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Abstract: The mathematical investigation presented in this paper concerns the conveyor-belt dryer
with tangential flow operating in co-current. This dryer is bigger than the continuous through-
circulation conveyor dryer but has the advantage of better preserving the organoleptic and nutritional
qualities of the dried product. In a previous work a mathematical modeling of the conveyor-belt dryer
with tangential flow was carried out to offer guidelines for its optimized design. The last of those
design guidelines indicated the need for an optimized adjustment of the dryer to ensure the constant
maintenance of the final moisture content of the product. The fast and very precise measurement
of the moisture content as the first step in the feedback chain was therefore necessary. Considering
the difficulty of this type of measurement, two specific ordinary differential equations (ODEs) were
obtained with the mathematical investigation of this work. Their solution became a relationship
between the final moisture content of the product, the outlet air temperature, and other quantities
that could be easily implemented in an automatic dryer control system. Therefore, the fast and
accurate and much less expensive measurement of the temperature of the air leaving the dryer, owing
to the relationship found, replaces the measurement of moisture content for the adjustment system.
The experimental verification of the relationship highlighted the need to introduce a modification by
which the relationship was finally validated.

Keywords: conveyor-belt dryer; food drying; mathematical modeling; design; food quality; food
safety; dryer adjustment

1. Introduction

Food products are dried to reduce water activity [1,2] within safe limits. In this way,
food can be stored at room temperature, reducing storage costs [3-6].

The contact of the product with hot and dry air leads to an increase in temperature
with the risk of loss of nutritional qualities [7,8]. However, this loss of quality is acceptable
because during drying, the product assumes the wet bulb temperature which is much
lower than the dry bulb temperature of the air. For example, if this is 120 °C, the wet
bulb temperature is about 38 °C as shown in a psychrometric chart. This phenomenon
is possible if the product remains above the critical moisture content X¢ until the end of
dryer where the moisture content is Xr. This is an assumption imposed in this work, that
is Xp > Xc.

During drying, between the air and the product there is a heat and mass exchange de-
scribed by differential equations [9,10]. These equations can be solved in closed form [11-13]
or with numerical methods. Many results have emerged from these mathematical modeling
over several decades. They were then applied to a multitude of products: madarin [14],
apple [15-19], apricot [20], mango [21-24], coroba [25], pear [26], kiwi [27], papaya [28],
coconut [29], sultanas [30], banana [31-33], generic fruits [34-39], generic foods [40-53].
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The mathematical modeling of the operation of dryers and therefore the definition of
guidelines for their design has also been the subject of study in the past and continues to
be so today.

Among the many types of dryers for food products [54,55] perforated belt dryers are
quite frequent, because of their small size. However, they, which have been the subject of
various studies [56—-62], present the problem of a high air temperature even in the final area
of the dryer where the food product is more thermosensitive.

In a previous work [63] a conveyor-belt dryer with tangential flow was studied
(Figure 1). This dryer has a lower air temperature in the terminal area of drying thus
allowing greater respect for the product, with reduced denaturation of proteins and of
polyphenols. The lower temperature at the end of this dryer results in a longer drying time,
but being a continuous dryer, it results in an increase in its length.

FOOD AIR AIR
INPUT \L INPUT EXIT,T

FOOD
EXIT

Figure 1. Conveyor belt dryer with tangential flow in co-current.

Its operation is shown in Figure 1 where a unperforated belt carries the product which
is lapped by the air in co-current. Therefore, the air has a continuous variation of its
characteristics of temperature T4 and humidity x, along the dryer and this required a
special mathematical modeling developed in the previous work [63], under the condition
that the final moisture content of the product was higher than the critical one (Xr > X¢).

As result of the mathematical model, among the design guidelines proposed by [63],
the last one concerned adjustment with the dryer feedback system. The mathematical
model had indicated, for the feedback control chain, the need to start from an instant
measurement of the final moisture content of the product.

