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Abstract: The numerical calculation of the signal-to-noise ratio (SNR) of magnetic resonance imaging
(MRI) coil arrays is a powerful tool in the development of new coil arrays. The proposed method
describes a complete model that allows the calculation of the absolute SNR values of arbitrary
coil arrays, including receiver chain components. A new method for the SNR calculation of radio
frequency receive coil arrays for MRI is presented, making use of their magnetic B−1 transmit
pattern and the S-parameters of the network. The S-parameters and B−1 fields are extracted from an
electromagnetic field solver and are post-processed using our developed model to provide absolute
SNR values. The model includes a theory for describing the noise of all components in the receiver
chain and the noise figure of a pre-amplifier by a simple passive two-port network. To validate
the model, two- and four-element receive coil arrays are investigated. The SNR of the examined
arrays is calculated and compared to measurement results using imaging of a saline water phantom
in a 3 T scanner. The predicted values of the model are in good agreement with the measured
values. The proposed method can be used to predict the absolute SNR for any receive coil array
by calculating the transmit B−1 pattern and the S-parameters of the network. Knowledge of the
components of the receiver chain including pre-amplifiers leads to satisfactory results compared to
measured values, which proves the method to be a useful tool in the development process of MRI
receive coil arrays.

Keywords: receive coil array; SNR modeling; MRI; pre-amplifier noise; noise coupling

1. Introduction

The signal-to-noise ratio (SNR) of receive coils in magnetic resonance imaging (MRI) is a
crucial value in terms of image quality. In the development process of receive coil arrays for MRI,
the available SNR can be considered the most important parameter. As common array structures
can be complex, an analytical calculation of the SNR, as for example shown in [1,2], is not feasible.
Here, the progress of electromagnetic field solvers has opened possibilities for predicting the SNR of
coil arrays. Many approaches can be found in literature that deal with numerical modeling of coils
used in MRI. For example, the authors of [3] show an approach for numerically calculating values of
B−1 /
√

P, where B−1 denotes the counter-rotating transmit field and P the dissipated power [4]. A finite
difference time domain (FDTD) solver [5] is used to calculate the magnetic field and the absorbed
power, leading to the SNR of a receive coil, which is proportional to B−1 /

√
P. This exploits the principle

of reciprocity as described in [6]. In [7], a simulator is shown that can determine the sensitivity of
a coil using an FDTD solver. In addition, in [8–10], further numerical approaches are provided to
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calculate coil sensitivity. In [11], an approach is shown that makes use of the magnetic fields and
S-parameters of the coil model that were calculated in a three-dimensional (3D) electromagnetic field
simulation, adding the parameters of the receiver chain in a post-processing step. When mutual
coupling within the array cannot be neglected, the noise properties of the pre-amplifiers must be
considered in the SNR calculation, as will be shown in this work. In our approach, a complete model
for any coil array including the receiver chain is proposed, which makes use of the numerical B−1 values
that can be extracted from an electromagnetic field solver as shown in the literature [3–9]. Further,
the S-parameters of the coil are post-processed, considering all noisy components of the receiver
chain and an accurate model of the pre-amplifier noise contributions. The investigated cases focus
on lightly loaded coil arrays, as the correct modeling of noise coupling of the pre-amplifiers becomes
more important in this case. The degree of SNR degradation due to pre-amplifier noise coupling has
already been discussed in [12,13]. In [12] a model for pre-amplifier noise parameters is proposed,
which is extended in this work. The restriction that applies to this model is the required identity of
noise parameters of all channels, which usually holds true in good approximation for common arrays.

A calibration method allows us to determine the constant factor between coil sensitivity and
SNR, making an absolute comparison of measured and calculated SNR values possible [14]. Therefore,
the proposed model allows absolute and accurate SNR prediction of arbitrary coil arrays, including
a lossy S-parameter model for pre-amplifier noise to account for noise coupling, which is shown to
have a significant impact on the SNR for arrays with a large number of elements.

This work proposes a mathematical description for calculating the maximum combined SNR of
MRI receive coil arrays utilizing numerical B−1 -field values and S-parameters, and includes a new,
complete model of pre-amplifier noise contribution, which allows an accurate prediction of the absolute
SNR values in MRI images.

2. Theory

2.1. SNR Calculation

The SNR of a receive coil array for MRI has been widely discussed in the literature. It can be
stated as in [1]:

SNR(r) =
ωV |MT(r)|√

4kBT∆ f

∣∣B−1 (r)
∣∣

√
PC + PL

= Kcal ·
∣∣B−1 (r)

∣∣
√

P
(1)

The first term, which includes the Larmor frequency ω, the volume V of a voxel at the point
of interest r, the complex valued nuclear transverse magnetization MT in that voxel, the Boltzmann
constant kB, the temperature T, and the receiver bandwidth ∆ f , comprises the factor Kcal that can
be determined in a calibration measurement. A calibration method for the acquisition of Kcal is
shown in [14]. The complex valued magnetic counter-rotating B−1 field denotes the circular polarized
component of the coil array’s composite transmit field that is parallel and in conjugate phase with the
magnetization MT . The dissipated power in the coil array PC and in the load PL in the case of transmit
coils is equivalent to their noise power in the receive case. The term

∣∣B−1 (r)
∣∣ /
√

P is the starting point
for the proposed SNR calculation.

