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Abstract

:

The propagation and scattering of vortex light beams in complex media have significant implications in the fields of laser imaging, optical manipulation, and communication. This paper investigates the scattering characteristics of vortex light beams from a random rough surface. Firstly, a two-dimensional Gaussian rough surface is generated using the Monte Carlo method combined with the linear filtering method. Subsequently, the vortex beams are decomposed into the superposition of infinite plane waves, and the scattering of each plane wave from the rough surface is calculated using the Kirchhoff Approximation method. Numerical results of the angle distribution and spatial distribution of OAM scattering Laser Radar Cross Section (LRCS) are presented, varying with different surface roughness parameters for a rough aluminum surface and the beam’s parameters. The results demonstrate that the scattering of vortex beams is influenced by the beam’s parameters, such as Orbital Angular Momentum (OAM) mode number and elevation angle, which may bring new insights into vortex wave-matter interactions and their applications in high resolution imaging.
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1. Introduction


Vortex beams carrying Orbital Angular Momentum (OAM) exhibit a phase singularity with a specific OAM mode number, resulting in a hollow intensity distribution. This distinctive property enables the vortex wave to modulate information by manipulating the phase structure of the optical vortex [1]. Exciting research has been focused on utilizing OAM across various frequency ranges, including visible, infrared, terahertz, and millimeter wavelengths [2,3,4,5]. The vortex wave-matter interactions in the infrared region plays a crucial role and is highly demanded in wide-ranging applications, including (but not limited to) optical communication [6], astronomic observation [7], defect detection, and infrared sensing [8].



In the past few years, significant efforts have been devoted to investigating vortex beam generation, propagation, and communication applications. Allen et al. first proposed Orbital Angular Momentum in vortex beams, which unveiled a new understanding of the connection between macroscopic optics and quantum effects [9]. Garcés-Chávez et al. experimentally demonstrated that a high order Bessel beam possesses OAM and can transfer OAM to trap transparent particles in optical tweezers [10]. Li simulated the echo speckle characteristics of Laguerre–Gauss (LG) vortex beams scattered from random rough surface targets based on the Rytov Approximation Theory. The results showed that in weak turbulence regions, the target characteristics were the primary influencing factors of the speckle fields [11]. Ju investigated vortex beam propagation characteristics generated by a coherent laser array using the random phase screens simulation in atmosphere and proposed a scheme of an optical communication system simultaneously possessing polarization-division multiplexing and OAM multiplexing [12]. Dong established a double-passage propagation model of partially coherent LG vortex beams with OAM modes in turbulent atmosphere after scattering from Gaussian rough surfaces. Based on this model, the light intensity and phase distribution, beam spreading, and OAM spectrum of vortex beams scattered by random Gaussian rough surfaces were analyzed [13].



Considering that laser radar offers superior resolution compared to microwave radar, the development of target recognition applications using vortex beams requires a fundamental understanding of the interaction mechanism of OAM modes with various objects. The generalized Lorenz–Mie theory has been widely used to solve the scattering problem of spherical [14] or a multilayered chiral sphere illuminated by vortex beams [15]. By expanding the beam field in terms of cylindrical waves, the scattering of an E-polarized electromagnetic vortex Bessel beam by a gyrotropic cylinder was studied in [16]. However, most of these studies focused on regular objects such as particles or cylinders. There is limited research on vortex beams scattering from rough surfaces due to the randomness and irregularity of the surface, making it difficult to obtain a rigorous analytical expression for surface scattering. Previous studies on the scattering statistics of rough surfaces for both light waves [17] and radio waves [18] have been made in the scopes of both depth and breadth. A theoretical scattering model from a rough soil surface covering a wide range of surface parameters was established by the advanced integral equation model (AIEM) in [19]. Jin investigated the dominant factors for the Very High-Resolution (VHR) radar image speckles from exponentially correlated rough surfaces using the Finite-Difference Time-Domain (FDTD) method [20]. However, these numerical algorithms are not applicable in the infrared band due to the large number of unknowns. Therefore, in this study, we utilize the Kirchhoff Approximation method to calculate the OAM wave scattering field from rough surfaces in the infrared band.



