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Abstract: We theoretically and numerically investigate magnetophotonic microresonators formed by
a magnetic layer sandwiched between two reflective multilayers with different layer arrangements.
Quasicrystals with the Fibonacci layer sequence and aperiodic structures with the Thue–Morse
sequence are all compared to the conventional photonic crystal Bragg microresonators. The magneto-
optical spectral properties of such magnetophotonic structures are completely different from each
other and from a uniform magnetic film. In multilayered structures of various order types, microres-
onator modes are excited. The feature of multilayered structures with arrangements different from a
periodic one is that they support the excitation of the multiple microresonator modes in a limited
visible and near-infrared spectral range. The wavelengths of the two microresonator modes in a
regular photonic crystal differ by more than one octave. This feature of the quasi-crystalline and
aperiodic microresonators is important for applications in devices based on the Faraday effect.

Keywords: Faraday effect; magneto-optics; photonic crystal; microresonator; Bragg reflection;
quasicrystal; Fibonacci quasicrystal; Thue–Morse sequence

1. Introduction

The magneto-optical Faraday effect [1] is one of the most important magneto-optical
effects being used in various applications [2], such as isolators [3], modulators [4], routers
and deflectors [5], sensors [6,7], and magnetometers [8,9]. The magneto-optical Faraday
rotation Φ for thick films and crystals is proportional to the crystal thickness d and a specific
Faraday rotation angle φ, so Φ = φd, where φ is determined by the material parameters.
That is why the trend towards device miniaturization inevitably results in the decrease in
the Faraday rotation Φ. Thus, new methods of increasing the Faraday rotation, for example,
by means of nanophotonics, are required [10,11].

Magnetophotonic crystals are known as one of the most efficient structures that
enhance the Faraday rotation [12,13]. Magnetophotonic crystals are periodic structures
containing magnetic materials with the refractive index changing in one, two or three
dimensions with a period comparable to the light wavelength [14]. Photonic crystals
are characterized by a photonic bandgap in terms of the energy of photons. Light with
frequencies that lie in the photonic bandgap cannot propagate through the photonic crystal,
giving rise to the phenomenon of Bragg reflection. Multiple re-reflections of light inside
a periodic magnetophotonic crystal at the bandgap edges enhance the effective length
of the magnetic material that is passed by the light during these re-reflections. As a
consequence, this increases the efficiency of the magneto-optical interaction and enhances
the Faraday rotation angles [15–17]. Even higher Faraday rotation enhancement can be
observed if a magnetic defect is sandwiched between the two photonic crystals, so that the
whole structure acts as a Fabry–Perot microresonator with the Bragg mirrors surrounding
it [18–22]. Such an increase in the magneto-optical response can be explained by the
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implementation of a multi-pass mode inside the magnetic microresonator layer [13]. Similar
phenomena are observed under the excitation of the photonic crystal surface states (optical
Tamm states [23]) excited about the interface between the two different photonic crystals or
at the surface of a single photonic crystal [24–26].

