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Abstract: We show that magnetic monopoles appear naturally in granular quantum matter. Their
condensation leads to a new state of matter, superinsulation, in which Cooper pairs are bound into
purely electric pions by strings of electric flux. These electric flux tubes, the dual of Abrikosov
vortices, prevent the separation of charge-hole pairs, thereby causing an infinite resistance, even at
finite temperatures, the dual behaviour of superconductors. We will discuss the electric Meissner
effect, asymptotic freedom and their measurements and describe the recent direct detection of a
linear, confining potential by dynamic relaxation experiments. Finally, we consider dyons, excitations
carrying both a magnetic and an electric charge, and show that a condensate of such dyons leads to a
possible solution of the mysteries of the pseudogap state of high-T, cuprates.
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1. Magnetic Monopoles

There is nothing preventing magnetic monopoles (for a review, see, e.g., [1]) in classical
physics, where only the equations of motion matter. The Maxwell equations can be easily
modified to include a four-current m* of magnetic charges g,

0, F!"" = qej”,
0, F1 = gm”, 1

where F' = (1/2)e!"*PF, p is the dual electromagnetic field tensor (we use natural units
c=1,h=1,¢ = 1, Greek letters for space-time indices and Einstein summation over
equal Greek indices). The only reason they were not originally included is because they
were not observed.

Things change in quantum mechanics, where off-shell paths weighted by an action
become important. Most important, this action must have a local formulation in terms of
the fields. To formulate a local action for electromagnetic fields, one must introduce the
gauge potential A;, and here the problems begin, because magnetic monopoles would
seem to entail a singularity in the configuration of this gauge potential, the so-called Dirac
string [1], see Figure 1. This is an infinitely thin and long solenoid bringing in the magnetic
flux from infinity. Dirac realised, however, that this singularity is a coordinate singularity if
the product of electric and magnetic charges is quantised,

geg = 2nn, nez. (2

Wherever the singularity lies, it can be displaced away by a gauge transformation
so that local physics does not depend on its presence. Because of the Dirac quantisation
condition, the string cannot be observed, even by non-local Aharonov—-Bohm experiments.
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Dirac string

Figure 1. A magnetic monopole with its Dirac string, an infinitely thin and long solenoid bringing in
the magnetic flux from infinity. The Dirac string is a coordinate singularity and can be displaced to
another position by a gauge transformation.

Even if it can be placed along any desired line, the unavoidable presence of the Dirac
string requires that, to admit magnetic monopoles, the gauge group has to be the compact
group U(1) rather than the non-compact group R. The two are locally identical but not
globally, because U(1) is isomorphic to the circle S!. The remaining singularity at the
monopole location, the open end of the Dirac string, is the consequence of the compactness
of the gauge group. There are two ways to get rid of this point singularity: either one
considers U(1) as the lowest-energy surviving symmetry after the spontaneous symmetry
breaking of a larger compact group, such as the grand-unified groups (GUTs) SU(5) or
SO(10), or one hides the U(1) monopole singularities amidst the vertices of a lattice.
The former monopoles were proposed by ‘t Hooft and Polyakov as possible solitons in
GUTs [1]; they have energies of O(10'°) Gev, so large that they could have been produced
only in the big bang. Despite 40 years of dedicated searching, however, they have never
been detected. The U(1) lattice monopoles were proposed by Polyakov [2,3] as examples of
how compact U(1) gauge theories change their character due to a proliferation of magnetic
monopoles. This, however, has led to a proposal that such purely U(1), much lighter
monopoles are concretely realised in granular, inhomogeneous quantum materials which,
after all, are microscopically akin to lattices [4].
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2. Effective Electromagnetic Action for Quantum Materials

We shall consider charged quantum matter coupled to electromagnetic fields. By “quan-
tum” we mean here “very low temperatures”, where quantum effects become dominant.
Such a quantum material is described by a generic Euclidean action (for a review, see,

e.g., [5]) . ,

To incorporate a finite temperature T, one has to restrict the Euclidean time integra-
tion to a finite domain of length 1/kpT with periodic (for bosons) or antiperiodic (for
fermions) boundary conditions. For simplicity of presentation, here we shall only consider
zero temperature.

One can now integrate out the matter degrees of freedom to obtain the electromagnetic
effective action for the material,

1
Seff(A;l> = W /d4x Fvayv + Squantum (Ay) . (4)

This can be performed exactly if the matter action is quadratic or loop-by-loop in per-
turbation theory in the more generic case of higher-order interactions. This expression is the
quantum equivalent of the familiar free energy of statistical mechanics, with the Maxwell
term playing the role of internal energy and the quantum corrections Squantum playing
the role of the entropy. When this is performed at finite temperatures, the so-obtained
expression takes into account both the corrections due to quantum and thermal fluctuations.
The electromagnetic response of the material is then encoded in the induced current

. )
]i’;d(x) = —lmseff~ ®)

As a concrete example, let us mention the effective action for superconductors, whose
derivative expansion is dominated by a photon mass term,

1 n
Seff = ———— / PxA A, + .. ©)

~ )2

London

so that the electromagnetic response is given, after rotation back to Minkowski space-time,
by the induced current
. -1
Jind = 2
/\London

A ()

which is the compact form of the familiar London equations

rotj - 27]3
ALondon
J . 1
Si=>—E ®)
ot )\London

3. Compact Effective Action of Granular Insulators
The long-distance effective action for generic insulators is the usual Maxwell term

