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Abstract: We derive analytical formulae for the complex amplitudes of variants of generalized
Hermite–Gaussian (HG) and Laguerre–Gaussian (LG) beams. We reveal that, at particular values
of parameters of the exact solution of the paraxial propagation equation, these generalized beams
are converted into conventional elegant HG and LG beams. We also deduce variants of asymmetric
HG and LG beams that are described by complex amplitudes in the form of Hermite and Laguerre
polynomials whose argument is shifted into the complex plane. The asymmetric HG and LG beams
are, respectively, shown to present the finite superposition of the generalized HG and LG beams. We
also derive an explicit relationship for the complex amplitude of a generalized vortex HG beam, which
is built as the finite superposition of generalized HG beams with phase shifts. Newly introduced
asymmetric HG and LG beams show promise for the study of the propagation of beams carrying
an orbital angular momentum through the turbulent atmosphere. One may reasonably believe that
the asymmetric laser beams are more stable against turbulence when compared with the radially
symmetric ones.

Keywords: asymmetric beam; Hermite–Gaussian beam; Laguerre–Gaussian beam; free space propa-
gation

1. Introduction

Laser beams whose complex amplitudes can be described by explicit formulae as
exact solutions of the paraxial propagation equation have invariably been the focus of
attention of optical researchers. The fact is that knowledge of the complex amplitude of the
beams at any distance from the source plane enables the full set of their parameters to be
predicted, including the intensity distribution, intensity moments, total power of the beam,
topological charge, orbital angular momentum, and beam divergence. Propagating in free
space, such beams are usually either structurally stable (conserving their intensity pattern
up to a scale and rotation) or change weakly, with their complex amplitude expressed by an
elegant mathematical relationship. While such beams are abound, two of the most familiar
are standard Hermite–Gaussian (HG) and Laguerre–Gaussian (LG) laser beams. For the
first time, HG beams were discussed in Ref. [1] and elegant HG (eHG) beams were studied
in Ref. [2]. Various kinds of generalized HG (gHG) beams have also been investigated [3–7].
More specifically, in Ref. [3], the generalized HG beams were defined as conventional HG
beams with a parameter, whereas in Ref. [7], the generalized beams were obtained as the
superposition of conventional HG beams propagating with the same phase velocity. The
parameter of the generalized HG beams is in the argument of the Hermite polynomials
and defines the ratio between the widths of the Gaussian envelope and of the Hermite
polynomials. At a certain value of this parameter, the generalized HG beam reduces to
the conventional HG beam. Combined parametric Hermite-Laguerre–Gaussian beams,
introduced in Ref. [8], were shown to transform into standard HG beams or LG beams
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depending on the specific value of the parameter. A relationship between the HG and LG
beams was established in Ref. [9], and vortex HG beams constructed as the superposition
of conventional HG beams with phase shifts were studied in Ref. [10]. For the first time,
the standard LG beams were analyzed as laser cavity modes in Ref. [1] before being shown
to propagate in an ABCD system [11]. Issues relating to the study of LG modes include
their transformation and focusing with the aid of an axicon [12,13] and their representation
through Wigner distribution functions [14]. Non-paraxial variants of the HG and LG
beams have also been analyzed [15], as well as studying double-frequency LG beams and
their transformation into conventional LG beams [16]. Other types of beams have been
studied, including asymmetric LG beams [17] and the laser-aided intra-cavity shaping of
asymmetric HG beams [18], which were then transformed into asymmetric LG beams using
a mode converter [9]. A technique for generating vector laser beams with the aid of LG
beams has been proposed [19]. The generation of LG beams in a wide frequency band by
second harmonic generation has been reported [20], whereas conventional LG beams can
be realized using a standard spatial light modulator (SLM) [21].

