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Abstract: The control of noise propagating along ventilation system ducts has always been an
important issue in the building and vehicle sectors. This problem is generally tackled by selecting
noise-reducing components with a suitable transmission loss, possibly verifying their effectiveness at
a later time. The aim of this article is to characterize the nature of the problem and propose a design
approach focusing directly on the perceived effect, that is, on the sound pressure level downstream
of the outlet. Because the nature of the noise emission depends on various generation mechanisms,
different methods can be applied. Usually, it is more difficult to realize good attenuations at low
frequencies because of the limits of sound absorbing materials in such frequency range. For this
reason, the ability of reactive components to attenuate the noise below the cut-on frequency will
be investigated. This goal is reached by applying the transfer matrix approach to a duct system,
with the implementation of the transfer matrices of each single element, and then assembling a
system capable of acoustically describing the source and the duct structure. The coupling between
the duct system with source and receiver impedances allows one to predict the sound pressure level
at a given distance from the outlet. The proposed methodology is implemented in a user-friendly
calculation tool with possible academic and professional application. Predictive capability, usability,
and intuitiveness of the proposed design procedure are validated against experimental results by real
potential users, who express positive feedback.

Keywords: low frequency noise; transfer matrix method; duct acoustics; reactive silencers; ventilation
noise

1. Introduction

The control of noise in duct systems is a topic of interest in many different sectors. All
ducts through which gas flows generate acoustic noise. Sometimes the generated noise
causes too high noise exposure or discomfort for operators, drivers, passengers, etc. In such
cases, adequate noise reduction measures must be taken. Some examples are vehicles [1–5],
buildings [6,7], ships [8–10], industries [11,12], and energy plants [13–16].

Choosing suitable noise reduction measures requires expert knowledge on how the
noise is generated and transmitted from the sources to the observation point. Normally, the
duct flow noise contains both tonal and random components. The random components,
caused by turbulent flow, are distributed over a wide frequency range, whereas the tonal
components appear at distinct frequencies. Tonal components are caused by periodic
processes or phenomena such as ones involving fans [17–20] or compressors [7,21,22]
running at constant speed or periodic eddy generation [23,24] causing whistling noises.
From a noise comfort point of view the tonal components cause more discomfort than the
wide-band turbulence flow noise. Therefore, the noise reduction measures often focus
on the tonal components. After a comparison of the problematic frequencies with the
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characteristics of the possible generation mechanisms, the source causing problems can be
identified. Once the sources have been identified, it is possible to choose how to reduce the
noise, working on the source generation mechanism or on the transmission via the duct.

This type of problem is assuming an ever-growing interest with the expansion of
heat recovery ventilation systems. Indeed, the comfort inside buildings is a particularly
challenging issue given the extremely low background noise that can be found in some
very quiet environments [25,26]. For the same reason, it is important to properly design the
building elements against tapping noise, especially for lightweight structures [27]. because
many solutions can also be used for façade sound insulation, the thermal properties of
classic and sustainable materials can also be of interest [28,29].

As concerns the design of silencers suitable for reducing tonal noise transmitted
along the duct system, there are two fundamentally different types of elements: resistive,
based on acoustic energy dissipation, and reactive, based on wave interference. Typical
resistive elements are porous materials, orifices, and perforated plates. Recently, micro-
perforated plates and 3D printed porous materials have becoming more widely used in
the aerospace industry because their acoustic properties can be easily tuned to obtain high
performance silencers working at specific frequencies or over a broad band frequency
range. Another technique used to reduce noise in ducts is based on active control. Even
if it is very interesting and a subject of a number of scientific publications, this type of
sound reduction strategy will not be considered in this paper because it requires additional
electronic components (DSP microphones and actuators), which make it expensive to apply
in real cases. In contrast to most of the resistive elements, reactive silencer elements can be
tuned to have very high noise reduction capabilities at specific frequencies. Hence, reactive
elements are the natural choice for the reduction of low frequency tonal noise.

An interesting way to describe a system through an electro-acoustic analogy was
introduced by Schönfeld [30]. The main advantage is the ability of the method to describe
the elements through a lumped parameters approach, thus allowing an easy implementa-
tion and fast calculations. Later, this theory was mainly applied to exhaust systems. The
approach requires the characterization of the source and of the outlet impedances. A contri-
bution to the modelling of fluid machines as sources of sound in duct and pipe systems is
given in [31]. Later, Glav and Åbom developed a general formalism for analyzing acoustic
two-port networks [32]. Such work led to the realization of lumped parameters software
for simulating the sound propagation in complex duct systems based on the transfer matrix
method [33]. This paper shows how the transfer matrix method can be used to design
reactive silencers suitable for solving the specific noise problem at hand. It is interesting
to note that the transfer matrix approach can also be adopted for the acoustic design of
building elements, as shown by Caniato [34].