The instantaneous measurement of moisture content requires using the dielectric
properties of the product and the results obtained with such capacitive instruments, when
applied in line on fast flowing product can be undermined by important measurement
errors. To try to overcome this problem, in this work a mathematical analysis is carried
out to develop two ordinary differential equations (ODEs) of drying for these specific
dryers. The solution of the ODEs will allow to find a relationship between some quantities
including: the moisture content of the initial and final product and the dryer input and exit
air temperatures. Therefore, a relationship exists between the final moisture content of the
product and the air temperature at the dryer exit, so that the easy and precise measurement
of this temperature can be the starting point of the feed-back control chain.

2. Materials and Methods
2.1. Mathematical Analysis of the Drying Rate Along the Belt Dryer

Figure 2 [63] represents the scheme of a conveyor-belt dryer with tangential flow
completed by the diagram of the temperatures of the air T4 and the product Tp. This one,
Tp, was assumed to be equal to the wet bulb temperature Tyyp.
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Figure 2. The conveyor-belt dryer with tangential flow and diagram of the temperature of the air
and product with a final moisture content Xr > Xc.

The infinitesimal heat transfer rate dg, transmitted from the air [64-66] to the product
through the infinitesimal area dA, as shown in Figure 2, can be written as follows: dg = « -
dA - (T4 — Twp); where: « is the convective heat transfer coefficient; dA is the infinitesimal
area; T4 is the air temperature when it comes into contact with the area dA; Twp is the
product temperature, assumed to be equal to the wet bulb temperature of the air.

Assuming the adiabatic dryer, this infinitesimal heat transfer rate dg is equal to the
released one by the dry component of the air when it flows over the infinitesimal area
dA, which therefore lowers its temperature by an infinitesimal quantity dT4: dg = —Gag -
ca - dT4; where: Gyj is the mass flow rate of dry air coinciding with the mass flow rate
of hot air entering the dryer; c4 is the specific heat of dry air; dA is the infinitesimal area;
dT 4 is the infinitesimal variation of the air temperature when it touches the area dA. In
the conveyor-belt dryer, the drying process takes place along the direction of the belt, i.e.,
following a variable called z linked to the area A by the relation derived from (18) of the
previous work [63]: A = f - z; therefore for an infinitesimal length dz, we have: dA = f - dz
(Figure 3).

‘ Lror

Figure 3. Conveyor-belt dryer with tangential flow in co-current: transverse dimension f; velocity of
the drying air v4; velocity of the belt vg,;; length of the belt LtoT; height of the product bed H; width
of the product bed B; infinitesimal area of the product exposed to the air dA; infinitesimal length dz.

By equating the quantities dg, the first ordinary differential equation ODE is obtained:

dTA lX‘f

Az Garca (Ta — Tws) @
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Figure 2 shows that the initial temperature of the product Tp; is already equal to the
wet bulb temperature Ty;p. In the enthalpy balance of the dryer [55] the thermal energy
required to heat the dry mass of product from Tp; to Tyyp is less than 1% of the total thermal
energy supplied by the hot air and the thermal energy required to heat, from Tpj to Ty, the
water in the product is about 3%. This latter thermal energy was however accounted during
the development of the mathematical model [63]. Therefore, the Tp; = Twp assumption
was acceptable.

The indefinite integral of Equation (1) is easily obtained by separation of variables:
— Gl:{' 'CZA = In(Ty — Twg) + C. The integration constant C is obtained with the initial
condition of the conveyor-belt dryer: for z = 0, T4 = T4j; where Ty is the air temperature at
the input of the dryer. Therefore: C = —In(T4; — Tywp) and the solution is:

_afz
(Ta — Twg) = (Tar — Twg)-e Carca )

The presence of the exponential function with the negative exponent and containing
the variable z along the conveyor-belt, informs that the air temperature T4 tends asymptot-
ically to the wet bulb temperature. In other words, the thermo-hygrometric equilibrium
between air and product, always considered with moisture higher than the critical one, can
only be obtained by reaching a length z = co.

Since in the conveyor-belt dryer with tangential flow the process takes place along the
variable z, it is preferable to define the drying rate at point z of the dryer as an alternative
of the instantaneous drying rate.

Therefore, at a point located at a distance z from the start of the dryer, an infinitesimal
area dA is identified and exposed to the drying air, belonging of an infinitesimal mass
of product dm, whose dry component will be dmp (Figure 3). Therefore the drying rate
R [63] at the point at distance z from the start of the dryer becomes: R = ”‘;(r;nE[‘)/, since
the infinitesimal dry mass dmp results moistened with water which evaporates with an
infinitesimal flow rate dGgy.