In our previous work, we obtained approximate numerical results of typical targets by plane wave expansion and coordinate system transformation [21]. Studying the scattering of vortex beams from rough surfaces may bring new insights into the vortex wave-matter interaction as well as new applications. Motivated by the features and applications of vortex beams, we undertake analytical and numerical simulations for the scattering of vortex beams from a rough surface. This paper is organized as follows. In Section 2, a two-dimensional Gaussian rough surface is generated and the electric field of vortex beams with a certain OAM mode number is decomposed into the superposition of infinite plane waves according to the electromagnetic theory and the spectral domain method. Moreover, the analytical solutions of the scattering interactions between the vortex beams and the rough aluminum surface are presented using the Kirchhoff Approximation method. Section 3 presents numerical simulations for different parameters. We discuss the results in Section 4, followed by the conclusion in Section 5.




2. Methods


2.1. Gaussian Rough Surface Generation


The two-dimensional (2D) Gaussian rough surface was generated by a combination of the Monte Carlo method and the linear filtering method. In the linear filtering method, the 2D Gaussian rough surface is regarded as a series of harmonics with different wavelengths, periods, and initial phases. The amplitude of these harmonics are independent Gaussian random variables {   γ n   }, with the real and imaginary parts following a standard normal distribution, respectively.



The height of the rough surface can be expressed as


  f (  x m  ,  y n  ) =  1   L x   L y      ∑   m k  = − M / 2   M / 2 − 1      ∑   n k  = − N / 2   N / 2 − 1    F (  k   m k    ,  k   n k    ) exp   i    k   m k     x m  +  k   n k     y n           



(1)




where Lx and Ly correspond to the lengths of the rough surface in the x and y directions, respectively. The spatial wave numbers are discretized into    k   m k      and    k   n k      along the x and y directions, respectively, with M and N denoting the number of discrete points. When M or N is even, the Fourier coefficient in Equation (1) is


  F (  k   m k    ,  k   n k    ) =  γ n  π   2 S (  k   m k    ,  k   n k    ) / (  L x   L y  )   +  γ  − n  *  π   2 S ( −  k   m k    , −  k   n k    ) / (  L x   L y  )   )  



(2)







When M or N is odd, the Fourier coefficient in Equation (1) is


  F (  k   m k    ,  k   n k    ) =        γ n  π   2 S (  k   m k    ,  k   n k    ) / (  L x   L y  )   +  γ  − n  *  π   2 S ( −  k   m k    , −  k   n k    ) / (  L x   L y  )   )          m k  ≠ 0     o r      n k  ≠ 0           2 ζ π   2 S (  k   m k    ,  k   n k    ) / (  L x   L y  )        m k  =  n k  = 0        



(3)




where  ζ  is a random number and obeys the standard normal distribution, and the coefficient “2” before  ζ  is to ensure that the amplitude distribution of the zero-frequency component is consistent with that of other frequency components. To enhance the computational efficiency of the Two-Dimensional Inverse Fourier Transform (2DIFT), we opt for even values of M and N in this study.



The power spectral density,   S (  k   m k    ,  k   n k    )  , of the 2D Gaussian rough surface in Equations (2) and (3) takes the form of


  S (  k   m k    ,  k   n k    ) =  δ 2     l x   l y    4 π   exp ( −    k   m k   2   l x 2  +  k   n k   2   l y 2   4  )  



(4)




where  δ  is the root mean square (RMS) of the surface height and    l x  ,  l y    is the correlation length in the x and y directions.



It is noted that in practical computer simulation, Equation (1) can be obtained using 2D Inverse Fast Fourier transform (IFFT). Figure 1 presents rough surfaces with varying roughness parameters. The simulated parameters are as follows: the number of discrete points is M = N = 256 and the length is Lx = Ly = 1000λ, with λ = 10.3531 μm. The roughness parameters corresponding to Figure 1a–c are   δ = λ ,   l = 2 λ   (surface I),   δ = λ ,   l = 3 λ   (surface II), and   δ = 2 λ ,   l = 3 λ   (surface III), respectively. It is evident that the roughness parameter is a significant factor influencing the surface undulations. Figure 1d illustrates the difference of the surface height for the same RMS but varying correlation lengths, while Figure 1e depicts the difference of the surface height for the same correlation length but varying RMS. It can be observed that the RMS has a greater impact on surface undulations compared to the correlation length. As the RMS increases, the surface undulations of the rough surface also increase.