LG and HG beams with different modifications have wide practical applications.
For instance, in works [22,23], structurally stable beams are considered which are coaxial
superpositions of a finite number of the conventional HG beams with complex coefficients–
parameters. The authors demonstrated that changing these parameters leads to oscillations
of the orbital angular momentum of such a superposition and that it can achieve large
positive and negative values. Using different methods, the LG beams can be converted
into HG beams. In ref. [9], using a mode converter composed of two cylindrical lenses,
the HG beams were, for the first time, converted to the LG beams. Such transformation
can also be performed by tilting a diffractive optical element [24]. The LG beam generated
this way is elliptic. Using an elliptically squeezed axicon, a Bessel–Gaussian beam can
be transformed to an HG beam, which allows us to determine the topological charge of
the optical vortex [25]. Besides the asymmetric LG and HG beams, asymmetric Bessel
beams [26] and Bessel–Gaussian beams [27] are known, which are also used for manipulat-
ing microparticles [28]. Ref. [20] contains a survey of works on the subject of generating
the LG beams. The survey lists passive and active methods for generating the LG beams.
Passive methods include cylindrical lens mode converters [29], spiral zone plates [30],
fork-shaped grating [31], non-spiral phase plate [32] and q-plate [33]. Active methods
for LG beams generation include addition into a laser resonator such elements as plano-
convex lens [34,35], point defect spatial filter [36], special resonant cavity mirrors such as
SLM [37,38] and spot-defect mirror [39–43].

In this work, we discuss variants of generalized HG and LG beams, using which
we generate asymmetric gHG and gLG beams, with the former obtained in two different
variants. Asymmetric Bessel–Gaussian and LG beams have been known to show high
stability upon propagation in a turbulent medium [44,45], prompting the exploration of
other types of asymmetric HG and LG beams as promising candidates for monitoring the
atmospheric turbulences.

2. Generalized Hermite–Gaussian and Laguerre–Gaussian Beams

It is well known that the complex amplitudes of standard HG and LG beams are
as follows:

HGn,m(x, y, z) =
1
|q| exp

(
− x2 + y2

w2
0q
− i(n + m + 1)argq

)
Hn

( √
2x

w0|q|

)
Hm

( √
2y

w0|q|

)
, (1)

LGn,±m(r, ϕ, z) =
1
|q| exp

(
− r2

w2
0q
− i(2n + m + 1)argq

)(
re±iϕ

w0|q|

)m

Lm
n

(
2r2

w2
0|q|

2

)
. (2)

Here, (x,y,z) and (r,ϕ,z) are Cartesian and cylindrical coordinates; q = q(z) = 1 + iz/z0
is an auxiliary complex parameter; z0 = πw2

0/λ is the Rayleigh range; λ is the wavelength;
w0 is the waist radius of the Gaussian beam, n, m are nonnegative integers; w(z) = w0|q|
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is the beam radius at distance z from the waist, γ(z) = argq = arctan(z/z0) is the Gouy
phase; Hm(·) and Lm

n (·) are Hermite and Laguerre polynomials.
An elegant form of the HG and LG beams can be written as

eHGn,m(x, y, z) =
1

q(n+m+2)/2
exp

(
− x2 + y2
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)
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1
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Generalized versions of HG and LG beams are as follows [5]:

gHGn,m(x, y, z|a, b ) = 1
q exp
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− x2+y2
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(5)

gLGn,±m(r, ϕ, z|a ) = 1
q

exp

(
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w2
0q

)(
1− aq

q

)n( re±iϕ

w0q

)m
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(
r2

w2
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)
. (6)

In Equations (5) and (6), a and b are dimensionless parameters. Here, and in the
following text, we use a vertical line to separate variables and parameters.

When a = b = 0, these beams are reduced to eHG and eLG beams, while for a = b = 1
2 ,

we obtain standard HG beams, 2(n+m)/2gHGn,m(x, y, z
∣∣∣ 1

2 , 1
2 ) = HGn,m(x, y, z), and LG

beams, 2ngLGn,±m(x, y, z
∣∣∣ 1

2 ) = LGn,±m(x, y, z). Other forms of generalized Gaussian
beams can also be found [6,7].

3. Asymmetric Generalized Hermite–Gaussian and Laguerre–Gaussian Beams

Asymmetric LG beams obtained by shifting the argument of the complex amplitude
function into the complex domain have previously been reported [17]. Laser-generated
asymmetric LG beams that were then converted into asymmetric LG modes using a mode
converter [9] have been realized [18]. The asymmetric LG modes have been used to steer
microparticles along an arc [46], as well as for non-invasively capturing and moving
biological microobjects [28]. We note that it is also possible to realize asymmetric HG beams
from asymmetric LG beams using a mode converter [9]. In this work, we demonstrate that
asymmetric HG and LG beams are composed of a finite set of gHG and gLG beams. Actually,
arguments of Hermite and Laguerre polynomials can be shifted using the following well-
known sums [47,48]:

n
∑

k=0

(
n
k

)
(2t)n−k Hk(x) = Hk(x + t),

n
∑

k=0

tk

k! Lm+k
n−k (x) = Lm

n (x− t).
(7)