The photonic crystals’ bandgap structure is regular because of their periodicity. Several
advances in modern nanophotonics are associated with the ability to manipulate the
structural order to obtain the desired spectral properties. There are several types of ordering:
periodic in real and discrete in reciprocal space, aperiodic in real space and discrete in
reciprocal space, and aperiodic in both real and reciprocal spaces. From this point of
view, photonic crystals are described by the periodic spatial permittivity function in real
space as well as by the discrete reciprocal lattice function. This mimics the natural order
of the atoms in the crystal lattices. At the same time, there is another type the ordered
structure with discrete spectra in the reciprocal space, namely so-called quasicrystals [27].
Quasicrystals are non-periodic in real space, but possess long-range order and have self-
similarity properties. Natural materials with quasicrystalline structure are quite rare,
however, they exist [28]. The important difference between quasicrystalline and periodic
crystalline structures is the absence of translational symmetry and the presence of only
long-range scales ordering. Quasicrystals with a dimensionality of nD (n = 1, 2 or 3)
can be represented as a partial projection of an appropriate periodic structure in a higher
dimensional space mD, where m > n [29]. One-dimensional quasicrystalline structures
include, for example, the ones based on a Fibonacci sequence [30]. A Fibonacci binary
sequence (so-called Fibonacci word) is a sequence in which the first two elements are S1 = 0
and S2 = 01, and each subsequent number is calculated based on the two previous numbers
as Sn = Sn−1Sn−2 [31]. An alternative definition of a binary Fibonacci word leading to
exactly the same sequence is based on a substitution rule. The Sn Fibonacci sequence term
is obtained by substitution 1→ 0 and 0→ 01 in the Sn−1 term. This structure is interesting
for research because the sequence is symmetric with respect to the permutations of 1 and
0 [32–34]. Two approaches to constructing the Fibonacci series involve either substitution
or partial projection from a two-dimensional square lattice [35]. Photonic structures based
on Fibonacci quasicrystal layer ordering are reported to have significantly different optical
properties from those of the periodic photonic crystals. Photonic quasicrystals also have
bandgaps, however, their spectral position is not equidistant as for the regular photonic
crystals [29]. Besides the quasicrystals, there are other deterministic aperiodic structures
possessing discrete Fourier spectra, long-range order and self-similarity properties, and
lacking periodicity in the real space. For example, such structures could be designed based
on Thue–Morse [36], Cantor and period-doubling sequences [37,38]. Their optical spectra
are also unusual compared to the regular periodic structures and they exhibit an irregular
bandgap structure [39–41]. Such aperiodic ordered structures attract significant interest in
all-dielectric nanophotonics [42] and plasmonics [43].

Recent research has focused on the magneto-optics of quasicrystalline and aperiodic
deterministic structures. It was revealed that the Faraday rotation can be enhanced in
Fibonacci [44,45] and Octonacci [46] types of quasiperiodic magnetophotonic structures.
Non-reciprocity in transmittance [47–49], radiation [50] and absorption [51], as well as the
broadband non-reciprocal absorption [52] and tunability of the Goos–Hanhen shift [53] were
revealed for nanophotonic aperiodic deterministic structures with in-plane magnetization.

The scope of the present study was the theoretical and numerical investigation of a
magnetophotonic microresonator formed by a magnetic layer sandwiched between two
multilayers with different layer arrangements: periodic, quasicrystalline, and aperiodic, as
can be seen in Figure 1. As was mentioned above, the optical spectral properties of such
multilayers are completely different from each other and constitute a uniform magnetic
film. In the present study, we revealed the impact of the periodicity type of the multilayer
forming the mirrors surrounding the microcavity on the magneto-optical properties of
the structure.
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We demonstrate that microresonator modes can be excited in multilayered structures
of various order types. The most remarkable result of the present study is that multilayered
structures with different arrangements from those of a periodic one support the excitation
of the multiple microresonator modes in a limited visible and near-infrared spectral range.
At the same time, the wavelengths of the two microresonator modes in a regular photonic
crystal differ by more than one octave. This feature is important for applications in devices
based on the Faraday effect.

Figure 1. The scheme illustrating the considered configuration of a Faraday rotation in the microres-
onators formed by multilayered structures with different layer arrangements and a magnetic layer.
The multilayers labeled as (AnBm)k are formed by non-magnetic dielectric layers, denoted as A
and B, correspondingly arranged in various sequences of periodic, quasicrystalline and aperiodic
ordering (see Materials and Methods for the details and Table 1).

Table 1. Photonic crystal, quasi-crystal and aperiodic Thue–Morse multilayer compositions.

Type Multilayer Composition

Photonic crystal A B A B A B A B A B
Quasicrystal A B A A B A B A A B A A B

Thue–Morse sequence A B B A B A A B B A A B A B B A B A A B A B B A A B B A B A A B

2. Materials and Methods

The numerical simulations of optical and magneto-optical response were carried out
using the original program, performing the numerical solution of Maxwell’s equations
using the RCWA (rigorous coupled-wave analysis) method [54,55]. The RCWA method
provides the optical characteristics of a multilayered structure, such as transmittance, re-
flectance, absorption, polarization rotation, among others. The magneto-optical properties
of the structure are taken into account as the non-diagonal elements of the permittivity ten-
sor, so that εij = iεijkgk [56], where εijk is a Levi–Civita symbol and gk are the components
of the gyration vector that is parallel to the magnetization of the material.