The previous equation: dg = a-dA - (Tp — Twp) = « - f-dz- (T4 — Twg), informs
that an infinitesimal heat transfer rate dg passes from dry air to the product through the
infinitesimal area dA. This heat transfer rate dg produces the evaporation of an infinitesimal
mass flow rate of water dGgy such that: dGgy = qu = f'd# - (Ta — Twg). Where r is the
thermal energy to produce 1 kg of superheated water vapor at the air temperature T4 [63].
By inserting this relation in the previous definition of drying rate at the generic point z,
we obtain:

R — dGEV - f-dZ'(X
" dmp  r-dmp

(Ta — Twa) 3)

The infinitesimal dry mass dmp is equal to the difference between the total infinites-
imal mass dm of the product and the infinitesimal mass of the water contained in it
dmy: dmp = dm — dmy. At the initial point of the dryer, both the infinitesimal mass
of the product dm; and the infinitesimal mass of the water dmy; are known, therefore:
de = dml - deI'

The moisture content of the product in the initial point of the dryer is also known:
X1 =dmyyy/dmp; as well as its initial volume dV} and its initial bulk density: pp,x; = dm;/dV;.
Introducing these expressions in the previous one, we have: dmp = pp,;-dV; —dmp-X].
If dmp is highlighted, we get: dmp = %Igv’.

Since dV is the infinitesimal volume of bulk product which is at the beginning of the
conveyor-belt (Figure 3) and which exposes the infinitesimal area dA to the drying air, then

this infinitesimal bulk product, wide Bj, high Hj, and long dz, has a volume dV; = B;-Hj-dz.
— pBulkll‘BlHl‘dZ

The infinitesimal dry mass dmp is: dmp e

Finally, we get:

- dGEV o tX-f
dmp 1Py Br-Hp

R (14 X1)(Ta — Tws) 4)



Inventions 2021, 6, 6

50f12

The drying rate R of (4) is the one corresponding to the point at the distance z from
the inlet of the dryer (Figure 2) where the air temperature is T4. Hence, starting from
its general definition [63]: R = % ; where X is the moisture content on a dry basis, we

can write:
dX _ dX dz dX

TAr T T4z dr T dg et ©)
where the ratio between the infinitesimal length dz and the infinitesimal time interval is the
product speed, vp,;. Taking into account (2) and (5), (4) becomes:

R =

X a'f __afz
il (1 + X)) (Ta; — T e Carca ©)
dz UBelt 't PButk1* Br-Hi ( 1)(Tar — Twg)

Now, the integration is easy, since: f, vpe, X1, Puikt, & (Tar — Tws), 1, Br, Hy, Gar, and
ca, are considered constant [63]. In particular, the transverse dimension f (Figure 3) is an
average value over the entire length of the dryer and B; and Hj are the values of the base
and the height of the bulk product at the beginning of the conveyor-belt:

. _wfz
M.e Garca +C

a-f

The integration constant C is calculated by imposing the final equilibrium conditions:
for z = oo, then the moisture content of the product is equal to the equilibrium one, X = Xe;.
We obtain:

X — 0(~f-(1+X[)

= “(Tar — Twg)-
UBelt*T*PButkr Br-Hi ( )

a-f- (14 Xp) Gar-ca —~I2
X=X = A(Tar—T L 2 Garca 7
" OpersrppukrBr-Hi (Tar = Tws) =, i @
By dividing Equation (7) with Equation (6), we get:
ax «-f
2o 2 (XX
dz GAI'CA ( A eq) (8)

which indicates that it is an ordinary first-order differential equation. This is the second
ODE of the mathematical analysis of drying. Its existence was easily predicted since the
muoisture content of the product X and its derivative dX/dz is both a function of the length
z means through an exponential function (Figure 4).

A
X X1
v = moisture content
]
F dX
Xr
az =z
AIR IINPUT ' AR EXIT
% — _
FOOD i i

Lror EXIT

Figure 4. Conveyor-belt dryer with tangential flow completed with the moisture content
product diagram.