1
Seff = 402 /d4x FuFuy , 9)
Ceff

with an effective, renormalised coupling constant e.¢ and a velocity of lightv = 1/, /ey < 1.
In this formulation, the action is formulated on an isotropic Euclidean space with “time"
coordinate xog = vt and also, correspondingly, rescaled gauge potentials Ay — Ag/7,
which is easier for computations. To recover the physical (Euclidean) space-time, one
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has to make all velocities v explicit. Things change, however, when we are dealing with
granular materials, with matter restricted to localised droplets of typical spacing ¢ (which
we henceforth set to £ = 1 for simplicity of presentation), the prototype being fabricated
Josephson junction arrays (for a review, see [6]). In this case, the effective action becomes a
discrete “lattice model” with a lattice spacing vfy = ¢ = 1 in the Euclidean time direction.
There are two possible cases, the naive non-compact discretisation of (9),

1
Seff = 402 ZFvayv ’ (10)
Ceff X
or the compact model [2,3]
1
Sett = o Y (1—cos(Fu)), (11)
Ceff X, uv

which, of course, coincide up to the second order in the fields but which have very different
global properties.

The compact model can also be formulated in the Villain representation by introducing
integer plaquette variables My, € Z constituting new degrees of freedom over which one
has to sum in the partition function,

1
Seft = 17 Y (Fuw = 2eMyy) (Fuy — 2tMyy ) (12)

eff X

Even if the naive variables F,, satisfy the Bianchi identity d;Fy = div eo¢B = 0 (with
d; lattice derivatives), there is nothing to guarantee that the same equation is obeyed by the
integer fields M,,,. Indeed, it can be easily shown that the overall compact magnetic field
admits magnetic monopoles [2,3],

1 - - 27
Qdi (Fio — 2tMy) = Qéx,xo . (13)
Correspondingly, the entire compact effective action for granular insulators can be
formulated as

1 ? 1
Sett = 13~ D FwF + - Y my—5 (14)
degg 3 Co ¥ Vi
where 1
my = dyMyy = Eewﬁdvmaﬁ, (15)

is the topologically conserved four-current of magnetic monopoles and V7 is the (finite
difference) Laplacian in four Euclidean dimensions. The first is the naive non-compact
action, and the second term describes the magnetic monopoles due to the compact nature
of the effective action in granular quantum insulators. It remains to be determined what is
the effect of such monopoles on the macroscopic properties of these materials. Before doing
so, however, let us focus on some specific examples where they appear.

4. Quantum Wires and Josephson Junction Chains

Although there can be no magnetic monopoles in 1D, let us focus, for a moment,
on the simplest example of granular quantum material, quantum wires, which can be
modelled as Josephson junction chains (for a review, see [7]), see Figure 2. Essentially,
these are materials made of superconducting islands arranged along a line (the vertices
of a 1D lattice), each characterised by a phase of their angles, with Josephson coupling Ej,
while, in the limit Cy >> C, the dual charge dynamics are well approximated by point
interactions of the strength Ec = 2¢/C on the islands and possible quantum tunnelling
between the islands (the links of the 1D lattice) when the phases are aligned. For these
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materials, the matter action for the phases ¢ (after integrating out the charges) is the
compact global O(2) model [3] in two Euclidean dimensions,

Somatter = % Y (dugp + 27tny) (dup + 271my) (16)

X

i

where ¥ = |/ 712E;/2Ec and n,, € Z are integers defined on the links of the lattice.

Euclidean time

A
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o
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ey ww

LNERKR
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> Space

Figure 2. Sketch of a quantum wire with one quantum phase-slip instanton.

Upon minimally coupling the current d,¢ to the gauge field A, the non-compact
model (1, = 0) leads to the effective electromagnetic action

7T
Seff = y Y AuAL, (17)
K X

showing that the quantum wire is superconducting. The effective action for the full compact
model (16), however, is

T 1
Seff — ﬂxx:AyAy +47TKXX:S_7V%S,
s = —edyn, , (18)

where the integers s, on the 2D lattice represent instantons [3], i.e., solitons of the Euclidean
action, which correspond to quantum tunnelling events in Minkowski space-time (for a
review, see, e.g., [8]). These are events in which one of the phases makes a flip by a 27
angle and are, correspondingly, called quantum phase slips [9], see Figure 2. Because the
potential for the quantum phase-slips instantons is logarithmic, they form a 2D Coulomb
gas (for a review, see [10]) and thus undergo the famed Berezinskii—Kosterlitz—Thouless
(BKT) transition [10]. Only for x < 1, they can proliferate. In this case, when a current
is applied to the quantum wire, the balance between instantons of different chiralities
is broken, and this imbalance turns the originally superconducting wire into a metal by
creating a resistance [7].

5. The Superconductor-to-Superinsulator Transition in Quantum Films

Instantons due to the compactness of the effective action induce a superconductor-to-
metal transition in 1D. While this is very interesting, it is not yet a dramatic effect. Things
change in 2D, where the same type of instantons can induce an entire new state of matter.

