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Abstract: It is demonstrated, that recently proposed by the author Q-ball mechanism of the pseudogap
state and high-Tc superconductivity in cuprates may be detected in micro X-ray diffraction, since it
imposes inverse correlations between the size and scattering intensities of the Q-ball charge-density-
wave (CDW) fluctuations in these compounds. The Q-ball charge Q gives the number of condensed
elementary bosonic excitations in a CDW fluctuation of finite amplitude. The attraction between these
excitations inside Euclidean Q-balls is self-consistently triggered by the simultaneous condensation
of Cooper/local pairs. Euclidean Q-ball solutions, analogous to the famous Q-balls of squarks in the
supersymmetric standard model, arise due to the global invariance of the effective theory under the
U(1) phase rotation of the Fourier amplitudes of the short-range CDW fluctuations. A conserved
‘Noether charge’ Q along the Matsubara time axis equals Q TM?2V, where the temperature T,
Q-ball’s volume V, and fluctuation amplitude M enter. Several predictions are derived in an analytic
form that follow from this picture. The conservation of the charge Q leads to an inverse proportionality
between the volume V and X-ray scattering intensity ~M? of the CDW puddles found in micro X-ray
scattering experiments. The theoretical temperature dependences of the most probable Q value of
superconducting Q-balls and their size and scattering amplitudes fit well the recent X-ray diffraction
data in the pseudogap phase of high-Tc cuprates.

Keywords: Cooper-pairing ‘glue’; Euclidean Q-balls; micro X-ray diffraction; ‘nesting’; high-temperature
superconductivity
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1. Introduction