We considered a magnetic layer surrounded by two identical non-magnetic multilayers
symmetrically deposited with respect to the magnetic layer (see the sketch in Figure 1).
Multilayers are formed by the non-magnetic dielectric layers denoted by A and B, which
are arranged in various sequences of periodic, quasicrystalline and aperiodic ordering (the
details are provided below). The entire structure was supposed to be deposited on a silica
glass substrate with nSiO2 = 1.45.

The magnetic layer has dmr = 160 nm thickness and nmr = 2.5 + 0.05i, so it is a
half-wavelength layer for λ = 800 nm wavelength. The permittivity and magneto-optical
properties of the magnetic layer were taken equal to those of the bismuth-substituted
iron-garnet, (BiY)3Fe5O12 which is widely used as a transparent magnetic dielectric in the
magneto-optical studies. An external magnetic field is applied along z axis that coincides
with the light propagation direction, see Figure 1. Magnetic layer magnetization is taken
into account as the non-diagonal elements of the permittivity tensor ε

xy
mr = −ε

yx
mr = ig [57].

For magnetic materials, such as iron-garnets, for example, gyration gmr(λ) significantly
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depends on a wavelength [58,59]. Moreover, the specific Faraday rotation is equal to
φ = −πgmr/(nmrλ), so it decreases with an increasing wavelength. As we would like
to reveal the spectral peculiarities associated with a structural order and to compare the
enhancement at the different wavelengths, all the Faraday rotation spectra were normalized
on the φ0(λ) = −πgmr/(nmrλ) value, where the dispersion gmr(λ) was taken into account.
Notice that φ0 itself does not take into account the interference effects that take place in
thin [60] and structured [61] films.

Three types of multilayered structures surrounding a magnetic layer were considered,
as can be seen in Table 1), where A and B denote the corresponding dielectric layer. We
considered these layers to possess nA = 2.0, dA = 100 nm and nB = 1.5, dB = 133 nm
refractive indices and thicknesses, respectively, which correspond to the typical materials
used for the multilayer fabrication, such as Ta2O5 and SiO2, for example. The multilayers to
the right and to the left of the magnetic layer were arranged symmetrically with respect to
it. The first type is the regular photonic crystal containing alternating λ/4 layers (Table 1).
The second one is a quasicrystal with the same layers arranged according to the Fibonacci
sequence. The n-th element of the Fibonacci sequence Sn is formed using a recursive
formula: S1 = A, S2 = AB, Sn = Sn−1Sn−2. We choose the sixth term of this sequence
for a detailed analysis (Table 1). The third type is an aperiodic Thue–Morse structure,
which is also formed using the same layers by the following recursive formula: S1 = A,
Sn = Sn−1S̄n−1, where S̄n−1 is a sequence Sn−1 with a replacement A↔ B. Notice that, as
the Fibonacci and Thue–Morse sequences contain repeating elements, some of the layers in
the structure have double thickness and the total number of the layers is therefore smaller
than the number of the sequence terms in Table 1. Simultaneously, the thicknesses of layers
forming Fibonacci and Thue–Morse structures are multiples of dA and dB. Actually, the
number of layers in the considered Fibonacci structure is 10, which is equals to the number
of layers in a regular periodic photonic crystal (as can be seen in Table 1). The number
of layers in the considered Thue–Morse structure is 22. As it will be shown below, the
microresonator-type features of such Thue–Morse multilayer structures require a larger
number of elements than in the case of periodic and quasiperiodic structures. The isolated
bare magnetic layer on a glass substrate was also considered a reference.

3. Results and Discussion

While the difference between the regular photonic crystal, quasicrystal, and aperiodic
structures in real space is obvious, it is important that they also differ in the reciprocal space.
Figure 2 shows the Fourier spectra ε̃(K) = | 1√

2π

∫ L
0 ε̃(z)exp(iKz)dz| of the corresponding

multilayer (see Table 1) permittivity spatial distribution ε̃(z) = ε(z)− 〈ε(z)〉, where L is
the total length of the multilayer. The mean value of the permittivity 〈ε(z)〉 = 1

L
∫ L

0 ε(z)dz
was subtracted to obtain a clearer picture, and the values of K were normalized on G0 =
2π/(dA + dB).