Let us thus consider the 2D generalisation of quantum wires, granular films which,
correspondingly, can be modelled as Josephson junction arrays and we shall call “quantum
films”. The main difference with respect to the 1D case is the presence of a new type
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of excitation: when the phases make a non-trivial circulation of an integer multiple of
27 on neighbouring droplets, we have a vortex in between, as shown in Figure 3. These,
however, are not Abrikosov vortices; they have no normal state core and are thus Josephson-
type vortices, like the ones in the XY model [10]. As a consequence, their dissipation is
negligible, and they behave as dual excitations to charges. Moreover, they experience
Aharonov-Casher phases when they go around charges or Aharonov-Bohm phases in the
opposite case. These mutual statistics interactions, moreover, are the dominant ones at
long distances and, as shown by Wilczek [11], they can be represented in a local form by
introducing two fictitious gauge fields a;, and b, with a mixed topological Chern-Simons
action [12].

Figure 3. A Josephson-type vortex on a 2D quantum film.

When the dynamical terms admitted by symmetry are also included, the matter action
for the charge currents Q, and the vortex currents M, is given by [13-15]

.1 1 1 . .
Smatter = le_ayeywaabv + —Zf;wfyv + T2 8uv8uv + zayQy + lbyMy , (19)
— 27 4es 4eg

where f},, and g, are the field strengths of the two gauge fields a;, and b, respectively, and

2 =0 & —8E

q o 2md )~ ¢

> _of ™) Z 42 20
€ - 62/\% = a7t I ( )

are the typical electric and magnetic energy scales, respectively, with d the film thickness
and Ay, the bulk London penetration depth. The second equalities refer to the exact results
for the modelling as Josephson junction arrays, as in the case of 1D chains [13,15].

Three phases can arise in the above model as a consequence of the competition between
the charge and vortex orders. The first is the usual global superconducting order. The other
two phases are a Bose metal phase [13], when both the charges and vortices are frozen by
statistical interactions in the bulk and only 1D edge channels conduct, in which quantum
phase slips induce a resistance as explained above, and a superinsulating phase, when
vortices proliferate [13,16,17]. The effective electromagnetic action for the superinsulating
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phase is obtained by coupling to the electromagnetic gauge field A, setting Q, = 0 and
integrating out the two fictitious gauge fields and is exactly the 2D version of (12) with

1
2 ~ ~ (1)

withx = e, /e;.

Actually, there is one important point to stress. The physics of thin films remains 2D
only up to a screening length O(de), where ¢ is the relative dielectric permittivity of the
insulating normal state (for a derivation, see [18]); at larger scales, the electric field lines

“exit" the plane. The quantum transition to a superinsulating state thus corresponds to

the limit d — 0, e — co with a fixed screening length. In this limit, the effective Coulomb
interaction coupling egff = %A1 /d becomes very large. Because v — 0 in the limit ¢ — o,
it is only the electric components of the effective action that matter

Seff = 22 ZF—l—ZnM 22 2 2+ me_vz (22)

€t x,i Coff x,i eff X,i

where F, = (1/2)€,a5Fsp is the dual electromagnetic tensor in 2D, E; denote the com-
ponents of the electric field and m = d;M; represent again the instantons due to the
compactness of the model. When modelling quantum films as Josephson junction arrays, it
is directly this purely electric action that is obtained [15].

From the point of view of a 3D Euclidean space, the vector F, is simply the magnetic
field, the component Fy being its component in the “z-direction”, identified with the
Euclidean time. The integers My represent, correspondingly, the vortices. Because of the
gauge invariance of the b, fictitious gauge field in (19), we have d, M, = 0 and, thus,
in Minkowski space-time coordinates,

m = diMi = —dtMo . (23)

i.e., the instantons are non-relativistic magnetic monopoles that interpolate between the one-
vortex and zero-vortex sector (or the other way around when M) is negative), as shown in
Figure 4. These magnetic monopole instantons are the 2D generalisation of quantum phase
slips. Because their interaction, due to their non-relativistic nature, is again logarithmic, they
proliferate only for a large effective coupling, i.e., for x < 1, when Coulomb interactions
dominate magnetic ones.

s

Euclidean time

Figure 4. A (non-relativistic) magnetic monopole instanton tunnelling between the one-vortex sector
and the zero-vortex sector in a 2D quantum film.
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6. Confinement and Superinsulation

Granularity, intrinsic or emergent, is not confined to lower dimensions. The same
type of granular structure has been recently detected in bulk superconductors [19]. In 3D,
the core-less vortices sketched in Figure 3 become 1D extended objects, and there is nothing
preventing these core-less vortices ending in magnetic monopole—antimonopole pairs. Two
situations are possible: either the vortices have tension, as sketched in Figure 5, panel
(a), and then we have only short magnetic dipoles, or they are tensionless, as sketched
in Figure 5, panel (b), in which case there is no energy price in extending them from one
monopole to infinity and then back to its antimonopole, i.e., they become Dirac strings and
the system contains free magnetic monopoles.

a b
Hoﬁ i o? /// \\g\‘}//\\\
o/° %o I 2y

I //'\ \ °
if Heb o \b\\{{

Figure 5. Short magnetic dipoles when the vortices have tension, panel (a); free magnetic monopoles
when the vortices become tensionless Dirac strings, panel (b).