One positive property of the transfer matrix method, also known as the T-matrix
method or TMM, is that it describes each silencer element with its T-matrix, and the
complete silencer properties can be easily obtained by a combination of the elements’
T-matrices [35].

In particular, the overall sound transmission loss (TL) can be obtained as a direct
out-put of the model. The general approach is, therefore, to estimate the TL required to
fulfill the design specifications and to select and combine components that can provide
it while respecting some practical constraints, such as cost and size limits. However, this
approach does not return the impact of the solution on the perceived noise, leaving this
verification to a later time. In recent years, comfort evaluations are gradually moving
towards an occupant-centric paradigm, which involves the adaptation of traditional design
methods to more detailed, easy-to-interpret approaches.

This paper fills the gap by proposing an expanded TMM method (xTMM), integrating
the classic TMM procedure to build a reactive silencer with the possibility to evaluate its
effectiveness directly in terms of perceived noise—namely, sound pressure level at a certain
distance from the ductwork outlet. A self-developed tool in MATLAB is also described
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that can be used in academic and professional courses to promote noise-oriented design
approaches.

The paper presents the formulation of noise in ducts in Section 2. Section 3 describes
the xTMM method, based upon coupling the TMM system with source and receiver
impedances, and introduces the self-developed design tool and its characteristic compo-
nents. Section 4 presents the procedure adopted in the design stage. Section 5 discusses the
case study, and finally Section 6 draws the conclusions.

2. Noise Generation and Propagation in Ducts

There are different generation mechanisms that build up noise in ducts. Some of
them are related to rotating machinery or vibrating membranes, some others have a
fluid-dynamic origin such as vortex shedding and turbulence. Usually, once the noise is
generated by a source, it propagates inside the duct until it is radiated by an outlet. In the
case of ventilation systems, noise is caused by two main sources: a fan or a compressor
and the turbulence generated by the air flow in the ducts [36]. At constant speed, the
ventilation system fan drives an air volume flow through the ventilation ducts. The volume
flow has a non-zero mean value and a superimposed pulsating part caused by the fan
blades. At constant speed, the pulsating part causes a tonal acoustic noise. The mean flow
itself generates a wide-band random character noise caused by turbulent vortex shedding
in the boundary layer between the air flow and the duct walls, and at the fan blades. At
specific flow conditions, some components can generate a whistling noise. All these sound
generating mechanisms cause volume flow disturbances that radiate acoustic noise from
the duct outlet to the receiving environment.

The cut-on frequency is the frequency below which only plane waves propagate in the
duct. For example, in a circular duct such frequency is defined as:

fcut−on = 1.841
c

2πD
(1)

where c is the speed of sound in the duct and D is the duct diameter. Above the cut-on
frequency, the shape of the wave front is no longer plane, and a good attenuation can
be easily achieved by placing absorbing material on the duct walls [37]. For this reason,
an advanced design procedure is not necessary to reduce noise components above the
cut-on frequency. The cut-on frequency discriminates the low-frequency range from the
high-frequency range and gives a first numerical indication on the frequency interval
where an acoustic design based on the plane wave assumption is feasible. Below the cut-on
frequency, alternative methods must be applied to reduce the noise. Such methods refer to
the use of reactive elements, which must be designed to reflect a part of the sound wave
with an opposite phase with respect to the sound propagating in the duct. To have such an
effect, an abrupt change in the impedance characteristics of the duct is necessary. There
are different reactive elements able to introduce an impedance change that can be used to
achieve a reduction of the noise at the outlet, and they are: area discontinuities, expansion
chambers, and side branches. Each one of these elements has a different behavior that can
be exploited to build a system w a broad band sound attenuation. An overview of the
devices that can be used for the acoustic design is given in the following sections.

Reactive elements are effectively used to attenuate noise in specific frequency ranges,
generally related to the motor rpm and number of blades of a fan [37]. The “passing by
frequency” can be computed as:

fpb =
rpm
60

× bn (2)

where rpm is the number of revolutions per minute of the motor and bn is the number of
blades of the fan. This is the lowest frequency at which an attenuation may be required.
Higher-order harmonics can be computed as:

fpb =
rpm
60

× nb × n (3)
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where n is a natural number. Usually, the first two harmonics (n = 2, 3) correspond to the
loudest components, which are the target when designing reactive elements.

The amount of attenuation given by a duct element is usually expressed using two
different descriptors: transmission loss (TL) and insertion loss (IL). The TL is defined as the
acoustical power difference between the forward travelling incident pressure wave at the
inlet of the element and the forward travelling transmitted pressure wave at the outlet of
the element. Expressed in decibels, the equation for determining the TL reads:

TL = 10 log
Win
Wout

= 20 log pin/pout + 10 log Sin/Sout (4)

where W is the sound power, p is the sound pressure, S is the cross section, and the “in” and
“out” subscripts indicate the inlet and the outlet of the considered element, respectively.