Recently, a theory of a Q-ball mechanism of a pseudogap (PG) phase and high-T,
superconductivity in cuprates was proposed by the author [1,2] in order to account theoreti-
cally for the most salient features of these and newly found compounds. The Q-balls theory
predicts the direct manifestation of Q-balls in X-ray diffraction experimental results on
high-Tc cuprate superconductors in the pseudogap phase [3,4]. The same Q-ball mechanism
also predicts a diamagnetic moment of the Q-ball gas as a function of a magnetic field
above T, see arXiv:2108.10372 (2021) in [1], that favourably compares with experimental
data in cuprates [5]. In addition, the theory [1] predicts the linear dependence of the
superconducting transition temperature T, on the density n; of the local Cooper-pair Bose
condensate found experimentally [6] when the Q-ball radius approaches infinity at the bulk
superconducting transition. Before passing to the description of the Q-balls picture, it is use-
ful to shortly mention some major features of the unconventional superconductors. These
were found during the last 36 years since the first discovery in 1986 of high-temperature
superconductivity (HTS) in the doped copper oxide perovskites Lay_,BayCuOy [7] below
T. =~ 30 K, followed by the steep rise of the measured T, up to T, ~ 135 K, and under
pressure up to T, ~ 164 K, in another perovskite HgBa;CayCuzOg,5 [8]. In parallel to
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the discoveries in cuprates, a superconductivity below T, = 39 K was found in magne-
sium diboride MgB; [9], as well as in iron-based superconductors, where the T. values
approach 60 K [10,11]. The angle-resolved photoemission experiments (ARPES) from
Bi2201 [12] revealed that at temperatures below T*, and well above the superconducting T,
a pseudogap appears in the remnant fermionic Fermi-surface antinodal regions. The scan-
ning tunnelling microscopy (STM) reveals both the particle-hole symmetry breaking and
pronounced spectral broadening indicative of a spatial state distinct from homogeneous
superconductivity [13]. Similarly, neutron scattering experiments [14] reveal superconduct-
ing correlations coexisting with stripe fluctuations (‘"dynamic stripes’) that correspond to
coupled spin- and charge-density-waves fluctuations. Importantly, pairing correlations
without global phase coherence persist up to temperatures of the order of T* and provide
simultaneously diamagnetism, which is observed up to about 150 K in the optimally doped
YBayCu3zO7_s with T, = 92 K [5]. Hence, the discovered HTS was called unconventional
with respect to the weak coupling Bardeen—Cooper—Schrieffer (BCS) theory [15], because it
occurs in strongly correlated electron systems, where the Cooper-pair formation is dom-
inated by repulsive electron-electron interactions, that are expected to cause competing
and intertwined orders of stripe phases and pair-density waves, electronic liquid-crystal
phases, etc. [16]. The phase diagram of the temperature versus the hole doping level for the
copper oxides, which contains insulating antiferromagnetic, pseudogap, ‘strange metal’,
superconducting, and Fermi liquid phases in the different doping intervals, is discussed
in the reviews, see, e.g., [17]. Thus, turning back to the Q-ball picture, we mention that an
essential prerequisite for the Q-balls emergence is the attraction between condensed ele-
mentary bosonic spin-/charge-density-wave excitations. It is self-consistently triggered by
the formation of Cooper-pairs condensates inside Euclidean Q-balls [1]. Hence, the binding
of the fermions into Cooper/local pairs inside the Q-balls occurs via an exchange with
semiclassical density fluctuations of a finite amplitude below a high enough temperature
T*. The latter is of the order of the excitation ‘mass’, i.e., proportional to the inverse of the
correlation length of the short-range spin-/charge-density-wave fluctuations. The Q-ball
charge Q counts the number of condensed elementary bosonic excitations forming the
finite amplitude spin-/charge-density wave inside the Q-ball volume. The amplitude
of the Q-ball fluctuation lies in the vicinity of the local minimum of the free energy of
the Q-ball, thus making it stable. Euclidean Q-balls arise due to the global invariance
of the effective theory under the U(1) phase rotation of the Fourier amplitudes of the
spin-/charge-density fluctuations, leading to the conservation of the ‘Noether charge’ Q
in Matsubara time. This is reminiscent of the Q-balls formation in the supersymmetric
standard model, where the Noether charge responsible for the baryon number conservation
in real time is associated with the U(1) symmetry of the squarks field [18-20]. Contrary to
the squark Q-balls, the Euclidean Q-balls arise at finite temperature T* and the phase of
the dominating Fourier component of the spin-/charge-density wave fluctuation rotates
with bosonic Matsubara frequency () = 27T in the Euclidean space time. Simultaneously,
the local minimum of the Q-ball potential energy located at the finite value of the modulus
of the Fourier amplitude arises due to the local/Cooper pairing [2]. A ‘bootstrap’ condition
is an exchange with fluctuations of a finite amplitude that causes the local/Cooper pairing
of fermions inside Q-balls already at high temperatures. An idea of a semiclassical ‘pairing
glue’ between fermions in cuprates, but for an itinerant case, was proposed earlier in [21].
Hence, the proposed superconducting pairing mechanism inside Q-balls is distinct from
the usual phonon- [22] or spin-fermion coupling models [23] considered previously for
high-T, cuprates, based upon the exchange with infinitesimal spin- and charge-density
fluctuations [24] or polarons [25] in the usual Frohlich picture.
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2. Quintessence of Euclidean Q-Balls Picture

In order to derive the explicit relation for the Q-ball charge conservation, one may
use [1,2] a simple model Euclidean action Sp; with a scalar complex field M(7, r), written as:

Sut = / /deD {19:MP + 20 MP2 + 3| MP + gUp (M)}, M= M(z,x), ()

where s is bare propagation velocity, and the ‘mass’ term p3 ~ 1/¢? is responsible for finite
correlation length ¢ of the fluctuations. Effective potential energy U (|M|?), as was first
derived in [1,2], depends on the field amplitude |M| and contains charge-/spin-fermion
coupling constant g in front. M(7 +1/T,r) = M(7,r) is periodic function of Matsubara
time at finite temperature T [26] and may be considered, e.g., as an amplitude of the
SDW /CDW fluctuation with wave vector Qpw:

My r = M(T,1)e’ QW T L M(T,1)"e QwWT,
M(T, 1) = [M(r)[e7™ ¥, Q =27nT, n=1,2,... ()

