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Abstract: Numerical pump-probe simulations for the sub-cycle transient spectroscopy of thin film
diamond under intense few cycle pulse laser field is reported. The electron dynamics is calculated
by the time-dependent Kohn-Sham equation. Simultaneously, the propagation of electromagnetic
field is calculated by the Maxwell equation. Our result shows that the modulation of the reflectivity,
transmission, and absorption around the optical gap do not coincide with the field amplitude of the
pump laser. The phase shift of the modulation with respect to the pump field depends on the pump
intensity and probe frequency. The modulation of the reflectivity is sensitive to the choice of the
exchange-correlation potential, and dynamical effect of the mean-field in meta-GGA potential.
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1. Introduction

In the last two decades, advances in laser sciences and technologies have resulted in the availability
of intense coherent light with different characteristics. Ultra-short laser pulses can be as short as a
few tens of an attosecond [1], forming the new field of attosecond science [2]. Intense laser pulses of
mid-infrared (MIR), and THz frequencies have also recently become available [3,4]. By employing
these extreme sources of coherent light, it is possible to investigate the optical response of materials in
real time with a resolution much lower than an optical cycle [2,5–9].

The dielectric function ε(ω) is the most fundamental quantity which characterizes the optical
properties of matter. The ε(ω) observed in ultra-fast pump-probe experiments can be considered
as a probe time (Tp)-dependent function ε(Tp, ω). The modulation of ε(ω) in the presence of
electromagnetic fields has also been the subject of investigation for many years. The change under
a static electric field is known as the Franz-Keldysh effect (FKE) [10–17], and under an alternating
electric field is known as the dynamical FKE (DFKE) [18–23].

Novelli et al. [8] reported the subcycle modulation of transmittance of GaAs for the first time
under intense THz pulse. In previous work, we determined the sub-cycle change of the optical
propertiescite, i.e., time-resolved DFKE (Tr-DFKE), which corresponds to the beat and quantum path
interference between the different dressed states [24,25]. In particular, this ultra-fast change exhibits
an interesting phase shift that depends on the field intensity and probe frequency. By using this
phenomenon, we can produce an ultra-fast modulator of light or an ultra-fast optical switch. Recently,
the Tr-DFKE has been observed by Lucchini et al. [26] in thin film polycrystalline diamond on an
attosecond time scale. Similar effects have also been reported for the excitonic state in GaAs quantum
well [27].

In the case of the continuous wave (CW) pump laser, Tr-DFKE can be analytically understood
from the general dressed state picture, as we reported [24,25]. However, for a few-cycle laser pulse,
numerical simulation is indispensable because the dressed state is not a good picture. With regards to
the experiment, the effects of the propagation of pump and probe lasers is also important in material.
For higher frequency region, Tr-DFKE in polycrystalline diamond was reported [26]. Far above the
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band gap, diamond has low transmission and includes the interaction between some conduction
bands. Below the band gap, Tr-DFKE is expected to be more efficient for application owing to large
transmission. However, since the dispersion of the dielectric function is intense around the band
gap, the probe pulse may be chirped in material, resulting in longer the pulse duration and low
time-resolution.

In this work, we present the density-functional multi-scale calculation for the Tr-DFKE under
an intense few-cycle laser around the band gap energy region employing the time-dependent
density-functional theory (TDDFT), and the Maxwell equation. We solve the Maxwell equation
simultaneously, using a finite-difference time-domain (FDTD) approach, and time-dependent
Kohn-Sham (TDKS) equation to reproduce the propagation of the laser field in material, including
electron dynamics for thin-film diamond.