The IL is defined as twenty times the logarithm of the pressure measured at a certain
point in two different system configurations a and b:

IL = 20 log pa/pb (5)

As an example, for regulatory applications concerning vehicle noise, the IL is used to
compare the sound pressure level (SPL) at 1 m distance, 45◦ from the outlet of an exhaust
system without a silencer to the SPL in the same position when a silencer is fitted on the
exhaust system. From a practical point of view, the IL is usually the easiest and most
common way for evaluating the sound reduction properties of a silencer system. However,
this may not be enough to ensure acceptable conditions in some practical situations, such
as the assessment of acoustic comfort in indoor environments with mechanical ventilation
systems. In such cases, the SPL in a given position must be estimated, which requires the
knowledge of quantities such as source impedance, the nature of the ground (reflection
coefficient), and the radiation model of the outlet [38,39].

3. Silencer Design with xTMM
3.1. Overview

The proposed design method is based on a scientific approach. More specifically, the
lumped parameters acoustic modeling is positioned halfway between a purely empirical
approach and the application of computationally burdensome FEM or BEM simulations.
Nevertheless, this method holds some of the attractive features of both approaches, such
as quick implementation, short calculation time [40], and consistency with experimental
results [41]. A method based on the same element model has been used recently for
designing the exhaust systems of vehicles [42] as well as many other systems [43–46]. The
method can also be adapted to be used outside the automotive field, for example to design
industrial mufflers as well as HVAC ducts or thermal recovery ventilation systems, with
the fire frequency replaced by the blade passing frequency of fans generating noise.

In this approach, the duct is split into fundamental blocks, each one having an inlet
and an outlet. Such blocks can be characterized by different transfer matrices relating two
variables: the sound pressure, p, and the volumetric flow rate, Q. Applying an electro-
acoustic analogy where the pressure is equivalent to voltage and the volumetric flow
to current, the transfer matrix approach can be considered as the equivalent of the two
Kirchhoff’s circuit laws. The interconnection of different blocks can be expressed by a
product of the different transfer matrices characterizing the single blocks describing the
system (Figure 1).

Under linear conditions, the T-matrix method can be used to describe the acoustic
properties of a silencer system. All models described hereafter assume 1-dimensional plane
wave propagation along the duct axis. This means that the models are valid up to a higher
frequency limit where the cross section is small compared to half a wavelength. Each
block corresponds to a physical component and has a specific effect on the overall sound
attenuation of the system. Detailed references to the mathematical models of the single
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elements described hereafter can be found in [36]. The selection of these blocks and the
ability to simulate their combined effect is therefore the key to a good acoustic design of
the system.
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Figure 1. Equivalent acoustic model of a single element—transfer matrix representation.

In this work, a software developed in MATLAB has been used to perform the sim-
ulations. Below the cut-on frequency, the software can model the system as a network
of blocks because the continuous field variables describing pressure or volumetric flow
variations (p(x,t) and Q(x,t)) in the real system can be discretized into elements in which
one of the quantities can be assumed to be a locally spatially invariant (p(t) and Q(t)) [36].

The elements can be selected among several pre-determined elements. These elements
are the most common reactive devices used to attenuate low frequency noise and will
be introduced in the next section. Figure 2 gives an example of a complete ventilation
system and its acoustic T-matrix model. The T-matrix method is tailored for analysis of
cascade-coupled systems. The overall behavior can be described by a “total” T-matrix equal
to the product of the single T-matrices of its constituents:

T =
N

∏
n=1

Tn (6)
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Figure 2. A ventilation system with silencer (top) and its linear acoustic system model (bottom).
The fan is represented by its acoustic volume flow, QK, and its acoustic impedance, ZK. The silencer
system by its T-matrix, T, and the receiving room (load) with its acoustic impedance, ZL.

The transmission loss of a silencer is a measure of the isolated silencer noise reduction
capacity. It is a useful tool when a silencer component is tuned to a certain problematic
frequency or frequency range. The insertion loss, on the other hand, also accounts for the
system source and receiver impedances. Hence, it is ideal as a measure of the capability of
a silencer to reduce the noise when it is installed in the system.
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The system transmission loss, expressed using the duct system T-matrix components
and the impedances at the duct inlet and outlet, is:

DTL = 10 log

(
Zout

4Zin
·
∣∣∣∣t11 +

t12

Zout
+ t21Zin +

t22Zin
Zout

∣∣∣∣2
)

(7)

where tij are elements of the system T-matrix. If the impedances at the inlet (Zin) and
outlet (Zout) are equal to the corresponding duct plane wave specific impedance, ρ0c/Sin
and ρ0c/Sout, respectively, reflection free in- and outlets have been assumed. Using this
assumption, it is possible to analyze the system sound reduction properties without any
influence from the source and the receiver impedances.