The model (1) is U(1) invariant under the global phase rotation ¢: M — Me'?. Hence,
corresponding ‘Noether charge’ is conserved along the Matsubara time axis. The ‘Noether
charge’ conservation makes possible Matsubara time periodic, finite volume Q-ball semi-
classical solutions, that otherwise would be banned in D > 2 by Derrick theorem [27] in the
static case. Previously, Q-balls were introduced by Coleman [18] for Minkowski space in
QCD and were classified as non-topological solitons [20]. It is straightforward to derive
classical dynamics equation for the field M(t, r) from Equation (1):

S
SM*(T, 1)

AUy

sz E ~ - O

= —02M 52 Z 2M(t, 1) + u3M(t,v) + gM(T, 1)

It provides conservation of the ‘Noether charge’ Q defined via space integral of the
Euclidean time component j; of the D + 1-dimensional ‘current density’ {j, j} of the scalar
field M(7,1):

Q= [, @
v
where the current density is defined as:
ju = %{M*(T, )9, M(T, 1) — M(T,1)0, M*(T,1)}, & = T, 1. 5)

It is straightforward to check that charge Q is conserved for the non-topological field
configurations, that occupy finite volume V, i.e.,, M(7,r ¢ V) = 0:

9Q _ Dp_ _2 748 —
= aT/]Td r=—s fs(v)] iS=0, ©)

Now, approximating the ‘Q-ball” field configuration with a step function O(r):

M(T,t) = e MO{r}; O(r) = {(1)' f Z K; (7)
;T ¢ V.

one finds expression for the conserved charge Q:

Q= /V jedPr = OMV. ®



Condens. Matter 2023, 8, 16

40f 10

This relation leads to inverse proportionality between volume V and fluctuation
scattering intensity ~M? of, e.g., X-ray radiation by the density wave inside a Q-ball, see
Equation (18) below.

It is important to mention here that the non-zero charge Q in Equation (8) follows
as a result of broken ‘charge neutrality” in the choice for the SDW/CDW fluctuation in
Equation (2), where periodic dependence on Matsubara time T enters via an exponential
factor with a single sign frequency (), rather than in the form of a real function, e.g.,
o cos(QT + ¢). Now, in the step-function approximation of Equation (7), the action
Sy equals:

Sy = = Q2 VI[udM? + qUy] ¢, )
M= gr v MRy

where Equation (9) is obtained using charge conservation condition Equation (8). It is
remarkable that as it follows from the above expression in Equation (9), the Q-ball volume
enters in denominator in the « Q2 /V term. Hence, provided the « V term is positive, there
is a minimum of action Sy (free energy) at finite volume Vg of a Q-ball. Hence, volume Vj
that minimises Sy and energy Eg equals:

Q

Vo = ; (10)
M,/ p3M?2 + Uy (M)
Eq = TS}" = ZQ\/V%MZ Hetr M) _ 200 (11)
e §M g’

where the last equality in Equation (11) follows directly after substitution of expression Vg
from Equation (10) into Equation (8), which then expresses V, via Q and Q). As a result,
charge Q cancels in Equation (11), and the following self-consistency equation follows [2]:

0= (uj — O*)M? + gUs(M). (12)

Another self-consistency equation arises from solution of the Eliashberg-like equations
with the SDW /CDW fluctuation field M., from Equation (2) playing role of the pairing
boson [1,2]. Namely, it was also demonstrated in [1,2] that a fermionic spectral gap go
inside Euclidean Q-balls arises in the vicinity of the ‘nested” regions of the bare Fermi
surface (corresponding to the antinodal points of the cuprates Fermi surface) and scales
with the local superconducting density 75 inside the Q-balls:

2
90 = \/2M(M — Q); s = 2|¥]> ~ 20 tanh? 32 tanh 250 (13)
2T " 3ey”

where [Y|? is local/Cooper-pairs density inside Q-ball [1], and ve is the density of
fermionic states involved in ‘nesting’. Substitution of Equation (13) into expression for the