Under certain conditions, these magnetic monopoles can Bose condense [20]. When
this happens, applied electric fields are shielded by dissipationless magnetic monopole
currents and can penetrate only in thin electric flux tubes, the dual of Abrikosov vortices.
The crucial difference with respect to vortices, however, lies in the fact that electric flux tubes
can end on charge-hole pairs inside the sample. These excitations are the purely electric
equivalent of strong interaction pions, with Cooper pairs playing the role of quarks; the elec-
tric flux tubes joining the charge—hole pairs go under the name of confining strings [21,22].
They induce an attractive linear potential V() = or between charges and holes at a separa-
tion r, where o is the string tension. Strings have a typical width w = A, given by the range
of the screened Coulomb interaction and a typical length scale ds = 1//v determined by
the string tension. Electric &= charges cannot be separated on distances larger than this scale
for temperatures and applied voltages below critical values T, and V1, respectively, which
is the phenomenon of confinement known from the strong interaction. As a consequence,
the resistance is strictly infinite for T < T, and V < V(;. This new state of matter, induced
by the condensation of magnetic monopoles, is called superinsulation, the dual mirror
of superconductivity. It was originally predicted in [13] and rediscovered independently
12 years later in [16]. Superinsulation has by now been experimentally detected in TiN,
NbTiN, InO and NbSi films. Figure 6 shows the logarithmic plot of the sheet resistance
of a NbTiN film as a function of 1/T. The dashed straight line corresponds to the usual
activated behaviour of an insulator. The data show an hyperactivated behaviour fitting the
divergent BKT behaviour [10], with T; = 0.062 °K without an applied magnetic field and
with T, = 0.175°Kat B=03T.
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Figure 6. Logarithmic plot of the sheet resistance of a NbTiN film as a function of 1/T. The dashed
straight line corresponds to the usual activated behaviour of an insulator. The data show a hyperacti-
vated behaviour fitting the divergent BKT behaviour [10], with T, = 0.062 °K without an applied
magnetic field and with T, = 0.175 °K at B = 0.3 T. From [17], ©Elsevier (2013).

The superinsulating state is characterised by the electric London equations [18] (in
Minkowski space-time)

U2 AZ
atm =
27'[€eff
AZ
VA = 24
m 27'[€eff ( )

where A is the inverse length scale determined by the magnetic condensate density. Com-
bined with the (static) dual Ampere law

2
VAE=—"m, (25)
Coff

one obtains the Meissner screening of electric fields,

<v2—12>13:0,
Ael

Ceff
Al = % . (26)
The low-energy excitations of superinsulators are neutral pions, open strings with
a charge-hole pair at the ends. If the applied voltage is smaller than the critical voltage
Va1 = (0L/2e), with L the sample length, the effective string tension

Ot = (0 —2eV/L), (27)

remains positive and the pion size is smaller than the sample size, i.e., no electric field
penetrates the sample and no current passes: this is the Meissner state of superinsulators.
When the applied voltage exceeds the lower critical value V; but is still smaller than
the upper critical value V¢, the pion size exceeds the sample size, and electric fields and
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currents penetrate in the form of flux tubes reaching from one end to the other of the
sample: this is the mixed state of superinsulators. Finally, if the applied voltage is above
the upper critical value V., the superinsulation is dynamically destroyed in favour of
normal insulating behaviour. The two critical electric fields E.; and E, corresponding to
the voltages V1 and V., are independent of the system size and are dual to the two critical
magnetic fields of type II superconductors (for a review, see [23]). A consequence of the two
critical voltages is that two kinks appear in the I(V) curves of superinsulators, separating
the three possible regimes. These are clearly seen in experiments [24], as shown in Figure 7.
When the sample size L — oo, these curves vanish identically in the whole region V' < V.

10N e

ny

<C 100p- .
c i
q’_) 4

S 10p;
O ]
]

1p 4

100f +——LedaMgRITEL T e —

10m 100m 1 10

Voltage (V)

Figure 7. The I(V) curves of a superinsulating NbTiN quantum film at 50 mK, clearly showing the
two kinks and three regimes corresponding to the electric Meissner state, the mixed state and the
normal insulating state. From [24], Creative Commons Attribution 4.0.

Strong interaction pions are very small and tightly bound, and their interior has never
been observed directly, only via high-energy collision experiments. The electromagnetic
interaction, however, is much weaker and thus we expect much larger electric pions. As we
have seen above, the pion size can be increased by “stretching” the string with an external
voltage. However, alternatively, we could try to measure the interior of the electric pions
simply by performing experiments on samples so small that an entire pion does not fit
on them. In this case, we expect an asymptotic freedom regime in which the string is
“loose” but the Coulomb interaction is still screened on much smaller scales. In this regime,
the Cooper pairs and holes in the pion interior are essentially free and, thus, we expect a
metallic saturation of the resistance on such small samples. This is exactly what is seen
in experiments [24], as shown in Figure 8. When the sample size is sufficiently decreased,
the hyperactivated resistance behaviour goes over directly to a metallic saturation, showing
that charges become free on such small samples. Note that this asymptotic freedom
behaviour has nothing to do with the corresponding one of non-Abelian gauge theories,
which describes their ultraviolet behaviour. This asymptotic freedom behaviour arises
technically in a sine-Gordon model and describes the infrared fixed point of the theory.
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Figure 8. The transition from hyperactivated to metallic behaviour of superinsulators as the sample
size is decreased, showing asymptotic freedom in the electric pion interior. From [24], Creative

Commons Attribution 4.0.