(a) (b) (c)

Figure 2. Fourier spectra ε̃(K) of the multilayer permittivity spatial distribution ε̃(z) = ε(z)− 〈ε(z)〉
for (a) photonic crystal; (b) Fibonacci quasicrystal; (c) Thue–Morse multilayer (see Table 1).

The ε̃(K) spectra of a photonic crystal show a regular periodic collection of peaks
corresponding to Gm = mG0, m ∈ N. The Fibonacci quasicrystal ε̃(K) spectrum likewise
features peaks, but their arrangement is non-periodic. The position of these peaks can
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be numerically estimated as Gm1,m2 =
(m1 + m2/t)

2
G0, where m1,2 ∈ N, and t = NA/NB

is the ratio of numbers of A-type and B-type elements [62,63]. For the sixth term of the
Fibonacci sequence (see Table 1) t = 1.6 which is quite close to a limit for an infinite
Fibonacci sequence t →

√
5 + 1/2. Actually, this fact causes the Fibonacci ε̃(K) spectra

to be the same for different numbers of layers (see Figure 2b). The spectra ε̃(K) of the
infinite Thue–Morse structure has peaks at Gm = mG0/2, m ∈ N, similar to the regular
photonic crystal [62,63]. However, for a finite number of layers, the spectra ε̃(K) has even
more pronounced additional peaks in the considered region than the periodic ones (see
Figure 2c). This will result in more complicated transmittance and Faraday rotation spectra.

(a) (b)

(c) (d)

Figure 3. Optical transmittance vs. wavelength λ (angle of incidence θ = 0 deg) spectra for multilayers
and corresponding microresonators formed based on (a) photonic crystal; (b) Fibonacci quasicrystal;
(c) Thue–Morse structure; (d) optical transmittance of a bare magnetic film. Violet lines labeled as
‘multilayer’ and red lines labeled as ’microresonator’ denote the transmittance of the corresponding
multilayers and microresonators formed by a magnetic layer sandwiched between them.

The optical transmittance spectra for the four types of structures are quite different, as
can be seen in Figure 3. The photonic crystal microresonator structure (Figure 3a) exhibits a
rather wide bandgap at 0.7 µm ≤ λ ≤ 0.9 µm wavelengths observed as a transmittance
zero. Outside the bandgap, a regular set of transmittance maxima and minima are observed,
corresponding to the interference in the whole multilayered slab. A microresonator mode
is clearly seen at λ = 0.8 µm as a narrow transmittance peak at the center of a bandgap.
According to the photonic crystal theory, the second, third, . . . , m-th bandgaps have centers
at: λm

bg = 2(nAdA + nBdB)/(2m − 1) wavelength. The existence of the microresonator
mode in a regular photonic crystal is determined by λmr = 2nmrdmr/(2m− 1), m ∈ N. As
we consider the limited part of the visible and near-infrared range, only one bandgap and
one were microresonator mode observed in this range.

The excitation of the microresonator mode results in a light energy concentration
inside the magnetic layer. This is the physical origin of the enhancement of the Faraday
rotation that will be discussed below. To prove the energy concentration at the wavelengths
that are identified as the microresonator mode resonances, we performed simulations of the
distribution of the light intensity E2 inside the magnetophotonic microresonators, as can be
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seen in Figure 4. Field enhancement in the magnetic layer is observed for the mentioned
wavelengths in all the multilayered ordering types.

In contrast to the photonic crystal, the quasi-crystal microresonator structure (Figure 3b)
has two shallow bandgaps at the neighboring frequency regions, 0.6 µm ≤ λ ≤ 0.7 µm
and 0.9 µm ≤ λ ≤ 1.2 µm. Their positions correspond to the positions of the peaks in the
quasicrystal ε̃(K) spectra (Figure 2). In each of the bandgaps, the microresonator mode is
observed, at λ = 0.662 µm and λ = 1.010 µm (see also Figure 4c,d). This is an unusual
phenomenon compared to the case of the periodic structures. Notice that the transmittance
of the microresonator-mode resonance is twice as high as in the case of the photonic crystal.
This is due to a fact that the quasicrystal at its bandgap provides less efficient reflection
than a regular photonic crystal with quarter-wavelength layers.

