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Abstract: Complex terrain can influence wind turbine wakes and wind speed profiles in a wind farm.
Consequently, predicting the performance of wind turbines and energy production over complex
terrain is more difficult than it is over flat terrain. In this preliminary study, an engineering wake
model, that considers acceleration on a two-dimensional hill, was developed based on the momentum
theory. The model consists of the wake width and wake wind speed. The equation to calculate the rotor
thrust, which is calculated by the wake wind speed profiles, was also formulated. Then, a wind-tunnel
test was performed in simple flow conditions in order to investigate wake development over a
two-dimensional hill. After this the wake model was compared with the wind-tunnel test, and the
results obtained by using the new wake model were close to the wind-tunnel test results. Using the
new wake model, it was possible to estimate the wake shrinkage in an accelerating two-dimensional
wind field.
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1. Introduction

Wind speed decreases as upstream wind turbines extract wind kinetic energy in a wind farm.
As a consequence, the power output of downstream turbines drastically decreases [1,2]. This power
output reduction of downstream turbines could be 10–40%, depending on the approaching wind flow
on a wind farm and the wind direction [3–5].

Over the last decade, more onshore wind farms were constructed over or near to complex terrain,
such as hills and mountains. Complex terrain can affect wind flow, wind turbine performance and
power output. The performance of a wind turbine placed at several locations over a hill, where wind
speed profiles change significantly, was affected by the terrain [6–8]. Uchida et al. [9] show that the
pitch control of a wind turbine is incapable of reacting properly to the wind speed variation that
resulted from the terrain upstream of the wind farm. Complex terrain can have a negative impact
upon the wind turbine life time. For example, Li et al. [10] show that varying wind speeds resulting
from complex terrain is the reason for the recurrent failure of a wind turbine yaw system.

Flow over complex terrain was investigated in many previous studies. A wind-tunnel test [11]
that examines the flow over a Gaussian hill shows higher hub height mean velocity and lower
turbulence intensity at the top of a hill, compared to that downstream of the hill. Webster et al. [12]
studied flow over a two-dimensional bump, and the study indicates that the boundary layer over the
two-dimensional bump is different from that over a flat terrain.
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Helmis et al. [13] investigated flow over a complex terrain, and the study suggests that
applying a simple logarithmic extrapolation formula to calculate hub height wind speed can lead to
unreliable results.

The flow over a hill is influenced by the roughness and steepness of the hill, where rough hills with
steeper slopes are more likely to cause a flow separation downstream of the hill [14]. A number of linear
flow models [15–18] have been developed to predict the flow field over hills; however, the validity
of these linear flow models decreases significantly when considering the flow over hills with steeper
slopes, and therefore these linear flow models can only be used to predict flow over hills of modest
slopes [14]. Cao and Tamura [19] performed wind-tunnel tests to investigate the surface roughness
effects on the flow over a two-dimensional steep hill, and the study shows that the speed-up ratio at
the top of a rough hill is greater than that of a smooth hill, and the flow separation region of a rough
hill extends farther downstream than that of a smooth hill. Also, for a rough hill, the position of the
maximum turbulence intensity is located farther downstream than that for a smooth hill. Allen [20]
studied the flow over hills with variable roughness, and the study indicates that the roughness change
can either cause or prevent flow separation, depending on the location and size of the roughness
change. Cao and Tamura [21] performed wind-tunnel tests to examine the effects of roughness blocks
on the flow over a two-dimensional hill, and the study suggests that the velocity deficit and turbulence
structure downstream of the hill are significantly affected by the number and location of roughness
blocks on the hill surface or the upstream of the hill.

