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Abstract: We theoretically investigated the properties of tightly focused ring Pearcey beams with a
cross phase (CPRPB). The expressions of the distributions of both electric field and magnetic field in
the focal region of an objective were first derived from the vectorial Debye theory, and then numerical
calculations were carried out to obtain the focused intensity distribution and the Poynting vector
of CPRPB near the focus. Numerical calculations indicate that as CPRPB is focused on an objective
of high numerical aperture (NA), two nonuniform self-focusing spots occur at both sides of the
geometrical focus of the objective symmetrically, and the angle between their directions is 90 degrees.
The stronger is the strength of cross-phase modulation, the flatter are the ellipses of the self-focusing
spots, and the smaller is the intensity at the geometrical focus of the objective. Numerical calculations
also demonstrate that the optical gradient force produced by tightly focused CPRPB in the focal
region can be manipulated in magnitude and in direction by tuning the strength of cross-phase
modulation. Due to these properties of tightly focused CPRPB, they might find applications in the
manipulation of micro- and nanoparticles and so on.

Keywords: cross phase; Pearcey beams; tight focusing; self-focusing

1. Introduction

Taking advantage of focusing energy at a point along the propagation of light beams,
self-focusing beams have found applications in many scenarios. In laser medicine, for
instance, self-focusing beams maintain low power during propagation, avoiding the dam-
age of tissues outside the region of interest [1]. Considerable optical gradient force can
be produced by the self-focusing beams to trap or manipulate the micro- and nanoscale
particles accurately [2,3]. Therefore, self-focusing beams always attract the keen interests
of researchers [4–9]. Ring Pearcey beams were first reported by Chen et al., in 2018, and
it was indicated that ring Pearcey beams belonged to a family of self-focusing beams.
Compared with other self-focusing beams, ring Pearcey beams are characterized by their
higher peak intensity contrast, shorter focal length, and no oscillatory energy loss beyond
focus [10]. Cross phase is a unique phase structure. By cross-phase modulation, intercon-
version between the Hermite–Gaussian (HG) modes and rotation of the partially coherent
Gaussian-Schell model beams can be realized [11–13]. Cross-phase modulation can also be
employed to generate, to measure, and to manipulate high-order optical vortices [14,15].
To investigate the propagation of modulated laser beams, cross-phase modulation was
utilized by Liu et al. in 2021 to modulate the ring Pearcey beams, and the ring Pearcey
beams with a cross phase (CPRPB) was developed. It was found that CPRPB’s focal length,
direction, rotation angle, and symmetry of their self-focusing spots can be flexibly changed
by cross-phase modulation [6].
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Subwavelength focal spots can be achieved by focusing the laser beams with an
objective of high numerical aperture (NA). Laser beams can also be shaped by modulating
the polarization property, phase distribution, and coherent characteristics of the incident
beams. These beam-shaping schemes are desirable for many applications, such as optical
data storage, microscope, particle capture, and material processing. Thus, many research
efforts have been made to study the tight-focusing properties of the laser beams of different
types in these years [16–24]. Considering the self-focusing property and unique phase
structure of CPRPB, it will be a significant work to explore its tight-focusing properties.
Based on the Richards-Wolf vector diffraction theory, in this paper, the electric field and
intensity distributions of CPRPB tightly focused on an objective of high NA in the focal
region were derived. The gradient forces imposed on micro- and nanoparticles by the
focused beams were computed, and the influence of cross-phase on the self-focusing spots
and optical gradient forces was discussed.

2. Theoretical Analysis

The electric field in the source plane of CPRPB can be expressed as

E(x, y, z = 0)= Pe(γ,−r/p)

× exp
{
−αr2 + iµ[x cos δ− y sin δ]× [x sin δ + y cos δ]

} (1)

where r =
√

x2 + y2 is the modulus in the polar coordinate system of the source plane,
Pe(γ,−r/p) is the Pearcey function, γ and p are the factors that affect the spatial distribution
of the light intensity, α is the attenuation factor that guarantees finite beam energy, µ is
a real coefficient that determines the intensity of cross-phase modulation, and δ is the
azimuth parameter that determines the autofocus orientation [12].