This Ordinary Differential Equation (8), after integration, can be a useful tool for the
design and adjustment of the dryer. However, it needs the exact value of the equilibrium
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moisture content Xeq. Since this last depends both on the nature of the product and on
the temperature and humidity of the drying air at the end of the dryer, its evaluation is
very complicated.

To overcome the obstacle of equilibrium moisture content, the Equation (6) can be
integrated by imposing the initial conditions of the dryer: for z = 0, the moisture content of
the product is X = X;. We get:

Garca-(1+ Xp) [ S }
X—X; = (Tar =T |1 —e¢ Garca 9)
UBelt T PButk1 Br-Hi (Tar = Tws)

Introducing the Equation (2) as the solution of Ordinary Differential Equation (1), into
Equation (9) and setting z = Ltor, we obtain:

GA['CA'(l + X[)

Xp=X;+
UBelt*T*OButkl Br-Hi

“(Tag — Tar) (10)

which gives the value of the final moisture content of the product X as a function of the
air temperature at the exit of the dryer T4g.

2.2. Adjustment of Parameters of the Dryer

Previously, with a mathematical modeling [63] an Equation (25) was obtained which
correlated the final moisture content of the product Xr to some operating parameters of the
non-perforated belt dryer, in particular the speed of the belt vp,; and the inlet temperature
of the hot air T4;. Therefore, that Equation (25) can be used to design a dryer regulation
system such as to ensure a constant value of the final moisture content Xr, avoiding the
risks of products that are not very dry and therefore perishable, or that are too dry with a
waste of energy.

The weakness of this adjustment system was, and continues to be, the experimental
in-line measurement of final moisture content Xr at the dryer exit. These are always indirect
measurements which use, for example, the dielectric properties of the dried product. The
result is not always accurate because the composition of the dry matter also affects the
dielectric properties. Furthermore, the measurement must be performed quickly to allow
the adjustment system to intervene promptly and this leads to an unacceptable increase in
the cost of the online hygrometer.

To overcome these difficulties, Equation (10) can be used to determine the final mois-
ture content X through the easy, accurate, and immediate measurement of the air exit
temperature T4E.

The measurement of the air inlet temperature T 4; is also easy, precise, and immediate,
while the measurement of the inlet moisture content X; can be carried out without haste
and with precision in the laboratory by sampling the wet product before being fed to
the dryer.

2.3. Experimental Equipment

A pilot drying plant (Figure 5) as used to verify the validity of Equation (10). It was
the same used for the validation of the mathematical model proposed in the previous
work [63]. In this case alfalfa was also used as a vegetable product to be dried. Alfalfa
was in the form of stems (with leaves) cut and collected immediately from the open field
with the stems then cut into pieces 5 cm long. The operating diagram corresponds to
that of Figure 1, while the geometric and operational characteristics are shown in Table 1.
In the table the value of the product between the form factor F and the convective heat
transfer coefficient o is also reported. This product F-a was determined experimentally in
the previous work [63]. Besides the form factor F is the ratio of surface of the alfalfa to its

volume, i.e., F = % =3 f HL = f - Where: Lror is the total length of the belt of the
I'H1"LTO! I-H]

dryer; Hj is the initial height of the product bed; By is the initial width of the product; f is

the transverse dimension (Figure 3) [63].
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Figure 5. Pilot conveyor-belt dryer with tangential flow.

Table 1. Geometrical and some operational data of the pilot dryer.

Quantity Symbol Value
Belt width By (m) 0.3
Belt length Ltor (m) 6.0
Alfalfa bulk height Hj (m) 0.05
Air section Ay (m?) 0.15
Form factor-Convective heat transfer coefficient [63] F-a W-m—3.K1) 5144
Transverse dimension (Figure 3)-Convect. heat transf. coeff. f-o=BrHpFua (W-m~LK™1) 77.16
Air mass flow rate [63] Gar (kg's™1) 0.354
Alfalfa input moisture content (D.B.) X; 1.892 + 0.110
Alfalfa input moisture content (W.B.) Y1 (%) 654+ 1.3
Alfalfa input bulk density oBuikr (kgm™3) 197 £7.5
Thermal energy [63] r (kJ-kg™1) 2617

