Here, « is the angle between the fast axis of the HWP and the x-axis. The
fast axis of the QWP is fixed at an angle of 45° to the x-axis. In the scheme to amplify the
l-independent shift é;, the pre-selection state épre = &, can be prepared via a horizontal
polarizer followed by a VP: Typ - X = épre. The post-selection state épost = sinn &, +
icos 7 &g can be obtained via a combination of a horizontal polarizer, an HWP, a QWP, and
a VP: Typ - Towp - Tawp - X = épost With @ = 71/4 — 77/2. In the scheme to amplify the
I-dependent IF shift Jjf, the pre-selection state épre = € can be prepared via a horizontal
polarizer followed by an HWP and a QWP: Towp - Tawp - X = épre with & = 22.5°. The post-
selection state épost = sinne &, + cosnelfe_ = cos (7 — 7/4)é, +isin (7 — 7w/4)ép
can be obtained via a combination of a horizontal polarizer, an HWP, a QWP, and a
VP: Typ - Towp - THwp - X = épost with « = /2 — 71/8. It should be noted that the
sequence of the optical elements used to perform the post-selection projection is reversed
from that used to prepare the post-selection state.

(@ X
45° -
E; Erp
y
P VP VP Qwp HWP J

 /

pre-selection post-selection
(b)
a 45° 45° a
E; Er
o o
P HWP Qwp VP Qwp HWP P
pre-selection post-selection

Figure 7. Pre- and post-selection schemes used to amplify (a) the I-independent shift §; and (b) the
I-dependent IF shift éip. P, polarizer; HWP, half-wave plate; QWP, quarter-wave plate; VP, vortex
plate. The blue lines denote the orientation of the polarizer and the fast axes of the HWP and QWP.

4. Discussion

Here, we would like to emphasize the difference between our research and previously
reported relevant studies on the SHE of light. In most of the previous studies on the SHE
of light at various interfaces [1,2], the incident beam is polarized homogeneously. The
incidence polarization vector can be written as é; = aX; + fy with a and B being indepen-
dent of the transverse coordinates x; and y. This means that the incidence polarization is
spatially uniform. However, in our research, the incident CVVB has inhomogeneous polar-
ization. The incidence polarization vectors of RVB and AVB are é; = cos ¢;X; + sin ¢; ¥ and
é = —sin¢iX; + cos ¢;¥, respectively, with ¢; = arctan (y/x;) dependent on the transverse
coordinates xj and y. The incidence polarization is spatially varying. Although the so-called
intrinsic SHE of CVVB has been observed when the beam passes through a fan-shaped
aperture [46,47], the study on the SHE of CVVB at interfaces has not been reported so far to
the best of our knowledge.

The SHE shifts of RVB and AVB consist of an /-independent shift and an I-dependent IF
shift (see Equation (11)). To amplify these two components of the SHE shifts, we propose a
weak-measurement scheme with two different configurations of the pre- and post-selection
polarizations. The /-independent shift and the I-dependent shift are amplified by the two
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configurations, respectively. In the traditional weak-measurement scheme [15,16], which is
basically the same as our scheme with the first configuration and is commonly employed in
the experimental study of the SHE of homogeneously polarized beam:s, it is the difference
of the opposite shifts of the RCP and LCP components that is amplified. However, for
the RVB and AVB, the RCP and LCP components experience the same I-dependent shift,
which cannot be amplified by the traditional weak-measurement scheme. In addition to the
weak measurement, it has been shown that the Goos—Hénchen shift can be amplified via
multiple reflections or refractions, where the shift is accumulated [48]. Therefore, it might
be possible to amplify the SHE and the related IF shifts using a similar idea.

It is worth noting that the RVB and AVB experience different SHE shifts (see Equation (8)).
This implies that the SHE shifts depend on the spatial distribution of the incidence polarization.
Therefore, it is reasonable to expect that the SHE of more complex vector vortex beams, such
as the high-order CVVBs and high-order Poincaré sphere beams, would exhibit interesting
features, which may find applications in the SHE-based precision measurement. In the previ-
ously reported SHE-based precision measurement scheme, the homogeneously polarized
beam is employed to produce the SHE shift, which is amplified via the weak measurement
and then is used to estimate the physical quantity to be measured [18-21]. Utilizing the
vector vortex beams mentioned above in the SHE-based precision measurement could offer
more degrees of freedom, e.g., topological charge, azimuthal order of polarization, and
coordinates on the Poincaré sphere, to estimate the physical quantity to be measured, and
thus might improve the accuracy of the measurement.

Due to the weak spin-orbit interaction of light induced by the plane dielectric interface,
such as the air-glass interface, the SHE shifts are rather tiny. A possible way to enhance the
SHE of light is to employ the system that can induce strong spin-orbit interaction of light.
It has been shown that the rapidly varying phase discontinuities along a metasurface can
introduce strong spin-orbit interaction, resulting in large SHE shifts [49]. Another possible
way to induce strong spin-orbit interaction and thus to enhance the SHE of light is to replace
dielectric interfaces with metallic surfaces because of the excitation of surface plasmon
polaritons. Currently, the study on the quasi-bound states in the continuum (quasi-BIC)
excited in all-dielectric metasurfaces has attracted enormous attention. Switching and
tuning the quasi-BIC using phase change materials has been demonstrated [50]. It might
be expected that employing the quasi-BIC may give rise to strong spin-orbit interaction
and switchable and tunable SHE of light [9].

5. Conclusions

In conclusion, we have theoretically studied the SHE of CVVBs. Taking RVB and AVB
as two examples of CVVBs, we have derived the analytical expressions of the SHE shifts and
the related IF shifts of the reflected and refracted beams at a dielectric interface separating
two isotropic media. We have shown that the SHE shifts of the two spin components are
asymmetrical. This leads to the nonzero IF shifts, which are the average of the opposite
SHE shifts. The SHE shifts are symmetrical about the centroid of the reflected (refracted)
beam determined by the IF shift. Both the SHE and IF shifts increase or decrease linearly
as the topological charge increases. The dependencies of the SHE shifts on the incidence
angle exhibit different features for the positive and negative topological charges. For
the air-glass (BK?) interface with the refractive indexes of n = 1 and n’ = 1.515, the IF
shifts reach the maximum or minimum at an incidence angle of 8; ~ 43.8° and 66.5° in
the cases of reflection and refraction, respectively. The predicted SHE and IF shifts are a
fraction of the wavelength. Based on the weak measurement, we propose a pre- and post-
selection scheme to amplify these tiny shifts, allowing the experimental investigation of the
effects. The amplification coefficient can be as large as ~10° with reasonable experimental
parameters. Our research could be extended to study the SHE of other complex vector
vortex beams, such as high-order CVVBs, high-order Poincaré sphere beams, etc. Utilizing
these inhomogeneously polarized beams in the SHE-based precision measurement could
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offer more degrees of freedom to estimate the physical quantity to be measured, and might
provide the possibility to improve the measurement accuracy.
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