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Abstract: Analytical and numerical investigations were performed to study the influence of the Soret
and Dufour effects on double-diffusive convection in a vertical porous layer filled with a binary
mixture and subject to horizontal thermal and solute gradients. In particular, the study was focused
on the effect of Soret and Dufour diffusion on bifurcation types from the rest state toward steady
convective state, and then toward oscillatory convective state. The Brinkman-extended Darcy model
and the Boussinesq approximation were employed to model the convective flow within the porous
layer. Following past laboratory experiments, the investigations dealt with the particular situation
where the solutal and thermal buoyancy forces were equal but acting in opposite direction to favor
the possible occurrence of the rest state condition. For this situation, the onset of convection could be
either supercritical or subcritical and occurred at given thresholds and following various bifurcation
routes. The analytical investigation was based on the parallel flow approximation, which was valid
only for a tall porous layer. A numerical linear stability analysis of the diffusive and convective
states was performed on the basis of the finite element method. The thresholds of supercritical,
R?g, and overstable, R7", convection were computed. In addition, the stability of the established
convective flow, predicted by the parallel flow approximation, was studied numerically to predict the
onset of Hopf’s bifurcation, R;{gp f , which marked the transition point from steady toward unsteady
convective flows; a route towards the chaos. To support the analytical analyses of the convective
flows and the numerical stability methodology and results, nonlinear numerical solutions of the
full governing equations were obtained using a second-order finite difference method. Overall, the
Soret and Dufour effects were seen to affect significantly the thresholds of stationary, overstable and
oscillatory convection. The Hopf bifurcation was marked by secondary convective flows consisting
of superposed vertical layers of opposite traveling waves. A good agreement was found between the
predictions of the parallel flow approximation, the numerical solution and the linear stability results.

Keywords: Soret; Dufour; double diffusive; porous medium; subcritical convection; supercritical
convection; Hopf bifurcation

1. Introduction

In recent years, combined thermo-diffusion and diffusion-thermal in double-diffusive
convection occurring in fluid mixtures within saturated porous media had attracted many
researchers’ attention, owing to its importance in many applications such as in hydrology,
petrology, geosciences, moisture transport, nuclear waste disposals, and solar ponds. The
convection phenomenon is basically the result of the coexistence of temperature and
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concentration gradients and the species coupling diffusion effects in fluids or in fluid-
saturated porous media, under gravity effect. The coupling effect was described physically
by the induction of a solute transfer caused by a temperature gradient, known as the Soret
effect (thermo-diffusion), and also, a heat transfer caused by a concentration gradient,
the so-called Dufour effect (diffusion-thermal), as reported by Nield and Bejan [1]. Most
of the past investigations on double-diffusive convection carried out so far ignored this
coupling effect to some extent, especially the Dufour effect that was believed to be negligible
compared with heat and mass fluxes quantified by the Fourier’s and Fick’s laws. This
assumption could be true; in fact, it is well known that Dufour effect is weak in liquids
but significant in some gas mixtures and cannot be neglected as reported by Platten and
Legros [2]. In the classical experiments on double-diffusive convection carried out by
Krishnamurti [3,4] with the aim to disregard the Soret and Dufour effects, a removable
barrier was used to separate the salt-stratified fluid from a sugar-stratified fluid. The
removal of the barrier created a continuous horizontal gradient of sugar in the fluid, and
the density was compensated by opposing horizontal gradients of salt, which is different
from the discontinuity of properties in past experiments. First and foremost, the Dufour
effect was discovered in gases by Clusius and Waldman [5], then it was firstly studied in the
laboratory by Waldman [6]. Later on, many experimental studies were carried out which
focused on the Dufour effect in fluids and binary fluids mixtures [7-10]. The principal
purpose was to measure the value of the Dufour effect in the systems considered. The
obtained results indicated that, the Dufour effect had a very small value when the initial
concentration gradient imposed within the system decreased.

The role of the Dufour effect on the Raleigh-Bénard convection in binary gas mixtures
was investigated theoretically by Hort et al. [11] and experimentally by Liu and Ahlers [12].
The Dufour effect had a significant influence on the topology and on the stability properties
in liquid mixtures, while its influence was slightly less in real gas mixtures. The Soret effect
was discovered by Ludwig [13] and studied later in detail by Charles Soret [14], where it
was demonstrated that a salt solution contained in a tube with the two ends at different
temperatures did not remain uniform in composition and a salt flux was generated by a
temperature gradient under steady-state condition [15,16]. Platten [17] presented different
techniques used to measure the Soret coefficient. Weaver and Viskanta [18] studied the
influence of species inter-diffusion; Soret and Dufour effects, on the natural convection due
to horizontal temperature and concentration gradients in a cavity. A recent comprehensive
review of the natural convection due to combined thermal and solute driving forces was
conducted by Nield and Bejan [1], Ingham and Pop [19] and Vafai [20].

Most of the past studies on double diffusive convection were concerned with vertical
rectangular cavities for which the total buoyancy forces generated in the binary mixture
were induced by the imposition of both thermal and solute gradients in the systems
with negligible Soret and Dufour effects. For the particular situation where the thermal
and solute buoyancy forces were opposing each other and of equal intensity, Trevisan
and Bejan [21] developed an analytical solution valid only when the Lewis number is
equal to unity, where the rest state was believed to be the only possible solution. Mamou
et al. [22] analyzed the stability of double diffusive convection in a vertical rectangular
porous enclosure. On the basis of the linear stability theory, the thresholds for the onsets of
supercritical, oscillating, and overstability convection were determined. A threshold for
the onset of subcritical finite-amplitude convection was computed analytically as function
of the Lewis number; see also Mamou and Vasseur [23]. A stability analysis of the pure
diffusive state and fully developed flows within a vertical porous layer was conducted by
Mamou [24]. The same problem was reconsidered by Mamou et al. [25] and Karimi-Fard
et al. [26] for an inclined rectangular cavity. The Brinkman-extended Darcy’s law was
employed by Amahmid et al. [27] to investigate the thermosolutal natural convection
in a vertical porous layer. A linear stability analysis of double diffusive convection in a
vertical Brinkman porous enclosure was performed by Mamou et al. [28]. Furthermore, a
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three-dimensional doubly diffusive convection in a binary fluid was studied by Beaume
et al. [29,30] and Bergeon and Knobloch [31].

Other investigations concerning thermal-diffusion or Soret-induced convection re-
lated to the current subject were carried out in vertical fluid and porous cavities. In these
problems, both thermal and solutal buoyancy forces in the binary mixture were the conse-
quence of the imposition of a temperature gradient only across the system. The condition
of opposing and equal thermal and solutal buoyancy forces was the focus in these inves-
tigations. For this condition, Marcoux et al. [32] investigated numerically the onset of
thermo-gravitational diffusion in a porous medium saturated by a binary mixture subject
to the Soret effect. The separation in an inclined porous cell saturated by a binary mixture
was investigated analytically and numerically, and also experimentally using a solution
of CuSO4 as reported in El Hajjar et al. [33]. The Soret effect in a porous media system
sandwiched between two layers of identical binary hydrocarbon mixture was studied
numerically and experimentally by Ahadi et al. [34]. The Brinkman-extended Darcy model
was used by Joly et al. [35,36] to analyze the Soret effect on the onset of convection in a
vertical porous enclosure. Both double-diffusive and Soret-induced convection in a vertical
porous layer were studied analytically and numerically by Boutana et al. [37]. The results
showed that the flow patterns induced by both double-diffusive and Soret-induced con-
vection were qualitatively similar but quantitatively different. Er-Raki et al. [38] studied
the Soret effect on double-diffusive convection generated in a vertical porous layer. More
recently, the Soret convection in a vertical porous enclosure under the influence of the form
drag was analyzed by Rebhi et al. [39]. The binary fluid flow in the porous medium was
described by the Darcy-Dupuit model. The thermodiffusion phenomenon in binary and
ternary liquid mixtures was well documented by Kohler et al. [40]. Costeseque et al. [41]
indicated the need for more laboratory studies on thermodiffusion and thermodiffusion-
convection transport in porous media to accurately model the phenomenon and understand
the behavior of multicomponent mixtures, and to measure and provide the appropriate
effective values of thermodiffusion, diffusion, and cross-diffusion coefficients.

Recently, a few more studies regarding double-diffusive natural convection of binary
fluids in porous enclosures were accomplished by taking the Soret and Dufour effects into
account. Bella et al. [42,43] investigated the influence of the Soret and Dufour effects on
double diffusive free convection and double diffusive magneto-hydrodynamic natural
convection in an inclined square porous cavity. Dirichlet boundary conditions for temper-
ature and solute were imposed on the two active walls, while the two other walls were
impermeable and adiabatic. Motsa [44] studied the influence of Soret and Dufour effects
on the onset of convection using a linear stability analysis. The result demonstrated that
the Soret and Dufour coefficients had stabilizing and destabilizing effects, respectively, on
stationary instability, while they didn’t have an effect on the onset of overstability. Soret
and Dufour effects on unsteady double diffusive convection in a square cavity filled with a
gaseous binary mixture were examined by Ben Niche et al. [45]. Nithyadevi and Yang [46]
numerically analyzed the effects of various governing parameters on water convective flow
and on heat and mass transfer rates in a partially heated square cavity in the presence of
Soret and Dufour effects. The transient double-diffusive convection in a rectangular vertical
layer, subjected to constant and different temperatures and concentrations on vertical walls,
was analyzed numerically by Ren and Chan [47]. The influence of the governing param-
eters on the resulting fluid flow, temperature, and concentration fields was discussed in
details. More recently, Lagra et al. [48], Attia et al. [49], and Hasnaoui et al. [50] investigated
analytically and numerically the Soret and Dufour effects on thermosolutal convection
induced in a horizontal layer subject to constant heat and mass fluxes. The influence of the
Soret and Dufour effects on the thresholds of stationary convection, subcritical convection,
flow structure, and heat and mass transfer rates were discussed. The thermosolutal natural
convection, generated in an inclined square cavity filled with a binary fluid in the presence
of the Soret and Dufour effects, was investigated numerically by Hasnaoui et al. [51] using
a hybrid Lattice Boltzmann finite difference method.
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Toward knowledge enrichment and physical understanding of the influence of Soret
and Dufour effects on double-diffusive natural convection in vertical fluid or porous layers,
double-diffusive convection in binary mixtures was considered in the present paper. The
convective flow was modeled according to the unsteady Brinkman-extended Darcy law.
Horizontal gradients of temperature and concentration were imposed on the vertical walls.
The particular situation where the thermal and solutal buoyancy forces were equal and
opposing each other was examined. The main objective of the present investigation was to
analyze the influence of the Soret and Dufour effects on the flow structure and on the heat
and mass transfer rates. The investigation is unique and somehow fairly complete as it is
based on various corroborated approaches, which were based on numerical, asymptotic,
and linear and nonlinear stability analyses. The parallel flow approximation was used to
find the threshold of the subcritical convection, which was characterized by the critical
Rayleigh number. On the basis of the finite element method, a linear stability analysis was
performed to predict the thresholds of supercritical, overstable, and oscillatory convection.
A linear stability analysis was conducted as well to find the onset of Hopf bifurcation. The
combined effects of Soret and Dufour and other governing parameters on the induced
convective flows were discussed and analyzed, and they were presented in terms of the
stream function, temperature, and concentration profiles and heat and solute transfer rates,
and stability diagrams.