Making use of the sums in (7), the following relationships for complex amplitudes of
gLG and gHG beams can be shown to hold:
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(8)
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(9)

In (8), the parameter a defines the ratio of the widths of the Gaussian function and
Laguerre polynomial, whereas the complex parameter t defines the degree of LG beam
asymmetry. Actually, it is the absolute value of t that affects the asymmetry. As seen in
Equation (8), the argument of t only rotates the transverse pattern by the angle of arg
t (clockwise if arg t > 0 and counterclockwise if arg t < 0). In a similar way, in (9), the
parameters a and b define the relative width of the Hermite polynomial along the x- and
y-axes compared to the Gaussian function width, whereas the complex parameters τ and
t define the degree of HG beam asymmetry along the x- and y-axes. We note that the
asymmetric LG beam in (8) is different from the similar asymmetric beam discussed in
Ref. [18] because, in the latter case, the argument was shifted into the complex domain for
both the Gaussian beam and the Laguerre polynomials, unlike in Equation (8), in which
the argument shift into the complex plane takes place only for the Laguerre polynomial.

Using gHG beams, it is possible to create elliptical vortex HG beams different from
those discussed in Ref. [10]. As a starting point, we use the summation formula of Hermite
polynomials [47]:

n

∑
k=0

(
n
k

)
tk Hn−k(x)Hk(y) =

(
1 + t2

)n/2
Hn

(
x + ty√
1 + t2

)
. (10)

Using Equations (5) and (10) for the superposition of gHG beams, the elliptic vortex
HG beams can be derived in the following form:

n
∑

k=0

(
n
k

)
tkgHGn−k,k(x, y, z|a, b ) = 1

q exp
(
− x2+y2

w2
0q

)
×
(
(1+t2)(1−Tq)

q

)n/2
Hn

(
x+ty

w0
√

(1+t2)q(1−Tq)

)
,

(11)

where T = (a + bt2)/(1 + t2).
Substituting t = iα with a real α into (11), we obtain an elliptical optical vortex x + iαy

on the right-hand side in the argument of the Hermite polynomial. Hence, near every real
null of the Hermite polynomial, which are found on the horizontal axis (a and b are real
parameters), there is an optical vortex with a topological charge of +1 (α > 0) or −1 (α < 0).
The modulus of the total topological charge of beam (11) equals n. At α = ±1, the vortex
Hermite beam in (11) is converted into a single-ring LG beam.

4. Non-Orthogonality and Power of gLG Beams

With the parameter a being complex, the LG beams in (6) are not mutually orthogonal.
Considering that the dot product of two solutions of a paraxial equation remains unchanged
at any z, the non-orthogonality of the generalized LG beams can be proven in the source
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plane (at the Gaussian beam waist). Actually, it can be shown that, in the source plane, the
dot product of two generalized LG beams of (6) is given by

∞∫
0

2π∫
0

gLG∗p,`(r, ϕ, z|a )gLGn,m(r, ϕ, z|a )rdrdϕ =
πw2

0
2 ·

(n+m)!
2p+n+mn! δ`,m

×
min(n,p)

∑
k=0

(
n
k

)(
p + n + m− k

p− k

)
(1− 2a∗)p−k(1− 2a)n−k(4Rea− 4|a|2)

k
,

(12)

where δ`,m is the Kronecker symbol and (p, l) and (n, m) are the beams orders. In Equation
(12), the generalized LG beams are seen to be orthogonal with respect to the azimuthal
index, because at m 6= `, the right-hand side of (12) equals zero. Meanwhile, at different-
valued radial indices, n 6= p, the right-hand side of (12), is non-zero. The only exception is
a = 1

2 when the gLG beams are reduced to LG beams, becoming orthogonal with respect to
both radial and azimuthal indices. Notably, from (12) follows an expression for the power
W of a gLG beam:

W =
∞∫
0

2π∫
0

∣∣∣gLGn,m(r, ϕ, z|a )
∣∣∣2rdrdϕ =

πw2
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(
n
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)(
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|1− 2a|2n−2k(4Rea− 4|a|2)

k
.