The terrain effect upon wind turbine wakes is investigated in several studies. Politis et al. [22]
studied the wake development of a wind turbine placed over a Gaussian hill, and the study shows
that the velocity deficit over a hill exists at farther distances than over a flat terrain. Makridis and
Chick [23] conducted Computational Fluid Dynamics (CFD) simulations for wind turbines in complex
terrain, where the wind turbine rotor was modeled as an Actuator Disc (AD), then the results were
validated with measurements. Hansen et al. [24] studied wind turbine wake properties over complex
terrain by examining high frequency time series measurements, and the study shows that complex
terrain can greatly influence wind turbine wake. The influence of a complex terrain on the wakes of a
group of four wind turbines was studied through numerical and experimental data [25,26], and the
study shows that the wake of the upstream turbine is distorted due to the terrain effect, and as a
result, the upstream wake recovers faster than what would occur over flat terrain. Hyvärinen and
Segalini [27,28] studied wind turbine wake development over sinusoidal hills through a wind-tunnel
test and numerical simulations, and the results show a faster wake recovery over the hilly terrain.
The Large Eddy Simulation (LES) model was used for wake modeling, where the wind turbine rotor
was modeled as an AD [29] and an Actuator Line (AL) [30], then the simulation results were compared
with the wind-tunnel tests, achieving a good agreement. The LES model was also used in [31,32]
to simulate wind-turbine wakes over complex terrain. Literature reviews on wind turbine wake
aerodynamics are reported by Vermeer et al. [33] and Sanderse [34]. The literature reviews include
some experimental and numerical studies of wind turbine wakes over complex terrain.

Wind farm layout optimization using full scale experiments or numerical simulations, which
include wind turbine rotors, is infeasible. Therefore, a simple engineering model, such as the Jensen
wake model [35], is widely used for wind farm layout optimization. This Jensen wake model assumes
that the wake expands linearly, and that the wake velocity is uniform. However, the Jensen wake
model does not take into account the terrain effects. Feng and Shen [36] tried to adapt the Jensen wake
model so that it can account for the terrain effects. The adapted Jensen wake model assumes that the
wake expands linearly, and that the center of the wake follows the terrain shape along the streamwise
direction. But the model includes a contradiction with the physics of fluid-dynamics, such as the
conservation of momentum and of flow rate.

Considering the situation above, an engineering wake model which considers wind acceleration
was developed based upon the momentum theory in Section 2. In Section 3, a wind-tunnel test was
conducted in simple flow conditions, where a uniform approach-flow with a turbulence intensity less
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than 0.5% was used for this preliminary study, in order to investigate the effect of the hill on wake
development. Then, the new wake model was compared with the wind-tunnel test in Section 4.

2. Formulation of the Wake Model

An engineering wake model, which considers acceleration on a two-dimensional hill, is formulated
in this section based on the momentum theory. The model consists of the wake width and the wake
wind speed. The equation to calculate the rotor thrust, which is calculated by the wake wind speed
profiles, is also formulated.

2.1. Thrust Coefficient

In this subsection, the thrust and the thrust coefficient equations will be formulated to include the
acceleration of the wind upstream of a steep two-dimensional hill. Figure 1a,b show the wind turbine
wake over a flat terrain and a two-dimensional hill, respectively, where L is the hill half-length, and
x is the streamwise direction. As the turbine extracts kinetic energy from the wind, the wind has to
slow down and expand, and the mass flow rate has to be the same upstream and downstream of the
turbine; therefore,

ρS∞U∞ = ρSRUR = ρSWUW = ρSBUB (1)

where ρ is the air density, S is the cross sectional area of the wind stream tube, and U is the wind
velocity. The subscript ∞ is relevant to the circumstances upstream of the turbine, R is relevant to
the circumstances at the rotor, W is relevant to the circumstances in the wake (between the rotor and
x = −L), and B is relevant to the circumstances between x = −L and x = 0.
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The momentum loss in the wake caused by the rotor (mB) is as follows:

mB = −ρUB0
2
∫
∞

−∞

UB

UB0

(
1−

UB

UB0

)
dSB = −ρUB0

2SBνB(1− νB) (2)

where, UB0 is the wind velocity outside the wake at location B, and νB = UB/UB0.



Fluids 2019, 4, 153 4 of 16

Since the terrain causes the wind velocity to change from UW to UB as shown in Figure 1b,
therefore, the rate of change of momentum caused by the terrain (mT) is as follows:

mT = ρSBUB
2
− ρSWUW

2 = ρUB
2SB

(
1−

1
σ

)
= ρUB0

2SBνB
2
(
1−

1
σ

)
(3)

where, σ = UB/UW .
Therefore, the net force that acts upon the wind stream tube can be represented as follows:

T = − mB + mT = ρUB0
2SBνB

(
1−

νB

σ

)
(4)

Therefore, the thrust coefficient calculated by the wake wind speed profile over the
two-dimensional hill (CT Hill) can be as follows:

CT Hill =
ρUB0

2SBνB
(
1− νB

σ

)
1
2ρU∞2SR

= 2σ0
2SνB

(
1−

νB

σ

)
(5)

where, σ0 = UB0/U∞, and S = SB/SR.
This wake model does not assume a certain terrain slope, however, Equation (3) represents the

rate of change of momentum caused by the terrain (mT). So, if the slope of the terrain changes, the mT

value will change.