The insertion loss, expressed in terms of the system acoustic properties, is:

DIL = 10 log
∣∣∣∣ t11ZL + t12 + t21ZKZL + t22ZK
tr,11ZL + tr,12 + tr,21ZKZL + tr,22ZK

∣∣∣∣2 (8)

where tij and tr,ij are T-matrix elements for the case ”with” silencer and the reference case
“without” silencer, respectively.

In the construction and validation phases, a silencer system was built and its insertion
loss measured. The measured insertion loss could be used to compare and validate the
predicted insertion loss. A relevant comparison requires a good estimation of the source
and receiver impedances, ZK and ZL. In the MATLAB scripts, the receiver properties
are described with the “free space” impedance model, while the source impedance is
described with the impedance measured on the loudspeaker used during the validation
measurements.

It is worth noting that the xTMM method retains the same limitations of the classic
TMM, in that:

• it is only valid under the duct cut-on frequency;
• because it is applicable in the plane wave range, the results are not valid in the vicinity

of acoustic treatments or close to duct shape or size variations;
• it neglects evanescent coupling between the silencer elements [47];
• In the following, the reactive elements that can be combined to design the silencer are

briefly recalled, based on the formulae in [36]. The time dependence adopted in this
work is exp(iωt). As shown in the following Section 3.2.3, such an assumption helps
to remove discontinuities (infinity points) to the TL computed for quarter-wavelength
resonators. In the case of particularly narrow ducts, Stinson’s model [48] can also
be applied. The transmission loss plots in Section 3.2 refer to the actual elements
used for the experiments in Section 5. Components are assumed to be characterized
by an internal friction factor, Xi, which can be used to estimate pressure drops (see
Section 3.3).

3.2. T-Matrices for Acoustical-Physical Elements
3.2.1. Straight Pipe

Straight pipe elements are found in all duct systems, and they usually add only a very
small dissipation per meter length to the noise propagating in the duct. The T-matrix for a
straight pipe, length L (Figure 3), is:

T =

[
t11 t12
t21 t22

]
=

[
cos(KL) i(Z/S) sin(KL)

iS sin(KL)/Z cos(KL)

]
(9)

where K =ω/c is the wave number, c is the speed of sound in air,ω is the angular frequency,
ρ is the air density, S is the pipe cross section area, and Z = ρc is the acoustic impedance of
the air inside the duct.
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3.2.2. Expansion Chamber

This element features an area expansion followed by an area contraction, resulting
in a double reflection. The attenuation depends on the inlet/outlet cross section areas,
main chamber cross section area, and the length of the expansion chamber. An expansion
chamber can be considered as being made up of three straight pipes, where the middle
pipe has a larger cross section area (Figure 4). Its T-matrix is:

T = T1·T2·T3 (10)

where T2 is the intermediate pipe T-matrix.

Designs 2022, 6, x FOR PEER REVIEW 7 of 22 
 

 

 

 
Figure 3. Straight pipe sketch (left) and example of TL obtained with TMM (right). 

3.2.2. Expansion Chamber 
This element features an area expansion followed by an area contraction, resulting in 

a double reflection. The attenuation depends on the inlet/outlet cross section areas, main 
chamber cross section area, and the length of the expansion chamber. An expansion cham-
ber can be considered as being made up of three straight pipes, where the middle pipe has 
a larger cross section area (Figure 4). Its T-matrix is: 

퐓 = 퐓 ∙ 퐓 ∙ 퐓  (10)

where T2 is the intermediate pipe T-matrix. 

 

 
Figure 4. Expansion chamber sketch (left) and example of TL obtained with TMM (right). 

When using an expansion chamber, the maximum TL is found by: 

푓 =
푛푐

4퐿
, 푛 = 1, 3, 5, … (11)

where c is the speed of sound and L is the length of the expansion chamber. This device 
has a broadband attenuation, which is positive in the case of wideband noise. On the other 
hand, the attenuation is not extremely high, so if a large attenuation is required at specific 
frequencies, it is suggested to use other types of reactive devices such as a quarter-wave-
length resonator or a Helmholtz resonator. 

3.2.3. Quarter-Wavelength Resonator 
Quarter-wavelength resonators behave like expansion chambers in that they are 

based on multiple reflections but are characterized by a more selective behavior given by 
the finite size of the side cavity. A quarter-wavelength resonator is a type of side-branch. 
In the plane wave frequency region, a side-branch T-matrix can be written as: 

퐓 =
푡 푡
푡 푡 =  1 0

푆 /푍 1 . (12)

Figure 4. Expansion chamber sketch (left) and example of TL obtained with TMM (right).

When using an expansion chamber, the maximum TL is found by:

fn =
nc

4LC
, n = 1, 3, 5, . . . (11)

where c is the speed of sound and L is the length of the expansion chamber. This device
has a broadband attenuation, which is positive in the case of wideband noise. On the
other hand, the attenuation is not extremely high, so if a large attenuation is required
at specific frequencies, it is suggested to use other types of reactive devices such as a
quarter-wavelength resonator or a Helmholtz resonator.