2.2. Vortex Wave Scattering Model from a Rough Surface


Based on our previous work, the electric field of vortex waves can be decomposed into the superposition of plane waves with different elevation angle,  α , and azimuthal angle,  υ , which determines the propagation direction of decomposed plane waves. The transverse electric field of the incident vortex beams can be expressed as [21]


     E i  ( r ) = ( a   x ^  b  + b   y ^  b  ) E ( z , ρ )  e  − j l ϕ       =    ∬   k x 2  +  k y 2  ≤  k 2       A (  k x   ,  k y   )    k ρ        e  − j (  k x  x +  k y  y +  k z  z )      j l    2 π    e  − j l υ   ⋅ ( a   x ^  b  + b   y ^  b  ) d  k x  d  k y     



(5)




where a and b are complex amplitude of the x and y components of the electric field, which also denote polarizations of OAM waves. The polarization of the OAM wave in this paper is set as linear, with   a = 0 ,   b = 1   for HH polarization and   a = 1 ,   b = 0   for VV polarization. Subscript b represents the beam coordinate to distinguish it from the scattering coordinate,  ρ  is the radial length, and  ϕ  denotes the azimuthally spatial location of waves in the cylindrical coordinate and    k z  = k cos α ,    k ρ  = k sin α =    k x 2  +  k y 2    ,    k x  =  k ρ  cos υ ,    k y  =  k ρ  sin υ  .



As shown in Figure 2, the incident and scattered wave vector of the vortex waves can be expressed as:


     K i  =  k 1    z ^  b  =  k 1  ( sin  θ i  cos  φ i   x ^  + sin  θ i  sin  φ i   y ^  - cos  θ i   z ^  )      K s  =  k 1  ( sin  θ s  cos  φ s   x ^  + sin  θ s  sin  φ s   y ^  + cos  θ s   z ^  )    



(6)







The beam incident coordinates can be expressed in the global coordinates by setting     y ^  b    (the horizontal polarization) to be     y ^  b  =  H ^  =  z ^  ×  K i  /    z ^  ×  K i    = − sin  φ i   x ^  + cos  φ i   y ^    and     x ^  b    (the vertical polarization) to be     x ^  b  =  V ^  =   y ^  b  ×  K i  = − cos  θ i  cos  φ i   x ^  − cos  θ i  sin  φ i   y ^  − sin  θ i   z ^   . Then, the incident wave vectors,    k i   , of each plane wave after decomposition can be expressed in the global coordinate system as


   k i  =  k 1  ( sin α cos υ   x ^  b   + sin  α sin υ   y ^  b  + cos α   z ^  b  ) =  k x i   x ^  +  k y i   y ^  +  k y i   z ^   



(7)







The scattering of each plane wave with a specific amplitude and phase distribution determined by a specific elevation angle,  α , and a set of distributed azimuth angles (  0 ~ 2 π  ) needs to be separately solved. Kirchhoff Approximation (KA) is used in this paper to calculate the scattered echo of the rough surface illumined by each decomposed plane wave as follows [22]:


   E N s   r  = K    ∫  − X  X      ∫  − Y  Y    1   k ρ       j l    2 π    e  − j l υ    U  p q          e  j (  k s  −  k i  ) ⋅  r ′    d  x ′  d  y ′   



(8)




where subscript N represents the nth decomposed plane wave,   K = − j  k s   e  − j  k s   R 0    / ( 4 π  R 0  )  .    U  p q     is the polarization coefficient with the form of


   U  p q   =  a 0  +  a 1   f x ′  +  a 2   f y ′   



(9)




where    a 0  ,    a 1   , and    a 0    are as below


     HH :       a 0  = −  R   HH 0      cos θ + cos  θ s    cos (  φ s  − φ )      a 1  = a cos φ      a 2  = a sin φ     a =  R   HH 0      sin  θ s  − sin θ cos (  φ s  − φ )   −  R   HH 1    ( cos θ + cos  θ s  ) cos (  φ s  − φ )    



(10)