2.2. Wake Development over a Two-Dimensional Hill

The rotor thrust can be represented as follows:

T = ρU∞2SRµR(1− µW) (6)

where µR = UR/U∞, and µW = UW/U∞.
Therefore, from Equations (4) and (6),

S =
νR

(
1− σ0

σ νB
)

σ02νB
(
1− νB

σ

) (7)

where, νR = UR/UR0 = UR/U∞.

3. Wind-Tunnel Testing

A wind-tunnel test was conducted to investigate the wake development over a two-dimensional
hill in simple flow conditions, where a uniform approach-flow with turbulence intensity less than
0.5% was used. Conducting the wind-tunnel test in such simple flow conditions was necessary
for this preliminary study in order to investigate the effect of the hill on wake development and
evaluate the new wake model without the influence of the atmospheric boundary layer (ABL) or the
ground roughness.

3.1. Test Facility

The test was conducted in the boundary layer wind tunnel (Figure 2) at the Research Institute of
Applied Mechanics of Kyushu University [37]. The wind tunnel has a closed test section of 15 m length,
3.6 m width, and 2.0 m height. In this preliminary study, a uniform approach-flow with turbulence
intensity less than 0.5% was used in the wind-tunnel test. Wind tunnel top walls were removed in
Sections 3–5 (Figure 2) so as to minimize wind tunnel blockage effects [38,39].
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3.2. Test Model

3.2.1. Wind Turbine Model

A three-bladed Horizontal Axis Wind Turbine (HAWT) was tested in the wind-tunnel facility as
shown in Figure 3a. The turbine rotor diameter (D) was equal to 0.512 m, and the rotor was connected
to an electric motor placed inside a nacelle. The blades of the wind turbine model were created using
a 3D printer, and with the scale ratio of 1:175, the wind turbine test model would represent a wind
turbine in a wind farm with a rotor diameter D which equals to about 89.6 m and a hub height that
equals to about 89.6 m. The blade pitch angle of the wind turbine was fixed, and the wind turbine
was maintained at a constant rotational speed. The rotational speed was set by the controller of the
electric motor, and the rotor speed was measured by the built-in encoder. The nacelle was connected to
a 6-component load cell to measure the forces and moments acting on and around the turbine in the
x, y and z axes. Then, the load cell was connected to a steel pipe that is hung from the wind tunnel
ceiling, and the steel pipe was streamlined using a streamline tube (Figure 3b) to minimize the wake of
the pipe.
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3.2.2. Terrain Model

Figure 4 shows a schematic diagram of the two-dimensional hill model. The hill surface was
smooth, and it was made of ABS resin. The height of the hill was h = 512 mm (same as the hub height)
and its half-length L = 1560 mm long. The hill is represented by Equation (8), where the slope of the
hill a = 0.45. The two-dimensional hill model was created by using a wooden frame with a curve that
is represented by Equation (8), then the wooden frame was covered with a sheet made of ABS resin.
With the scale ratio of 1:175, the terrain test model would represent a hill with the hill height h equals
to about 89.6 m. Several measurements were performed using a laser distance meter to measure the
real height of the two-dimensional hill model tested in the wind tunnel. The maximum percentage
difference between the real height (measured using the laser distance meter) and that calculated using
Equation (8) was about 8%. The hill model was placed at about 0.12 m from wind tunnel floor, so as to
impose a uniform flow condition avoiding the boundary layer on the floor of the wind tunnel.

z = h exp
[
−

1
2

( x
h/2.3548a

)2
]

(8)

Fluids 2019, 4, x 6 of 20 

 

𝑧 =  ℎ 𝑒𝑥𝑝 ቈ− 12 ൬ 𝑥ℎ/2.3548𝑎൰ଶ቉ (8) 

 
Figure 4. Schematic diagram of the two-dimensional hill model. 