Q-ball free energy drop due to pairing of fermions leads to the following expression for the
pairing-induced effective potential energy U, ¢s(M) of SDW/CDW field [1,2]:

4gvegQ) (M
Upsr (M) = pEM? + gy = pi® — 522 I(Q) , M= |M(7)] (14)
M M/ w20 (e — 1) \/2IX(0(—1)Q V2a(a —1)Q
(= :/ da tanh VAL TR (g5
Q 1 (1+80c(zx—1)) €0 2T

The plot of U, ¢ (M) vs. M/ Q) for different temperatures T < T* = p /27t is presented
in Figure 1. The figure manifests characteristic Q-ball local minimum at finite amplitude
that, in contradistinction with the squarks theory [18], is produced here by condensation of
superconducting local/Cooper pairs inside the CDW Q-balls, first arising at temperature
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T*. The minimum deepens down when temperature decreases to T = T¢, at which Q-ball
volume becomes infinite and bulk superconductivity sets in.

Ueff(M) arb. units

6 8
M/Q arb.units
Figure 1. The plots of U,f¢(M) at different normalised temperatures T/T* manifesting characteristic

Q-ball local energy minimum at finite amplitude due to condensation of local/Cooper pairs inside
Q-balls, obtained from Equations (14) and (15), see text.

3. Summary of Theoretical Predictions for Q-Balls

Summarising, Equation (1) was used to describe effective theory of the Fourier compo-
nents of the leading Q-ball (i.e., short-range) SDW /CDW fluctuations. Explicit expression
for Ug(|M(7,1)|) was derived and investigated in detail previously [1,2] by integrating out
Cooper/local-pairs fluctuations in the ‘nested” Hubbard model with charge-/spin-fermion
interactions. As a result, Q-ball self-consistency Equation (12) was solved and investigated,
and it was established that Euclidean Q-balls describe stable semiclassical short-range
charge/spin-ordering fluctuations of finite energy that appear at finite temperatures below
some temperature T*, found to be T* ~ ug /27 [1,2]. Next, it was also found that transition
into pseudogap phase at the temperature T* is of 1st order with respect to the amplitude M
of the Q-ball SDW/CDW fluctuation and of 2nd order with respect to the superconducting
gap go- In particular, the following temperature dependences of these characteristics of
the Q-balls were derived from Equations (12), (13) and (15) in the vicinity of the transition
temperature T into pseudogap phase [2] for the CDW /SDW amplitude:

2 2
T —T\5( 1543 \° 1o
M=Q[1+ , TF =12, 16

( Ho ) <4ﬁgv> 271 (16)

and for the pseudogap go:

2
2 * 22 15]40 5
=(T"=-T)5Q° —— 17
g = (' -miox(2h) a7
which follows after substitution of Equation (16) into Equation (13). These dependences are
plotted in Figure 5b in [2].

4. Theoretical Predictions for Some Measurable Q-Balls Manifestations
4.1. Charge Q Conservation
An immediate measurable consequence of the Q-ball charge conservation in a form

of Equation (8) would be inverse correlation at fixed temperature T = (/27 between
Q-ball volume Vg = 47[1{3('2 /3 and amplitude squared M2, which can then be, respectively,

associated with the coherence length &3 ~ RQ3 ~ Vg and amplitude A ~ M? of the X-ray
scattering peak [26] from the Q-balls in the pseudogap phase of high-T; cuprates, see

Figure 2:
1 1
& Vo = <g>MZN (8>A' 18)
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Figure 2. Q-ball volume Vj ~ ¢ as function of the CDW/SDW amplitude squared M? ~ A
(normalised) is plotted in the arbitrary units using Equation (18). Here, coherence volume &* and
amplitude A are characteristics of the X-ray scattering peak from the Q-balls in the pseudogap phase
of high-T, cuprates, see text.

This plot is in good qualitative correspondence with Figure 3a of the experimental
data of the X-ray scattering in high-T. cuprates HgBa,CuOy, [3].