The materials and methods used were: the PT100 resistance thermometers (Deltaohm
HD 2107.1 with probes TP475A.0, Padova, Italy) for the measurement of inlet and outlet
temperature of the dryer; the data logger (Deltaohm HD 32.8.16, Padova, Italy) for the regis-
tration; the precision balance (Kern & Sohn 440-45N, Balingen, Germany) for the weighing
of the sample before and after dehydration in an oven (Memmert UF55, Schwabach, Ger-
many) for two hours at 135 °C regarding the moisture content of the product at the inlet
and outlet; the Pitot anemometer for the measurement of the air velocity (Deltaohm HD
2114P.0 with probe T2-400, Padova, Italy). Five replicates were made for each test. Finally
the bulk density was calculated after measuring the volume and mass of the samples.

3. Results and Discussion
3.1. Experimental Results

To verify experimentally the Equation (10), two different conveyor-belt speeds and two
different air temperatures at the inlet were programmed. The results of the measurement
of the mean values of the air temperature at the input T4; and the exit T4r of the dryer,
completed by the relative standard deviations (S.D.), are shown in the Table 2. In addition,
the Table 2 shows the mean value and the S.D. of the alfalfa final moisture content at the
exit of the dryer.
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Table 2. Experimental data of the pilot dryer.

Belt Speed Air Input Velocity Air Input Temperature  Air Exit Temperature  Alfalfa Exit Moisture Cont.
UBelt (m/s) VAL (m/s) TAI + S.D. (OC) TAE + S.D. (OC) XF + S.D.

0.005 2.6 1192+13 583 £ 1.2 0.332 £ 0.016

0.005 2.5 99.5+1.1 51.8 £0.9 0.667 £ 0.023

0.006 2.6 1192+13 59.1£11 0.607 £ 0.022

0.006 2.5 995+ 1.1 522 +£0.9 0.879 £ 0.025

The speed of the air at the inlet to the dryer was also measured. Table 2 shows a slight
difference (only 0.1 m/s) based on the values of the air temperature at the inlet. In fact,
the air was produced by a fan placed before the heater. Therefore, its mass flow rate G4;
was independent of the air temperature at the input of the dryer, but the air speed v4; was
instead different as the air density was different. At this point there could be a risk that the
two different values of v could affect the convection coefficient « and therefore affect F-«.
The measurements made on F-a during the tests described in [63] have however shown
that F-a does not differ significantly between the two cases.

3.2. Discussion

The comparison between the experimental values of the final moisture content of
alfalfa and those calculated with (10) is shown in Table 3. The relative error is not negligible,
especially for the low values of the moisture content. These errors can be explained using

the same (10) to highlight the heat flow provided by the hot air, Gaj-c4 - (Ta; — Tag) and
X;—Xr).
(1I+X[l; :

that required by the water to evaporate, vg.;7-0pyk1-Br-Hi- (

(X1 — Xr)

0+ %) (11)

Garca (Tar — Tag) = Vet 7Pputkr-Br-Hr

Table 3. Alfalfa experimental moisture content values at the exit dryer vs. calculated ones by
Equation (10).

. R Experimental Calculated

Belt Speed " I‘r‘Pt“tr . E"t‘t . Alfalfa Exit Alfalfa Exit léfrla:
emperature emperatuire  yroisture Cont. Moisture Cont. °
Upeit (M/s) Tar (°C) T4 (°C) XF Xr (%)
0.005 119.2 58.3 0.332 0.272 18.1
0.005 99.5 51.8 0.667 0.623 6.6
0.006 119.2 59.1 0.607 0.559 7.9
0.006 99.5 522 0.879 0.843 41

Obviously, Equation (11) is satisfied with the values of Xr calculated with (10), but
it is no longer satisfied if we introduce the experimental values of Table 3. In Table 4 the
absolute differences A (W) and the percentage differences J (%) between the heat transfer
rate provided by the air and the used one by the water to evaporate are reported. The
percentage differences appear practically constant with an average value J,, = —3.54%.
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Table 4. Comparison between the heat transfer rate from hot air and the heat transfer rate to produce superheated steam at

temperature of the air T4.