(13)

At a = 1
2 , Equation (13) can be seen to describe the power of standard LG beams:

Wa=1/2 = 22n
∞∫

0

2π∫
0

∣∣∣∣gLGn,m(r, ϕ

∣∣∣∣12 )

∣∣∣∣2rdrdϕ =
πw2

0(n + m)!
2m+1n!

. (14)

5. Topological Charge of gLG Beams and Their Anomalous Rotation upon Propagation

Following M. V. Berry [49], we define the topological charge of an arbitrary light field
by the formula

TC =
1

2π
lim
r→∞

2π∫
0

argE(r, ϕ) dϕ (15)

where E(r, ϕ) is the complex amplitude in the transverse plane and (r, ϕ) are polar coordi-
nates in this plane.

The superposition (8) is described by a Laguerre polynomial of the n-th degree. Thus,
at r→ ∞, it is mostly determined by its highest-degree term, and we can suppose that the
right part of Equation (8) reads as

gLGn,m(r, z|a, t << r) =
1

n!q
exp

(
− r2

w2
0q

)(
1− aq

q

)n( reiϕ

w0q

)m( −r2

w2
0q(1− aq)

)n

. (16)

As seen in Equation (16), the TC of the whole superposition is thus equal to m, i.e.,
equal to the maximal TC in the superposition of the generalized LG beams. The generalized
LG beams from Equation (6) have the same topological charge as of the conventional LG
beams from Equation (2). In the next section, the simulation confirms this.

It can be seen in Equation (8) that if m > 0, then, upon propagation in free space, the
transverse shape of the light beam should be rotated counterclockwise, as typically happens
for most light beams.

However, the asymmetry of the intensity distribution is only affected by the Laguerre
polynomial, since the absolute values of all other multipliers in Equation (8) are rotationally
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symmetric. For simplicity, we consider a simple case, a = 1
2 , since the denominator of the

argument of the Laguerre polynomial becomes real-valued. The argument ξ is thus equal to

ξ = 2
r2 − tw(z)reiϕ+iγ

w2(z)
(17)

where γ = arctan(z/z0) is the Gouy phase and where w(z) = w0|q(z)|. Equation (17) can be
rewritten in the Cartesian coordinates:

ξ = 2 x2+y2

w2(z) − 2t x+iy
w(z) eiγ

= 2
(

x
w(z) −

t cos γ
2

)2
+ 2
(

y
w(z) +

t sin γ
2

)2
− t2

2 − 2it y cos γ+x sin γ
w(z) .

(18)

We see that the real part of the argument is, up to the constant −t2/2, the distance
from the point (x,y) to the point with coordinates

xc =
t
2

w(z) cos γ, yc = −
t
2

w(z) sin γ. (19)

To determine the transformation of the beam transverse shape on propagation, we
should choose some characteristic points whose evolution we are able to trace. Equation
(18) indicates that we can choose zero-intensity points. Since all the roots of the Laguerre
polynomials are real [50], Im ξ = 0 in these points. Actually, these points reside on the
intersections of several concentric light rings (the roots of the Laguerre polynomial) with
the center given by Equation (19), and of a straight line, y cos γ + x sin γ = 0. In the initial
plane (z = 0), the Gouy phase shift is zero (γ = 0) and, thus, ξ is real at y = 0. The ring center
is in the point (t/2, 0). Thus, if t > 0, the considered zero-intensity points are to the right of
the origin (Figure 1a). Then, after propagation over some distance z, the rings center moves
to the point given by Equation (19), i.e., it is rotated clockwise by the angle −γ with respect
to the origin. The value ξ is real at y = −x tan γ = −xz/z0, i.e., the straight line with real
values ξ is also rotated clockwise by the angle γ (Figure 1b). In the far field, z� z0 and γ =
π/2, the ring center is in the point (0, −t/2) and ξ is real at x = 0 (Figure 1c).
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Figure 1. Schematic evolution of the asymmetric generalized Laguerre–Gaussian beam from Equation
(8) shown as positions of zero-intensity points: in the initial plane (a), after propagation over some
distance (b) and in the far field (c). Blue color denotes the rotationally symmetric part of the beam
(Gaussian envelope with an optical vortex), whereas pink rings denote the rings where the Laguerre
polynomial is zero (if the imaginary part of its argument is neglected). Red dots thus denote the
points where the beam intensity is zero.