From an electromagnetic field simulation a normalized, complex magnetic field vector Bn(r)
of an n-channel coil array can be extracted with the array’s scattering matrix SC. The field vector
comprises the complex, circular polarized components that are normalized to the incoming wave aν at
the respective coil channel ν:

Bν(r) =
1
2
(Bν, x(r)− iBν, y(r))/aν. (2)

Normalization is done because of the subsequent multiplication of the field vector with a wave
vector for maximum SNR values.

In Figure 1, the coil array network with matrix SC is connected to the network of the receiver chain
with its S-parameters SRC. The vectors AC and ARC denote the incoming waves at ports (2n + 1) . . . 3n



J. Imaging 2018, 4, 67 3 of 17

of the coil network SC and at ports 1 . . . n of the receiver chain network SRC, respectively. The receiver
chain network consists of two-port networks that describe all components between the coil ports
and the pre-amplifier. The composition of SRC that has been used in this work is shown in Figure 2.
It consists of 2n-port networks for the pre-amplifiers (SPA), phase shifters for pre-amp decoupling
(Sφ), matching networks (SMN), and coil losses (SCL). Every 2n-port network of the receiver chain is
comprised of n decoupled 2-port networks, as indicated in Figure 2. All coupling mechanisms of the
coil array are included in the matrix SC calculated in the field simulation. A detailed theory for the
noise modeling of the pre-amplifiers will be shown in Section 2.2.

1

2

n

n+1

n+2

2n

2 +1n

2 +2n

3n

A
RC

A
C

S
RC

S
C

S
2P

Figure 1. Block diagram of S-parameters of an n-channel coil array SC and receiver chain SRC that
are used to model the noise of the network. Incoming wave vectors ARC and AC will be needed to
calculate the maximum available signal-to-noise ratio (SNR) of the network by weighing the magnetic
field vector Bν(r) gathered from an electromagnetic field solver. The individual two-port matrices S2P

describe the noise of all components of the receiver chain.

SϕSPA

SRC

SMN SCL

1

2

n

Figure 2. Composition of SRC: S-parameters of pre-amplifiers SPA, phase shifters Sφ, matching
networks SMN , and coil losses SCL.

Further, SRC and SC are combined with the matrix of the total network ST , which will be used to
calculate the dissipated power P of the network:

P(r) =
1
2

(
A∗TRC(r) ·

(
E− S∗TT · ST

)
· ARC(r)

)
=

1
2

(
A∗TRC(r) · KP · ARC(r)

)
,

(3)

with the constant matrix KP that is a measure of the noise power of the network and E denoting the
n× n unit matrix. The input wave vector ARC must be optimized to obtain the maximum SNR values
at every point of interest r in the investigated object.

The vector ARC, opt for maximum SNR results in an optimum vector AC, opt that is used to weigh
the normalized magnetic field vector Bn. Moreover, AC can be expressed by:

AC(r) = (E− SRC, 22 · SC)
−1 · SRC, 21︸ ︷︷ ︸

X

·ARC(r) (4)
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with

SRC, 21 =


sRC, (n+1)1 · · · sRC, (n+m)1

...
. . .

...
sRC, (n+m)1 · · · sRC, (n+m)n

 , SRC, 22 =


sRC, (n+1)(n+1) · · · sRC, (n+1)(n+m)

...
. . .

...
sRC, (n+m)(n+1) · · · sRC, (n+m)(n+m)


and the substitutional matrix X. The magnetic field |B1, c(r)| in Equation (1) can then be written as:

|B1, c(r)| =
∣∣∣BT

n (r) · X · ARC(r)
∣∣∣ . (5)

Using Equations (3) and (5), the SNR of Equation (1) is given by:

SNR(r) = Kcal ·
BT

n (r) · X · ARC(r)√
1
2
(

A∗TRC(r) · KP · ARC(r)
) . (6)

For the calculation of the optimum SNR, Equation (6) is modified to determine the maximum
value using the Cauchy–Schwarz inequality:

SNR(r) = Kcal ·
BT

n (r) · X ·
√

KP
−1 ·
√

KP · ARC(r)√
1
2
(

A∗TRC(r) ·
√

KP ·
√

KP · ARC(r)
) . (7)

The matrix KP is, due to its definition in Equation (3), a Hermitian matrix. The fact that the model
only uses passive networks makes KP also semidefinite. Therefore, a semidefinite root exists, and
further, the following statement applies:

K∗TP = KP and
√

KP
∗T

=
√

KP. (8)

By making the following substitutions:

Φ(r) =
√

KP · ARC(r), (9)

and

Ξ(r) =
(

BT
n (r) · X ·

√
KP
−1)T

, (10)

Equation (7) can be written as:

SNR(r) = Kcal ·
√

2 · ΞT(r) ·Φ(r)√
Φ∗T(r) ·Φ(r)

= Kcal ·
√

2 · ΞT(r) ·Φ(r)
||Φ(r)|| (11)

where ||Φ(r)|| denotes the L2 norm of the vector:

||Φ(r)|| =
√

n

∑
i=1
|Φν|2.