2. Problem Description and Mathematical Formulation

The current investigation is on double-diffusive convection instability in a vertical
rectangular porous enclosure having an aspect ratio of A = H'/L’, where H' is the height
and L' is the width of the enclosure. The origin of the coordinate system is situated in the
center of the cavity with x" and y’ representing, respectively, the horizontal axis pointing
to the right and the vertical axis pointing upward, as illustrated in Figure 1. Neumann
boundary conditions for both temperature and concentration ¢’ and j’ are applied on the
vertical walls of the enclosure. The short horizontal walls of the cavity are considered
adiabatic and impermeable. The porous medium is assumed to be isotropic, homogeneous,
and saturated by a Newtonian and incompressible binary mixture, where the Dufour and
Soret effects are considered. Using the Boussinesq approximation, the density variation p
with temperature T” and concentration S’ is described by the linearized state equation as
p=po[l—Br(T' —T}) — Bs(S' — Si)], where B and Bg are the thermal and concentration
expansion coefficients, respectively, and they are defined as:

e L(2) g 1(2)
Po oT’ P’,S’, [ as’ P, T

where pg is the fluid mixture density at temperature Tj and concentration Sj, which
represents the temperature and concentration values at the origin of the coordinate system.

The heat flux induced by conduction and diffusion-thermal (Dufour effect) is ex-
pressed as [1]:

—

q' = —k, VT — Dyg VS'

where kp and Drg are the thermal conductivity of the saturated porous medium and the
Dufour coefficient, respectively.

The Fick’s law of mass diffusion [1], in the presence of thermo-diffusion (Soret effect)
induced by the imposition of a temperature gradient, is defined as follows:

—

i/ =-DVS —Dgy VT

where D and Dgr are respectively the mass diffusivity of saturated porous medium and
the thermal-diffusion coefficient.
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Figure 1. The physical model and coordinate system.

Adopting unsteady Brinkman-extended Darcy’s model [1] and taking into account
the Soret and Dufour effects [1], the governing equations expressing conservation of mass,
momentum, energy, and species are given as follows:

ou' v
aw "oy 0 .
Ko o _K\oP [ @
e'v ot/ Cou|ox el 9x7 ay’?
K v/ K|[oP *v 9%
Tosr TV = ay,—ye<8x/2+ay/2>+pog[ﬁT(T/—T6)+‘BS(5/_56)]] ®)
or' ., 2 20/
05 +V VT =a V2T + DrsV2S )
/ —
8/2% +V'VS' =D V2§ + Dgr V2T ®)

>
where V' is the velocity vector, 1’ and v’ represent the velocity components, ' the time,
P’ the pressure, K the porous medium permeability, ¢’ the porous medium porosity, v
the kinematic viscosity of the fluid (v = u/p), p the dynamic viscosity of the fluid, y.
the effective dynamic viscosity, g the gravitational acceleration, ¢ the saturated porous

medium to fluid heat capacities ratio (0 = (pc)p /(pc) f) , and « the thermal diffusivity of

the saturated porous medium (a =kp/(pc) f)'

For a parametric study, the following dimensionless variables are used to put the
above Equations (1)-(5) into a dimensionless form:

/

T -T)
)= (5.4) o) = (& &) 1= £, 7="TgH)
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where t*, U*, P*, AT*, and AS* are the characteristic time, velocity, pressure, temperature
and concentration scales defined as:
a Ll 00 Pru*z q,L/ ]'/L/

ok * * x )
U =5, =0, P 5. AT kp’AS 5

where Pr = v/a is the Prandtl number and Da = K/L'? is the Darcy number.

Using the stream-function formulation, the stream-function ¥ is linked to the velocity
components as # = 0¥ /dy and v = —9¥ /dx such that the continuity equation is satisfied.
Eliminating the pressure from Equations (2) and (3), the governing Equations (1)-(5) in
terms of ¥ are rewritten in a dimensionless form as follows:

o(V2Y) 5 ) oT = . 9S
(==~ + V¥ =DacA ‘i’—RT<ax+Nax> (6)
T YT YT _ pp D, V25 )

o Tayax  axay

oS o0¥9dS dJ¥YaS “1({w2 5
—+=—=—=—=—=L T

‘ot Tayax ooy © (Vs +5,v°7) ®

According to Equations (6)—(8), the present problem is governed by nine dimension-

less parameters, which are the Rayleigh number, Rr, the effective Darcy number (called

Darcy number hereafter), Da,, the buoyancy ratio, N, the Lewis number, Le, the Soret

parameter, S, the Dufour parameter, D, the aspect ratio of the cavity, A, the porous

medium acceleration coefficient, ¢, and the normalized porosity of the porous medium, e.

They are expressed by:
Ry = 8P AL pgy—rDa N=B8% Le=8,
Da €

Dgr AT* Drg AS* H'
S”: IS)TAS*’ Dy = azTSAT*’ A:?’ gzs’(rPr’ €= 5

, ©)

where the parameter 7, = ./ is the effective viscosity to fluid viscosity ratio. It was
commonly considered in the past studies as: 7, = 1/¢’ or r;, = 1. For a Brinkman porous
medium, € & 1, the viscosity ratio became close to unity (y, = u) [1]. Furthermore, Givler
and Altobelli [52] performed an experimental study for the determination of the effective
viscosity for the Brinkman-Forchheimer flow model and found that the parameter r, > 1.
The experimental values of the Soret and Dufour parameters (S, and D,) are now
discussed and an explanation on how their values vary is provided. On the one hand, the
Soret number is defined as St = Dgr/D, where Dgr is the physical thermodiffusion coeffi-
cient. For some typical fluid mixtures, such as: water-isopropanol mixtures (water mass
fraction of 0.2), water-isopropanol mixture (water mass fraction of 0.9), water-methanol
(water mass fraction of 0.1), and water-ethanol (water mass fraction of 0.1) the physical
thermodiffusion number, ST, was measured as 3.09 x 103K ! [53], —8.47 x 103K ~! [53],
1.88 x 103K ! [54], and 2.71 x 1073K ! [54], respectively. Thus, the present Soret param-
eter S, becomes a function of the scaling factors as S, = STAT*/AS*, which could make
S, vary from 0 to plus or minus large values according to the values of the temperature
and concentration difference and the sign of the Soret number, St. On the other hand, in
the present notation and according to [55], the contribution to the net heat flux is the heat
transfer by conduction and by Dufour diffusion, where the net heat flux is defined by:

.
' dug ., D
- qup =aVT +p ;‘S% T prVS, (10)
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where g is the chemical potential and D” is the Dufour coefficient. From this net heat flux
relationship, the Dufour parameter D,, is related to the Dufour coefficient as follows [12,55]:

B% AS* 1 D~

_us Ty BE
B2 AT* Le D Q= Cp A

Du=Q 9" Cp B2

In the 1960s, it was demonstrated that the Dufour effect does exist in liquid mix-
tures [8,56], however, it was discovered in gases a few decades earlier [57]. Some experi-
mental values in liquids mixtures were reported for a large number of mixtures and the
Dufour coefficient D” was significant. In gases mixtures, Liu and Ahlers [12] reported
some typical values of the Dufour effect which were given in terms of Dufour number Q,
as stated in the relationship above, which is a purely thermodynamic quantity. The Soret
coefficient could be negative or positive, however the Dufour number is always positive.
As discussed in Liu and Ahlers [12], the quantity Q could be very large, Q~O (1)-O (2).
The Lewis number is of order O (1) for gases and O (2) for liquids. Other parameters can
be computed for any fluid or gas mixtures and it can be shown that the parameter D,
varies from 0 to large positive values. Liu and Ahlers [12] reported a large number of gases
mixtures with Soret and Dufour coefficient measurements. In the present investigation,
we focus on a parametric study, which could suit any working fluid mixtures, and the
parameters in the Sr and Du expression above could be tuned up to obtain the desired
Soret and Dufour parameters.