     VV :       a 0  =  R   VV 0      cos θ + cos  θ s    cos (  φ s  − φ )      a 1  = a cos φ      a 2  = a sin φ     a =  R   VV 0      cos  θ s  + cos θ   cos (  φ s  − φ ) −  R   VV 1    [ sin  θ s  − sin θ cos (  φ s  − φ ) ]    



(11)






     R   VV 0    =    ε r  cos  θ i  −    ε r  −   sin  2   θ i       ε r  cos  θ i  +    ε r  −   sin  2   θ i      ,  R   VV 1    =    R   VV 0    ( 1 +  ε r  ) sin  θ i  + ( 1 −  ε r  ) sin  θ i     ε r  cos  θ i  +    ε r  −   sin  2   θ i           R   HH 0    =   cos  θ i  −    ε r  −   sin  2   θ i      cos  θ i  +    ε r  −   sin  2   θ i      ,  R   HH 1    = −   2  R   HH 0    sin  θ i    cos  θ i  +    ε r  −   sin  2   θ i         



(12)




where    R   HH , VV      is the Fresnel reflection coefficient and    ε r    is the relative dielectric constant. In this paper, we chose Aluminum as the material of rough surface. Table 1 shows the complex permittivity of aluminum in infrared bands at a temperature of   300   K   [23].    θ i  = arccos ( −   k ^  i  ⋅  n ^  )   is the incident angle for each decomposed plane wave, which is determined by    k i    in Equation (7) and the local normal vector   n ^   of the discrete rough surface. Similarly,    θ s  = arccos (   K ^  s  ⋅  n ^  )   is the scattering angle for each decomposed plane wave, which is determined by    K s    in Equation (6) and the local normal vector   n ^   of the discrete rough surface.    f x ′    and    f y ′    represent the slope of the two-dimensional surface in the x and y directions, respectively.



In this paper, we assume that the OAM waves are composed of only a set of plane waves with a single elevation angle, α. Then the final total scattering field can be obtained by superimposing the scattering fields of each plane wave:


   E s   r  =    ∬   k x 2  +  k y 2  =  k 2    sin  2  α     E N s   r     d  k x  d  k y   



(13)







Laser Radar Cross Section (LRCS) is utilized to describe the laser radar echo characteristics of the target. The normalized LRCS through irradiated area,  A , denoted as the scattering coefficient, is as follows:


  σ =   lim   R → ∞   4 π  R 2         E s     2    A      E i     2     



(14)









3. Numerical Results


In this section, the cross sections of OAM waves’ transverse electric fields in the infrared band, the normalized LRCS from the rough surface, and the spatial distribution of LRCS for the rough surface illuminated by the vortex beams are to be presented.



3.1. Cross Sections of OAM Waves’ Transverse Electric Fields


Figure 3 and Figure 4 show the cross sections of OAM waves’ transverse electric fields in the infrared band, characterized by distinct OAM mode (l) and elevation angles ( α ). The wavelength of the incident beam is λ = 10.3531 μm. It can be seen that, for OAM modes l =−1 and l =1, the amplitude of the incident OAM waves’ transverse electric field exhibits a hollow intensity distribution, while the phase changes from 0 to   2 π   in a period of azimuth angle. Furthermore, a reversal in the phase distribution occurs when there is a change in sign of the OAM mode number. This reversal is a result of the field’s sign changes. Moreover, for OAM modes l = 2 and l = 3, the intensity hollow is no longer a perfect round hole. We can also observe that the phase changes l times from 0 to   2 π   in the azimuth angle direction. Comparing Figure 3 and Figure 4 with different elevation angles ( α ), we can observe that an increase in the elevational angle results in more fluctuation changes for both the amplitude and phase distribution with the same radii of cross sections.




3.2. Normalized LRCS from Rough Surface


Figure 5 shows numerical results for the backscattering normalized LRCS of a rough aluminum surface with a size of 1000λ × 1000λ, as shown in Figure 1. Note that the OAM wave with OAM mode   l = 0   is equivalent to a plane wave. To demonstrate the validity of the proposed method, letting   l = 0   and   α = 0 °  , the incident angle and scattering angle is set as    θ i  =  θ s  = 0 ° ~ 60 ° ,    φ i  = 0 ° ,    φ s  = 180 °  . Remarkably good agreements are observed in Figure 4a between the backscattering LRCS angular distribution of the rough aluminum surface induced by the decomposed OAM wave and the plane wave.