As the Cauchy–Schwarz inequality states:∣∣∣ΞT(r) ·Φ(r)
∣∣∣ ≤ ||Ξ(r)|| · ||Φ(r)|| (12)

the maximum SNR at the point of interest is given by:
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SNRmax(r) = Kcal ·
√

2 · ||Ξ(r)|| · ||Φ(r)||
||Φ(r)|| = Kcal ·

√
2 · ||Ξ(r)||. (13)

After re-substitution, the maximum SNR in terms of magnetic field and S-parameter values can
be expressed by the following:

SNRmax(r) = Kcal ·
√

2 ·
√

Ξ∗T(r) · Ξ(r)

= Kcal ·
√

2 ·
√

B∗Tn (r) · X∗ ·
(√

KP
−1)∗ · (√KP

−1)T
· XT · Bn(r)

= Kcal ·
√

2 ·
√

B∗Tn (r) · X∗ · K−1
P · XT · Bn(r).

(14)

Similar expressions have been found in [1,2,15]. The demonstrated approach allows the use
of calculated magnetic fields and S-parameters of an electromagnetic simulation to determine the
maximum available SNR of any coil array. How to model the S-parameters of the components in the
receiver chain to obtain accurate SNR results will be shown in the following sections.

2.2. Pre-Amplifier Noise Model

Pre-amplifiers used in MRI receive coil arrays decrease the maximum achievable SNR of the
array due to additional noise sources. This degradation can be enhanced due to coupling between coil
elements. To correctly calculate the SNR, the model must provide a proper description of all noise
sources of the pre-amplifiers, and all coupling effects must be considered.

2.2.1. Single-Channel Noise Model

Figure 3 shows a model for the noise sources of a single coil and a pre-amplifier. Every two-port
network, such as the pre-amplifier, can be described as a noise-free two-port with a noise current source
and a noise voltage source at its input port [16–18]. The noise current of the coil can be calculated using
the admittance YT that is transformed into the pre-amplifier reference plane:

|in, T |2 = 4kBT∆ f Re(YT) = 4kBT∆ f GT (15)

with the equivalent noise conductance GT of the coil in the pre-amplifier plane.

noise free 12

pre-amplifier
noise sources

coil
model

Snf

in,PA
in,T

YT

rT

IT

un,PA

Figure 3. Noise model of pre-amplifier with a noise current source in,PA and a noise voltage source
un,PA that can be partially correlated. The noise sources are positioned at the input port of the noise
free S-parameter network Sn f of the pre-amplifier. The coil signal that is received in the pre-amplifier
plane will be modeled as a current source IT . The corresponding source admittance will be denoted
as YT and the reflection coefficient as rT . The noise contribution of the coil is described by the noise
source in,T .

The noise figure of a linear two-port is given, for example, in [18] or [19]:



J. Imaging 2018, 4, 67 6 of 17

FPA = FPA, min +
4Rn

Z0

∣∣rT − rPA, opt
∣∣2(

1− |rT |2
) ∣∣1 + rPA, opt

∣∣2 (16)

with the transformed reflection coefficient rT of the coil in the pre-amplifier plane, the equivalent
noise resistance Rn, the optimum reflection coefficient rPA, opt in the pre-amplifier plane to obtain
the minimum noise figure of the pre-amplifier FPA, min, and a reference impedance Z0. The noise
parameters FPA, min, Rn, Re(rPA, opt), and Im(rPA, opt) completely describe the noise of the pre-amplifier.
They can be determined from the values of the noise sources un,PA and in,PA by separating them into
correlated and uncorrelated sources as shown in [16].

To use this set of parameters in the SNR calculation, it must be expressed by a set of S-parameters.
In [12], this has been done using an attenuator and a global SNR scaling factor. This approach models
a pre-amplifier with two uncorrelated noise sources resulting in a real, optimum source impedance.
The model has been extended here to be valid for any optimum source impedance, which means
the noise sources of the pre-amplifier model can be partially correlated. The only restriction for the
usage on a coil array is that every channel must be connected to pre-amplifiers with equivalent noise
parameters, which is usually the case.