The boundary conditions imposed on the system are expressed in a dimensionless
form as:

1 oY oT aS aS oT
for the active vertical walls, and they can be reduced to:
o _ ar and % _
ox  Arand gy Tas
where a7 and ag are defined as:
1-D, 1-5,
— , =_— 13
TEICD,S T 1-DS, (13)
and: A ¥ oT 05
y=+=: ¥=—=0, —=—=0 (14)
2 ay dy 9y

for the adiabatic and impermeable walls.
In the present paper, the case where the resultant of the thermal and solutal buoyancy
forces is nil is considered such that:

N=_-2 (15)
as
For this particular buoyancy ratio value, the rest state is a possible solution of the
problem, but it becomes unstable above a threshold and can bifurcate toward a convective
state. In this study with the current problem formulation we assume that D, S, # 1 to
avoid singular conditions.
The local and average heat and mass transfer rates expressed in terms of the Nusselt
and Sherwood number are defined respectively as:

_ 1 _ 1
Nu = zrpas/ Sh = zsrsar

A/2

(16)
Nuw = % [*17, Nudy, Shw =% [*}7, Shdy
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where AT = T(—1/2,y) — T(1/2,y) and AS = S(—1/2,y) — S(1/2,y) are the dimension-
less temperature and concentration differences, respectively. The subscript m denotes an
average value along the vertical walls.

3. Numerical Solution

A finite difference method was used to solve numerically the full governing equa-
tions subject to the prescribed boundary conditions. The energy and concentration,
Equations (7) and (8), together with the boundary conditions, Equations (12) and (14),
were discretized using a second-order finite difference scheme in time and space with a
uniform grid. The alternating direction implicit method (ADI) was employed for a time-
accurate solution. The resulting sets of discretized equations for each variable were solved
by a line-by-line procedure, using the tri-diagonal matrix algorithm (TDMA). However, the
stream function equation, Equation (6), was solved using the successive over-relaxation
method (SOR) with known temperature and concentration distributions from the previous
time step. The temporal terms in all equations were discretized using a second-order
backward difference scheme. The boundary conditions were also discretized using a
second-order backward finite difference scheme. At each new time step the SOR iterative
procedure was repeated until the following convergence criterion is reached:

k+1 k
;;“P” — ¥

ZZ“YT‘ <107° (17)
ij

where k denotes the kth iteration.

Depending on the governing parameters’ values, owing to non-slip boundary condi-
tions and thin viscous flow layers on the walls for small Darcy number, Da,, the grid size
of 200 x 300 was adopted for most of the cases considered in this study.

The accuracy of the present numerical solutions depends on the grid size (Nx x N,,).
Thus, a grid sensitivity study is performed to find the adequate grid size beyond which
the solutions become independent of the grid size. Various grid sizes are considered as
shown in Table 1. The predicted numerical results are compared with the exact analytical
solution valid for an infinite layer. For the numerical solution, an aspect ratio of A =10 is
considered, which nearly mimics the infinite layer flow. The numerical results are obtained
for Da, =1, Ry = 10*, Le = 10,and D, = S, = 0.1. According to Table 1, grid refinement
is seen to improve the results accuracy as they become independent of the grid size beyond
100 x 200. Therefore, to be more conservative, a grid size of 200 x 300 is adopted and it
is believed to provide the numerical solutions with sufficient accuracy.

Table 1. Grid sensitivity study for A = 10, Da, =1, Rt = 104, Le = 10,and D, = S, = 0.1.

Numerical Solution

Ny xNy Analytical Solution
40 x 80 80 x 160 100 x 200 200 x 300
Yo 3.7171 3.7861 3.7877 3.7906 3.7911
Error (%) 1.97 0.13 0.09 0.01 Reference
Nu 2.4561 2.4406 2.4362 24312 2.4187
Error (%) 1.53 0.90 0.72 0.51 Reference
Nup 2.4057 2.3871 2.3824 2.3773 .
Sh 3.1944 3.1887 3.1823 3.1730 3.1072
Error (%) 2.77 2.59 2.39 2.10 Reference
Shy, 3.4365 3.4108 3.3989 3.3828 e

For validation of the present numerical solutions with past study numerical results,
Table 2 illustrates the numerical solution obtained for A = 8, Ry = 150, N = —1, Le = 10,
and D, = 0and S, = —1, in terms of the maximum stream function value, and the local
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Nusselt and Sherwood number for low and high Darcy number values, as defined in Joly
et al. [36]. The results are compared with those reported by Joly et al. [36] with a very good
agreement.

Table 2. Comparison of the present computed values of ¥Ymax, Nu, and Sh with a past study of
numerical results for A =8, Ry =150, N = —1,Le = 10,and D, =0and S, = —1.

Da, =1 Da, = 0.001
Joly et al. Present o Joly et al. Present o
(36] Study Error (%) (36] Study Error (%)
Y max 0.32 0.33 3.08 3.16 3.16 0
Nu 1.03 1.03 0 2.79 2.80 0.36
Sh 2.58 2.63 1.92 4.89 492 0.63
Typical numerical results are presented in Figure 2a—e for A = 10, Le = 10,e =1

and various values of the effective Darcy and Rayleigh numbers and the Soret and Dufour
parameters. In these graphs, streamlines, isotherms, and isoconcentrations are illustrated
from left to right, respectively. Independently of the governing parameters, the results
distinctly show that the flow in the core region of a tall cavity (A >> 1) is essentially
parallel, while the temperature and concentration are linearly stratified in the y-direction.
These observations, which were reported in the past by several authors [22,27,36] and
confirmed numerically by the results sketched in Figure 2, are the foundations of the
parallel flow assumption, which was considered in the present study.

The effect of the effective Darcy number is depicted in Figure 2c—e for A = 10,
Le =10, D, = 5, = 0.1, and ¢ = 1. When the effective Darcy number is relatively
small, the viscous effect (Brinkman term) is negligible and the enclosure walls behave
like non-slip walls as the viscous boundary layer becomes very thin when Da, — 0. This
effect is illustrated in Figure 2a—c by the streamlines clustered near the walls. As Da,
increases, the influence of the boundary effect on the flow, temperature, and concentration
fields becomes more significant, where the strength of the flow circulation is decreased
and the streamlines become sparsely distributed near the walls, owing to the viscous
effect appearance.

The Soret and Dufour effects are presented in Figure 2a—c, where contours of the
stream function, temperature, and concentration corresponding to S, = D, = 0.1 are
similar to those obtained when S, = D,, = 0 (not presented here). From Figure 2a,b, when
the Dufour (Soret) effect is equal to 0.8, the thermal (Solute) buoyancy effects are dominant,
which slightly enhances (diminishes) the flow intensity, where the stream function value
increases from ¥y = 3.45 to ¥( = 3.55. Figure 3a indicates that when the Dufour parameter
increases up to 0.8, the isotherm lines become less distorted due to a decrease in the thermal
gradient, which is apparent from Equation (7). However, the isoconcentration lines are
more distorted due to the increase in the concentration gradient (see Equation (8)), which
increases the mass transfer rate from Sh = 4.89 to Sh = 5.28. Furthermore, Figure 2c clearly
indicates that the Soret effect has an inverse trend.
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Figure 2. Contours of stream function (left), temperature (center), and concentration (right) for:
A =10, Le =10,¢e = 1: (a) Da, = 1074, Ry = 200, S, = 0, D, = 0.8: ¥y = 3.55, Nu = 3.20, and
Sh = 5.28; (b) Da, = 10~%, Ry = 200, S, = 0.8, D, = 0: ¥y = 2.79, Nu = 2.74, and Sh = 2.88;
(c) Da, = 1074, Ry =200, S, = D,, = 0.1: ¥y = 3.45, Nu = 3.22, and Sh = 4.89; (d) Da, = 1071,
Rt =200,D, =S, = 0.1: ¥y = 1.80, Nu = 1.64 and Sh = 2.91; and (e) Da, = 10°, Ry = 104,
D, =5,=01:%Y) =379, Nu =243, and Sh = 3.17.
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Figure 3. The effect of Da, on (a) by, (b) cy, and (c) R? for an infinite layer A — oo.

4. Analytical Solution

For double-diffusion convection in a tall cavity having a large aspect ratio (A >> 1),
several authors developed an approximate analytical solution based on the parallel flow
approximation (see, for instance, Mamou et al. [22], Amahmid et al. [27], and Joly et al. [36]).
For the present problem according to this approach and to the numerical observations
made on Figure 2, the convective flow in the central region of the enclosure is assumed to
be parallel to the vertical walls. Thus, the horizontal velocity component is neglected and
the vertical velocity component depends now only on x. In this way, the stream function,
temperature, and concentration can be approximated and written as follows:

Y(x,y) = ¥(x)
T(x,y) ~ CTy + @T(X) (18)
S(x,y) ~ Csy + @s(x)

where Ct and Cg are, respectively, the unknown constant temperature and concentration
gradients in the y-direction.