Figure 5a,b illustrates the angle distribution of the normalized LRCS for different OAM modes with elevational angles   α = 10 °   and   α = 30 °  . It can be observed that the results for   l = 1   and   l = − 1   are approximately equal. This is due to the fact that the sign of the OAM mode has a negligible effect on the intensity distribution of the incident OAM waves, with its influence limited only to the phase of the field. However, this influence on the phase distribution, after interacting with a rough surface, can lead to differences in the normalized LRCS. Additionally, we can observe that the normalized LRCS decreases with an increase in OAM mode for both  α  values. Figure 5c presents the influence of different incident wavelengths on scattering. It can be seen that the normalized LRCS increases as the incident wavelength decreases, which is due to the incident wave with shorter wavelength being able to interact with the fine structures of the rough surface, resulting in a further increase in the scattering results. Figure 5d presents the scattering results for different roughness parameters. It can be observed that as the roughness increases, there is a slight increase for the backscattering normalized LRCS in large incident angle. We will discuss the effect of the RMS of height on the scattering characteristics in detail in Section 4.




3.3. Spatial Distribution of LRCS from Rough Surface


Figure 6 presents the spatial distribution of LRCS F from surface I under different vortex wave parameters. It should be noted that for clearer display, we have only shown a quarter of the simulated area. This image illustrates the spatial distribution of the OAM scattering LRCS of each facet of the rough surface. We can see that the scattering intensity varies differently with the change of OAM mode for different incident angles. At an incident angle of 20°, the OAM scattering LRCS exhibits a relatively higher value for OAM mode l = 3 compared to modes l = 1 and l = 2, while at an incident angle of 45°, the OAM scattering LRCS is relatively higher for OAM mode l =2 compared to modes l = 1 and l = 3. This contradicts the conclusion that the normalized LRCS decreases with an increase in OAM mode drawn in Figure 5, which is attributed to the coherent superposition between surface facets. Figure 7 depicts the spatial distribution of OAM scattering LRCS from a rough surface with   α = 30 °  . By comparing Figure 6 and Figure 7, it can be observed that for the same incident angle, the normalized LRCS decreases as the elevational angle increases.





4. Discussions


In this section, we present numerical results of the bistatic OAM scattering distribution with scattering angle. We also discuss the challenges of the proposed model and its potential applications in the future.



To further illustrate the effect of surface roughness on the scattering characteristics, we set the roughness parameters as   δ = 0.25 λ  ,   δ = 0.5 λ  , and   δ = λ  , with the same correlation length,   l = λ  . The wavelength of the OAM wave is λ = 10.3531 μm, with an incident angle of 30°. Figure 8 depicts the distribution of bistatic scattering NLRCS with scattering angle    θ s   , both for plane waves and OAM waves. It can be seen that the trends of the two curves of the plane wave and OAM wave scattering are roughly the same, except for different magnitudes. For rough surfaces with small roughness, the scattered power is mainly concentrated in the mirror area (i.e., the scattering angle is −45°~−15° for a 30° incidence). As the roughness increases, the mirror component decreases, and diffuse reflection dominates. This occurs because the normal vector of the tangent plane for rough surfaces with lower roughness is basically perpendicular to the entire rough surface, while the direction of the normal vector of the tangent plane for rough surfaces with large roughness becomes more dispersed.



Furthermore, we have presented the transverse electric fields of incident vortex light beams by integrating elevation angles,  α , as shown in Figure 9. We found that after integrating elevation angles, phase discontinuity occurs, which is attributed to the cumulative error effect of transverse electric fields with different  α . On the other hand, the double integration for elevation angle,  α , and azimuthal direction,  υ , makes the scattering model time-consuming for calculating the scattering field of each facet of the surface. Therefore, in the present study, we assume that the OAM waves are composed of only a set of plane waves with a single elevation angle, α. With the improvement of computing performance, we may use parallel algorithms to analyze this problem in future work.