The two-port network of the pre-amplifier is modeled as a chain circuit of a matching transformer
and an attenuator with corresponding S-matrices of:

SMT =

(
sMT, 11 sMT, 21

sMT, 21 sMT, 22

)
, SAtt =

(
0 sAtt, 21

sAtt, 21 0

)
. (17)

As the networks are reciprocal sMT, 12 = sMT, 21 and sAtt, 12 = sAtt, 21. For lossless matching
transformers, further restrictions can be placed:

|sMT, 11| = |sMT, 22|,

|sMT, 11| =
√

1− |sMT, 21|2,

ϕMT, 11 − ϕMT, 12 = ϕMT, 21 − ϕMT, 22 + (2n + 1)π.

(18)

The phase values ϕ of the transmission coefficients do not affect the noise figure of the total
network. Therefore, they can be set to zero, which leads to sMT, 22 = −s∗MT, 11. The chain connection of
SMT and SAtt then results in the S-parameters for the pre-amplifier model:

SPA =

(
sPA, 11 sPA, 21
sPA, 21 sPA, 22

)

=

 sMT, 11 sAtt, 21

√
1− |sMT, 11|2

sAtt, 21

√
1− |sMT, 11|2 −s∗MT, 11|sAtt, 21|2

 .

(19)

The noise figure F2P of a passive two-port network at reference temperature T0 equals its inverted
available gain 1/GA, which is given by:

F2P =
1

GA
=
|1− s11rT |2 − |s22 (1− s11rT) + s12s21rT |2

|s21|2
(

1− |rT |2
) . (20)

If the S-parameters are replaced by the values of Equation (19), the noise figure can be written as:
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F2P =
|1− sMT, 11rT |2 − |sAtt, 21|4

∣∣∣rT − s∗MT, 11

∣∣∣2
|sAtt, 21|2

(
1− |sMT, 11|2

) (
1− |rT |2

) . (21)

This equation can be rearranged to obtain a form that describes the noise circles of constant noise
figure values F2P, c in the reflection coefficient plane for the reflection coefficients rT = rT, c, similar to
the approach in [16] or [18] for determining the minimum noise figure:

|rT, c|2
(

F2P, c |sAtt, 21|2
(
|sMT, 11|2 − 1

)
− |sMT, 11|2 + |sAtt, 21|4

)
︸ ︷︷ ︸

κ1

+

rT, c sMT, 11

(
1− |sAtt, 21|4

)
︸ ︷︷ ︸

κ2

+r∗T, c s∗MT, 11

(
1− |sAtt, 21|4

)
︸ ︷︷ ︸

κ∗2

+

F2P, c |sAtt, 21|2
(

1− |sMT, 11|2
)
+ |sMT, 11|2 |sAtt, 21|4 − 1︸ ︷︷ ︸

κ3

= 0.

(22)

Equation (22) describes circles with the center point:

rM, c = −
κ∗2
κ1

, (23)

and the radius:

RM, c =

√
κ2κ∗2 − κ1κ3

κ2
1

, (24)

for constant noise figure values F2P, c. For determination of the minimum noise figure of the two-port
network, radius (24) is set to zero. This leads to:

F2P, min =
1

|sAtt, 21|2
(25)

and Equation (23) for the center point gives the optimum reflection coefficient:

r2P, opt = s∗MT, 11. (26)

With F2P, min and r2P, opt, the noise figure of the model in Equation (21) can then be written as:

F2P = F2P, min +

(
F2P, min −

1
F2P, min

) ∣∣rT − r2P, opt
∣∣2(

1− |rT |2
) (

1−
∣∣r2P, opt

∣∣2) . (27)

With this expression, the noise figure of the two-port network is completely determined.
As Equation (21) only has three degrees of freedom (Re(sMT, 11), Im(sMT, 11), and |sAtt, 21|), only three
parameters can be chosen to define the noise paraboloid of the network. The gradient of the noise
paraboloid, which means the increase of the noise figure at deviations of rT from r2P, opt, is already
determined by F2P, min and r2P, opt. It is possible to choose a minimum noise figure F2P, min that leads
to the same slope as that of the pre-amplifier noise paraboloid. Both noise paraboloids merely differ
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by a constant scaling factor Fo f f . Assuming Equation (27) multiplied by Fo f f equals Equation (16),
Fo f f and F2P, min can be calculated as follows:

F2P · Fo f f = F2P, min · Fo f f +

Fo f f

(
F2P, min −

1
F2P, min

) ∣∣rT − r2P, opt
∣∣2(

1− |rT |2
) (

1−
∣∣r2P, opt

∣∣2)
!
= FPA, min +

4Rn

Z0

∣∣rT − rPA, opt
∣∣2(

1− |rT |2
) ∣∣1 + rPA, opt

∣∣2 .