Introducing the above approximations, Equation (18), in the governing Equations (6)—(8)
and making use of the boundary conditions (12)-(14), we obtain the following system of
ordinary differential equations:

>y d41P_RT(d®T_ _1d®5>

axz Daeﬁ dx % Tix (19)
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d¥ d20r 420

—Cre = D 20

Tax — a2 P e (20)
d¥Y d’Og d?Or

— Ccle=—— = - 21

Cs edx dx? tor dx? 1)

After performing a first integration of the energy and species Equations (20) and (21),
and making use of the boundary conditions, Equation (12), it is readily found:

d@T o CS DuLe — CT
dx  1-D,S,

Y +ar (22)

d®s Cr Sy —Csle
dx ~ 1-D,S;
Substituting Equations (22) and (23) into the momentum Equation (19), we obtain the
following ordinary simplified differential equation:

Y +ag (23)

4 2
AL A YOS (24)

— Da,~—
b d T a?

where: Q = [Ry(LeCs — Cr) /(1 — S,)]"2.
The solution of Equation (24), satisfying the boundary conditions in Equation (12),
and the stream function approximation stated in Equation (18), is obtained as follows:

Y(x) = ‘PO"\/liTl [cos(62x) — 19 cosh(61x)] (25)

where the constants 01, 6,, 1o and #; are defined by:

1 1
0 — V1+4Da, 02 +1 \ 2 0, — 1+4Da. 21 \ 2
1=\~ ) 2=\ )
2 (26)

_ cos(6,/2) _ 2 | sin(6p) 0
0= oshiay) 1+’70+922(1—9§>

and Y, is the normalized stream function value at the central part of the cavity, and it is
defined as follows:

You = Yov'bo (27)

where: by = 111/ (1 — 19)* and ¥ = ¥(0).
In Equation (27), ¥y is the stream function at the center of the cavity. From the
boundary conditions for ¥ and its derivative 0¥ /dx at x = +1/2, it is found that:

0> tan<922> + 91tanh<921) =0 (28)

The relationship between, 61, 65, and () is given by:

02 = 02 + 02 = 63 (Da,63 + 1) (29)

Da,’

Upon solving (22) and (23), one obtains the following solution:

B 1 (Cr—CsDylLe\ (sin(frx)  sinh(6;x)
. . 1 CsLe — CTSr sin(sz) . sinh(Glx)
S(x,y) = Csy T ( 1-D.s, ) ( 6, Ch— Yon +asx  (31)

In the past, Trevisan and Bejan [21] demonstrated that the parallel flow approximation
is only applicable in the central region of the enclosure, but in the end regions where the
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flow is more complicated, the boundary conditions in the y-direction, Equation (14), cannot
be applied exactly with this approximation. For this reason, these conditions are replaced
by the energy and species balances at a given transversal section of the enclosure. With this
procedure and the fact that the quantities of heat and mass flowing through the horizontal
section are equal to zero, the following expressions for the energy and species balances
are obtained:

+1/2 +1/2
/ T b, 25 dx + / M e =0 (32)
ay ay ox
—-1/2 —-1/2
+1/2 +1/2
/ % 45T dx+Le/ Nix—o0 (33)
ay ay ox
-1/2 —-1/2

After substituting Equations (25), (30), and (31) into Equations (32) and (33) and
performing the integration, the constant temperature and concentration gradients along
the y-direction, Ct and Cg are respectively obtained as:

co You (a1 — asLeDy, + bLe*¥3,)
Cr= . . — (34)
(14 b¥§,) (14 bLe*¥5,) — DuS, (1 — bLeYg,)

co Yon (asLe — arS, + bLe¥3,)

(1+0Y3,) (1+bLe?¥3,) — DyS, (1 — bLe¥3,)
where:
1 1 25sin(6,/2) 62
b — , cnp = —— , = = 1 + — 36
20-Dus,) @ N 12 5, 02 (36)

Substituting expressions of Ct and Cg in the () definition, Equation (24), we obtain
the following polynomial equation:

V*Le? W3, 4 2 dib* W3, — 4b*dyR% o, +1=10 (37)

where: dy =1 + Lé? + 2 LeD,S, dy = Le? + N + Le (D, + NS,) and R% being defined as:
RY = Rr/R% with Ry = Q% /cg.

Equation (37) is solved numerically using the Newton-Raphson method. In this way,
the value of Cr and Cg, and the stream function, temperature, and concentration fields can
be obtained for any combination set of the controlling parameters R, L., Dae, D,,, and S;.

From Equation (37), it is found that a non-zero solution exists only beyond a threshold.
Subsequently, the normalized threshold Rayleigh number which characterizes the onset of

convective motion is obtained by deriving Equation (37) with respect to RY. and setting the
derivative %. After some algebra, it is found that:
T
Le*¥3,- + (1 + Le? + 2LeDySy) Yonc
Le?2 + N + Le(D, + NS;)

b0 _
R7" = (38)
where Y, is the critical finite stream function value at the bifurcation point, which
constitutes a saddle-node point characterizing the subcritical bifurcation. The expression
of ¥y, is obtained as:

1

2
[\/zﬂ(l + Le? +2LeD,,Sy)” +3Le? — b (1 +Le* + 2LeDuSr)] (39)

1
‘I{ =
onC Le\/@
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The threshold of the subcritical convection is computed from Equation (38), where
the relationship between the normalized critical Rayleigh number, RST”Cb’O, and the critical
Rayleigh number, RST”CZ’ , which characterizes the onset of convective motion, is given by:

R7¢ = RO Ryc” (40)

According to the temperature and concentration profiles, Equations (30) and (31), the
local Nusselt and Sherwood numbers expressions, Equation (16), are reduced to:

1
Ny=— - 41
YT —coCr¥on @
Sh ! (42)

- 1-— C()CsLe"P()n

In the above equations, the parameters by, cy, and R? depend on the Darcy number,
Da,, as depicted in Figure 3a—c. From Figure 3a, when the Darcy number is very small
(Da, < 107%) the variation of the constant by tends asymptotically toward by = 1 and the
normalized stream function can be rewritten as: ¥, = ¥¢ which corresponds to the pure
Darcy situation. Upon increasing the value of the Darcy number, by decreases and tends
asymptotically toward a constant value: by = [cosh? (w/2) + cos? (w/2)]/[cosh (w/2) —
cos (w/2)]? = 0.793, which corresponds to the clear fluid case. A similar trend is observed
for the evolution of the constant ¢y, as illustrated in Figure 3b, where the limiting values
co = 0.636 and ¢y = 0.588 correspond to the Darcy and the clear fluid media, respectively.
In addition, the effect of Da, on the constant Ry is depicted in Figure 3c. As expected, the
graph indicates that the constant R? decreases towards a constant value R = 73 /2 = 15.581

when Da, — 0, and to R/Da, = «® \/1 + [cos(w/2) /cosh(w/2)]*/ [4sin(w/2)] when
Da, — 0.

4.1. Case of Darcy Flow (Da, << 1)

The Darcy situation can be deduced from the Brinkman model when Da. — 0. For
this condition, Equation (29) indicates that the parameter 6; tends to +oo, and Equation (28)
leads to tan(#,/2) — — oo, which allows to define the parameter 6, as: 6, ~ 71(1+ 2n),
and from Equation (29), Q) ~ 6, ~ 71(1 + 2n). Thus, in these conditions, for a monocellular
flow (n = 0), where () =~ 0, ~ 71, the expressions of the constants: 7, #1, and #, are reduced
to: 170 = 0,1 = 1, 72 = 2/ . Using the above expressions, the definition of by is reduced
tobg=1and ¥y, = ¥p.

The Darcy solution of the present problem (i.e., Da, = 0) is obtained by introducing
the above results into the expressions (Equations (25), (30) and (31)) presented in Section 4,
which can be reduced to the following equations:

Y (x) = Yo cos(Qx) (43)
Yo (Cr — CsDy L .
T(x,y) =Cry — 60 <T1_DSSME> sin(Qx) + arx (44)
uvr
¥y (CsLe —CrS
S(x,y) = Csy — 60 (S'leDSTr> sin(Qx) + agx (45)
uvr

In this situation Cr, Cs, ¥, Nu, and Sh are evaluated from Equations (34), (35), (37),
(41) and (42) respectively. The critical Rayleigh number is then given by:

oLe?¥3c + (1+ Le? +2LeD,,S;) Yoc
Le? + N + Le(D, + NS;)

R =R (46)

where RO = 03 /¢y ~ 73 /2.
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4.2. Case of Fluid Flow (Da, >> 1)

When Da, — oo, the current Brinkman model is reduced to a parallel flow solution
in a vertical cavity filled with a clear fluid.

For this condition, Equation (29) indicates that 6; ~ 6,, and 0? = Dag%L or O? = Da,w?,
where w = {/Rar(LeCs — Cs)/(1 — S;) with Rar = Ry/Da, being the thermal Rayleigh
number for a clear fluid medium.

In this regard, Equation (28) reduces to:

tan(%) +tanh(%) =0 47)

For n= 0, the flow is monocellular and a numerical solution of Equation (47) is ob-

tained as wg ~ 4.73. For n >> 1, an approximate asymptotic solution is obtained as:

wy =77 (4n + 3)/2, where each valueof n (n=1,2,3,4 ... ) corresponds to a different convec-

tive mode. The expressions of the constants #g, 771, and 7, stated in Equations (26) and (36)
are reduced to:

cos(w/2 4sin(w/2
CZLI R P S C70)

o= cosh(w/2)’ w 48

In this way, the expressions of ¥ (x), T(x,y), and S (x, y) corresponding to the pure
fluid medium are given by:

¥(x) = —[cos(wx) — o cosh(wr)] (49)
L—=10o
T(x,y) = Cry — w(llf_o 7o) <CT1__%Z[D§;L€> [sin(wx) — nosinh(wx)] + arx (50)
CsLe — CtSy . .
S(x,y) = Csy — w(lT—O = ( iLi DuSTr ) [sin(wx) — nosinh(wx)] + asx (51)

For the clear fluid limit, Ct, Cs, Yo, Ny, and Sh expressions can be easily derived from
Equations (34), (35), (37), (41), and (42), respectively.
For this situation, the critical Rayleigh number, RS’T“(%’ , is expressed by:

boLe?¥3c + (14 Le? + 2LeDyS,) ¥oc

RaS = \/byRa® 52
a1c 0Ra Le + N + Le(D, + NS,) 2)

where: Ra® = w*/cy, and

y L
LE\/Bbe

In the past, the parallel flow concept used to predict the asymptotic analytical solution
presented in this paper was validated by many authors. Most of these validations were per-
formed for the case of double diffusive convection without Soret and Dufour effects [22,27]
or with only the Soret effect [36]. Figure 4 illustrates the effect of the enclosure aspect
ratio on the stream function value at the center of the enclosure and the local and average
heat and mass transfer rates for Rr =50, Le =5, £ =1 and D, = S, = 0.2, within a Darcy
porous medium. From the Figure, it is observed that the flow intensity and the local
Nusselt number increase monotonically and sharply at the beginning as the aspect ratio
increases beyond 1 and then tend asymptotically toward constant values as the aspect
ratio becomes very large (A > 6). The same trend is observed for the averaged Sherwood
number. However, for the local Sherwood number, first it increases drastically with the
aspect ratio and then passing through a maximum it drops toward a constant value. The
constant values are reached at A = 6 and they become independent of the aspect ratio of the
enclosure; they compare well with the analytical solution. For this reason, and to be more

1
2
Yoo = [\/ b2(1 + Le? + 2LeD,S,)> +3Le2 — b (1 L+ 2LeDuS,)} (53)
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conservative, most of the numerical results presented in this paper are obtained for A =0 to
ensure the validity of the asymptotic analytical solution in the core region of the enclosure.