As illustrated in Figure 1, CPRPB is tightly focused on an objective lens of high NA.
According to the vectorial Debye theory [25], the field distribution in the region of the
objective’s geometrical focus can be expressed as

E(ρ, ψ, z) =
iE0

λ

∫ β

0

∫ 2π

0
exp[−ikz cos θ − ikρ sin θ cos(ψ− ϕ)]

×P(ϕ, θ)K(ϕ, θ) sin θ
√

cos θdϕdθ

(2)

where θ is the angle of refraction, λ is the wavelength of the beam, k is the wavenumber,
β = sin−1 (NA) is the maximum angle of refraction that is decided by the numerical aperture
of the objective, E0 is a constant here representing the amplitude of the incident beam and
the variables, and ρ, ψ, and z are the cylindrical coordinates in the focal region. Assume
that the incident CPRPB are the linearly polarized beams, k(ϕ, θ), in Equation (2):

K(ϕ, θ) =

(cos θ + sin2 ϕ(1− cos θ)
)
ex

cos ϕ sin ϕ(cos θ − 1)ey
cos ϕ sin θez

 (3)

where ex, ey, and ez are the unit vectors along the x, y, and z axes in the Cartesian coordinate
system of the focal region. By projecting the incident CPRPB to the aperture of the objective,
the apodization function of CPRPB at the objective can be obtained from Equation (1) as

P(ϕ, θ)= Pe(γ,− f sin θ/p) exp
(
−α( f sin θ)2

)
× exp{iµ f sin θ[cos ϕ cos δ− sin ϕ sin δ]

× f sin θ[cos ϕ sin δ + sin ϕ cos δ]}

(4)
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With Equations (5)–(7), it is feasible to study the properties of CPRPB focused on an 
objective of high NA. In order to illustrate the effect of cross-phase modulation on the 
properties of tightly focused CPRPB more explicitly, numerical calculations were carried 
out utilizing the derived equations above, concentrating on the influence of the intensity 
factor of cross-phase modulation, µ , on the focused beams. 

  

Figure 1. Intensity distribution of incident linearly polarized CPRPB (left) and schematic of a tight-
focusing setup (right).

Put k(ϕ, θ) in Equation (3) and P(ϕ, θ) in Equation (4) into Equation (2) and set δ = 0.
Three polarized components of the electric field distribution of tightly focused CPRPB in
the focal region of the objective of high NA are achieved in Cartesian coordinates as

Ex(ρ, ψ, z)=
πE0

2λ

∫ β

0
Pe(γ,− f sin θ/p) exp

[
−α f 2 sin2 θ − ikz cos θ

]
× sin θ

∞

∑
l=−∞

i−l Jl

(
1
2

µ f 2 sin2 θ

)
exp

(
−il

π

2

)
exp(2ilψ)

+{2J2l(kρ sin θ)(cos θ + 1) J2l+2(kρ sin θ) exp(2iψ)(1− cos θ)

+J2l−2(kρ sin θ) exp(−2iψ)(1− cos θ)}dθ

(5)

Ey(ρ, ψ, z)=
πE0(1− cos θ)

2λ

∫ β

0
Pe(γ,− f sin θ/p) exp

[
−α f 2 sin2 θ − ikz cos θ

]
× sin θ

∞

∑
l=−∞

i−(l+1) Jl

(
1
2

µ f 2 sin2 θ

)
exp

(
−il

π

2

)
exp(2ilψ)

×{J2l+2(kρ sin θ) exp(2iψ)− J2l−2(kρ sin θ) exp(−2iψ)}dθ

(6)

Ez(ρ, ψ, z)=
−πE0

λ

∫ β

0
Pe(γ,− f sin θ/p) exp

[
−α f 2 sin2 θ − ikz cos θ

]
× sin2 θ

∞

∑
l=−∞

i−(l+1) Jl

(
1
2

µ f 2 sin2 θ

)
exp

(
−il

π

2

)
exp(2ilψ)

×{J2l+1(kρ sin θ) exp(iψ) + J2l−1(kρ sin θ) exp(−iψ)}dθ

(7)

With Equations (5)–(7), it is feasible to study the properties of CPRPB focused on an
objective of high NA. In order to illustrate the effect of cross-phase modulation on the
properties of tightly focused CPRPB more explicitly, numerical calculations were carried
out utilizing the derived equations above, concentrating on the influence of the intensity
factor of cross-phase modulation, µ, on the focused beams.