(28)

With r2P, opt = rPA, opt = ropt, it follows that:

F2P, min =
FPA, min

Fo f f
(29)

with

Fo f f =

√√√√FPA, min

(
FPA, min −

4Rn

Z0

1−
∣∣ropt

∣∣2∣∣1 + ropt
∣∣2
)

. (30)

Knowing the four noise parameters of a pre-amplifier, the three S-parameters of a passive
two-port network in Equation (19) for modeling its noise figure according to Equation (21) can
be determined. The real and imaginary parts of sMT, 11 are defined by ropt, and |sAtt, 21| is given by
F2P, min = FPA, min/Fo f f and Equation (25). The factor Fo f f in Equation (30) cannot be captured by the
passive network. The resulting SNR can be multiplied by Fo f f :

SNRmax(r) =
SNRmax(r, F2P)

Fo f f
, (31)

where SNRmax(r, F2P) has been calculated using F2P.

2.2.2. Multiple-Channel Noise Model

The noise model of the pre-amplifiers in an n-channel coil array is shown in Figure 4.

MT

MT

MT

Att

Att

Att1

2

n

S
T

Figure 4. Passive noise model for pre-amplifiers in an n-channel coil array. In every channel the
pre-amplifiers are modeled as the chain connection of a two-port matching transformer and an
attenuator with S-parameters SMT and SAtt, respectively. The S-parameters of the coil network that are
transformed into the pre-amplifier plane are denoted as ST .

Equation (31) relies on the restriction that all pre-amplifiers of a multiple-channel array have the
same noise parameters, which is usually the case in a good approximation.

For simplicity, the noise coupling mechanism of the introduced pre-amplifier model will be
illustrated considering the electric circuit of a two-channel network in Figure 5. The theory can also be
applied to multiple-channel arrays.
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U1
U2

Z Z11 12- Z Z22 12-

Z12

pre-amp 1 2-channel coil pre-amp 2

1 2

Ropt RoptRopt Ropt

RPA RPA

Ropt

RPA

2
Ropt

RPA

2

Figure 5. Noise coupling mechanism of pre-amplifier noise model of a two-channel network.

The pre-amplifiers at ports 1 and 2 are modeled by attenuators with RPA = Ropt(
√

F2P,min − 1).
The two-element array is described by its impedance parameters: Z11, Z22, and Z12 = Z21. For the sake
of simplicity and without any limitation of generality, the optimum impedance of the pre-amplifiers
is chosen to have no imaginary part (Zopt = Ropt), and both coils have the same input impedance
parameter (Z11 = Z22). The SNR in every voxel can be calculated by the superposition of the fields of
two orthogonal modes. In [13], the noise coupling mechanisms have been described, making use of
this superposition of an even and odd mode. For the even mode, the voltages U1 and U2 in Figure 5
are equal in amplitude and sign, which means ports 1 and 2 can be connected. The two pre-amplifiers
are in parallel for this case and can be substituted by a single pre-amplifier with Zopt,even = Zopt/2.
The impedance of the resulting network that is applied to the input of the amplifier is given by
Zeven = (Z11 + Z12)/2. When the decoupled coil 1 (impedance Z11) is noise matched to Zopt, the grade
of mismatch due to coupling normalized to the even-mode input impedance Z11/2 of the coil is
described by the term Z12/Z11.

For the odd mode, U1 and U2 are equal in amplitude but opposite in sign. The two pre-amplifiers
can be considered to be in series for this mode, and the optimum impedance for an equivalent single
pre-amplifier is given by Zopt,odd = 2Zopt, as shown in [13]. The resulting impedance of the network is
calculated by Zodd = 2(Z11 − Z12). Therefore, the degree of mismatch caused by coupling normalized
to the odd-mode input impedance 2Z11 of the coil is expressed by the term −Z12/Z11, which results in
the same noise figure increase as for the even mode.

Thus, for the excitation of the network with the even and odd mode, the coupling results in
a mismatch of the network’s impedance with respect to the pre-amplifier’s optimum input impedance,
which can be regarded as additional noise introduced by the pre-amplifiers.

In [13,20], it is stated that the effective noise figure F′ of a pre-amplifier depends on the product
kQ of the coupling factor k between two coil elements and the quality factor Q of the coils. It further
depends on the impedance of the coil that is present at the input of the pre-amplifier. The dependency
of the SNR and the effective noise figure is given by SNR ∝ 1/

√
1 + F′. For noise-matched coils the

effective noise figure results in F′ = F(1 + (kQ)2/2) [20]. Thus, reducing Q while k remains constant,
which could be the case for increasing the load of the coil, the effective noise figure is reduced and
the degradation of the SNR due to pre-amplifier noise is decreased. To mitigate the degradation of
the SNR due to noise coupling, a broadband matching technique is proposed in [13,20]. These effects
are covered by the proposed pre-amplifier model, as the dependency of the noise figure on the coil
impedance at the input of the pre-amplifier and the matching network are included in the model.