3.2.3. Quarter-Wavelength Resonator

Quarter-wavelength resonators behave like expansion chambers in that they are based
on multiple reflections but are characterized by a more selective behavior given by the
finite size of the side cavity. A quarter-wavelength resonator is a type of side-branch. In the
plane wave frequency region, a side-branch T-matrix can be written as:

T =

[
t11 t12
t21 t22

]
=

[
1 0

Ss/Zs 1

]
. (12)
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where Ss is the side-branch inlet cross section area and Zs is its specific acoustic input
impedance seen from its inlet. The specific acoustic input impedance for the quarter-
wavelength resonator is:

Zs = −iρ0c· cot(KLs). (13)

where Ls is the resonator length. Losses in the resonator are accounted for by the medium
complex adiabatic compression modulus, β = β·(1 + iη), where η is the medium internal
loss factor. For this reason, the speed of sound, c = c·(1 + iη/2), and the wave number,
K =ω/c, turn out to be complex-valued.

Equation (12) is the T-matrix for the side-branch seen from its coupling surface with
the main duct. For the real physical side-branch, there are also inlet and outlet pipes, both
with length, L; see Figure 5. Consequently, the physical quarter-wavelength resonator
T-matrix corresponds to the matrix product:

T = T1·T2·T3 (14)

where T1 and T3 are the T-matrices of the straight pipes with length, L, and cross section
area S. T2 is the side-branch T-matrix, Equation (12), with side-branch input impedance, Zs,
expressed according to Equation (13).
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This component provides a high TL at some specific frequencies. The maximum TL is
obtained for:

KLs =
nπ

2
(15)

with
K =

2π f
c

(16)

thus
fn =

nc
4Ls

, n = 1, 2, 3, . . . (17)

Equation (15) shows that the quarter-wavelength resonator size can be significant. For
example, for tuning the element at a frequency of 100 Hz, the quarter-wavelength resonator
side branch length must have a characteristic length of 0.85 m. It is worth noting that a
quarter-wavelength resonator with such a length sometimes cannot be easily fitted in a
real system. A common solution for this issue is to bend the resonator or fold it along the
main duct axis so that it occupies a space compatible with the overall duct dimension while
maintaining its characteristic length.

3.2.4. Helmholtz Resonator

The Helmholtz resonator (Figure 6) is a side-branch with a specific input impedance:

Zs = R + iωρ0Ln + ρ0c2Sn/iωVc. (18)
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where Vc is the resonator volume given by Lc and Sc (see Figure 6). Resonator losses
are often generated by a damping material placed in the resonator neck. Such a term
is accounted for by introducing the resistance, R. The resistance is determined by the
resistivity r [Pa·s/m2] and the damping material length, Lr:

R = rLr. (19)

Designs 2022, 6, x FOR PEER REVIEW 9 of 22 
 

 

3.2.4. Helmholtz Resonator 
The Helmholtz resonator (Figure 6) is a side-branch with a specific input impedance: 

풁푠 =  푅 + 푖휔휌 퐿 + ρ 푐 푆 /iω푉 . (18)

where Vc is the resonator volume given by Lc and Sc (see Figure 6). Resonator losses are 
often generated by a damping material placed in the resonator neck. Such a term is ac-
counted for by introducing the resistance, R. The resistance is determined by the resistiv-
ity r [Pa∙s/m2] and the damping material length, Lr: 

푅 = 푟퐿 . (19)

The T-matrix is calculated with (12), where the side-branch acoustic inlet impedance, 
Zs, is obtained from Equations (18) and (19). 

 
 

Figure 6. Helmholtz resonator sketch (left) and example of TL obtained with TMM (right). 

The Helmholtz resonator can be considered as a mass-spring system where an addi-
tional inductance (mass of air in the neck of the resonator) is placed between the main 
duct and the cavity (compliance of the air in the resonator volume acting as a spring). The 
Helmholtz resonator is highly selective and provides an important attenuation for one 
specific frequency that depends on the size of the main duct and on the geometry of the 
resonator. The Helmholtz resonance frequency, not considering the damping material, 
can be computed as: 

푓 =
푐

2휋
푆

퐿 (퐿 푆 )
 (20)

It is worth noting that, due to the very low value reached by the side branch imped-
ance at the resonance frequency, the particle velocity at the neck of the resonator can be 
extremely high. For this reason, a sort of “blockage” appears at the inlet of this component, 
requiring a “length correction”. In this case, for a circular pipe with a diameter, D, the 
neck length, Ln, can be modified according to [36]: 
 Circular pipe in baffle: ΔL = 0.82 D/2; 
 Free end circular pipe ΔL = 0.61 D/2. 