3.3. Measurement 

Wind speed profiles were measured using a standard straight hot wire anemometer. When the 
hot thin wire is placed perpendicular to the flow, the temperature of the thin wire changes. The 
change in temperature changes the wire resistance, and the flow velocity can be obtained by 
measuring the variation in resistance. The hot wire was mounted on a rod which was fixed to the 
traverse system of the wind tunnel, as shown in Figure 5. Measurements were made at several 
locations over the hill with an increment of L/4 along the streamwise direction (Table 1), vertically 
along the z-axis every 0.02 m, and horizontally along the y-axis at the hub height every 0.02 m. A 
sampling time of 30 s with a sampling frequency of 1 kHz was used to collect the flow velocity 
measurements. Forces and moments acting on and around the turbine in the x, y and z axes were 
measured using a 6-component load cell (Table 2) at several rotational speeds as shown in Table 3, in 
order to find the optimum tip speed ratio (λ). The tip speed ratio (λ) can be defined as in Equation 
(9), where 𝜔 is the rotor speed in rad/s, 𝑅 is the wind turbine radius in meters, and 𝑈 is the wind 
velocity in m/s. The wind turbine rotor speed was set by the controller of the electric motor, and the 
rotor speed was measured by the built-in encoder. 𝜆 =  𝜔𝑅𝑈  (9) 

Table 1. Measurement locations of wind speed profiles along the x-axis. 

Location Number x [mm] x/L Distance from Location 1 
1 −1560 −1 0 
2 −1170 −3/4 0.76 D 
3 −780 −1/2 1.52 D 
4 −390 −1/4 2.29 D 
5 0 0 3.05 D 
6 390 1/4 3.81 D 
7 780 1/2 4.57 D 
8 1170 3/4 5.33 D 
9 1560 1 6.09 D 

Table 2. Model number and capacity of the load cell [40]. 
Model Number LMC-6566A-50N 

Capacity 
F𝑥 േ 50 N M𝑥 േ 5 N m F𝑦 േ 50 N M𝑦 േ 5 N m F𝑧 േ 100 N M𝑧 േ 5 N m 

Figure 4. Schematic diagram of the two-dimensional hill model.

3.3. Measurement

Wind speed profiles were measured using a standard straight hot wire anemometer. When the
hot thin wire is placed perpendicular to the flow, the temperature of the thin wire changes. The change
in temperature changes the wire resistance, and the flow velocity can be obtained by measuring the
variation in resistance. The hot wire was mounted on a rod which was fixed to the traverse system of
the wind tunnel, as shown in Figure 5. Measurements were made at several locations over the hill
with an increment of L/4 along the streamwise direction (Table 1), vertically along the z-axis every
0.02 m, and horizontally along the y-axis at the hub height every 0.02 m. A sampling time of 30 s with a
sampling frequency of 1 kHz was used to collect the flow velocity measurements. Forces and moments
acting on and around the turbine in the x, y and z axes were measured using a 6-component load cell
(Table 2) at several rotational speeds as shown in Table 3, in order to find the optimum tip speed ratio
(λ). The tip speed ratio (λ) can be defined as in Equation (9), where ω is the rotor speed in rad/s, R is
the wind turbine radius in meters, and U is the wind velocity in m/s. The wind turbine rotor speed was
set by the controller of the electric motor, and the rotor speed was measured by the built-in encoder.

λ =
ωR
U

(9)
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Table 1. Measurement locations of wind speed profiles along the x-axis.

Location Number x [mm] x/L Distance from Location 1

1 −1560 −1 0

2 −1170 −3/4 0.76 D

3 −780 −1/2 1.52 D

4 −390 −1/4 2.29 D

5 0 0 3.05 D

6 390 1/4 3.81 D

7 780 1/2 4.57 D

8 1170 3/4 5.33 D

9 1560 1 6.09 D
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Table 2. Model number and capacity of the load cell [40].

Model Number LMC-6566A-50N

Capacity
Fx ± 50 N Mx ± 5 N m

Fy ± 50 N My ± 5 N m

Fz ± 100 N Mz ± 5 N m

Table 3. Wind turbine rotor speed.

rpm Tip Speed Ratio (λ)

261 1.0

392 1.5

522 2.0

653 2.5

783 3.0

914 3.5

1044 4.0

1175 4.5

1306 5.0

1436 5.5

1567 6.0

3.4. Test Conditions

The wind-tunnel test was conducted in three configurations A, B and C, as shown in Figure 5a–c,
respectively. The approach-flow velocity was constant at 7 m/s for the three configurations. Wind speed
profiles over the hill with no wind turbine are measured in configuration A. The wind speed profiles
at the wake of a turbine placed at location 1 were measured in configuration B, and the wind speed
profiles at the wake of a turbine placed over a flat terrain were measured in configuration C.