A& arb. units
201

Qmin normalized
1.0

08

—¢ o6l

a 0.4

06 0.7 0.8 0.9 1.0 0.2 . s T
04 05 06 07 08 09 10

Figure 3. (a) Theoretical temperature dependences of the SDW/CDW amplitude M? = A (blue
curve) and Q-ball size R = ¢ (red curve), temperature expressed in units of T* = yg/27; (b) temper-
ature dependence of the smallest Q-ball charge Q,,;;, from Equation (26), see text. Corresponding
experimental data points are presented in G. Campi et al. paper [3].

4.2. Manifestations of Superconducting Condensates Inside Q-Balls

Strikingly, but it follows from Equation (17), that micro X-ray diffraction data also
allow to infer an emergence of superconducting condensates inside the Q-balls below T*.
The reason is in the inflation of the volume, which is necessary to stabilise the superconduct-
ing condensate at vanishing density. Indeed, this is the most straightforward to infer from
linearised Ginzburg-Landau (GL) equation [28] for the superconducting order parameter
Y of a Q-ball of radius R in the spherical coordinates:

AP _ Cxlp) . _
gk =k ¥ =22 vk =0, (19)
where ¢Z from Equation (13) substitutes GL parameter a = a - (T, — T) /T, modulo dimen-
sionful constant b of GL free energy functional [28]. Then, it follows directly from solution
of Equation (19):
x «sin(kpp); Rk, =mn,; n=12,..., (20)

that Equation (19) would possess solution (20) with the eigenvalue bg(z) only if the Q-ball

radius is greater than R,
h2<”>2—b2 1)
Rmin 80-

4m
Hence, due to conservation condition Equation (8), charge Q should obey the follow-
ing condition:
(h)®

o 2 3_ 2

(22)
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This would have an immediate influence on the temperature dependence of the most
probable value of charge Q. The letter value could be evaluated using expression for the
Q-ball energy Equation (11): Eq = 2QQ)/ ¢ obtained in [1]. Then, Boltzmann distribution
of energies of the Q-balls ‘gas’ indicates that the most numerous, i.e., the most probable to
occur, Q-balls are those with the smallest possible charge Q, and their respective population
(overage) number 7ig in unit volume of the sample is:

1 Eo | 200 v
TlQO(VGQeXp{—kBT}—GQEXp{—ngT},GQ—VQ/ (23)

where G counts the number of possible Q-ball ‘positions” in the sample of volume V,
Vo being Q-ball volume, and Q/kpT = 27t. Hence, Equation (23) indicates that the
Boltzmann’s exponent is greater for smaller Q. On the other hand, due to accommodated
superconducting condensates inside the Q-balls, their Noether charge Q is limited from
below by Q,i,, as demands Equation (22). Substituting into Equations (21) and (22)
temperature dependences of M and g( from Equations (16) and (17), one finds:

= s (52) o
QT - TV \amb \ 1510 )

2 3\ 2
Ax M =2 1+<T*_T>5 1 )7 (25)
Ho 4v/2gv ’

2 2\ ?
Quin = 1+ (T*_T)S 155 il ( g )3/5 (26)
min 1o 4ﬁgv (4mb)3/2(T* _ T)3/5 15u0

Taking into account the above-mentioned proportionality between M? and the ampli-
tude A of the X-ray scattering peak, and using Equations (24)-(26), one obtains plots of the
temperature dependences of a single Q-ball scattering amplitude A ~ M? and coherence
length ¢ =~ R, Figure 3a, as well as of the temperature dependence of the smallest Q-ball
charge Q,,;, in Figure 3b. Finally, in Figure 4, theoretical prediction for the temperature
dependence of weighted scattering amplitude A, is presented. Namely, the single Q-ball
scattering amplitude A from Equation (25) is multiplied by the Q-balls population number
fig from Equation (23): Ay = Afig, where Q = Q,,;, is given by Equation (26).

Experimental data points from paper [3] are in good accord with the theoretical curves
in Figures 3b and 4.

Ay, normalized

1.0}
0.8F
0.6}
04f

0.2

. . . T
0.6 0.7 0.8 0.9 1.0

Figure 4. Theoretical prediction for the temperature dependence of the weighted scattering amplitude
Ay, see text, in the units of T* = /2.