A last comment concerns the effect of increasing the inner losses of a Helmholtz Res-
onator (as well as of a quarter-wavelength resonator). When a material expressing a cer-
tain flow resistivity is placed in a side branch, the effect is to slightly reduce the maximum 
of the attenuation at the resonance frequency/ies, increasing at the same time the fre-
quency width of the peak. This behavior can be used to make the attenuation capability 
of the element less sharp, and then to make it more flexible in the reduction of noise in the 
frequency range around the resonance peak. To take into account such behavior, the soft-
ware can compute the effect of an absorbent layer with a flow resistivity, r, and a thick-
ness, Lr, placed over the neck cross section. 

Figure 6. Helmholtz resonator sketch (left) and example of TL obtained with TMM (right).

The T-matrix is calculated with (12), where the side-branch acoustic inlet impedance,
Zs, is obtained from Equations (18) and (19).

The Helmholtz resonator can be considered as a mass-spring system where an ad-
ditional inductance (mass of air in the neck of the resonator) is placed between the main
duct and the cavity (compliance of the air in the resonator volume acting as a spring). The
Helmholtz resonator is highly selective and provides an important attenuation for one
specific frequency that depends on the size of the main duct and on the geometry of the
resonator. The Helmholtz resonance frequency, not considering the damping material, can
be computed as:

fH =
c

2π

√
Sn

Ln(LcSc)
(20)

It is worth noting that, due to the very low value reached by the side branch impedance
at the resonance frequency, the particle velocity at the neck of the resonator can be extremely
high. For this reason, a sort of “blockage” appears at the inlet of this component, requiring
a “length correction”. In this case, for a circular pipe with a diameter, D, the neck length,
Ln, can be modified according to [36]:

• Circular pipe in baffle: ∆L = 0.82 D/2;
• Free end circular pipe ∆L = 0.61 D/2.

A last comment concerns the effect of increasing the inner losses of a Helmholtz
Resonator (as well as of a quarter-wavelength resonator). When a material expressing
a certain flow resistivity is placed in a side branch, the effect is to slightly reduce the
maximum of the attenuation at the resonance frequency/ies, increasing at the same time
the frequency width of the peak. This behavior can be used to make the attenuation
capability of the element less sharp, and then to make it more flexible in the reduction of
noise in the frequency range around the resonance peak. To take into account such behavior,
the software can compute the effect of an absorbent layer with a flow resistivity, r, and a
thickness, Lr, placed over the neck cross section.
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3.3. Outlet Impedance Model

To account for the outlet impedance, a formulation for the radiation impedance, Zr, by
Silva et al. for the un-flanged case is used [39]:

Zr =
(d1 − n1)− ika − d2(−ika)2

2 + (d1 + n1)ika + d2(−ika)2 (21)

where a is the duct radius, k is the wavenumber, and the coefficients d1 = 1.393, d2 = 0.457,
and n1 = 0.167 are the result of a numerical fitting. The radiation impedance, Zr, is then
multiplied by ρ0c/Sout to obtain the outlet impedance, ZL. Figure 7 shows the real and
imaginary parts of the outlet impedance as a function of frequency for a duct of diameter
45.2 mm.
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3.4. Pressure Drop Estimation

Aerodynamic losses cause a pressure drop when the air flows through a duct. This
energy loss reduces the flow speed and the system efficiency. Therefore, it should be made
as small as possible. A good duct and silencer design has a high noise reduction and a low
pressure drop. Because the pressure drop is caused by the mean flow, we assume that the
pressure drop caused by side-branches with zero mean flow is negligible. In the expansion
chamber we have a mean flow and, hence, a possibly significant pressure drop. Below a
simple pressure drop estimation method, Darcy’s friction factor method is described.

The method divides the pressure drop in two generation mechanisms. The first is the
contribution from the friction force between the flowing medium and the duct wall. The
second is the contribution from the flow separation appearing at discontinuities such as
a sudden cross section area increase. The pressure drop caused by friction between the
flowing medium and the duct wall is estimated with:

∆Pfriction = X
L
D

1
2

ρ0U2 (22)

where X is Darcy’s friction factor, U is the mean flow speed, L is the pipe length, and D is
the pipe hydraulic (wet) diameter. Normally, the hydraulic diameter is equal to the pipe
inner diameter. At a sudden cross section area increase, we estimate the flow separation
pressure drop with:

∆Pseparation = Xs
1
2

ρ0U2
1 (23)
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where the “friction” factor Xs is

Xs =

(
1 − S1

S2

)2
(24)

where S1 and S2 are the cross-sectional area at the inlet and at the outlet of the sudden
cross-section increase or decrease, respectively. The pressure drop caused by a sudden
cross section area decrease is assumed to be negligible. U1 in Equation (23) is the mean
flow speed at the inlet where the cross-section area is S1. The total pressure drop over the
n-th element is the sum of its friction and flow separation losses:

∆Pn = ∑ ∆Pn,friction + ∑ ∆Pn,separation (25)

Finally, the total pressure drop over the duct system is the sum of the contributions
from all N elements:

∆Ptot =
N

∑
i=1

∆Pn (26)

This quantity can be useful when sizing the ventilation system. Because this work
focuses on the acoustic aspects of the design procedure, pressure drop results will not be
presented in the following.