The potential binding £ charges in the superinsulating state can be measured directly
by dynamic relaxation experiments [25], in which a voltage pulse is suddenly applied to
the material. Figure 9 shows the result of such experiments for a NbTiN quantum film.
In Panel (a), one can see the different responses of the normal insulator at 300 mK and
the superinsulator at 20 mK. In the normal insulator, the current immediately starts to
smoothly increase to its steady-state value. In the superinsulator, instead, there is a delay
tsn before the current jumps to its steady state. In panel (b), the scaling of this delay is
shown as a function of the reduced voltage (V — V;) (with V¢; denoted V), here).

a T T T b T r r
1.04 ] = V,=0.16V
—— Insulator
0.8 ] 4 V,=0.058V
104 _ 12 B
z "’:\ei IV -V,)
< 06 = 6/(V- V)"
= @ 0.55/(V - V)% X P
[} S P 3/4
2 = 0.48/(V - V,)
5 04l £ 12
(SRR 5 0.28/(V - V,)
0.2
10°4 1
b 34
0.0 0.105/(V - V,)
0 tw 20 40 60 8 100 0.01 0.1 1
time (us) Reduced voltage (V)

Figure 9. Dynamic response of a NbTiN quantum film. Panel (a): the difference between the normal
insulator at 300 mK and the superinsulator at 20 mK. Panel (b): the scaling of the shift time ty, as a
function of the reduced voltage (V — V1) (with V; denoted by V), here). The two different critical
exponents correspond to jumps from the Meissner state to the mixed state and from the Meissner
state to the normal insulator, respectively. From [25], Creative Commons Attribution 4.0.
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The two kinks in the I(V) curves are clearly reflected in two different critical exponents
u in the scaling
fsh (V - Vcl)iy . (28)

The value y = 1/2 corresponds to a jump from the Meissner state to the mixed state,
and the value y = 3/4 to a jump from the Meissner state to the normal insulating state. Let
us consider the former. For such jumps, the effective tension (27) becomes negative and
corresponds to a constant total repulsive force F = (2¢V /L — 2eV,1 /L), where we have
used the value V3 = (0L /2e) of the lower critical voltage. This corresponds to a constant
centre of mass acceleration a = (4e/mL)(V — V) for a charge-hole pair that is pulled
apart by the applied voltage, where m is the mass of a Cooper pair. The equation of motion
for the relative coordinate has the solution

r(t) = 2e

—(V=Va)£. (29)

The current starts to pass when this relative coordinate reaches the value L, i.e., after a
shift time

mL2
i =\ 5 (V= Va1) ™ 12 (30)

This shows that the observed value y = 1/2 of the dynamic critical exponent (28) is a
direct confirmation of the confining linear potential in the superinsulating state.

7. Dyons, Oblique Confinement and the Pseudogap State

In 3D, the effective electromagnetic action may also contain a topological contribution,
the so-called 6 term of axion electrodynamics [26],

Sp =

o /d4x FuFu = 50— /d4x FetoPE, = /d4x E-B, (31
where 6 is an angle with periodicity 27t for fermionic systems and 47t for bosonic ones [27].
In the presence of the f-term, magnetic monopoles also acquire an electric charge /27 [28],
and the effective electromagnetic action (12) is modified to

0
seff_42ffZ(P,w 2tMyy) (Fuw — 2tMy) + i Aty (32)
eff X

Such charged magnetic monopoles are called “dyons”. A dyon condensate realises
oblique confinement, [29] a state of matter in which the condensate carries both electric
and magnetic quantum numbers and all excitations with quantum numbers not in the
condensate are confined by strings [30]. This state is characterised by the oblique London
equations [18] (in Minkowski space-time)

2 A2 2. 0
9 = B+ L —E|,
i 27Teoft + 2o 27T
A? ve. 0
VA = E--f"B|. 33
m 27'ceeff< 2w 21 ) (33)

Combining these with the (static) Ampere laws

VAB eefft
2o
2
VAE =-"m, (34)
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one obtains the oblique screening length [30]

47 1
)\theta = . (35)

A
Ceff (;Z>2+ (%)2

In the strong coupling limit e%; > 1, the screening length becomes

4% 1
Ag — Ger A (36)

Correspondingly, the gap A = v/ Ay becomes dominated by the topological term and
diverges. Indeed, in the strong coupling limit, the dyon condensate becomes a topological
ground state [31] in which the only surviving gapless excitations are the boundary modes
of a magnetic charge 27t/ ge, an electric charge (0/27)ge and fractional statistics [32] 6 /27r.
This has subsequently led the authors of [33] to confuse a dyon condensate with a topologi-
cal insulator. It is not an insulator though. Below a critical temperature, the bulk excitations
are not gapped charges, as in an insulator, but neutral strings [30]. As a consequence, the
dyon condensate has not the activated bulk resistance typical of topological insulators, but
its resistance is infinite in an entire finite-temperature regime, i.e., it is a superinsulator,
an oblique superinsulator.

We have seen how magnetic monopoles emerge naturally in granular, inhomogeneous
quantum materials. One prominent example of a class of such materials is high-T; cuprates
(particularly in the underdoped regime), in which inhomogeneities play a crucial role [34,35]
and in which superconductivity has been established to arise in exactly such a percolation
network as we have described above [36]. Various models were proposed for the origin of
such local condensates [37,38]. This has led us to propose that the mysterious pseudogap
state [39] of these high-T. materials is a dyon condensate with § = 27t [31]. This solves
easily and simultaneously the puzzles of this mysterious ground state.