3. Methods

3.1. Modeling and Measurement of Receive Coil Arrays

The losses of the coil structure and lumped components can be determined by a quality factor
measurement. The corresponding resistance value of a coil RC will be modeled as a series resistor in
a simple two-port network. In addition, matching networks, phase shifters for pre-amplifier decoupling,
and cable losses are also modeled by two-port networks. The S-parameters of these networks can be
easily calculated with circuit simulators. All two-port networks of the receiver chain, including the
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pre-amplifier model, are concatenated to build the receiver chain network with a scattering matrix
SRC (Figure 1). To validate the model, two different coil arrays have been assembled, measured with
respect to their SNR, and compared to the calculated SNR values.

3.1.1. Coil Array With Two and Four Elements

In [21], a two-channel coil array has been investigated, which consists of two coaxially ring coils
proposing an equation for the SNR based on the received signal voltage and the optimum noise
parameters of the pre-amplifiers. In [12], the distance between the two coil elements has been made
variable to get an insight into the degree of SNR degradation due to noise coupling. The measurement
of this work clearly showed the effect of SNR degradation due to pre-amplifier noise when increasing
the coupling between the coils beyond a certain point.

Here the same coil setup is used with a smaller phantom that is filled with a saline water solution
of 3.75 g NiSO4 · 6 H2O and 5 g NaCl per liter water, which results in an electrical conductivity of
σ = 0.97 S m−1 at room temperature and a relative electrical permittivity of εr = 80.3. A calculation
of the dielectric constant of saline water can be found in [22]. The coil setup is shown in Figure 6.
The small volume of the phantom and the distance to the coils makes the array only lightly loaded,
which even further enhances the coupling effects. This should give insight into the dependency of
the coupled noise of the pre-amplifiers on the SNR and shows the degree of accuracy with which the
proposed model captures this effect. An example of a practical application of a lightly loaded receive
coil array is the “Remote Body Array”, which has been described in [23,24]. Moreover, with decreasing
field strength B0 (e.g., at 1.5 T compared to 3 T), the noise contribution of the receive system becomes
more dominant over the patient noise contribution.

Coils

L

2 sPre-amplifier

Plastic Tube

Coils

L

Ports

Phantom

Distributed
Capacitors

(a)

(b)

Figure 6. Two-channel coil arrangement for variation of coupling: (a) photograph; (b) model of
electromagnetic field simulation. The two coils are positioned on a plastic tube and can be slid to change
the distance L and therefore the coupling. The coil ports are connected to a pre-amplifier-board including
a noise-matching network. In each coil four distributed capacitors are used for frequency tuning, one of
which is parallel to the coil port. A saline water phantom is placed in the center of the coils.
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Furthermore, a four-channel planar coil array is investigated to validate the model by a more
complex setup of a typical local coil structure (Figure 7). The array is placed 13 cm above a phantom
filled with a saline water solution of 1.24 g NiSO4 · 6 H2O and 2.62 g NaCl per liter of water, which
results in σ = 0.51 S m−1 and εr = 80.3. This configuration also leads to lightly loaded coil elements.
As usual, only the nearest neighbor elements are inductively decoupled by a partial overlap.

Coils

Ports
1&2

Ports
3&4

Pre-amplifiers
Phantom(a)

Phantom

Ports
1&2

(b)

Ports
3&4

Distributed
Capacitances

d

Figure 7. Four-channel coil array: (a) photograph; (b) model of electromagnetic field simulation.
Four planar coil elements on a fiberglass reinforced epoxy laminate (FR-4) substrate are inductively
decoupled. Distributed capacitors are used in each element for frequency tuning. The array is placed
at d = 13 cm above a saline water phantom.

Both coil arrays are made of copper strips that are tuned to the magnetic resonance frequency
using well-known techniques with distributed capacitors and low loss reactive networks comprising a
parallel and a series capacitor for noise-matching at the pre-amplifier inputs. Noise matching is done
for each element when all other elements are detuned. The transformation of the coil S-parameters
into the pre-amplifier plane by the matching networks is reproduced in the model by an electrical
circuit simulation tool. The losses of the coil material and the lumped components are measured by a
Q-factor measurement and are used in the post-processing of the SNR calculation.

The noise parameters of the pre-amplifiers have been measured in a shielded environment using
the Y-factor method as described in [19]. Twenty equivalent pre-amplifiers were characterized, and the
mean value of the noise parameters was used in the model. The measured noise parameters of the
pre-amplifiers are included in the model.
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The SNR values for the combination of a particular coil array and the phantom, which can be
compared in absolute values to the simulated results, are obtained by recording a combined MR image
using a gradient echo sequence. The field of view of the two-element coil is 500 mm× 500 mm and
for the four-element coil it is 350 mm× 350 mm. The difference is due to different phantom sizes.
The cutting plane of the SNR images is located in the transversal orientation at the phantom center
with a slice thickness of dS = 5 mm and a resolution of 256× 256 voxels. The repetition time between
transmit pulses is chosen to be TR = 100 ms, and the echo time is TE = 10 ms. For every channel of an
array, MR images and additional noise images are recorded. Every voxel value of the single-channel
MR image is normalized to the square root of the mean of the noise image. The single-channel SNR
images are weighted according to their SNR value voxel by voxel and added together to give a
resultant combined image for the array. This method, which maximizes the SNR in each voxel, has
been described in [15]. To find the optimum flip angle in each voxel, the so-called Ernst angle [25], the
flip angle is varied in a series of MR sequences, and the optimum SNR is extracted for every voxel
across the series. The resulting maximized SNR image equals the simulated result in theory.