UBelt (m/s) Tar (@) TaE Q) GAICA(TAI*TAE) vBeltrpBulkIBIHI% A (W) 6 (%)
0.005 119.2 58.3 21,666 20,857 —809 —3.73
0.005 99.5 51.8 16,970 16,378 —592 —3.48
0.006 119.2 59.1 21,382 20,631 —751 —3.51
0.006 99.5 522 16,828 16,253 —575 —3.42

On the other hand, the mathematical development both in the previous work [63] and
in this one, was made by hypotheses that the dryer was adiabatic and the thermal energy
necessary to heat the dry mass of product from Tp; to Ty was small compared to thermal
energy t, (less than 1%), and therefore negligible.

These simplifying hypotheses lead to predictions of final moisture content X with
acceptable errors for high Xr expected values, but the errors become unacceptable with
low expected X (Table 3), however above the critical value.

In any case the introduction in Equation (10) of a corrective coefficient equal to

n= (1 - %) multiplying the temperature difference (Ta; — Tag), was possible:

Garca-(1+Xy)

Xp=X1+
UBelt*T*PButkr*Br-Hi

(Tag — Tar)n (12)

In this manner the heat losses from the walls of the dryer and the heat necessary to
raise the temperature of the dry matter from Tp; to Tyyp, was considered. For the pilot dryer,

the corrective coefficient is: = ( - %) = 0.9646. Therefore, Equation (12) provides

the new calculated X values corrected as in Table 5, where the errors with respect to the
experimental values are also reported. Errors are now negligible.

Table 5. Alfalfa experimental moisture content values at the exit dryer vs. calculated ones by
Equation (12).

. R Experimental Calculated
BeltSpeed - gllé)gr‘f;tre e Iﬁgj:t‘flre Alfalfa Exit Alfalfa Exit 1;;1;:
Moisture Cont. Moisture Cont.

Upei (M/5) Tar (°C) Tae (°C) Xr Xr (%)
0.005 119.2 58.3 0.332 0.329 0.9
0.005 99.5 51.8 0.667 0.668 0.09
0.006 119.2 59.1 0.607 0.606 0.13
0.006 99.5 52.2 0.879 0.880 0.11

4. Conclusions

In industrial dryers a feedback control system is often present. So, a chain of control,
starting with an instant measurement of the final moisture of the Xr product, is necessary.
Direct measurement by weighing the moisture content cannot be done instantly. For
instantaneous measurement it is necessary to use, for example, the dielectric/capacitive
properties of the product, but expensive instruments based on the measurement of the
dielectric properties of the product are not always accurate because of the high product
flow rate.

For this reason, in this work a mathematical analysis to develop two ordinary differ-
ential equations (ODEs) was made, specifically for drying in the conveyor-belt dryer with
tangential flow with final moisture content of the product Xr higher than the critical value
Xc. The solution of the ODEs has become an Equation (10) between various quantities
including: the moisture content of the initial X; and final Xr product and the initial T4; and
final T4f air temperatures. However, the ODEs were obtained by imposing the absence of
heat losses from the wall of the dryer and the initial temperature of the entering product
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equal to the wet bulb temperature. Because of this initial hypothesis, the comparison be-
tween the results obtained with Equation (10) and the experimental ones showed too high
an error when the final moisture content of the product is low. By analysis of the results
of comparison, it was calculated that the sum of the waste heat and the heat necessary
to raise the temperature of the product up to the wet bulb temperature corresponds to a

practically constant J,,, = 3.54% with respect to the total heat supplied with the hot air. Then

a corrective coefficient equal to 7 = ( — %) was introduced in Equation (10), so that the

obtained Equation (12) always presents negligible errors with respect to the experimental
data. Therefore, Equation (12) is a relationship between the final moisture content of the
product and the air temperature at the exit of the dryer, so by measuring the latter and
using the Equation (12) we have a quick and precise value of Xr as starting data of the
feed-back control chain.

Finally, an expansion of the mathematical modeling for the case of the final prod-
uct moisture content lower than the critical one (X < X¢) is also necessary in a further
future work.
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