The presence of the 6-term, of course, explains the observed magnetoelectric Kerr
effect [40]. For § = 27, the boundary dyons have an electric charge 2e (for ¢ = 2) and
fermionic statistics. This explains two more phenomena: first of all, the observed charge
2e of the carriers in the pseudogap state [41], and secondly, the T?-resistance of these
carriers [42]. Indeed, the charge carriers are boundary fermions living on a Chalker—
Coddington network [43] where they are protected from scattering and localisation by
symmetry and thus form a perfect Fermi liquid. Nematicity [44] is also an immediate
consequence of a magnetic charge. The parent insulator phase of cuprates at extremely
low doping is a 2D square spin Heisenberg antiferromagnet. If the mobile excitations
carry only an electric charge, the corresponding symmetry is thus Cy4. If, however, they
carry a magnetic charge too, then the symmetry is broken down to diagonal C;. Finally,
the T-linear resistance of the field-exposed normal state in the overdoped regime [45] is
easily obtained if the superconducting dome is posited as a coexistence phase of a normal
charge condensate with the dyon condensate. When a sufficiently strong magnetic field
destroys the charge condensate, the resulting bulk Cooper pairs are turned into fermions
by statistical transmutation induced by the magnetic monopoles in the dyon condensate
(for a review, see [18]). These fermions scatter with the collective fluctuations of the dyon
condensate (playing a role analogous to phonons), inducing a T-linear resistance down
to a Bloch-Griineisen temperature which is much lower than typical Debye temperatures.
Recently, an experiment was devised to confirm or disprove this topological model of the
pseudogap state [46].

8. The Role of Disorder

The superconductor-to-superinsulator transition (with a possible Bose metal phase
in between) is due to the competition of two quantum orders, a magnetic one and an
electric one, and is driven by the effective strength of Coulomb interactions with respect
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to magnetic ones. This can be tuned by the film thickness, magnetic field, gate voltages
or, indeed, disorder [47]. Contrary to what is sometimes suggested in the literature [48,49],
however, disorder is irrelevant in the renormalisation sense; it has no influence on the
nature of the quantum phases around the superconductor-to-superinsulator transition.
From a theoretical point of view, the ground states of these phases can be obtained exactly
in the absence of disorder [50]. The recent experiment [25] finally proves that the loss of
carrier mobility is due to the linear potential induced by magnetic monopole instantons
and not by localisation by disorder. Note that many phenomena typically associated with
disorder, such as the breaking of thermalisation and ergodicity, are known to arise as a
consequence of linear confining potentials in the complete absence of disorder [51,52].

Funding: This research received no external funding.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Goddard, P; Olive, D.I. Magnetic monopoles in gauge field theories. Rep. Prog. Phys. 1978, 41, 1357-1437. [CrossRef]

2. Polyakov, A.M. Compact gauge fields and the infrared catastrophe. Phys. Lett. 1975, 59, 82-84. [CrossRef]

3.  Polyakov, AM. Fields and Strings; Harwood Academic Publisher: Chur, Switzerland, 1987.

4 Diamantini, M.C.; Trugenberger, C.A.; Vinokur, V.M. Confinement and asymptotic freedom with Cooper pairs. Comm. Phys. 2018,
1,77. [CrossRef]

5. Negele, ] W,; Orland, H. Quantum Many-Particle Physics; Addison-Wesley Publishing Company: Redwood City, CA, USA, 1988.

6. Fazio, R H.; van der Zant, H. Quantum phase transitions and vortex dynamics in superconducting networks. Phys. Rep. 2001, 355,
235-334. [CrossRef]

7. Arutyunov, K.Y,; Golubev, D.S.; Zaikin, A.D. Superconductivity in one dimension. Phys. Rep. 2008, 464, 1-70. [CrossRef]

8.  Coleman, S. Aspects of Symmetry; Cambridge University Press: Cambridge, UK, 1985.

9.  Golubev, D.S.; Zaikin, A.D. Quantum tunnelling of the order parameter in superconducting nanowires. Phys. Rev. 2001,
B64, 014504. [CrossRef]

10. Minnhagen, P. The two-dimensional Coulomb gas, vortex unbinding and superfluid-superconducting films. Rev. Mod. Phys.
1987, 59, 1001-1066. [CrossRef]

11.  Wilczek, F. Disassembling Anyons. Phys. Rev. Lett. 1992, 69, 132-135. [CrossRef]

12.  Deser, S.; Jackiw, R.; Templeton, S. Three-dimensional massive gauge theories. Phys. Rev. Lett. 1982, 48, 975. [CrossRef]

13. Diamantini, M.C.; Sodano, P; Trugenberger, C.A. Gauge theories of Josephson junction arrays. Nucl. Phys. 1996, B474, 641-677.
[CrossRef]

14. Diamantini, M.C.; Mironov, A.Y.; Postolova, S.M.; Liu, X.; Hao, Z,; Silevitch, D.M.; Vinokur, V.M. Bosonic topological intermediate
state in the superconductor-insulator transition. Phys. Lett. 2020, A384, 126570. [CrossRef]

15. Trugenberger, C.; Diamantini, M.C.; Poccia, N.; Nogueira, ES.; Vinokur, VM. Magnetic monopoles and superinsulation in
Josephson junction arrays. Quant. Rep. 2020, 2, 388-399. [CrossRef]

16.  Vinokur, V.M. Superinsulator and quantum synchronization. Nature 2008, 452, 613-615. [CrossRef] [PubMed]

17.  Baturina, T.I; Vinokur, V.M. Superinsulator-superconductor duality in two dimensions. Ann. Phys. 2013, 331, 236-257. [CrossRef]

18. Trugenberger, C.A. Superinsulators, Bose Metals, High-T, Superconductors: The Quantum Physics of Emergent Magnetic Monopoles;
World Scientific: Singapore, 2022.