3. Results and Discussions

Based on the field distribution equations derived previously, the intensity distributions
in the focal plane of the objective were first computed and are illustrated in Figure 2.
Figure 2a indicates the x-polarization component, Figure 2b indicates the z-polarization
component (longitudinal field), and Figure 2c indicates the y-polarization component.
It could be found out from these figures that CPRPB was depolarized as focused on an
objective of high NA. The intensity of the y-polarization component is about one thousandth
of the intensity of the x-polarization component, while the intensity of the z-polarization
component is about one millionth of that of the x-polarization component. As shown
in Figure 2c, the y-polarization component appears as a doughnut-shaped ring. There
exists a phase singularity at the center of the ring, illustrated by the color inset in the
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upper-left corner of Figure 2c, which was obtained by computing the phase distribution of
this component. Figure 2d is the total intensity distribution of three components. Since the
intensity of the x-polarization component far outweighs that of the y- and z-polarization
components, the total intensity distribution seems similar to the intensity distribution of
the x-polarization component.
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Figure 2. Intensity distributions in focal plane, (a) x-polarization component, (b) z-polarization
component, (c) y-polarization component, (d) total intensity. Parameters for calculation are chosen as
λ = 633 nm, α = 3, NA = 0.9, f = 3.4 cm, µ = 10 mm−2, and E0 = 1.

Figure 3 indicates the intensity distributions of tightly focused CPRPB in the ρ-z planes
around the focus of the objective, in which (a), (b), (c), and (d) are the intensity distributions
in the planes of ψ = 0, ψ = π/4, ψ = π/2, and ψ = 3π/4, respectively. It can be concluded
from the figures that the focused beam is axially asymmetrical in the region around the
focus, and the maxima are not located at the geometrical focus of the objective, as CPRPB is
tightly focused.
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Figure 3. Intensity distributions in ρ-z planes around the focus. (a) ψ = 0, (b) ψ = π/4, (c) ψ = π/2,
and (d) ψ = 3π/4. Parameters for calculation are chosen as λ = 633 nm, α = 3, NA = 0.9, f = 3.4 cm,
µ = 10 mm−2, and E0 = 1.



Photonics 2022, 9, 964 5 of 11

In order to find out the reason for the asymmetry of the focused beam and deviation
of the maxima from the focus, intensity distributions of tightly focused CPRPB in the cross
sections around the focal plane were computed and are listed in Figure 4 according to the
sequence of beam propagation. The subdiagrams, (a)–(g), are the intensity distributions in
the planes of (a) z =−34λ, z =−17λ, z =−7λ, z = 0, z = 7λ, z = 17λ, and z = 34λ, respectively.
The plane of z = 0 is the focal plane as well. Numerical results show that the self-focusing
phenomenon occurs twice as CPRPB tightly focused on the objective. One self-focusing is
prior to the focus, and the other is behind the focus. The angle between their directions
is 90 degrees. Therefore, it can be concluded that the beam rotates as it travels through
the focal region. Two self-focusings separated at both sides of the geometrical focus of
the objective and rotation of the beam lead to the asymmetry of intensity distribution.
In addition, Figure 4b shows that the major radius of the elliptical beam profile has an
inclination angle of 135◦ from the x-axis, which is in agreement with the experimental
result shown in Reference [6]. Figure 4h plots the ratio of the major radius to the minor
radius of the elliptical beam profile versus its position in the optical axis. It can be seen
clearly from the curve that the beam’s cross section deforms from an elliptical shape to a
circular shape, and then back to an ellipse during propagation. Elliptical Gaussian beam
takes a similar characteristic of asymmetric self-focusing during propagation; therefore, it
might have the same manner of beam deformation as it is tightly focused. Asymmetrical
intensity distribution and rotation of the beam in the focal region results in rotational
intensity gradient distribution, and thus an optical torque, which might play an important
role in optical manipulation.
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Figure 4. Intensity distributions in different cross sections around the focus, (a) z = −34λ,
(b) z = −17λ, (c) z = −7λ, (d) z = 0, (e) z = 7λ, (f) z = 17λ, and (g) z = 34λ; (h) the ratio of the
major radius to the minor radius of the elliptical beam profile versus its position in the optical axis.
Parameters for calculation are chosen as λ = 633 nm, α = 3, NA = 0.9, f = 3.4 cm, µ = 10 mm−2, and
E0 = 1.
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It was reported that cross-phase modulation altered the symmetry of the intensity
distributions of ring Pearcey beams, which could have affected their optical trapping
capability. Therefore, it is essential to figure out the effect of the cross-phase modulation
on the properties of tightly focused CPRPB. Figure 5 illustrates the intensity distributions
of the self-focusing spots of tightly focused CPRPB modulated with different cross-phase
modulation intensities. According to the ratio of the major radius to the minor radius of
the beam profiles (a/b) in the subdiagrams in Figure 5, it can be seen that the stronger is
the cross-phase modulation, the flatter is the ellipse of the beam profile. This conclusion
is in good agreement with the practical results illustrated in Reference [6], which proves
that the theoretical derivation is correct. With the intensity modulation factor, µ, reduced to
5 mm−2, the beam profile is pretty close to a circle. Provided that the self-focusing spot of a
ring Pearcey beam is exactly a circle, the beam does not rotate in the focal region as it is
tightly focused. In this case, there exists no optical torque when it is employed as optical
tweezers. In brief, in the manipulation of micro- and nanoparticles by tightly focused
CPRPB, the optical torque in the focal region can be tuned by altering the intensity of the
cross-phase modulation.
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As discussed previously, the maximum intensity of tightly focused CPRPB in the focal
region is not located at the geometrical focus of the objective due to their self-focusing
property, and cross-phase modulation also affects the intensity distributions of their self-
focusing spots. In the optical trapping of micro- and nanoparticles, particles are usually
trapped at the point of intensity maximum by the optical gradient force, where the optical
gradient force is equal to zero [26]. According to different intensities of cross-phase mod-
ulation, the intensity distributions along the optical axis were calculated and are plotted
in Figure 6. With relatively mild modulation intensity (µ = 5 mm−2), the intensity of the
beam focused on an objective of high NA peaks at the geometrical focus of the objective.
As modulation intensity increases, the intensity distribution profile takes a saddle shape in
which the intensity maxima shift towards both sides of the geometrical focus, while the
saddle point located at the focus moves down. When the intensity factor of cross-phase
modulation, µ, equals 18 mm−2, the intensity of the tightly focused beam at the geometrical
focus of the objective falls to zero.
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Figure 6. Influence of cross-phase modulation on the intensity distribution along the optical axis.
Parameters for calculation are chosen as λ = 633 nm, α = 3, NA = 0.9, f = 3.4 cm, and E0 = 1.