3 25
(@ I 6)
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Figure 4. Enclosure aspect ratio effect on (a) the flow intensity, (b) and the heat, and (c) mass transfer
rates for: Rp =50,Le=5,e=1and D, =5, =0.2.

5. Linear Stability Analysis

In this section, a two-dimensional stability analysis of the binary flow system is
considered. The overall unsteady solution of the problem consists of a basic solution (¥},
Ty, Sp) representing the pure diffusive rest state solution or the steady-state convective
solution, and a perturbation solution (¥, Ty, Sy). The basic rest state solution is given by
(Yy =0, Ty = arx, and Sp) = asx, and the basic convective steady state solution is obtained
from the parallel flow asymptotic approach. For an infinite porous layer, this assumption
allowed to define the perturbations, as follows:

Yo (x,y,t) = el TRV f(x)
Ty(x,y,t) = OpeP kv g(

x) (54)
Sp(x,y,t) = doeP T ¥h(x)

where k is the wave number, f(x), g(x) and h(x) are functions describing the pertur-
bation profiles, and p = p, + ip;, is a complex number indicating the growth rate of
the perturbation, p;, and the oscillation frequency, p;, and ¢y, 0y, and ¢ are unknown
infinitesimal amplitudes.
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[Ky]

Substituting Equation (54) into the governing Equations (6)—(8) and after dropping
second-order nonlinear terms, it yields the following linear stability equations:

(D~ K — D (D* = 22D? 4 K*))F + RrD (G — arag 'H) = —gp(D? — K*)F
(CrD — ik(ar + D8y))F + ikgD¥}, + (D? — k?)(G + D, H) = pG (55)
(CsD —ik(ag + D¢y,))F 4 ikhD¥}, + Le ™! (D> — k*) (S,G + H) = epH

with F = ¢of, G =00g, H=¢ph and D = d/dx.
The new perturbation boundaries conditions are defined as follows:

oF d oH
1 _9F G 0 _

x==x-: F

The above linear system (55) subject to boundary conditions Equation (56) is solved
numerically using a finite element method based on the cubic Hermite element. The

numerical procedure is described in detail in Mamou [58] and Mamou et al. [59]. Since
there is a slight difference between the current problem and that analyzed in [58,59], some
details are omitted. The discretized linear equations are assembled into a global eigenvalue
system as follows:
—Rr[By] RrZs(By] F —¢[My] 0 0 F
[Ke] Dy [L] G =vp 0 —[My] 0 G (57)
Sy 1 —
5 [Ly] e[K] | UH 0 0 —e[My] | H
where F, G, and H are the unknown eigenvectors of dimension m = 2N,y + 1, where N,y is
the number of elements in x direction, and [Ky], [Kg] [Ky], [By], [Bol, [Bg], [Lal, [Lg], [Myl,
[Mg] and [My] are square matrices of dimension m X m, whose elementary matrices are
defined as follows:
PH; P2y,
dx?  dx?

[Kﬂe = f {@‘gil + sz]'Hl + Dag( + 2k2%% + k47'lﬂ'[1>] dx,
Axe

dH; adH;
Ba]" = J Feran M) = 1 (TR A d,
Xe Xe

Kol = [ (G52 + MMy — ik H]H, ) dx,

A (58)
B = [Cre —ik(ar + %0 ) ;] Hydx,  [My)" = wra,
Kol = | (TG + MM, — kLB MMy ) dx,
Xe
By -/ [Cs %2 — ik (as + 42 ) 1] Hudx

5.1. Stability of the Rest State

The stability of the motionless state: (Y =0, T = ax and S = ax) is now considered.
The methodology for obtaining the thresholds of various types of convective modes is
described hereafter. The eigenvalue problem, Equation (57), in its general form is valid for
any governing parameters value.

To explicitly determine the thresholds of stationary and oscillatory convection, the
Galerkin method is the most suitable provided that the eigenvectors are predetermined
through the numerical analysis given in Section 5.

Now assuming that the eigenvectors (F, G, H) are obtained from Equation (57) so
they can be used as the weighing functions, and substituting the rest state solution (¥ =0,
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T, = arx, Sp = asx) in to the general stability Equation (55) and performing the Galerkin
integration, the following scalar linear equations are obtained:

PEWoMy + oKy = Rr (60 — goaras" ) B (59)
pboMp — YoarLe = — (6o + ¢oDu)Ky (60)
pepoMp — poasLy = —Le™ ' (¢o + 00S,) Ky (61)

where My, Mg, My K, Ky, K¢, Lg, Ly and B are constants which can be computed from the
following Galerkin integrals:

2 2
Ky = 1{52[(;&) +k2F2+Dae((‘££) +2k2(d—F) +k4F2>} X,
2
Ko = flgz((f;;) +k2G2> dx, Kp— 1{32((7;5) +sz2) dx,
62
12 ikGFdx, L 12 ixHFdx, B = [Y/% 4GF4 2
fl/zl x, Ly=[_ 1721 X, fl/z dx i 4%

1/2

2
— dF 2712 _ /2 _ /2 p
My = _1/2<(dx) +kF)dx,M9_ 12 Grdx, My = ['2, Hdx

with Ky :K¢ =K, Ly =L¢ =L and My =M¢=M.
Substituting Equations (60) and (61) into Equation (59) we readily arrive to the follow-
ing dispersion relationship:

3 2
Y ol Le (,’;) +pz<Z) —P1<5)—P0=0 (63)

po = R} (aras" — Le) — (1= D))
p1 = RYarLe(e —1) — (eLe +1) — (1 — DyS,) vy
p2 = eLe(1+7p78) + 197G

0 — Ry po _ KyK My K
Ry =% R =30, 79 =%,7=

where

(64)

From Equation (63), the onset of overstabilities and stationary convection can be
determined.

5.1.1. Onset of Stationary Convection

The determination of the thresholds of stationary and overstable convection are
discussed. In general, the threshold of stationary convection is obtained when the marginal
stability occurs (p = 0). After introducing the boundary conditions in the general linear
system, Equation (57), the eigenvalue problem can be reduced to:

[E— AIJ{F} =0 (65)
with E = [I(ll,]_1 [K]! [Byl [B]and A = RT(;T;S;L@’ where [I] is the identity matrix and F

is the eigenvector. The above equation has a nontrivial solution, ({F} # 0), only when the
determinant of [E — AI], which yields m eigenvalues which can be reorganized as A1 < Ap
<... < Ay, and their corresponding eigenfunctions are given by {F}; wherei=1, 2, .

m. Thus from Equation (65), the threshold for stationary convection is given by:

1-S
Ryl =RV——"— 66
Ic ar —agle (66)
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where the constant R takes positive values (R® = 1/A,,) for L, < aTas_l and negative
values (R = 1/A;) for L, > aTagl. When S, = D, = 0, the above supercritical Rayleigh
number expression is reduced to that reported by Mamou et al. [28]. For an infinite
vertical Brinkman layer, the constant RY is a function of the effective Darcy number, Da,,
as also demonstrated by Mamou et al. [28] and Joly et al. [36]. The Darcy situation is
obtained for Da, < 10~ with slip boundary conditions where the constant R? is given

by R? = +105.33(—105.33) for Le < aTagl (Le > aTagl), these values were reported by

Mamou et al. [22] and Joly et al. [36]. The expression in Equation (66) can be obtained from
Equation (63) when p =0 (i.e., pg = 0).

5.1.2. Onset of Oscillatory Convection

The marginal state of overstability corresponds to the condition p, = 0 (i.e., p = ip;).
Substituting the relation p = ip; in Equation (63), and after separating the imaginary and
real parts, we find two expressions of p; as follows:

2 2P0 2 pP1
. = — -, ;= — 67
P P T eyt (67)

The critical Rayleigh number RI¥", which characterizes the onset of oscillatory con-
vection is obtained by equalization the two expressions stated in Equation (67), this leads
to the critical Rayleigh number of the onset of the overstable regime as:

Rover — RO (1—Sr)sLe'ylp'y§—a5[(sLe+1)+(1—DuSy)'ylp7§] [(sLe-i—l)mp'yC-&-sLe] (68)
C (ar—agLe) eLeyyyE—aragLe(e—1) [(5L6+1)7¢7§+£LE]

For the case where (¢ = 0), the critical Rayleigh number is reduced to:

over __ RO ele +1

TC =™ arLe(e —1) 69)

The existence of the oscillatory convection mode is only possible when the condition
p% + po < Ois satisfied, i.e., RF¥" < Rt < R}, where the value of RTE is determined when
p% + po = 0. Additionally, and for the same situation (¢ = 0), the critical Rayleigh number,
R%¢, characterizing the upper limit of the oscillatory convection regime, where transition
from oscillatory to stationary mode occurs, is obtained as follows:

e(agLe —ar) 1+e¢Le VA ) 70)

R§E = RO -
2asatLe(e —1)*>  arle(e—1)  2[arLe(e —1)]?

2
where: A = €2L¢? (aTas_l — Le) —4arele®(e—1) [aTas_l —DyLe +¢Le (SraTagl - Le)}.

The value of RT*" and RTE are also computed numerically from Equation (57) when
pr =0and p; # 0, respectively, and minimized according to the optimal wavenumber.