19. Parra, C.; Niestemski, F.C.; Contryman, A.W.; Giraldo-Gallo, P.; Geballe, T.H.; Fisher, I.R.; Manoharan, H.C. Signatures of
two-dimensional superconductivity emerging within a three-dimensional host superconductor. Proc. Natl. Acad. Sci. USA 2021,
118, €2017810118. [CrossRef]

20. Diamantini, M.C.; Trugenberger, C.A.; Vinokur, V.M. Quantum magnetic monopole condensate. Comm. Phys. 2021, 4, 25.
[CrossRef]

21. Quevedo, F; Trugenberger, C.A. Phases of antisymmetric tensor field theories. Nucl. Phys. 1997, B501, 143-172. [CrossRef]

22.  Polyakov, A. Confining strings. Nucl. Phys. 1997, B486, 23-33. [CrossRef]

23. Tinkham, M. Introduction to Superconductivity; Dover Publications: New York, NY, USA, 1996.

24. Diamantini, M.C.; Postolova, S.V.; Mironov, A.Y.; Gammaitoni, L.; Strunk, C.; Trugenberger, C.A.; Vinokur, V.M. Direct probe of
the interior of an electric pion in a Cooper pair superinsulator. Nat. Comm. Phys 2020, 3, 142. [CrossRef]

25.  Mironov, A.; Diamantini, M.C.; Trugenberger, C.A.; Vinokur, V.M. Relaxation electrodynamics of superinsulators. Sci. Rep. 2022,
12,19918. [CrossRef]

26. Wilczek, F. Two applications of axion electrodynamics. Phys. Rev. Lett. 1987, 58, 1799-1802. [CrossRef] [PubMed]

27. Metliski, M.A.; Kane, C.L.; Fisher, M.P.A. Bosonic topological insulator in three dimensions and the statistical Witten effect. Phys.

Rev. 2013, B88, 035131. [CrossRef]


http://doi.org/10.1088/0034-4885/41/9/001
http://dx.doi.org/10.1016/0370-2693(75)90162-8
http://dx.doi.org/10.1038/s42005-018-0073-9
http://dx.doi.org/10.1016/S0370-1573(01)00022-9
http://dx.doi.org/10.1016/j.physrep.2008.04.009
http://dx.doi.org/10.1103/PhysRevB.64.014504
http://dx.doi.org/10.1103/RevModPhys.59.1001
http://dx.doi.org/10.1103/PhysRevLett.69.132
http://dx.doi.org/10.1103/PhysRevLett.48.975
http://dx.doi.org/10.1016/0550-3213(96)00309-4
http://dx.doi.org/10.1016/j.physleta.2020.126570
http://dx.doi.org/10.3390/quantum2030027
http://dx.doi.org/10.1038/nature06837
http://www.ncbi.nlm.nih.gov/pubmed/18385735
http://dx.doi.org/10.1016/j.aop.2012.12.007
http://dx.doi.org/10.1073/pnas.2017810118
http://dx.doi.org/10.1038/s42005-021-00531-5
http://dx.doi.org/10.1016/S0550-3213(97)00337-4
http://dx.doi.org/10.1016/S0550-3213(96)00601-3
http://dx.doi.org/10.1038/s42005-020-00410-5
http://dx.doi.org/10.1038/s41598-022-24460-7
http://dx.doi.org/10.1103/PhysRevLett.58.1799
http://www.ncbi.nlm.nih.gov/pubmed/10034541
http://dx.doi.org/10.1103/PhysRevB.88.035131

Condens. Matter 2023, 8, 2 15 of 15

28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

40.

41.

42.

43.
44.

45.
46.

47.
48.

49.
50.

51.

52.

Witten, E. Dyons of Charge 6/27. Phys. Lett. 1979, 86, 283-287. [CrossRef]

Cardy, J.L.; Rabinovici, E. Phase structure of Z(p) models in presence of theta parameter. Nucl. Phys. 1982, B205, 1-16. [CrossRef]
Diamantini, M.C.; Quevedo, F.; Trugenberger, C.A. Confining Strings with Topological Term. Phys. Lett 1997, B396, 115-121.
[CrossRef]

Diamantini, M.C.; Trugenberger, C.A.; Vinokur, V.M. Topological nature of high-temperature superconductivity. Adv. Quantum
Technol. 2021, 4, 2000135. [CrossRef]

Wilczek, F. Fractional Statistics and Anyon Superconductivity; World Scientific: Singapore, 1990.

Moy, B.; Goldman, H.; Sohal, R.; Fradkin, E. Theory of oblique topological insulators. arXiv 2022, arXiv:2206.07725.