It can be concluded from the calculations above that the cross-phase modulation plays
a key role in the intensity distribution of the ring Pearcey beams in the focal region. In
the study of how the change of intensity distribution affects the optical trapping of micro-
and nanoparticles, the gradient forces produced by tightly focused CPRPB on the particles
were calculated through Equation (8). For simplicity, it was assumed that the radii of the
particles trapped were far smaller than the wavelength of the focused beam.

Fg(ρ, ψ, z) = 2πa3 n2

c
m2 − 1
m2 + 2

∇I(ρ, ψ, z) (8)

In Equation (8), I(ρ, ψ, z) is the intensity distribution of CPRPB in the focal region, a is
the radius of the trapped particle, n2 is the refractive index of the particle, n1 is the refractive
index of the background medium, m = n2/n1, and c is the speed of light in vacuum. The
formula of optical gradient force of Equation (8) implies that the intensity gradients are
zero at the intensity maxima, and thus the gradient forces produced by the beam at those
points are nil as well. As the refractive index of a particle is greater than the refractive index
of the background medium, that is, n2 > n1, the particle would have been trapped at the
positions of intensity maxima, which are usually located at the optical axis of the beam.
The gradient forces along the optical axis of the tightly focused CPRPB with reference to
different intensities of cross-phase modulation were calculated and are plotted in Figure 7.
Numerical results explicitly show that there exists a balance point of zero gradient force



Photonics 2022, 9, 964 8 of 11

formed at the geometrical focus of the objective regardless of the modulation intensity.
However, the gradient force along the axis varies acutely with the increase in cross-phase
modulation intensity. With µ equaling 5 mm−2, the gradient force is positive on the left
side of the focus while negative on the right side. When µ rises to 10 mm−2, the profile of
gradient force is flipped vertically. Meanwhile, another two balance points of zero gradient
force appear at distances of ±15λ from the geometrical focus in the optical axis. As the
modulation intensity increases further, two new balance points move farther away from
the focus, and the profile of gradient force is flipped vertically again. Besides intensity
distribution and gradient force, the Poynting vector that describes the energy flows of
a beam would be affected by the cross-phase modulation as well. Based on the studies
in [27–29], it is meaningful to study the Poynting vector of tightly focused CPRPB.
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Figure 7. Influence of cross-phase modulation on the gradient force along the optical axis. Parameters
for calculation are chosen as λ = 633 nm, α = 3, NA = 0.9, f = 3.4 cm, n2 = 1.5, n1 = 1.3, and a = 20 nm,
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√
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The Poynting vector is another important characteristic of a beam indicating the
beam’s energy flows. The Poynting vector can be expressed as S = E × H, in which E and
H are the electric and magnetic field vectors, respectively. In order to study the Poynting
vector, both E and H have to be solved. The magnetic field distribution of the linearly
polarized CPRPB in the focal region is expressed as