The SNR value of a voxel depends on various factors, such as the sequence parameters (TR, TE),
voxel size, or MRI signal weighting (proton density weighting, T1-weighting, and T2-weighting). All of
these factors affect the factor Kcal in Equation (1). To determine this factor, which allows an absolute
comparison of modeled and measured SNR values, a calibration technique is used, which is described
in [14]. It is ideal to use small phantoms for this measurement to obtain homogeneous SNR values,
which leads to more accurate results. Although in principle the method is independent of phantom
size, in practice it is best to use small phantoms to avoid errors by averaging over inhomogeneous
B−1 profiles. The value

∣∣B−1 (r)
∣∣ /
√

P in Equation (1) can be determined by sending a 180°-pulse
of 1 ms with the body coil and measuring the dissipated power in the system. The magnitude of
the transmit magnetic field for this pulse can be calculated to be approximately |B1| ≈ 11.74 µT.
Together with the SNR measured in the calibration phantom the value of Kcal can be determined by
Kcal = SNR ·

√
P/|B−1 |. This calibration factor is only valid for equivalent phantom liquids and when

the sequence parameters of the actual measurement are the same as in the calibration measurement.
This provides all factors in Equation (1) that are comprised in Kcal to be constant.

3.1.2. Electromagnetic Field Simulation

The structure of the investigated coil arrays is imported to the electromagnetic field solver. The coil
material is chosen to be a perfect electrical conductor, as any losses of the coils and components are
added in the post-processing, which leads to more accurate results. The only noise contributions in
the field simulator are radiation, phantom losses, and losses in the RF screen, which are modeled as
a cylindrical copper bore of the size of the actual screen in the scanner. The electromagnetic field solver
can be any commercially available program that is capable of calculating the complex magnetic field of
a coil array in the region of interest at MR-frequency, and the S-parameters at the coil ports. In this
work the finite element method (FEM, [26]) solver of the software CST MICROWAVE STUDIO® of
CST Computer Simulation Technology GmbH, Darmstadt, Germany, has been used.

4. Results

The measurement results of the noise parameters of 20 low-noise pre-amplifiers are given in
Table 1. The mean values are used to calculate Fo f f = −0.19 dB according to Equation (30) and
F2P, min = 0.66 dB according to Equation (29). With Equations (25) and (26), the S-parameters of the
pre-amplifier two-port model result in sAtt,12 = sAtt,21 = 0.93 and sMT,11 = −s∗MT,22 = 0.1 + 0.36i.
The remaining S-parameters of the matching transformer can be determined by Equation (18): sMT,12 =

sMT,21 = 0.93. Therefore, the S-matrix of the pre-amplifier model in Equation (19) is completely
determined. All calculated SNR values based on this model must then be weighted by Fo f f .
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Table 1. Noise parameter mean values and standard deviation of 20 investigated low noise
pre-amplifiers.

Noise Parameter Mean Value Standard Deviation

FPA, min [dB] 0.47 0.02
Rn [Ω] 4.10 0.58

Re(rPA, opt) 0.10 0.02
Im(rPA,opt) −0.36 0.03

The SNR results of the two-channel coil array are shown in Figure 8. The measurement results
gathered in a 3 T system are compared to the calculated SNR values of the model based on the
pre-amplifier noise parameters of Table 1. The SNR values at the phantom center show an increase
for decreasing the distance L between the coils down to L = 110 mm as the two elements approach
the point of interest in the center (Figure 8). However for further decreasing distances, the noise
coupling of the pre-amplifiers becomes the dominating factor, which results in a drop in SNR below
L = 110 mm. The results for the model without pre-amplifier noise, which can be obtained by setting
F2P, min = Fo f f = 0 dB, do not show this tendency, as a continuous increase of the SNR toward lower
distances L can be observed. This clearly points out the strong effect of pre-amplifier noise coupling.

L [mm]

0 100 200 300

|
|/

[d
B

(
T

/
W

)]
B

P
1

-

μ

0

5

10

15

Measurement

Model

Model without F
PA

√
√

Figure 8. Normalized SNR values
∣∣B−1 (r)

∣∣ /
√

P versus coil distance L of the two-channel coil array of
measurement and the model in the phantom center for a calibration factor of Kcal = 780.1

√
W/µT.

The parameters of the model are F2P, min = 0.66 dB, Fo f f = −0.19 dB, r2P,opt = 0.1− 0.36i for
the pre-amplifiers and RC = 0.7 Ω for the coil resistances and for the curve model without
FPA’ F2P, min = Fo f f = 0 dB.