5.2. Stability Analysis of the Convective State: Hopf Bifurcation

The stability of the basic finite amplitude convection solution, which is given by the
parallel flow assumption developed in Section 4, is considered. Thus far, it is well known
that when the Rayleigh number is increased above a critical value, the convective flow
becomes oscillatory and the onset of oscillation is marked by a critical value known as the

threshold of Hopf bifurcation. In order to find the threshold of a Hopf bifurcation, RIT{gp f ,
a stability analysis of the flow pattern is required. Table 3 shows the numerical results
obtained using a non-uniform sinusoidal mesh. The effect of the grid size on the threshold
of Hopf bifurcation is illustrated for an infinite vertical layer with Da, = 1074, Le = 2,
S, =D, =0.1,¢ =0, and € = 1. The aim of the grid sensitivity study is to determine the best
compromise between the accuracy of the results and the computational time. The results
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are presented in terms of the critical Rayleigh number, RIT_Igpf , critical wave number, Ac,

and the oscillation frequency, f,. The critical Rayleigh number value is seen to be accurate
enough with a grid size of 32 finite elements. For Da, = 10~4, the Brinkman viscous layer is
very thin and requires grid point clustering near walls.

Table 3. Effect of the grid size on the threshold of the Hopf bifurcation in an infinite vertical layer for
Da,=10"%, Le=2,5,=D, =0.1,f=0,and e = 1.

Grid Size 4 8 12 16 32 64
RITJS”/{ 1454.37 872.54 866.39 864.33 863.52 863.43
Ac 2.73 2.90 291 291 2.89 291
fr 5.50 4.34 4.32 4.31 4.34 4.32

The effects of the Soret and Dufour parameters, S, and D,,, on the threshold of the
Hopf bifurcation are shown in Table 4 for Da, = 1074, L, =2, ¢=0,and e =1, with S, and
D, varying from —1 to 0.6 and from 0 to 1, respectively. For this condition, an increase
in S, delays the threshold of Hopf bifurcation up to S; = 0.5 where R?gp f 5 0. When

S, > 0.5, R?gpf decreases with the increase in Sy, i.e., causing an early Hopf bifurcation.
Thus, the Soret parameter has a stabilizing effect if S, < 0.5, otherwise, it has a destabilizing
effect. Furthermore, from the right side of Table 4, it is clear that the critical Rayleigh
number Rl;lgp f decreases considerably with the increase in D,,. This follows from the fact
that any increase in the Dufour parameter results in a destabilizing effect and enhances
the convective flow. In general, the stability analysis leads to two conjugate solutions at
the onset of the Hopf bifurcation. The perturbation flow patterns depicted in Figure 5 (for
Da, =104 Le=2,D,=5,=0.1, ¢ =0 and e = 1) show that the two solutions (with negative
and positive values of p;) are mirror images of each other and once superposed could lead
to traveling waves in the vertical direction.

Table 4. Effects of the Soret, S;, and Dufour, D,,, parameters on the threshold of the Hopf bifurcation
in an infinite vertical layer for Da, = 1074, Le=2,5,=D, =0.1, ¢{=0,ande=1.

Du Sr
S Riovf A f. D, REoPS A f
—-1.0 582.08 291 4.33
—0.6 635.00 291 4.33
—-0.2 748.39 291 4.33 0.0 873.12 291 4.33
0.0 873.12 291 4.33 0.2 727.60 291 4.33
0.2 1164.16 291 4.33 0.6 545.70 291 4.33
0.6 1746.26 291 4.33 1.0 436.56 291 4.33

The effect of the acceleration parameter, ¢, on the onset of Hopf bifurcation is presented
in Table 5 for Da, = 1074, Le =2, D, =S, = 0.1 and ¢ = 1. These results indicate clearly
that when the acceleration parameter, ¢, increases from the 0 to 0.1, both the critical

Rayleigh number, R?gp f , and wavelength, Ac, increase and the oscillation frequency, f;,
decreases. Thus, the acceleration parameter has a strong stabilizing effect on the onset of
Hopf bifurcation, which delays the appearance of the oscillatory flows. These results are
similar to those presented by Mamou [24] for double diffusive convection in the absence of
both Soret and Dufour effects.
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(2)

Figure 5. Perturbation profiles ¥Yp, Ty, and S, at the threshold of Hopf bifurcation, R?gp f , for
Da,=10"%Le=2,D,=5,=0.1,{=0and e =1: R;Igpf = 863.44 and Ac =291, (a) p; =27.13, and
(b) p; = —27.13.

Table 5. Effects of acceleration parameter ¢ on the threshold of the Hopf bifurcation in an infinite
vertical layer for Da, = 104Le=2D, =S, =0.1,and e = 1.

4 Ry f, A

0 863.49 2.92 432
103 872.09 2.94 428

5 x 1073 913.70 3.06 4.16
102 982.20 3.27 3.97
5x 1072 2114.62 7.99 2.08
101 3832.36 16.73 1.20

6. Results and Discussion

The main objective of the present investigation is to examine the influence of the Soret
and Dufour effects on the convective flow and on heat and mass transfer rates near the
onset of convection, and on the threshold of supercritical, overstable, and Hopf bifurcation
convection. The Soret and Dufour parameters are varied within the ranges: —1 <5, < +1
and 0 < D, < +1. As previously mentioned, this investigation is focused on the situation
where the resultant of the thermal and solutal buoyancy forces is zero in the pure diffusive
regime (N = —ar/as).

The effect of the Soret and Dufour parameters on the stream function, vertical velocity,
temperature, and concentration profiles at the mid-height of the porous layer (i.e., y = 0)
are illustrated in Figures 6 and 7 for 0 < D, < +1, Da, =1, Le = 10, Rt = 1074, ¢=0,and e = 1.
From these figures, it is clear that the asymptotic analytical solution, which is depicted
in solid lines, is in good agreement with the numerical results presented by black circles.
Figure 6a indicates that the flow intensity is clearly decreasing with the increase in the
Soret effect and therefore reduces the flow circulation intensity inside the cavity, where the
flow velocity for S, = 0.8 is smaller than that corresponding to the case of double diffusive
convection (S, = 0), as shown in Figure 6b. At the same time, a little increase is observed
in the flow intensity and the velocity magnitude with an increase in the Dufour effect, as
shown in Figure 7a,b. Figure 6c shows that the effect of the Soret parameter causes a slight
increase in the temperature difference between the two walls, which is clearly noticeable at
S; = 0.8. The effect of the Soret parameter on the concentration profiles, as illustrated in
Figure 6d, causes a significant concentration difference decrease across the vertical walls as
the Soret parameter is increased. The Dufour effect on the temperature profiles is depicted
in Figure 7c, and its influence appears very similar to the effect of the Soret parameter
on the concentration profiles. The presence of the Soret effect creates a solute deficit and
surplus on the right and left walls, respectively, which becomes important with high values
of Sy. Furthermore, the presence of the Dufour effect creates a heat deficit and surplus on
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the right and left walls, respectively, which become enhanced as well at high values of D,,.
However, for this particular situation, it appears that the Dufour parameter has no effect
on the concentration profile, as depicted in Figure 7d.
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Figure 6. Stream function (a), velocity (b), temperature (c), and concentration (d) profiles in x-
direction at mid-height of the enclosure for A =10, Da, =1, Le = 10, Rt = 104, ¢=0,¢e=1,D,=0and
various values of S,.
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Figure 7. Stream function (a), velocity (b), temperature (c), and concentration (d) profiles in x-
direction at mid-height of the enclosure for A =10, Da, =1, Le =10, Rt = 104, ¢=0,e=1,5=0and
various values of D,,.

Figures 8 and 9 show the effects of the Rayleigh number and the Soret and Dufour
parameters on the stream function at the center of the cavity, ¥ = 0, and on the heat and
mass transfer rates, Nu and Sh, respectively, for Le = 2, Da, = 1074, ¢=0and e=1. The
curves depicted in the graphs are the predictions of the nonlinear parallel flow theory,
which is developed in Section 4. Figures 8a and 9a show that for a given value of S,
and D, there exists a Rayleigh number, RST”C”, for the onset of subcritical finite amplitude
convection, where its value increases with the increase in the Soret parameter, while it
decreases when the Dufour number increases. The strength of the convection intensity, ¥y,
increases monotonously with the Rayleigh number, R, increase, and it becomes enhanced
when the Soret parameter takes negative values, while it weakens for positive values.
Furthermore, the strength of convection increases with an increase in the Dufour number.
According to the results depicted in Figures 8 and 9b,c, it is obvious that when the Rayleigh
number tends toward large values, whatever the values of the Soret and Dufour parameters
are, both the heat and mass transfer rates tend asymptotically toward a constant value
(Nu = Sh = 4.88), which depends on the Darcy number. From a physical point of view,
this limit cannot be sustained as the flow becomes unstable for high values of Rt and
transition toward turbulence is imminent. For negative values of S;, Sh seems to exceed
the asymptotic limit for small values of Rr, where it increases with the increase in Rt until
it reaches a maximum value, Sh = 13.87 at Rt = 36 for S, = —0.6, and then drops later
on towards the asymptotic value for large Rt. For S, = —0.4, the maximum value of Sh
decreases to Sh = 6.61, and is reached at a slightly high Rayleigh number, Rt = 50.



Fluids 2021, 6, 292 24 of 35
7 6
. Numerical . Numerical
6} —— Analytical Stable . Analyl!cal Stable 4.88
- Analytical Unstable S e Analytical Unstable .80 _____
5)
4
ar Nu
k- 8 3f
3
2k
2k
1 L
SR L (b)
0 "‘:E’w iy e 1 0 1 1 | 1 1 1
10' 10° 10° 10° 10° 10' 10° 10° 10 10° 10°
R, R,
20
2 §=-0.6
15 i . Numerical
Analytical Stable
10f —-—-—=— Analytical Unstable

Sh
| Sl N R e~
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Figure 9. Bifurcation diagram as a function of Rt and D, for Da, = 1074, Le = 2, ¢=0,ande=1:
(a) flow intensity, ¥y, (b) local Nusselt number, Nu, and (c) local Sherwood number, Sh.