B(ρ, ψ, z) =
iB0

λ

∫ β

0

∫ 2π

0
exp[−ikz cos θ − ikρ sin θ cos(ψ− ϕ)]

×P(ϕ, θ)


sin ϕ cos ϕ(cos θ − 1)ex[

cos θ + cos2 ϕ(1− cos θ)
]
ey

sin ϕ sin θez

 sin θ
√

cos θdϕdθ

(9)

By solving Equation (9), three polarized components of the magnetic field distribution
of the tightly focused linearly polarized CPRPB in the focal region are achieved in Cartesian
coordinates as

Bx(ρ, ψ, z) =
πB0(1− cos θ)

2λ

∫ β

0
Pe(γ,− f sin θ/p) exp

[
−α f 2 sin2 θ − ikz cos θ

]
× sin θ

∞

∑
l=−∞

i−(l+1) Jl

(
1
2

µ f 2 sin2 θ

)
exp

(
−il

π

2

)
exp(2ilψ)

×{J2l+2(kρ sin θ) exp(2iψ)− J2l−2(kρ sin θ) exp(−2iψ)}dθ

(10)
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By(ρ, ψ, z) =
πB0

2λ

∫ β

0
Pe(γ,− f sin θ/p) exp

[
−α f 2 sin2 θ − ikz cos θ

]
× sin θ

∞

∑
l=−∞

i−l Jl

(
1
2

µ f 2 sin2 θ

)
exp

(
−il

π

2

)
exp(2ilψ)

+{2J2l(kρ sin θ)(cos θ + 1) J2l+2(kρ sin θ) exp(2iψ)(cos θ − 1)

+J2l−2(kρ sin θ) exp(−2iψ)(cos θ − 1)}dθ

(11)

Bz(ρ, ψ, z) =
−πB0

λ

∫ β

0
Pe(γ,− f sin θ/p) exp

[
−α f 2 sin2 θ − ikz cos θ

]
× sin2 θ

∞

∑
l=−∞

i−l Jl

(
1
2

µ f 2 sin2 θ

)
exp

(
−il

π

2

)
exp(2ilψ)

×{J2l+1(kρ sin θ) exp(iψ)− J2l−1(kρ sin θ) exp(−iψ)}dθ

(12)

Three polarized components of the electric filed distribution are shown in Equations (5)–(7).
Numerical calculations were then applied to these equations, and the distributions of the
Poynting vector of the tightly focused CPRPB were achieved, as shown in Figure 8.
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Figure 8. Poynting vector distributions in different cross sections around the focus. (a,d,g) are Sx;
(b,e,h) are Sy; and (c,f,i) are Sz. Parameters for calculation are chosen as λ = 633 nm, α = 3, NA = 0.9,
f = 3.4 cm, µ = 10 mm−2, and E0 = B0 = 1.

It can been found from Figure 8 that there exist lateral energy flows (Sx and Sy) in the
focal region, besides the energy flow along the optical axis (Sz). However, the ratios of Sx
and Sy to Sz vary with the position. At the self-focusing position, that is, z = −17λ, the
ratios of Sx and Sy to Sz are 0.14, while at the positions of z = −7λ and z = 0, the ratios are
0.32 and 0.16, respectively.

4. Concluding Remarks

The properties of tightly focused CPRPB were presented in this paper, focusing on
the influences of the cross-phase modulation intensity on the intensity distribution of the
focused beam and on the optical gradient force produced along the optical axis of the
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beam. Numerical results show that nonuniform self-focusing phenomena occur at both
sides of the geometrical focus of the objective, and the angle between the directions of
two self-focusing spots is 90 degrees, as CPRPB is tightly focused on an objective of high
NA. The intensity of cross-phase modulation plays a key role in the properties of tightly
focused beams. The stronger is the modulation strength, the flatter are the ellipses of the
self-focusing spots beside the focal plane and the smaller is the intensity at the focus of
the objective. The study of gradient forces along the optical axis in different intensities of
cross-phase modulation demonstrates that the optical gradient force produced by tightly
focused CPRPB in the focal region can be manipulated in magnitude and in direction by
tuning the modulation intensity. Due to these properties of tightly focused CPRPB, they
might find use in the manipulation of micro- and nanoparticles.
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