(a) (b)

(c) (d)

(e) (f)

Figure 4. The distribution of the electromagnetic field magnitude |E|2 for microresonator modes
excited in multilayers based on (a) photonic crystal at the wavelength 800 nm; (b) just a bare
magnetic film at 800 nm; (c,d) Fibonacci quasicrystal at the wavelengths; (c) 662 nm and (d) 1010 nm;
(e,f) Thue–Morse multilayer at the wavelengths (e) 686 nm and (f) 958 nm.

The Thue–Morse microresonator structure (Figure 3c) has several bandgaps where the
transmittance decreases. The interference pattern outside the bandgap is represented by an
aperiodic set of transmittance maxima and minima due to the irregularity of the quasicrystal
in real space. One may notice that the transmittance spectra of the Thue–Morse structure is
much richer with transmittance dips and peaks compared to the regular photonic crystal
and quasicrystal, but its analytical description is also more complicated. The bandgaps are
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located at 0.58 µm ≤ λ ≤ 0.62 µm, at 0.66 µm ≤ λ ≤ 0.72 µm, at 0.9 µm ≤ λ ≤ 1.1 µm,
and at λ > 1.1 µm. Two of these bandgaps that are the nearest to λ ∼ 0.8 µm = 4dmrnmr
contain the resonances corresponding to the microresonator modes (as can also be seen in
Figure 4e,f).

For the sake of comparison, we also show the transmittance spectra of a bare film,
as can be seen in Figure 3d. One may see the interference maxima (see also Figure 4b) at
λ = 0.8 µm which is broad due to the small thickness of the film. Actually, the difference
between the transmittance maxima and minima is not significant for the film, and it also
causes a change in the Faraday rotation, as will be demonstrated subsequently.

Figure 5 shows that the specific Faraday rotation spectra have distinct maxima near the
spectral positions of the transmittance peaks (see Figure 3 for a comparison). At the same
time, the magnitude of these peaks is significantly different for the different structure types.
For a bare film (Figure 5d), the specific Faraday rotation changes due to an interference of
less than 25% from its value φ0 in a uniform film where the interference is suppressed. High
enhancement reaching 8 times is obtained for a traditional photonic crystal microresonator
(Figure 5a) under the excitation of the microresonator mode. This agrees well with the
experimental and numerical results presented in the other studies for similar structures
(see [18–21]).

A quasicrystal is a less efficient reflector than a regular periodic photonic crystal, so
that the Faraday rotation observed at the microresonator mode excitation wavelengths is
twice as small as in the photonic crystal. The enhancement of the specific Faraday rotation
reaches four times. It is possible to compensate for the smaller reflectivity of the quasicrystal
by using a multilayer with a larger number of layers. According to the Fibonacci crystal
analysis, the position of the spectral features would not change in this case (as can be seen
in Figure 2b). Simultaneously, increasing the number of layers increases the efficiency,
resulting in an increase in the Faraday rotation (as can be seen in Figure 5b). Therefore,
similarly to the photonic crystal microresonator structures, it is possible to vary the number
of layers forming it to achieve higher efficiency and enhancement.

(a) (b)

(c) (d)

Figure 5. The Faraday rotation spectra normalized to a uniform film value φ/φ0 for microresonators
based on the (a) photonic crystal; (b) quasicrystal crystal; (c) Thue–Morse structure; and (d) bare
magnetic film. Notice the y axis scale difference.
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The enhancement of the Faraday rotation at the microresonator mode positions is
clearly seen for the Thue–Morse-sequence-based structure (Figure 5c). Such a structure can
also localize light in a magnetic microresonator layer (see Figure 4e,f). At the same time,
the number of layers required for such enhancement is higher than in the case of a regular
photonic crystal. As shown in Figure 5c), the Thue–Morse structure with 11 layers (fourth
term of the sequence) provides a very moderate enhancement compared to the smooth film.
At the same time, the Faraday effect enhancement observed for 22 layers (fifth term of the
sequence) is high.