3.5. Measurement Results

3.5.1. Wind Speed Profiles over the Two-Dimensional Hill

Figure 6 shows the vertical wind speed profiles over the hill at locations 1 to 6 without a wind
turbine. In Figure 6, the horizontal axis is normalized by Uh1 = 6.21 m/s, where Uh1 is the hub height
wind speed at x = −L. The vertical axis is normalized by the hill height h, and z* indicates the height
from the hill surface. Wind velocity is almost constant at x = −L, and afterwards, the wind velocity
starts to increase at x = −L/2 until it reaches the maximum wind speed at the top of the hill (x = 0),
then starts to decrease at the downstream of the hill at x = L/4.

3.5.2. Power and Thrust Coefficients over Flat Terrain

Figures 7 and 8 show the power coefficient (CP) and the thrust coefficient (CT) calculated using a
load cell for the wind turbine over a flat terrain. CP and CT were calculated in order to determine the
optimum tip speed ratio that will be used for configurations B and C. The optimum tip speed ratio was
λ = 4, where CP = 0.31 and CT = 0.69.



Fluids 2019, 4, 153 9 of 16

Fluids 2019, 4, x 8 of 20 

 

3.4. Test Conditions 

The wind-tunnel test was conducted in three configurations A, B and C, as shown in Figures 5a–
c, respectively. The approach-flow velocity was constant at 7 m/s for the three configurations. Wind 
speed profiles over the hill with no wind turbine are measured in configuration A. The wind speed 
profiles at the wake of a turbine placed at location 1 were measured in configuration B, and the wind 
speed profiles at the wake of a turbine placed over a flat terrain were measured in configuration C. 

3.5. Measurement Results 

3.5.1. Wind Speed Profiles over the Two-Dimensional Hill 

Figure 6 shows the vertical wind speed profiles over the hill at locations 1 to 6 without a wind 
turbine. In Figure 6, the horizontal axis is normalized by 𝑈௛ଵ = 6.21 m/s, where 𝑈௛ଵ is the hub height 
wind speed at x = −L. The vertical axis is normalized by the hill height h, and z* indicates the height 
from the hill surface. Wind velocity is almost constant at x = −L, and afterwards, the wind velocity 
starts to increase at x = −L/2 until it reaches the maximum wind speed at the top of the hill (x = 0), then 
starts to decrease at the downstream of the hill at x = L/4. 

 
Figure 6. Configuration A: Vertical wind speed profiles at locations 1 to 6. 

3.5.2. Power and Thrust Coefficients over Flat Terrain 

Figures 7 and 8 show the power coefficient (𝐶௉) and the thrust coefficient (𝐶்) calculated using a 
load cell for the wind turbine over a flat terrain. 𝐶௉ and 𝐶் were calculated in order to determine 
the optimum tip speed ratio that will be used for configurations B and C. The optimum tip speed 
ratio was λ = 4, where 𝐶௉ = 0.31 and 𝐶் = 0.69. 

Figure 6. Configuration A: Vertical wind speed profiles at locations 1 to 6.
Fluids 2019, 4, x 9 of 20 

 

 
Figure 7. Wind turbine power coefficient over a flat terrain. 

  

Figure 7. Wind turbine power coefficient over a flat terrain.

Fluids 2019, 4, x 10 of 20 

 

 

 
Figure 8. Wind turbine thrust coefficient over a flat terrain. 

3.5.3. Wake over the Two-Dimensional Hill 

Figures 9 and 10 show the horizontal wind speed profiles at several distances downstream of 
the turbine for the configuration B. Wind speed profiles were measured at −L/2, −L/4, 0, L/4, L/2 and 
L. The horizontal axis is normalized by wind turbine radius R = 0.256 m. 

The wake width (𝐷௪௔௞௘) was determined using an arbitrary threshold that the wind speed must 
be greater than or equal 0.9 𝑈஻଴ in order to be regarded as the wake edges. 