2. Materials and Methods

The theory and its implementation used in the present calculation have been described
elsewhere [28–31], so we describe it only briefly here. The laser pulse that enters from the vacuum and
attenuates in the medium varies on a scale of micrometers, while the electron dynamics take place in
a subnanometer scale. To overcome these conflicting spatial scales, we have developed a multiscale
implementation introducing two coordinate systems: macroscopic coordinate X for the laser pulse
propagation, and the microscopic coordinate r for local electron dynamics. The laser pulse is described
by the vector potential ~AX(t) which satisfies

1
c2

∂2 ~AX(t)
∂t2 − ∂2 ~AX(t)

∂X2 = −4πe2

c
~JX(t). (1)

At each point X we consider lattice-periodic electron dynamics driven by the electric field
EX(t) = − 1

c dAX(t)/dt. These are described by the electron orbitals ψi,X(~r, t) which satisfy the
time-dependent Kohn-Sham equation

ih̄
∂

∂t
ψi,X(~r, t) =

[
1

2m

(
−ih̄∇r +

e
c
~AX(t)

)2
− φX(~r, t) + µxc,X(~r, t)

]
ψi,X(~r, t), (2)

where the potential φX(~r, t), which includes Hartree and ionic contributions, and the
exchange-correlation potential µxc,X(~r, t), are periodic in the lattice. The electric current JX(t) is
provided from the electron orbitals as

JX(t) = −
e

mV

∫
V

d~r ∑
i

Reψ∗i,X

(
~p +

e
c
~AX(t)

)
ψi,X + JX,NL(t), (3)

where V is a volume of the unit cell. JX,NL(t) is the current caused by non-locality of the
pseudopotential.

We solve Equations (1)–(3) simultaneously as an initial value problem where the incident laser
pulse is prepared in a vacuum region in front of the surface, while all Kohn-Sham orbitals are
set to their ground state. The reproduction of the direct band gap is important for reasonable
description of the optical properties. In general, the band gap is underestimated in conventional
local-density approximation (LDA) [32]. In this work we used a modified Becke-Johnson exchange
potential (mBJ) [33] as given by Reference [34] (Equations (2)–(4)), with a LDA correlation potential [32]
in the adiabatic approximation. mBJ potential depends on the density ρ(~r, t) = ∑i |ψ(~r, t)|2, the
gradient of the density∇ρ(~r, t), and the kinetic energy density τ(~r, t) = ∑i |∇ψi(~r, t)|2, which improves
the band gap. We have fixed the mBJ potential to gauge-invariant by changing τ(~r, t) to

τ(~r, t)−~j2X(~r, t)/ρ(~r, t), (4)
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where
~jX(~r, t) = − e

m ∑
i

Reψ∗i,X

(
~p +

e
c
~AX(t)

)
ψi,X +~jX,NL(~r, t) (5)

is the current density. The calculated optical band gap by the mBJ is 6 eV, which is improved from that
by the LDA (5.5 eV) [24,28], and close to the experimental value (7 eV).

We approximate the time-evolution operator by its Taylor series expansion up to 4th order

eiHKS∆t ≈
4

∑
n=1

1
n!

[iHKS∆t]n , (6)

where HKS is the Kohn-Sham Hamiltonian in Equation (2) and ∆t is the time step. The Laplacian in
Equation (2) is evaluated by the nine-point difference formula.

Our multiscale calculation uses a one-dimensional grid with spacing of 100 atomic units (a.u.) for
propagation of the laser electromagnetic fields. We assumed the thin film target with a thickness of
53 nm (1000 a.u.). At each grid point, we calculated electron dynamics using an atomic-scale cubic
unit cell containing eight carbon atoms which are discretized into Cartesian grids of 243. We discretize
the Bloch momentum space into 163 k points. The dynamics of the 32 valence electrons were treated
explicitly; the effects of the core electrons were taken into account by pseudopotentials [35,36]. Both
electromagnetic fields and electrons were evolved with a common time step of ∆t = 0.02 a.u.

The incident pump laser field in vacuum, Ein,P(X, t), is described by

Ein,P(X, t) =

E0,P sin2
(

π tX
TP

)
cos(ωPtX) 0 < tX < TP

0 Tp < tX < Te,
(7)

where E0 is the electric field amplitude at peak, ωP is the laser frequency, and tX = t− X/c describes
the space-time dependence of the field. The pulse length TP is set to be 16.1 fs, and the computation is
terminated at Te = 26.6 fs

Ein,p(X, t) = E0,p cos(ωptX)e
−(tX−Tp)2/D2

p , (8)

where Dp defines the pulse duration and is set to 0.7 fs. The laser frequencies ωP and ωp are 0.6 eV
and 6 eV respectively.