Campi, G.; Bianconi, A.; Poccia, N.; Bianconi, G.; Barba, L.; Arrighetti, G.; Ricci, A. Inhomogeneity of charge-density-wave order
and quenched disorder in a high-T; superconductor. Nature 2015, 525, 359-362. [CrossRef]

Campi, G.; Bianconi, A. Functional nanoscale phase separation and intertwined order in quantum complex materials. Condens.
Matter 2021, 6, 40. [CrossRef]

Pelc, D.; Vu¢kovi¢, M.; Grbi¢, M.S.; PoZek, M.; Yu, G.; Sasagawa, T.; Barisi¢, N. Emergence of superconductivity in the cuprates
via a universal percolation process. Nature Comm. 2018, 9, 4327. [CrossRef]

Diamantini, M.C.; Trugenberger, C.A.; Vinokur, V.M. Effective magnetic monopole mechanism for localized electron pairing in
HTS. Front. Phys. 2022, 10, 909310. [CrossRef]

Mukhin, S. Euclidean Q-balls of fluctuating SDW/CDW in the nested Hubbard model of high-T. superconductors as the origin
of pseudogap and superconducting behaviour. Condens. Matter 2022, 7, 31. [CrossRef]

Proust, C.; Taillefer, L. The Remarkable Underlying Ground States of Cuprate Superconductors. Annu. Rev. Condesne Matter 2019,
10, 409-429. [CrossRef]

Xia, J.; Schemm, E.; Deutscher, G.; Kivelson, S.A.; Bonn, D.A.; Hardy, W.N.; Kapitulnik, A. Polar Kerr effect measurements of
YBa2Cu306+x: Evidence for broken symmetry near the pseudogap temperature. Phys. Rev. Lett 2008, 100, 127002. [CrossRef]
[PubMed]

Zhou, P; Chen, L.; Liu, Y.; Sochnikov, I.; Bollinger, A.T.; Han, M.G.; Natelson, D. Electron pairing in the pseudogap state revealed
by shot noise in copper oxide junctions. Nature 2019, 527, 493-496. [CrossRef]

Barisic, N.; Chan, M.K.; Greven, M. Universal sheet resistance and revised phase diagram of the cuprate high-temperature
superconductors. Proc. Natl. Acad. Sci. USA 2013, 110, 12235. [CrossRef]

Chalker, J.T.; Coddington, P.D. Percolation, quantum tunnelling and the integer Hall effect. ]. Phys. 1988, C21, 2665. [CrossRef]
Sato, Y. Thermodynamic evidence for a nematic phase transition at the onset of the pseudogap in YBa2Cu3Oy. Nat. Phys. 2017,
13,1074. [CrossRef]

Legros, A. Universal T-linear resistivity and Planckian limit in overdoped cuprates. Nature Physics 2019, 15, 142. [CrossRef]
Diamantini, M.C.; Trugenberger, C.A.; Bollinger, A.T.; Vinokur, V.M.; Bozovic, I. Topological model of the pseudogap state:
Experimental signatures. Front. Phys. 2022, 9, 756760. [CrossRef]

Finkel’shtein, A.M. Superconducting transition temperature in amorphous films. JETP Lett. 1987, 45, 46—49.

Ovadia, M.; Sacep’e, B.; Shahar, D. Electron-phono decoupling in disordered insulators. Phys. Rev. Lett. 2009, 102, 176802.
[CrossRef] [PubMed]

Tamir, I. Excessive noise as a test for many-body localization. Phys. Rev. 2019, B99, 035135. [CrossRef]

Diamantini, M.C.; Trugenberger, C.A.; Vinokur, V.M. Superconductor-to-insulator transition in absence of disorder. Phys. Rev.
2021, B103, 174516. [CrossRef]

James, A.].; Konik, R.M.; Robinson, N.J. Nonthermal states arising from confinement in one and two dimensions. Phys. Rev. Lett.
2019, 122, 130603. [CrossRef] [PubMed]

Mazza, PP; Perfetto, G.; Lerose, A.; Collura, M.; Gambassi, A. Suppression of transport in non- disordered quantum spin chains
due to confined excitations. Phys. Rev. 2019, B99, 180302. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/0370-2693(79)90838-4
http://dx.doi.org/10.1016/0550-3213(82)90463-1
http://dx.doi.org/10.1016/S0370-2693(97)00132-9
http://dx.doi.org/10.1002/qute.202000135
http://dx.doi.org/10.1038/nature14987
http://dx.doi.org/10.3390/condmat6040040
http://dx.doi.org/10.1038/s41467-018-06707-y
http://dx.doi.org/10.3389/fphy.2022.909310
http://dx.doi.org/10.3390/condmat7020031
http://dx.doi.org/10.1146/annurev-conmatphys-031218-013210
http://dx.doi.org/10.1103/PhysRevLett.100.127002
http://www.ncbi.nlm.nih.gov/pubmed/18517903
http://dx.doi.org/10.1038/s41586-019-1486-7
http://dx.doi.org/10.1073/pnas.1301989110
http://dx.doi.org/10.1088/0022-3719/21/14/008
http://dx.doi.org/10.1038/nphys4205
http://dx.doi.org/10.1038/s41567-018-0334-2
http://dx.doi.org/10.3389/fphy.2021.756760
http://dx.doi.org/10.1103/PhysRevLett.102.176802
http://www.ncbi.nlm.nih.gov/pubmed/19518807
http://dx.doi.org/10.1103/PhysRevB.99.035135
http://dx.doi.org/10.1103/PhysRevB.103.174516
http://dx.doi.org/10.1103/PhysRevLett.122.130603
http://www.ncbi.nlm.nih.gov/pubmed/31012606
http://dx.doi.org/10.1103/PhysRevB.99.180302

	Magnetic Monopoles
	Effective Electromagnetic Action for Quantum Materials
	Compact Effective Action of Granular Insulators
	Quantum Wires and Josephson Junction Chains
	The Superconductor-to-Superinsulator Transition in Quantum Films
	Confinement and Superinsulation
	Dyons, Oblique Confinement and the Pseudogap State
	The Role of Disorder
	References