The effects of the Soret and Dufour parameters on the evolution of the subcritical
Rayleigh number with the Lewis number are illustrated in Figure 10 for the case of a
monocellular flow. These results were evaluated from the analytical nonlinear theory
model by searching numerically for the value of R for which the inverse of the derivative
of ¥, with respect to R is equal to zero. Figure 10a,b indicate that, for a given value of
the Soret and Dufour parameters, R;’f’é”o — oo when Le — Le”, at which the convection is
absent. From Equation (38), the subcritical Rayleigh number tends to infinity for Le — Le’,
which is defined as follows:

—(Dy + NS,) + \/(Du + NS,)? —4N

Le* = (71)
2
10° 10°
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Figure 10. Subcritical Rayleigh number Rfflgf’o as a function of the Lewis number, Le, and various

values of (a) S; (D, =0) and (b) D,, (S; = 0).

According to the above expression, the value of the Lewis number Le" for which the
system is stable depends on the values of the Soret and Dufour parameters; where it is
equal to unity (Le" =1) for S, = D, = 0, and it increases and becomes superior to unity
(Le" > 1) when the Soret parameter takes positive values, while it decreases below unity for
negative values and with the increase in the Dufour number. For a given value of S, and D,
upon decreasing the value of the Lewis number below Le’, the subcritical Rayleigh number

decreases towards a constant value, while it tends to zero RS’TMCI"0 — 0 when the Lewis



Fluids 2021, 6, 292

26 of 35

number increases above Le . Figure 10a shows that the negative (positive) value of the Soret
parameter has a stabilizing (destabilizing) effect. The value of R“}lgz’o increases (decreases)
with a decrease (increasing) in the Soret parameter when Le < Le’. However, when Le > Le’,
it has a destabilizing (stabilizing) effect and the value of RS’T’g"O decreases (increases) with
the decrease (increase) in S,. From Figure 10b, it is clear that when Le < Le’, the subcritical
Rayleigh number increases with the D, increase, the Dufour parameter increase thus has a
stabilizing effect. When when Le > Le', RST”Cb’O decreases with the increasing of the Dufour
parameter, the D, increase thus has a destabilizing effect. For large values of Le, the Soret
and Dufour parameters have a weak effect on the RS’T‘?’O.

The influence of the Soret effect on the flow intensity and the heat and mass transfer
rates is illustrated in Figure 11 for Da, = 1074, Ry = 103, Le = 2, ¢=0,e=1,and
D, = 0. Results are obtained for values of S, ranging from —1 to 1, exclusively. As can be
observed, a good agreement is obtained between the parallel flow approximation presented
by solid lines and the numerical solution displayed by solid symbols. Very distant from
the onset of convection, a large value of S, induces oscillatory flows and transition towards
chaos. The absence of the convective solution is noticeable for 0.495 < S, < 0.505, where
the rest state prevails since, for this range of S,, Rt = 103 is below the Rayleigh number,
RST‘g’, Equation (40). At S, = 0.495 and 0.505, a bifurcation from conductive to convective
regime occurs (Yo = 0.755, Nu = 1.214 and Sh = 1.218 for S, = 0.495 and ¥y = —0.783,
Nu = 1229 and Sh = 1.225 for S, = 0.505). Figure 1la indicates that, as the Soret
parameter increases above 0.5, the strength of the convective motion increases progressively
and it becomes more and more important as the value of the Soret parameter approaches
unity. The local Nusselt and Sherwood numbers (Figure 11b,c) are increasing sharply from
the bifurcation point with the increase in S;, where the heat transfer rate is more important
than the mass transfer rate (Nu > Sh). As the value of the Soret parameter is made smaller,
the convective flow intensity and the heat transfer rate become relatively independent of
the Soret parameter, while the heat transfer rate is increased with a decrease in the value of
the Soret parameter. From Figure 11b,c, it can be clearly observed that the faster diffusive
component is the solute for S, > 0.5, where the heat transfer is due mainly by convection
(Nu > Sh), while for S, < 0.5, the solute transfer is dominated by convection (Sh < Nu)
as the heat is now the faster diffusing component. In addition, Figure 11a shows that the
convective flow changes its rotation direction from counter-clockwise to clockwise when
the Soret parameter varies from —1 to +1; counterclockwise for S, < 0.5 and clockwise for
S; > 0.5, as shown in the flow patterns in Figure 11a. Furthermore, Figure 12 displays the
influence of the Dufour effect on the flow behavior, ¥, and the heat and mass transfer
rates, Nu and Sh, respectively, for Da, = 1074, Rr =103 Le=2,=0,e=1and S, = 0.
A good agreement is noticed between the asymptotic and numerical solutions. Figure 12a
shows that, the convective flow intensity increases as Dufour effect increases. At the same
time, the increase in the Dufour effect caused a little increase and decrease on the local
Sherwood and Nusselt numbers, respectively, see Figure 12b. When D, increases from
D, = 0to D, = 1, the solute transfer rate increases slightly, while the heat transfer rate
dwindles progressively.
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Figure 13a,b exemplify the effects of the Soret and Dufour parameters on the thresholds
of bifurcations Rﬁf“cb , RsTucp and RIT{CW for Da, = 1074, Le = 2, & = 0 and ¢ = 1. The critical
Rayleigh numbers for the onset of stationary convection, R7%, and for the onset of Hopf

Hopf
R
TC

bifurcation, , are predicted by the linear stability theory. However, the onset of
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subcritical finite amplitude convection occurring at a Rayleigh number, RS’T”(%’ , is predicted
by the present nonlinear model, Equation (40), such that upon decreasing the value of
the Rayleigh number below R§%2, the convective flow is at rest, which corresponds to the
stable diffusive regime in which all perturbations decay (region I). In region (II), the linear
theory predicts a stable rest state with possible finite amplitude convection according to the
non-linear theory. In region (III) the system is unstable; any arbitrary dynamic perturbation
can initiate a convective flow. Region (V) corresponds to the oscillatory finite amplitude
convection that occurs right above the threshold for Hopf bifurcation. In general, it is

seen from Figure 13a that the thresholds (RST”CZ’ , Rs;é’, R?gpf ) decrease sharply towards

a constant value as the Soret parameter is decreased below S, = 0.5. On the other hand,
upon increasing the value of the Soret parameter above 0.5, the thresholds of bifurcation

decrease monotonously toward (RST”CL’, RSTug , Rl;l(o:p f ) — 0. It can be clearly observed that

(RST%’, RSTué) , R?gp f ) — oo when S, = 0.5, which results in a stable system. This value
varies dependently on the value of the Lewis number and the Dufour parameter which is

expressed according to Equation (38) as follows:
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Figure 13. Critical Rayleigh numbers RST%’ , R?‘g’, RIT{(‘;’] f as functions of (a) Soret parameter S, (D, = 0)

and (b) Dufour parameter Dy(S, = 0), for Da, = 1074, Le=2,=0,ande = 1.

For the case with D,, = 0 as considered in Figure 13a, the above expression reduces
toS, =1—1/Le, i.e., the value of S, where (RS’T"é’, RsTuCp, RIT{gpf> — oo depends only on
the value of the Lewis number. For Dufour induced convection, Figure 13b shows that the

thresholds (RST”Cb , RST”CP, RIT{gpf ) decrease monotonously upon an increase in the value of
D,. It follows that the steady parallel flow is destabilized earlier with an increase in S, and
D,. In other words, a decrease in the Soret and Dufour numbers results in a weakening of
the convective flow and thus stabilizes the system.

Figure 14 shows the stability diagram in terms of Rrc versus Le, as predicted by
the linear stability analysis and the parallel flow model, Equations (40), (66) and (70), for
Da, =107%, D, =S, = 0.1, & = 0 and & = 0.5. In fact, the evolution of the curves depicted
in the graph with the critical Rayleigh numbers,RsT”é’, RSTug and RIT{gpf is quite similar
to that discussed in Figure 13a while studying the effect of Soret, S,. As expected, the
graph indicates that the critical Rayleigh numbers for the onset of subcritical, supercritical,
and Hopf bifurcation convection decreases sharply toward a constant value as the Lewis
number is decreased below unity. On the other hand, upon increasing the value of the
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Lewis number above unity, the onset of convection decreases monotonously toward zero:
(RST%’, RSTug , R?gp f ) — 0. In general, it is observed that (RST”C”, RST”LF , RIT_Igpf ) — 00 when
Le — 1, which results from the inexistence of any convection state. This result has been also
reported by Mamou et al. [22], Amahmid et al. [27] and Rebhi et al. [39] while investigating
the thresholds of bifurcation in a fluid and porous layer under various thermal and solutal
boundary conditions with ¢ = 1. For a given value of the normalized porosity e = 0.5,
the linear stability theory predicts the existence of oscillating flow patterns within the
overstable regime (zone (IV)), which is marked by the hatched area (i.e., delineated by
RTE" and RTE, Equations (69) and (70)). In the overstable region, convection is triggered
from the rest state and it is amplified in an oscillatory manner.
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Figure 14. Stability diagram as a function of the Lewis number, Le, for Da, = 1074, D, =5,=0.1,
¢=0,and e = 0.5.