The transmission (T) and reflectivity (R) at wavenumber K can be determined from the spectrum
of the transmitted and reflected probe pulse

T =

∫ Xmax
d dXEp(X, t = Te)eiKX∫ 0
Xmin

dXEin,p(X, t = 0)eiKX
, (9)

and

R =

∫ 0
Xmin

dXEp(X, t = Te)eiKX∫ 0
Xmin

dXEin,p(X, t = 0)eiKX
, (10)

respectively. Here Ep(X, t = Te) is the probe field at the end of the time-evolution, and d is the
thickness of the film. We defined the surface position of target as X = 0. The absorption (Ab) is
determined from T and R

Ab = 1− (T + R). (11)

3. Numerical Results and Discussion

Figure 1 shows the typical simulation for the pump-probe experiment. We set the pump intensity
to be 1× 1011 W/cm2. We define the time-delay as the relative time between the peak of pump and
probe pulse, and the time-delay in Figure 1 is −0.3 fs. The negative time means that the probe pulse
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arrives the surface before the pump pulse. The relative time between pump and probe pulse is not
changed at t = 26.6 fs (Figure 1b). This result indicates that the thickness of the diamond film was
sufficiently small. The probe pulse becomes longer than original pulse and transmitted pulse because
it included the reflected pulse at the rear surface.
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Figure 1. The laser field of the pump (blue-dashed line) and probe (red-solid line) as the function of
the position from the surface. (a) Incidental laser fields at time 0 fs. (b) Transmitted and reflected laser
fields at time 26.6 fs.

Figure 2 shows the calculated change of the (a) transmission (∆T), (b) reflectivity (∆R), and (c)
absorption (∆Ab) from the simulation shown in Figure 1. ∆T and ∆R decrease just below the band gap
(4.8 ∼ 5.9 eV) which indicates an increase of the ∆Ab (Figure 2c). ∆T shows positive and ∆Ab shows
negative values below 4.8 eV. In the static FKE, the absorption below the band gap shows positive
value, which is the tunneling assisted photoabsorption [12]. The negative value in ∆Ab indicates
photo-emission. According to previous theoretical work, DFKE can be understood via the response of
the dressed states [24]. The response of the dressed states includes all optical paths, i.e. high harmonic
generation (HHG), multi-photon absorption (MPA), and differential frequency generation (DFG), etc.
HHG and DFG are photoemission process, which make the negative value in absorption below the
band gap. The positive value of R in FKE below the band gap indicates that the MPI process or
tunneling process is the dominant for adiabatic response.

∆T shows large positive value just above the band gap. This transparency can be attributed to the
blue shift of the band gap by the ponderomotive energy, Up = e2E2

P/4µω2
P, where EP is the electric

field in the diamond and µ is the reduced mass.
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Figure 2. Change of the (a) transmission, (b) reflectivity, and (c) absorption of the probe pulse. Positive
value (negative value) filled by red (blue). The vertical solid line presents the optical band gap.

The time-resolved DFKE is shown in Figure 3 as a function of the probe time and the energy.
The time is defined as the relative time delay between the peak of the pump pulse and the probe pulses.
Figure 3a shows the pump field Ein,P at the surface. Since the dispersion of the dielectric function of
diamond is intense around the band gap, the probe pulse should be chirped during the propagation
which deteriorates the time-resolution. However, numerical result show clear time-dependence with
respect to the phase of the pump laser. This result indicates that the assumed thickness of the thin film
(53 nm) is sufficient to observe the Tr-DFKE. All optical properties peak at the peak of the pump laser
field, Tp = 0. On the other hand, the peaks shift forward as the photon energy decreases and increases.
This behavior is similar to the case of CW pump laser [24].