5. Conclusions

To summarise, some measurable manifestations of the previously proposed the-
ory [1,2] of the Q-ball mechanism of high-T, superconductivity are derived. In particular, it
is demonstrated that Euclidean Q-ball charge conservation leads to an inverse correlation
between the Q-ball volume and X-ray scattering amplitude. In addition, the proposed
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theory predicts that superconducting condensate, which forms self-consistently inside a
Q-ball together with a semiclassical CDW /SDW short-range fluctuation, manifests itself
in a peculiar sharp inflation of the Q-ball radius at T*, where the density of the super-
conducting condensate inside the Q-balls tends to zero. This follows directly from the
Ginzburg-Landau theory for the radius of a superconducting sphere in the vicinity of the
transition temperature T;, which for an individual Q-ball coincides with T*. As the measur-
able consequence, the width of the X-ray coherence peak in momentum space, being inverse
proportional to the Q-ball radius, decreases when the temperature approaches T* from
below. Simultaneously, the X-ray scattering amplitude, being proportional to the square
of the CDW/SDW fluctuation amplitude inside the Q-ball, first sharply increases below
T* and then develops a maximum as the temperature farther decreases. These predictions
follow from the previously found [1,2] mixed nature of the transition into the pseudogap
phase at T*. Namely, while an amplitude of the CDW/SDW fluctuation inside emerging
Q-balls is finite at the transition, the density of the simultaneously emerging superconduct-
ing condensate inside the Q-balls is infinitesimally small at T* and rapidly grows below this
transition temperature. This causes the fast deflation of the Q-ball radius at temperatures
immediately below T*. The theoretical predictions favourably compare with the experimen-
tal data from the micro X-ray diffraction [3,4]. Finally, it is worth mentioning several other
theoretical works that considered the condensation of (bi)polarons in HTS cuprates [29-31]
and supersolid-to-superfluid transitions in the phase-separated supersolid stripe/strings
and superconducting stripes. None of these theories have considered the conservation
of the ‘Noether charge’ Q along the Matsubara time axis that, together with the energy
conservation, provides Q-ball solutions of a finite volume below high-T* temperatures.
In addition, the here-presented Q-ball model of high-T; superconductivity in cuprates is
distinct from the model presented recently [32], where the lattice field models known from
high-energy physics, including magnetic monopoles, dyons, and their confinement, are
projected onto the model of a granular superconductor. While Q-balls are non-topological
solitonic quasi-classical solutions minimising the Euclidean action of the scalar field [20] in
the state with no long-range order, the magnetic monopoles and dyons considered in [32]
are instantons that connect degenerate long-range-ordered vacua. Moreover, the pseudogap
predicted in the present Q-ball theory is in the fermionic spectrum, and it is induced by
the condensation of strongly coupled fermionic pairs that possess a wave function being
non-zero only in the vicinity of the “antinodal” points in the Brillouin zone. The shape of the
Cooper pair is ‘starfish” like [1]: it is characterised by the length scale v/ g in the antinodal
direction and by the Q-ball radius in the ‘nodal” direction, in qualitative correspondence
with the experiment [33]. Another important distinction between the previous theories of
high-T, cuprates and the present Q-ball theory is that the latter introduces a ‘bootstrap’
condition: the emergence of pairing ‘glue’, built from condensed-with-finite-amplitude-
attracting bosonic fluctuations inside a Q-ball, and Cooper/local pairs condensation inside
the Q-ball are self-consistent events. Further, an exchange with fluctuations of a finite
amplitude constituting a Q-ball causes the local/Cooper pairing of fermions inside the
Q-ball volume at higher temperatures then the usual Frohlich mechanism of exchange
with infinitesimal “glue’ bosons of any types exploited since the BCS theory was proposed,
as was mentioned in the Introduction. An idea of a semiclassical ‘pairing glue’ between
fermions in cuprates, but for an itinerant case, was proposed earlier in [21].
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