Thus, beam (8), consisting of the LG beams with positive topological charges m + s,
is nevertheless rotated clockwise upon propagation. Spiral beams with this anomalous
rotation have been investigated in [51], but beams (8) are different since 2(n− k)+ |m + k|+
θ(m + k) is not a constant at θ = −1 and depends on k.

6. Numerical Modeling of gLG Beams

In this section, we present the results of the computation of the asymmetric gLG
beams. All the data were obtained in two ways: (1) using the numerical Fresnel transform,
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implemented as a convolution by adopting the fast Fourier transform, and (2) using the
theoretical Equation (8). In both cases, the intensity patterns are visually indistinguishable,
while the phase patterns are only different in low-intensity areas. This confirms the
correctness of Equation (8) for the complex amplitudes in space propagation.

Intensity and phase distributions of the symmetric and asymmetric gLG beams for
some transverse planes are shown in Figure 2.
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Figure 2. Intensity (a–e,k–o) and phase (f–j,p–t) distributions of the asymmetric gLG beams, regard-
ing Equation (8), in some transverse planes for the following computation parameters: wavelength: λ
= 532 nm; Gaussian beam waist radius: w0 = 1 mm; radial index of the gLG beam: n = 4; azimuthal
index (topological charge): m = 3; scaling factor: a = 1/2; asymmetry parameter: t = 0 (a–j) and t =
0.25 (k–t); propagation distances: z = 0 (a,f,k,p), z = z0/2 (b,g,l,q), z = z0 (c,h,m,r), z = 2z0 (d,i,n,s) and
z = 10z0 (e,j,o,t). Dashed circles on the phase distributions bound the disks for the TC computation.
All frames are shown in the square [−5c, 5c]× [−5c, 5c], where c = 2 mm (a–d,f–i,k–n,p–s) and c = 10
mm (e,j,o,t) are the sizes of the grid cell.

As seen in Figure 2, if a = 1/2 and t = 0, the asymmetric gLG beam reduces to the
conventional shape-invariant LG beam. When t = 0.25, the beam becomes asymmetric and,
in agreement with the theory above, rotates clockwise upon propagation in free space. For
each plane, we compute the TC value. The results are 3.0000 (Figure 2p), 2.9981 (Figure 2q),
2.9971 (Figure 2r), 2.9982 (Figure 2s) and 2.9295 (Figure 2t), i.e., the theoretical value of
TC = 3 is confirmed.

Now, let us consider what happens when the asymmetry parameter is further in-
creased. Figure 3 illustrates the intensity and phase distributions of the symmetric and
asymmetric gLG beams, regarding Equation (8), in some transverse planes when t = 1 and
t = 2.
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According to Figure 3, when the asymmetry parameter is increased, only the central
and the outermost rings become bright, while the other rings become pale. It can also be
seen that the intensity trends towards a single ring shape (Figure 3i–l). This is predictable,
since when t in Equation (8) grows, the most significant weight in this superposition is of
the last LG beam, i.e., the beam with k = n. This is an exactly single-ringed LG beam (with
the azimuthal index of m + n).

The computed TC values in each plane are as follows: 3.0000 (Figure 3e), 2.9982
(Figure 3f), 2.9972 (Figure 3g), 2.9985 (Figure 3h), 3.0000 (Figure 3m), 2.9982 (Figure 3n),
2.9972 (Figure 3o) and 2.9988 (Figure 3p), i.e., the theoretical value of TC = 3 is confirmed.