Figure 4 shows the case of a more intense pump laser (4 × 1011 W/cm2). The most intense
Tr-DFKE signal shifts backward about 1 fs with respect to the peak intensity of the pump pulse laser.
In the case of the CW pump laser, it is unclear which field amplitude defines the intensity of Tr-DFKE
signal. Figure 3 and 4 indicate that the nearest peak of laser field is important for Tr-DFKE. Probe
frequency dependence becomes weak compared to the case of 1× 1011 W/cm2, shown in Figure 3.
This frequency dependent phase shift may access the adiabatic response in extremely intense cases as
we reported in our earlier work [24].

The parameter γ = Up/h̄ωP [8,20,24] is typical parameter to evaluate the adiabaticity of the
process. For γ � 1 (γ � 1), the process is adiabatic (diabatic), and the optical response should
corresponds to FKE (multiphoton absorption). In the case of γ ∼ 1, DFKE is considered as the
dominant process. In this work, γ is 0.16 for 1× 1011 W/cm2, and 0.64 for 4× 1011 W/cm2 with
µ = 0.25 m. Therefore, our results can be considered as the DFKE.
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Figure 3. The laser field amplitude is shown in (a). Time-energy map of the (b) ∆T, (c) ∆R, and (d) ∆R
under the pump laser intensity of 1× 1011 W/cm2. The time 0 is set to the peak of the laser intensity at
diamond surface. The vertical solid lines present the peak of the field amplitude.
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Figure 4. The laser field amplitude is shown in (a). Time-energy map of the (b) ∆T, (c) ∆R, and (d) ∆Ab
under the pump laser intensity of 4× 1011 W/cm2. The time 0 is set to the peak of the laser intensity at
diamond surface.
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Since the Tr-DFKE is the non-perturbative effect, the dynamics of the mean field, which
corresponds to the change of the band structure, is important subject. Figure 5 shows the difference
between time-dependent mean-field and the independent particle (IP) model at time-delay of −0.3 fs.
The thick-solid lines represent the time-dependent mean field, and the thick-dashed lines represent the
IP model with mBJ potential. The IP model shows overestimation for all observables. In particular,
∆R with IP model shows the peak shift about 0.1 eV. These results indicate that the time-dependence
of the mean-field is important and the interpretation by the wave function with initial state has less
meaning with mBJ potential.

The thin-solid and -dashed lines represent the case of the LDA [32] with time-dependent
mean-field and IP model respectively. Since LDA shows under estimation in band gap (5.5 eV
for diamond), the Tr-DFKE signal also shifted about 0.5 eV with respect to the mBJ. For all observables,
LDA shows large modulation compare to the mBJ. In the case of reflectivity, exchange-correlation
potential dependence is significant above the band gap. In contrast to the mBJ potential, the IP model
with LDA potential shows the same result or slightly underestimation compare the time-dependent
mean-field. The significant difference between mBJ and LDA potential is the components depending
on the τ = ∑i |∇ψi|2 and the ∇ρ. These semi-nonlocal and dynamical effect in exchange-correlation
potential affect the time-dependent wave function significantly compare to conventional LDA.
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Figure 5. Exchange-correlation potential dependence on Tr-DFKE for (a) ∆T, (b) ∆R, and (c) ∆Ab. The
pump-probe time-delay is same as Figure 1. Thick solid lines represent the mBJ potential and thin solid
lines represent the LDA potential. Dashed lines represent the independent particle model. The vertical
thick (thin) solid lines indicate the calculated optical band gap by mBJ (LDA) potential.

4. Conclusions

We present a multi-scale density-functional calculation for a pump-probe experiment on the
thin-film diamond. Our results show ultrafast, sub-cycle change of the transmission, reflectivity,
and absorption around the optical band gap, where the dispersion of the dielectric function is intense.
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The sub-cycle change in the optical properties under few-cycle pulses corresponds to the Tr-DFKE,
which is understood to be response of the dressed states. Although Tr-DFKE signal has the peaks with
the peak of the electric field in the case; 1× 1011 W/cm2, the signal shifts backwards for the more
intense case; 4× 1011 W/cm2. On the other hand, frequency dependence in Tr-DFKE signal accesses
adiabatic response as the pump laser intensity increases.

The dependence on the exchange-correlation potential in Tr-DFKE is significant in the modulation
of reflectivity. We also find that the time-dependent mean-field is important for mBJ potential.
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