Figure 9 shows the wind turbine wake development upstream of the hill. At 1.52 D (x = −L/2), 
the wake width was about 0.52 m, and by the time the wake reaches 3.05 D at the top of the hill (x = 
0), the wake width decreases to about 0.15 m. This implies that the hill causes the wake to accelerate 
and shrink upstream of the hill, because the mass flow rate has to be the same upstream and at the 
top of the hill. 

However, as the wake reaches 3.81 D (x = L/4) it starts to expand and the wake width is about 
0.50 m, as shown in Figure 10, and by the time the wake reaches 6.09 D (x = L), the wake width has 
increased to about 0.56 m. This implies that the hill causes the wake to decelerate and expand 
downstream of the hill, because the mass flow rate has to be the same at the top and downstream of 
the hill. 
  

Figure 8. Wind turbine thrust coefficient over a flat terrain.



Fluids 2019, 4, 153 10 of 16

3.5.3. Wake over the Two-Dimensional Hill

Figures 9 and 10 show the horizontal wind speed profiles at several distances downstream of the
turbine for the configuration B. Wind speed profiles were measured at −L/2, −L/4, 0, L/4, L/2 and L.
The horizontal axis is normalized by wind turbine radius R = 0.256 m.
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The wake width (Dwake) was determined using an arbitrary threshold that the wind speed must
be greater than or equal 0.9 UB0 in order to be regarded as the wake edges.

Figure 9 shows the wind turbine wake development upstream of the hill. At 1.52 D (x = −L/2),
the wake width was about 0.52 m, and by the time the wake reaches 3.05 D at the top of the hill (x = 0),
the wake width decreases to about 0.15 m. This implies that the hill causes the wake to accelerate and
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shrink upstream of the hill, because the mass flow rate has to be the same upstream and at the top of
the hill.

However, as the wake reaches 3.81 D (x = L/4) it starts to expand and the wake width is about
0.50 m, as shown in Figure 10, and by the time the wake reaches 6.09 D (x = L), the wake width
has increased to about 0.56 m. This implies that the hill causes the wake to decelerate and expand
downstream of the hill, because the mass flow rate has to be the same at the top and downstream of
the hill.

3.5.4. Wake Development over Hill Versus Flat Terrain

Figures 11 and 12 compare between the wake development over hill (configuration B) and the
wake development over flat terrain (configuration C) at 3.05 D (location 5) and 6.09 D (location 9),
respectively. The hill has an effect on both the velocity deficit and the wake width at the top and
downstream of the hill. At 3.05 D, the velocity deficit over hill is about 0.5 the velocity deficit over flat
terrain, and the Dwake over hill is about 0.27 the Dwake over flat terrain. At 6.09 D, the velocity deficit
over the hill was about 0.67 of the velocity deficit over flat terrain, and the Dwake over the hill was
almost the same as the Dwake over flat terrain.
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4. Comparison between Wake Model and Wind-Tunnel Test

4.1. Thrust Coefficient

CT Hill was calculated at locations 3 to 5 (x/L = −1/2, x/L = −1/4 and x/L = 0) using Equation (5).
All of the parameters used for the calculations are shown in Table 4, where UB is the value at 0.9 of
the wake depth, as shown in Figure 13. Figure 14 shows CT Hill/CT over flat terrain at locations 3 to 5.
CT Hill was very close to CT over flat terrain at x/L = −1/2 and x/L = −1/4, however, at x/L = 0, CT Hill was
less than CT over flat terrain, this could be because the wake center at x/L = 0 was moved downwards
due to the hill effect.

Table 4. Parameters used for the calculations.

Parameters Flat Terrain x/L = −1/2 x/L = −1/4 x/L = 0

Dwake/R 2.20 2.02 1.73 0.59

UB0/Uh1 1.07 1.15 1.30 1.39

UB/Uh1 0.64 0.85 0.99 1.19
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Figure 14. CT Hill/CT over flat terrain at locations 3 to 5.

4.2. Wake Development

Figure 15 shows a comparison between the wake width measured in the wind-tunnel test and
that estimated using the wake model (Equation (7)) for configuration B at locations 3 to 5 (x/L = −1/2,
x/L = −1/4 and x/L = 0). The estimated wake width is close to that measured in the wind-tunnel test,
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and the percentage differences between the measured and the estimated wake width at x/L = −1/2,
x/L = −1/4 and x/L = 0 are 13.3%, 23.6% and 48.9%, respectively. The measured wake width at the top of
the hill (x/L = 0) drops more quickly than the estimated value; this could be because the wake center at
x/L = 0 was moved downwards due to the hill effect. Further numerical studies of wake development
over the hill are required to confirm wake center movement due to the hill effect.
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5. Conclusions

An engineering wake model that considers acceleration on a two-dimensional hill was developed
based on the momentum theory. The model consists of the wake width and wake wind speed.
The equation to calculate the rotor thrust, which is calculated by the wake wind speed profiles,
was also formulated.