When the asymmetry parameter t becomes large enough, the single-ringed LG beam
completely dominates in the superposition and the intensity distribution looks like a homo-
geneous ring (Figure 4). Then, looking at Equation (8), it may seem that this domination
leads to the change of the TC to m + n. However, Figure 4 demonstrates that the TC
remains equal to m, since there are additional n peripheral optical vortices of the charge
−1 (insets in Figure 4i–l). For instance, when the TC is computed over a disk of radius 9
mm (circles in Figure 4e–h), the obtained values are 7.0017 (Figure 4e), 6.9980 (Figure 4f),
6.9946 (Figure 4g) and 6.9968 (Figure 4h). When the disk radius for computation has been
doubled (Figure 4i–k) or tripled (Figure 4l), the obtained values became 3.0000 (Figure 4i),
2.9704 (Figure 4j), 2.9534 (Figure 4k) and 2.9625 (Figure 4l).
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Figure 4. Intensity (a–d) and phase (e–l) distributions of the asymmetric gLG beams, regarding
Equation (8), in some transverse planes for the following computation parameters: wavelength: λ =
532 nm; Gaussian beam waist radius: w0 = 1 mm; radial index: n = 4; azimuthal index (topological
charge): m = 3 of the LG beam; scaling factor: a = 1/2; asymmetric parameter: t = 10; propagation
distances: z = 0 (a,e,i), z = z0/2 (b,f,j), z = z0 (c,g,k) and z = 2z0 (d,h,l). Dashed circles on the phase
distributions bound the disks of the TC computation. Phase distributions in the bottom row are
the same as above but the area is enlarged. The insets (j–l) show the 4-fold zoomed regions with
additional vortices.

7. Numerical Modeling of gHG Beams

First, we compare gHG beams with standard and elegant HG beams. Figure 5 depicts
the intensity and phase distributions of HG beams n = m = 5, as can be seen in Equation (1),
whose shape is conserved upon propagation in both transverse directions (a–h); of eHG
beams n = m = 5, as can be seen in Equation (3), whose shape is changed (i–p); and of gHG
beams n = m = 5, as can be seen in Equation (5), whose shape is conserved in one transverse
direction and is changed in another direction (q–x).
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Figure 5. Intensity (a–d,i–l,q–t) and phase (e–h,m–p,u–x) distributions of gHG beams, regarding
Equation (5), (i.e., without the asymmetry) in some transverse planes for the following computation
parameters: wavelength: λ = 532 nm; Gaussian beam waist radius: w0 = 1 mm; orders of the HG
beams: m = 5 and n = 5; scaling factors: a = 1/2 and b = 1/2 (a–h), a = 0 and b = 0 (i–p), a = 0 and b =
1/2 (q–x); propagation distances: z = 0 (a,e,i,m), z = z0/2 (b,f,j,n), z = z0 (c,g,k,o) and z = 2z0 (d,h,l,p).
All frames are shown in the square [−5c, 5c]× [−5c, 5c], where c = 2 mm is the size of the grid cell.

As can be seen in Figure 5, all three beams are symmetrical with respect to the Cartesian axes.
Figure 6 illustrates the asymmetric generalized gHG beams with n = m = 5 that have

two real-valued parameters: t and τ. Since the beam is different in different transverse
directions along the axes x and y, for the changes to be more visible, we apply a different
asymmetry along these axes.
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Figure 6. Intensity (a–d,i–l,q–t) and phase (e–h,m–p,u–x) distributions of asymmetric gHG beams,
regarding Equation (9), in some transverse planes for the following computation parameters: wave-
length: λ = 532 nm; Gaussian beam waist radius: w0 = 1 mm; orders of the gHG beams: m = 5 and n =
5; scaling factors: a = 0 and b = 1/2; asymmetry parameters: t = 0 and τ = 1/2 (a–h), t = 1/4 and τ = 0
(i–p) and t = 1/4 and τ = 1/2 (q–x); propagation distances: z = 0 (a,e,i,m), z = z0/2 (b,f,j,n), z = z0

(c,g,k,o) and z = 2z0 (d,h,l,p). All frames are shown in the square [−5c, 5c]× [−5c, 5c], where c = 2
mm is the size of the grid cell.

As expected, the nonzero parameter τ breaks the intensity asymmetry with respect to
the axis y (Figure 6a–h). Similarly, the nonzero parameter t breaks the intensity asymmetry
with respect to the axis x (Figure 6i–p). When both the parameters t and τ are nonzero,
both asymmetries are broken (Figure 6q–x). Thus, setting the parameters t and τ allows us
to change the intensity shape in the beam cross-section.