The reflection coefficient of a single coil element of the four-channel coil array has been matched
to approximately 50 Ω when the remaining elements are detuned. The matching network of a parallel
and series capacitor has been modeled in a circuitry simulator to obtain the same reflection coefficients
for the model in the pre-amplifier plane. The transmission values between the single elements are
given in Table 2 at f = 123.2 MHz for the measurement and model.
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Table 2. Transmission coefficients of the four-channel coil array at f = 123.2 MHz.

S-Parameter Measurement Model

|s21|2/dB −16.5 −15.6
|s31|2/dB −25.8 −28.2
|s41|2/dB −10.9 −11.4
|s32|2/dB −11.9 −12.0
|s42|2/dB −31.5 −28.8
|s43|2/dB −17.3 −16.5

The resulting SNR values based on this model compared to the measurement values can be seen
in Figure 9 in a transversal plane. The SNR is normalized to the factor Kcal for absolute comparison.

The SNR shows an asymmetrical pattern, which is due to eddy currents in the phantom and the
occurrence of a dielectric resonance that results in a standing wave. Figure 10 shows one-dimensional
(1D) cuts through the phantom at y0 = −100 mm and x0 = 0 mm to gain insight into the accuracy of
the model.
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Figure 9. Normalized SNR values
∣∣B−1 (r)

∣∣ /
√

P of the four-channel coil array for a calibration factor of
Kcal = 270.0

√
W/µT in a transversal plane: (a) measurement, (b) model. The parameters of the model

are F2P, min = 0.66 dB, Fo f f = −0.19 dB, r2P,opt = 0.1− 0.36i for the pre-amplifiers, RC,l = 2.4 Ω for the
coil resistance of the large element, and RC,s = 1.9 Ω for the coil resistance of the small element.
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Figure 10. Normalized SNR values
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P of the four-channel coil of measurement and model for
a calibration factor of Kcal = 270.0

√
W/µT: (a) y0 = −100 mm, (b) x0 = 0 mm. The parameters of the

model are F2P, min = 0.66 dB, Fo f f = −0.19 dB, r2P,opt = 0.1− 0.36i for the pre-amplifiers, RC,l = 2.4 Ω
for the coil resistance of the large element, and RC,s = 1.9 Ω for the coil resistance of the small element.
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5. Discussion

The tendency that the SNR of the two-channel coil array decreases for coil distances below
L = 110 mm is very well captured by the model. The SNR values of the model are in good agreement
with the measured values, showing a maximum deviation of 1.1 dB at a coil distance of l = 290 mm.
This deviation can be due to measurement inaccuracies. In addition, the boundary conditions of the
electromagnetic field simulation do not cover all details of the entire scanner system. For example,
due to their complexity, the detuned body coil, the gradient coils, and the patient table with cables
and balancing chokes are not modeled in the field simulator. However, the resulting accuracy of the
SNR model shows that the noise coupling of the pre-amplifiers and the degradation of the SNR are
reproduced well. The case of a model without pre-amplifier noise contributions gives an insight into
the degree of SNR degradation due to pre-amplifier noise coupling. For L = 20 mm, which represents
strongly coupled coils, the estimated SNR ratio between physical and noise free pre-amplifiers is about
16 dB. This shows that reducing the noise figure of pre-amplifiers and optimizing the decoupling of
coil elements can have a major impact on the resulting SNR for lightly loaded coil arrays. As the coil
load increases the effect will be weakened as the noise of the sample will become the dominating factor
regarding the SNR.

The SNR results of measurement and model of the four-element array (Figures 9 and 10) can also
be considered to be in good agreement.

The maximum deviation between measured and modeled values is observed in regions where
the MR-signal is low in amplitude. This can be explained by a standing wave that builds up in
the investigated phantom. As the water-based phantom has a large volume and high permittivity
(εr ≈ 80), the electrical dimensions are close to λ/2 which makes the phantom a dielectric resonator
inside the boundaries of the MR scanner. Slightly varying conditions in the circumference of the
coil can lead to large relative deviations, especially where cancellation due to standing waves occurs.
Therefore, areas with low signal strength are most sensitive to inaccuracies in the 3D model of the
electromagnetic field solver. However, the predicted SNR values show good agreement in the major
part of the phantom.

The results of the two-channel and four-channel coil arrays show that the proposed approach
for modeling the SNR can be used to predict absolute SNR values with good accuracy, even for
lightly loaded elements. The passive pre-amplifier model allows the modeling of the entire network by
S-parameters, considering all coupling effects.

6. Conclusions

A new model has been described that allows the calculation of the maximum available SNR of
an arbitrary arranged receive coil array used for MRI, including the effect of the coupled pre-amplifier
noise. The accurate prediction of absolute SNR values can help optimize coil structures and electronics
before assembly. As the model obtains the SNR, making use of magnetic field values and S-parameters,
it can be easily used in a post-processing step based on the results of an electromagnetic field solver.
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