4. Materials and Methods
4.1. Outline of the Complete Design Procedure

The TMM theory reported in Section 3 is the core of the design procedure outlined in
Figure 8, which can be roughly summarized in the following steps:

1. Definition of objectives and design constraints;
2. Identification of the frequency components to attenuate;
3. Selection of reactive elements and of their sequence;
4. Application of TMM method;
5. Verification of objective achievement in terms of SPL;
6. Verification of design constraint respect;
7. Definition of the final solution.

Steps 1–2 form the inputs to be passed to the xTMM method. Step 2 consists of
looking at the one-third octave spectrum and identifying the one-third octave bands where
noise reduction is required. Then, a second check on the narrow band sound pressure
level spectrum allows one to identify the narrow band frequencies where noise reduction
measures are needed. The narrow band frequencies are the ones to be used for dimensioning
the silencer elements.

Steps 3–6 are carried out through a manual iterative process: in particular, if design
criteria, such as size limits, or SPL objective are not fulfilled with the current trial solution,
a new element combination must be devised, and steps 3–6 must be repeated. This manual
iterative block can be replaced by an optimization algorithm to automatically provide the
best element sequence, which is beyond the scope of this work, without modifying the
procedure framework.

Step 3 is carried out by investigating the transmission loss for the available silencer
elements (quarter-wavelength resonator, Helmholtz resonator, and expansion chamber). In
this way, it is possible to make an estimate on which elements to apply, especially when it
is necessary to have a high transmission loss at more than a single frequency. In this case,
it is interesting to note that while a quarter-wavelength resonator expresses a high TL at
odd “resonance frequencies” with a high selectivity (sharp peaks), an expansion chamber
has a less sharp TL characteristic (see Figures 4 and 5, respectively). This behavior allows
one to have a good TL over a wider frequency range. The position of the frequencies with
the higher TL is usually determined by the length of the element, while the amount of
reduction for an expansion chamber is controlled by the diameter of the expansion chamber.
The real silencer system is built up using silencer elements and straight coupling pipes. The



Designs 2022, 6, 37 12 of 22

minimum distance between two silencer elements is set by the dimensions of the coupling
elements (T-couplings, area changes, and muffs).
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When all silencer elements are created, they can be combined to build the silencer
system, and it is possible to calculate the overall properties: the length, the TL, and the
IL (step 4 in the procedure outlined above). The elements must follow a sequence for the
correct implementation of the T-matrix product, with the first element representing the
element closest to the source, and so on. The total TL is calculated, and the first check on the
dimensions is performed (step 5). As discussed in Section 3, the IL depends on the source
and receiver impedances, thus the loudspeaker impedance must be determined. When the
IL has been calculated, the system contribution to the sound in the observation point can
be computed and compared with the requirement. The fulfillment of the SPL objective is
checked at this stage (step 6) and, if necessary, adjustments to the solution are made, from a
simple rearrangement of the elements to the complete re-design of the system, until all the
requirements are satisfied. Depending on the specific situation, pressure drops can also be
part of the acceptability criteria.

The solution provided in step 7 is a silencer that satisfies the noise attenuation objective
while respecting all the system design constraints.
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4.2. Validation of the Silencing System

Once a system satisfying all the requirements has been modeled, a prototype can be
built for experimental validation. A simple sketch showing all the relevant information can
be prepared at this stage, taking care of specifying all the necessary internal dimensions.
The construction part must follow a certain path:

1. Cut the pipe elements and assemble the silencer system according to the sketch;
2. Measure the background noise;
3. Mount the silencer system in a test rig and measure the SPL frequency spectrum in

the observation point at a desired distance from the outlet;
4. Measure the reference system SPL in the observation point;
5. Calculate the silencer system insertion loss from the measured data.

It is important to build the silencer system such that it agrees with the silencer design
stage. An accurately built silencer system has a good chance to show good agreement
with the theoretical results in the experimental validation. For this reason, the following
specifications must be carefully checked for compliance with the design sketch:

• Center-to-center distances between side branches (quarter-wavelength resonators, and
Helmholtz resonators);

• Internal expansion chamber lengths;
• Distances from components, side branch centers, expansion chamber inner walls, etc.,

to duct inlet/outlet.