8. Experiment

Figure 7 illustrates the optical setup for the experiment. A light beam from the laser
impinges onto the SLM, after which three diffraction orders occur. The diaphragm D
transmits the working first diffraction order, whereas the spherical lens L4 (f = 250 mm)
focuses it. The CCD matrix registers several intensity distributions near the focus.
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Figure  9.  Intensity distributions  registered by  the CCD‐camera  in  the  setup  from Figure  7  at  a 
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Figure 7. Experimental setup. Laser–MGL-F-532-700 (λ = 532 nm), M1, M2,–mirrors, PH–pinhole, L1-
L4-spherical lenses (f 1 = 750 mm, f 2 = 150 mm, f 3 = 100mm, f 4 = 250 mm), D–diaphragm, SLM–spatial
light modulator (Holoeye LC 2012), CCD–CCD camera (UCMOS10000KPA).

Figure 8a depicts the phase distribution generated in the SLM display. The phase
from Figure 8a encodes the amplitude and phase of the asymmetric generalized LG beam
from Equation (8) with the same parameters as in Figure 2m. The computed intensity
distribution generated by the phase is shown in Figure 8b.
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Figure 9 depicts the intensity distributions at different distances before and after the
focus, registered by the CCD-matrix in the optical setup from Figure 7 with using the phase
from Figure 8a in the SLM.
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of 2 mm before the focus of the lens L4 (a), near the focus (b) and at a distance of 2 mm after the focus
(c). The frame sizes are (1 × 0.75) mm.

As can be seen in Figure 9, the experimental intensity patterns are qualitatively con-
sistent with the computed pattern shown in Figure 8b. It can be seen that the energy goes
mostly into the inner and outer light rings. Both these rings have the shape of a crescent
and rotate on propagation.
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9. Conclusions

Summing up, we have derived novel exact solutions of the paraxial propagation equa-
tion. Relationships have also been deduced for the complex amplitudes that describe the
propagation of asymmetric gHG and gLG beams in (8) and (9). The derived relationships
contain parameter sets, with the amplitude of an asymmetric gLG beam being described by
two complex parameters, namely, the scale parameter and the asymmetry degree parameter.
The amplitude of an asymmetric gHG beam contains four parameters, divided into pairs
for each Cartesian axis. With the original generalized elegant HG (5) and LG (6) beams not
retaining their intensity pattern upon free-space propagation, the derivative generalized
asymmetric HG and LG beams also do not retain their intensity pattern in the course of
their propagation evolution. The generalized LG beams of Equation (9) are not orthogonal
with regard to the radial indices, meaning that the asymmetric LG beams of Equation (10)
are also non-orthogonal with regard to the radial indices. For the generalized LG beams,
we have proved that their topological charge is independent of the asymmetry and equals
the upper index of the Laguerre polynomial. We have also found that the asymmetric LG
beam is anomalously rotated upon propagation in free space, i.e., it is rotated clockwise
when the vortex factor has a positive topological charge.

Another finding of this work is the relationship of the complex amplitude of a family
of generalized vortex HG beams in Equation (11), which is characterized by three parame-
ters, with two parameters defining the beam scale and a complex parameter defining the
asymmetry degree of elliptical optical vortices of unit topological charge, with the vortices
centered at the zeros of a Hermite polynomial.

The proposed generalized asymmetrical laser beams can be realized using an SLM,
with the adoption of some techniques for the encoding and amplitude-phase function into
a phase-only one [52,53], utilized for data transmission through atmospheric turbulence.
The scale parameters and the parameter controlling the asymmetry degree offer additional
degrees of freedom [54] enabling the creation of a beam least prone to distortion due to
turbulence. We note that attractive beams for optical communications are non-diffractive
beams such as Bessel beams [55] or Airy beams [56]. However, Laguerre and Hermite
Gaussian beams are also used for these tasks [57].

The asymmetric generalized LG beams from Equation (8) can also be used for trapping
and rotating microparticles along a light arc [46] or for trapping and shifting biological
cell-like microobjects without damaging them [28]. Asymmetric generalized HG beams
from Equation (9) constitute a four-parametric family. Changing these parameters allows
us to control the intensity distribution in the beam cross-section. Such beams can be used
for accelerating microparticles [58]. Asymmetric generalized LG beams from Equation (8)
rotate upon propagation (Figures 2 and 3). This property can be used in optical metrol-
ogy [59] for measuring the longitudinal beam shift by measuring the rotation angle of the
asymmetric intensity pattern in the beam cross-section [60].
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