In this preliminary study, a wind-tunnel test was conducted to investigate wake development
over a two-dimensional hill in simple flow conditions, where a uniform approach-flow with turbulence
intensity less than 0.5% was used. Conducting the wind-tunnel test in such simple flow conditions was
necessary for this preliminary study, in order to investigate the effect of the hill on wake development
and to evaluate the new wake model without the influence of the ABL, ground roughness, or turbulence.

Wake width was about 0.29 D at the top of the hill (location 5), and about 1.09 D at location 9
downstream of the hill. This means that the hill has caused the wake to accelerate and shrink upstream
of the hill, and to decelerate and expand downstream of the hill.

The wake model was compared with the wind-tunnel test, and the results obtained by using the
wake model were close to the wind-tunnel test results. The wake model was able to estimate the wake
shrinkage in an accelerating two-dimensional wind field, and the percentage difference between the
measured and estimated wake width at locations 3, 4 and 5 was 13.3%, 23.6% and 48.9%, respectively.
The measured wake width at the top of the hill was lower than the estimated value (by the wake
model); this could be because the wake center at the top of the hill was moved downwards due to the
hill effect; this wake center movement must be confirmed with further studies.

Further numerical studies will be important to evaluate the new wake model at distances farther
than 3 D away from the rotor, as it was difficult to do so in the wind-tunnel due to the size limitation of
the test section.

In this study, an engineering wake model, which considers acceleration on a two-dimensional
hill, was formulated based upon the momentum theory. However, wake development over
three-dimensional terrain can be different than that over two-dimensional terrain, therefore, further
studies that investigate wake development over three-dimensional terrain will be important to modify
and evaluate the engineering wake model.

In the wind-tunnel test, the hill surface was smooth, as it was made of ABS resin, however, the
surface roughness may affect wind speed profiles, the speed-up ratio and turbulence intensity over the
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hill. Consequently, the effect of the surface roughness on wake development must be considered in the
future studies.

Further experimental and numerical studies where the approach-flow represents real atmospheric
conditions (where the ABL is reproduced) are required to investigate wake development over the hill
in conditions that wind turbines experience in the field.

In this preliminary study, a two-dimensional hill was tested in the wind tunnel in order to evaluate
the wake model as a first step. In future studies, further modifications to the wake model are necessary
to include the effect of turbulence and ground roughness on wake development over the hill, and
to extend the wake model to a decelerating wind field (downstream of the hill), then, the modified
wake model should be compared with field measurements over more complex terrains with varying
steepness and roughness.

Author Contributions: O.M.A.M.I. developed the model and wrote the manuscript. S.Y. contributed to the
formulation of the model. M.H., A.T., and O.M.A.M.I. performed the experiments.

Funding: This research received no external funding.
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Nomenclature

a Slope of the hill
CT Thrust coefficient
CT Hill Thrust coefficient calculated by the wake wind speed profiles over the two-dimensional hill
CP Power coefficient
D Wind turbine rotor diameter
Dwake Wake Width
h Height of the two-dimensional hill (same as the hub height)
L Two-dimensional hill half-length
mB Momentum loss in the wake caused by the rotor
mT Rate of change of momentum caused by the terrain
R Wind turbine rotor radius
S Cross sectional area of the wind stream tube
T Thrust
U Wind velocity
UB0 Wind velocity outside the wake at location B
λ Tip speed ratio
ρ Density
ω Rotor speed in rad/s
Subscript
R Relevant to circumstances at the rotor
W Relevant to circumstances in the wake (between the rotor and x = −L)
B Relevant to circumstances between x = −L and x = 0
∞ Relevant to circumstances upstream of the turbine
Acronyms
ABL Atmospheric Boundary Layer
AD Actuator Disc
AL Actuator Line
CFD Computational Fluid Dynamics
HAWT Horizontal Axis Wind Turbine
LES Large Eddy Simulation
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