Figure 6 shows that the resulting magneto-optical enhancement at the peaks corre-
sponding to microresonator modes in the microresonators formed between the regular
photonic crystals and aperiodic deterministic multilayers can be the same if the number
of layers N in the multilayered structure is properly adjusted. Figure 6a shows how the
relative Faraday enhancement at the peaks corresponding to microresonator modes change
with the increase in the number of layers N in the multilayered structure.The enhancement
in a regular photonic crystal is clearly saturated for N ∼ 16. Such a behavior is observed
when the effective propagation length inside a magnetic defect reaches the decay length
determined by its absorption. This makes the Fibonacci quasicrystal with numerous layers
provide similar Faraday enhancement as the periodic photonic crystal. At the same time,
an important point is that both Fibonacci and Thue–Morse multilayers support multiple
microresonator resonances.

(a) (b)

Figure 6. (a) The relative Faraday effect and (b) peak FOM enhancements at the peaks corresponding
to microresonator modes in photonic crystal, quasicrystal and Thue–Morse structures (see the legend)
as a function of the number of layers in the structure.

From a practical point of view, the balance between the enhancement of the magneto-
optical effects and all types of losses due to absorption and back-reflection is important.
While the Faraday rotation is expected to increase linearly with the increase in the effective
path in a magnetic material, the dependence of absorption in this layer and the reflectance
of the multilayers on the layer numbers is nonlinear. The level of the magneto-optical
signal measured by the detector is determined by the Faraday rotation Φ and the detector
noise defined by the fluctuations of the laser intensity transmitted through the structure
and characterized by ∆T/

√
T magnitude [9]. Thus, the value of the magneto-optical figure

of merit determined as MOFOM = |φ|
√

T was analyzed for all types of the structures
(Figure 6b). It is clearly seen that while the layer number increases, the MOFOM reaches
its maxima value for the multilayered structure with a certain number of layers and
then decreases. Thus, for real structures, there is always a trade-off between magneto-
optical enhancement and signal level reduction. At the same time, MOFOM enhancement
also reaches similar values of 3.5–4 times for the regular photonic crystals and aperiodic
deterministic structures with an appropriate number of layers (Figure 6b).

The appearance of multiple microresonator modes is a most important and general
property of the multilayered non-periodic structures possessing neighboring bandgaps,
whose positions are determined by the multilayer parameters. An ability to control the
positions of these bandgaps and the consequent positions of the microresonator modes
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excited in magnetic materials by multilayer design might be an interesting direction for
future research.

Summing up, we demonstrated that quasicrystal and aperiodic multilayered structures
based on Fibonacci and Thue–Morse sequences support the excitation of the two microres-
onator modes in a limited range of visible and near-IR wavelengths. Their wavelengths
are determined by the Bragg reflection conditions formed in a multilayered structure. The
efficiency of the Bragg mirrors based on aperiodic and quasicrystal structures is smaller, so
a higher number of layers is required to achieve significant enhancement (Figure 6). At the
same time, an interesting feature of such structures is their ability to excite several modes
and tune their position through structure design.

4. Conclusions

In the present study, magnetophotonic cavities formed by a magnetic layer sandwiched
between two reflective multilayers with different layer arrangements were investigated.
Ordinary periodic photonic crystals, quasicrystals with the Fibonacci layer sequence, and
aperiodic structures with the Thue–Morse sequence of layer arrangements are consid-
ered. The magneto-optical spectral properties of such magnetophotonic structures are
completely different from each other and from a uniform magnetic film. In multilayered
structures of various order types, microresonator modes localized in the magnetic layer and
providing enhanced Faraday rotation are excited. The feature of multilayered structures
with arrangements different from a periodic one is that they support the excitation of the
multiple microresonator modes in a limited visible and near-infrared spectral range. At the
same time, the wavelengths of the multiple microresonator modes in a regular photonic
crystal differ by more than one octave. This feature of the quasi-crystalline and aperiodic
multilayered structures significantly enriches the resonant magneto-optical spectra of the
magnetophotonic structures and is therefore important for applications in devices based
on the Faraday effect.
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