Figure 15 exemplifies the effect of the normalized porosity, €, on the onset of Hopf

bifurcation, R?gp /. The bifurcation diagram is presented in terms of ¥y, Nu and Sh as a
function of Ryc for Da, = 1074, Le = 2, & = 0and D, = S, = 0.1. In the graph, ¥y is
the flow intensity at the center of the cavity, ¥ is the averaged flow intensity over a time
period of the oscillation, Nu and Sh are the local Nusselt and Sherwood numbers at the
mid-height of the cavity, and Nu" and Sh™ are the time-averaged local Nusselt and Sherwood
numbers, respectively. The computation of the time period averaged results is performed
as follows:fT = 7! tt+T fdt, where f stands for Yo, Nu and Sh, and T is the oscillation
time period. The curves depicted in the graphs are the predictions of the present analytical
and numerical nonlinear theories. The solid lines correspond to the stable branches and the
dot-dot-dashed lines to the unstable ones. The steady and unsteady numerical solutions of
the full governing equations, obtained for A = 10, are shown by symbol (solid symbols for
steady state solution and empty symbols with dashed lines for unsteady solution). In the
steady state regime, a good agreement is observed between these two nonlinear theory results.
The intersection between the solid symbols and the empty symbols curves represents the
critical Rayleigh number for the onset of Hopf bifurcation, Rl;lgp f , at which the transition from
stationary to oscillatory convection occurs. In the graphs, only four data points are presented
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for the oscillatory solutions. It is noticed that a further increase in the Rayleigh number
beyond R?g’g / leads very quickly to periodic followed by chaotic oscillatory convective

flows. Ate = 0.6, 0.8, and 1.0, it is found that R;Igp f = 75, 305 and 910, respectively.
These values were obtained by trial and error method by narrowing the gap where the
transition occurs. For this value, the flow remains unicellular but the parallel nature of the
streamlines is slightly distorted, which indicates the existence of a trail of small vortices in
the core of the layer traveling along the vertical walls, as depicted in Figure 15c, while the
time-averaged streamlines, ¥, isotherms, T};, and isoconcentrations, S, are displayed in

Figure 15d for Rt = 910 and & = 1. The critical Rayleigh number, RIT{gp /, predicted by the
linear stability theory is obtained as 74.96, 314.27 and 863.44 for ¢ = 0.6, 0.8 and 1, respectively.

A reasonable agreement between the different methods of solution is observed. This result

indicates that the critical Rayleigh number, R;Igp f,is strongly dependent on the value of

the normalized porosity, €, which plays the role of a stabilizing factor. A similar trend has
been reported recently by Mamou et al. [22] while investigating the effect of the normalized
porosity on double-diffusive convection induced by thermal and solutal gradients in a vertical
porous layer.

10 6
Analytical Stable Sht
——-——-= Analytical Unstable € =]D’
. Numerical Steady 5k o
8 - —.0—-- Numerical Unsteady ; g
Sh ;
4
sl
kI',n B
% Sh3r
0
s Analytical Stable
Nut
u ok —n=u=u=:= Analytical Unstable
) Numerical Steady
=-=:Q-=+= Numerical Unsteady
2 -
Ll o=
(a) (b)
=i i 1 s 0 . ol . Ll . .
10' 10° 10° 10 10' 10° 10° 10
2 R

m

wamwiaen |
o a-

J ammn on B

~
(g]
~

Figure 15. Bifurcation diagram in terms of (a) flow intensity, ¥y, and (b) local Nusselt, Nu, and
Sherwood numbers, Sh, versus Rayleigh number, Rt, for A = 10, Da, = 1074, Le = 2, ¢{=0and
D, = S, = 0.1, (c) Contours of stream (left), temperature (middle), and concentration (right) at
a given instant of time, and (d) streamlines, isotherms and isoconcentrations of the time-period
averaged solution for RT =910,e =land 7 = 1.2.
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For a physical explanation of the transitional convective flow, unsteady solutions
are presented in Figure 16a—d. The time histories of the flow intensity, ¥, obtained
for Rt = 910 and ¢ = 1, just above the critical Rayleigh number of Hopf bifurcation

predicted by the linear stability theory, R Opf = 863.44, is displayed in Figure 16a for a
few cycles. The resulting oscillatory flow i 1s found to be simply periodic. In Figure 16b—d,
time-snapshots of the perturbations of the stream function, ¥, temperature, T,, and
concentration, Sy, contours are displayed at different time steps during a time-period
of oscillation, points (1)—(6). At each given time step, the stream function temperature
and concentration perturbation profiles are computed as f, = f* — t+T fdt where f,
stands for ¥, T and S. The critical wave length and oscillatory frequency, which could be
translated into a traveling wave speed, is obtained as Ac = 2.5 and f; = 5.63 from the full
numerical solution at R = 910, and as A¢c = 2.91 and f, = 4.31 from the linear stability

analysis at R Op f — 863.44. The small difference seen between the two approaches can be
attributed to the finite aspect ratio considered, here A = 10. The wave length from the
numerical solution is computed as the distance between two consecutive cells rotating in
the same direction in the central part of the enclosure. As known, because of the relatively
large value of Ac = 2.91 predicted by the linear stability analysis, an aspect ratio of Ac = 10
may be relatively small to simulate the infinite layer. It is expected that increasing the
enclosure aspect ratio may improve the results, and the wavelength value variation may
experience a jump as the convective perturbation cells increase oddly in numbers and
the jump dwindles as we approach the situation of an infinite layer. In Figure 16b—d, the
convection perturbation patterns are exemplified by two layers consisting of a series of
small counter-rotating vortices traveling along the vertical walls in both ways, upwards
near the right wall and downwards near the left wall. The vortices trail is seen to travel
in a clockwise circulation. The vortices are seen to become weak as they negotiate their
way through the end walls of the enclosure and regain their strength progressively later
on as they quit the end regions. In general, it is seen from Figure 16b,d that the shape of
the formed vortices is approximately the same as those predicted by the stability analysis
when superposing the two conjugate solutions, Figure 5a,b.

A more complete view of the effect of the normalized porosity, ¢, on the thresholds
of bifurcation (RST”C”, RTE, REE, RsTlg’, RHOpf ) is presented in Figure 17 for Da, = 1074,
Le =2,and D, = Sy = 0.1. The stability diagram is built according to the linear stability
analysis and the parallel flow approximation predictions, Equations (40), (66), (69) and (70).
According to Equations (40) and (66), for the values of the governing parameters considered
here, the onsets of subcritical and supercritical motions are given by R$% = 18.12 and
Rsup = 106.90, respectively, which are independent of €. As expected, the graph indicates

that the onset of Hopf bifurcation, RTcp f, decreases sharply upon decreasing the value of
the normalized porosity, e. Upon decreasing the normalized porosity further, it is seen

that the onset of Hopf bifurcation tends toward RH ZIPN R§L = 18.12 as ¢ — 0.21. Upon
decreasing further the value of ¢, it is observed that in the range 0 < & < 0.21 there
exists a threshold for the onset of the overstable regime, delineated by the hatched area.
Furthermore, the overstable regime is shown to exist up to a critical Rayleigh number,
R%E, at which the transition from the oscillatory to direct mode convection occurs. It
is also observed that, for ¢ = 0.21, the condition for a codimension-2 point is reached
RYE = REE = RST”p 106.90. Furthermore, the results presented for ¢ = 0.21 indicate that
Hopf .

the condition RST”Cb = Ry isreached, as well.
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Figure 16. (a) Time evolution of the stream function, ¥y, as predicted by the numerical solution, and (b—d) snapshots of the
perturbations of the stream function, ¥, temperature, T; and concentration, Sp, for A = 10, Rt = 910, Da, = 1074, Le = 2,
D,=5=01,¢=0,e=1and T = 0.1775.
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Figure 17. Stability diagram as a function of the normalized porosity, ¢, for Da, = 107, Le = 2 and
D, =S,=0.1.
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7. Conclusions

The combined Soret and Dufour effects on double diffusive convection in a vertical
porous layer filled by a binary mixture was investigated analytically and numerically
using the Darcy-Brinkman model. The particular situation where the buoyancy ratio
was given by N = —ar/ags was considered. The governing parameters of the problem
were the Rayleigh number, Rr, effective Darcy number, Da,, buoyancy ratio, N, Lewis
number, Le, Soret parameter, S,, Dufour number, D,, normalized porosity of the porous
medium,e, porous medium acceleration coefficient, ¢, and the aspect ratio of the cavity, A.
The influence of the Soret and Dufour effects on the strength of convective motion, heat
and mass transfer rates, and on the onset of various convective modes was investigated.
The main conclusions of the current study are itemized below:

1. For the large aspect ratio of the enclosure, an excellent agreement was obtained
between the resulting steady state solution predicted by the asymptotic analytical
theory and the numerical solution of the full governing equations. For given values
of the governing parameters Da,, Le, Rt, ¢, S and D,,, the strength of the convection
intensity, ¥, increased with the increase in the Rayleigh number, Rt and the Dufour
number,D,, for S, < 0, while, it decreased when S, > 0. Thus, when the Rayleigh
number was very large, both heat and mass transfer rates tended asymptotically
toward a constant value Nu = Sh — 4.88, independently of the value of both the
Soret and Dufour parameters.

2. The linear stability analysis of the diffusive state was performed. For an infinite

layer, the critical Rayleigh numbers characterizing the onset of stationary (R?g’) and

oscillatory (R%UC”) convection was determined as a function of Le, ¢, S, and D,,. The
nonlinear stability analysis of the parallel flow solution indicated the existence of

a subcritical Rayleigh number (RST”Cb) for the onset of finite amplitude convection,

which was a function of Le, S, and D,,. The subcritical bifurcation was found to occur
well below the thresholds of stationary convection. Additionally, a linear stability
analysis of the steady convective solution was performed to determine the threshold
of Hopf bifurcation and the results were corroborated by the numerical solution of
the full governing equations.

3.  The porous medium normalized porosity increase was found to have a stabilizing
effect and delayed the onset of Hopf bifurcation. The Dufour parameter had a
destabilizing effect, where it quickened the occurrence of the onset of the subcritical
and supercritical convection and Hopf bifurcation. The Soret parameter had both
stabilizing and destabilizing effects according to its value; it delayed the appearance
of the subcritical and supercritical convection and Hopf bifurcation (stabilizing effect)
when S, < 0.5, while it reduced all the thresholds (destabilizing effect) when S, > 0.5.

4. The acceleration parameter had a stabilizing effect on the convective flow and delayed
transition towards oscillatory convective state.
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