Based on the simulated results presented in Section 3 and Section 4, the following statements can be made: (1) The normalized LRCS from the rough surface for OAM modes   l = 1   and   l = − 1   are roughly equal. This is due to the fact that the sign of the OAM mode has a negligible effect on the intensity distribution, with its influence limited only to the phase of the field. (2) The normalized LRCS decreases with an increase in OAM mode. (3) The scattered power is mainly concentrated in the mirror area rough surfaces with small roughness. As the roughness increases, the mirror component decreases, and diffuse reflection dominates. (4) The spatial distribution of LRCS from the Gaussian surface presented in this paper can be used for interpreting OAM high-resolution imaging.



To sum up, the analysis in this article is beneficial for understanding the mechanism of interaction between OAM waves and rough surfaces. Previous studies on the propagation of LG beams encountering rough surfaces in turbulent atmospheres have primarily focused on the phase screen theory, emphasizing the propagation characteristics of light beams rather than the scattering characteristics of targets [11,13]. Combining phase screen theory with the model presented in this paper may provide new ideas for the scattering characteristics of rough targets in turbulent atmospheres. We believe that the scattering model proposed in this paper can provide a theoretical basis for laser radar with OAM mode to detect rough targets and high-resolution imaging.




5. Conclusions


In summary, we proposed a scattering model for a vortex beam from rough surfaces, and numerical results are presented for the backscattering of a rough aluminum surface. In the infrared frequency range, laser radar can detect the fine structures of the rough targets. Therefore, rough surfaces with different roughness parameters were generated and the scattering of vortex waves from these rough surfaces was calculated using the plane wave expansion theory of vortex waves, coordinate system transformations, and the KA method. It can be concluded that various factors, such as incident wave frequency, angle, and roughness parameters, have an impact on the scattering results. Additionally, the evolution angle and the OAM mode also play a significant role in influencing the scattering intensity. The scattering model for the angular and spatial distribution of backscattering LRCS proposed in this paper may provide a theoretical basis for OAM laser radar applications and high-resolution vortex wave imaging.
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Figure 1. Gaussian surfaces: (a) surface I:   δ = λ ,   l = 2 λ  ; (b) surface II:   δ = λ ,   l = 3 λ  ; (c) surface III:   δ = 2 λ ,   l = 3 λ  . (d) Height difference between surface I and surface II. (e) Height difference between surface II and surface III. 
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Figure 2. Geometry for Vortex light beam scattering from a rough surface. 
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Figure 3. Transverse electric fields of incident OAM waves with   α = 10 °  : (a)   l = − 1  ; (b)   l = 1  ; (c)   l = 2  ; (d)   l = 3  . 
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Figure 4. Transverse electric fields of incident OAM waves with   α = 30 °  : (a)   l = − 1  ; (b)   l = 1  ; (c)   l = 2  ; (d)   l = 3  . 
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Figure 5. Normalized LRCS from Gaussian surface for OAM waves incidence: (a)   α = 10 °  , λ = 10.3531 μm; (b)   α = 30 °  , λ = 10.3531 μm; (c)   α = 10 °  , l = 1 with different wavelength of OAM waves; (d)   α = 10 °  , l = 1 with different surface. 
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Figure 6. The spatial distribution of LRCS from Gaussian surface I for OAM wave incidence with α = 10°: (a) l = 1, 20° incidence; (b) l = 2, 20° incidence; (c) l = 3, 20° incidence; (d) l = 1, 45° incidence; (e) l = 2, 45° incidence; (f) l = 3, 45° incidence. 
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Figure 7. The spatial distribution of LRCS from Gaussian surface I for OAM waves incidence with α = 30° and 45° incidence: (a) l = 1; (b) l = 2; (c) l = 3. 
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Figure 8. The distribution of bistatic scattering NLRCS with scattering angle    θ s    for a 30° incidence: (a) plane wave incidence; (b) OAM wave incidence with l = 1,   α = 10 °  . 
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Figure 9. Transverse electric fields of incident OAM waves by integrating elevation angles with OAM mode l = 1. (a) amplitude distribution (b) phase distribution. 
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Table 1. Permittivity of aluminum in infrared band at   300   K  .
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Material

	
    Wavelength   (  μ m  )    

	
     ε  r 1      

	
     ε  r 2      






	
aluminum

	
4.7784

	
−2098

	
760.6




	
5.1765

	
−2424

	
905.2




	
8.8741

	
−6205

	
3410




	
10.3531

	
−7787

	
4899




	
12.4238

	
−9964

	
7279
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