According to the definition, the silencer IL can be estimated as the difference of the
SPL between the system with a reference duct (Lp,without) and the system with the silencer
(Lp,with):

DIL = Lp,without − Lp,with (27)

In the validation measurement, the observation point is placed on the duct axis. For
example, in Figure 9 the observation point is placed 0.5 m from the outlet. The source used
in the measurement must be the loudspeaker used in the simulations.
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The procedure to follow to calculate measurement-based IL is:

1. Attach the reference pipe to the loudspeaker;
2. Place the microphone in the observation point on the duct axis at the desired distance

from the outlet;
3. Measure the sound pressure, pwithout, using pink or white noise excitation signal;



Designs 2022, 6, 37 14 of 22

4. Replace the reference pipe with the silencer duct;
5. Measure the sound pressure, pwith, using the same signal;
6. Switch off the source;
7. Measure the background sound pressure, pbackground;
8. Remove the contribution of the background noise from the measured RMS sound

pressures for both the measurements;
9. p̃2

meas,corr = p̃2
meas − p̃2

background;

10. Calculate the reference duct and silencer duct sound pressure levels;
11. Calculate the IL.

5. Case Study
5.1. Objectives and Application of xTMM Design Procedure

The validation of the procedure has been carried out at the University of Brescia as
part of an advanced course addressed to students and practitioners in the field of acoustics
and vibration. To verify the capability of the method and the usability of the calculation
tool, four groups of participants were asked to carry out the complete procedure to design a
silencer, including selection of components and experimental validation of the system. The
steps to follow involve designing, building, and experimentally validating a silencer setup
mimicking a small ventilation system located in a building. The objective was to reduce
the sound pressure level at 0.5 m from the outlet of a pipe arrangement representing a
ventilation system. In detail, the A-weighted Sound Pressure Level (SPL) at an observation
point placed at 0.5 m from the outlet on the duct axis must not exceed 55 dB(A). The
reason for imposing such a limit is that, during a normal conversation, the A-weighted
SPL measured at 1 m distance from the speaker is approximately 65 dB(A). By requiring
the ventilation system contribution to be lower than 55 dB(A), a reasonably good sound
environment for a conversation is achieved [49].

As the starting point, a real or simulated ventilation system sound and a calibration
file for scaling the sound data were made available. These files can be used to characterize
the basic ventilation system, consisting a straight pipe, 3 m long, with an inner diameter of
45.2 mm. The ventilation system has only one outlet. For practical implementation reasons,
it is assumed that the silencer components can be placed anywhere from 0.5 m from the
inlet to 0.3 m from the outlet. Any cascade combination of silencer element types is allowed.
The silencer elements are connected through straight pipes, 45.2 mm diameter, meaning
that the cut-on frequency of the main duct is 2200 Hz. The chosen silencer elements are
mounted in series. In the practical implementation, for comparison reasons, the total length
of the duct, including the silencing elements, must be exactly 3 m (from inlet to outlet, see
Lsystem in Figure 10).
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Before selecting the components able to properly attenuate the SPL at the outlet and
design a suitable silencer system, the SPL frequency spectrum at the observation point was
determined as a signal representing a measurement of the noise generated by a ventilator,
together with a certain quote of broad band noise. The SPL was derived by post processing
the waveform Audio File Format, simulating the signal recorded by a microphone at the
reference position at 0.5 m from the duct outlet. The post processing was carried out
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by performing an FFT analysis of the signal and computing the one-third octave band
spectrum. The latter information is extremely useful because it allows one to determine
which frequencies give the highest contribution. Based on the narrow band spectrum, it is
possible to make a first estimation of the dimensions of the reactive components by using
Equations (11), (17), and (20). The signal needs to be properly averaged to obtain a clear
idea about the amplitude of the reductions. For this reason, a synthesis of the FFT spectrum
to one-third octave band analysis allows an estimation of the broad band noise and of the
A-weighted sound pressure level at the observation point. In the case at hand, the noise at
the receiver position for a 3 m long straight pipe is shown in Figure 11. It is worth observing
that the noise presents some well-defined components at 192.5 Hz, 385 Hz, 576 Hz, 768 Hz,
and 961 Hz. These are the frequencies to be targeted by the implementation of specific
reactive elements.
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straight pipe.

The one-third octave bands where the A-weighted SPL exceeds the maximum allowed
level of 55 dB(A) were then decremented by a “first trial” insertion loss of 20 dB (see
Table 1). The 20 dB value is merely an indicator that points out for which bands it is
necessary to reduce the noise, and it does not specify the amount of reduction required by
the individual silencer components. Once the 20-dB IL is applied to the selected bands, the
resulting overall sound pressure level was successfully checked to verify that it was below
the objective value of 55 dB(A). Had not this been the case, additional IL should also have
been applied for the highest remaining one-third octave bands. The required A-weighted
SPL at the receiver, LA,req, was then calculated as:

LA,req( f ) = LA,without( f )− DIL,necessary( f ) (28)

The results of the calculations are reported in Table 1. It can be observed that in this
example it is necessary to apply a reduction at the 200 Hz, 400 Hz, 630 Hz, 800 Hz, and
1000 Hz 1/3 octave bands.

The estimation of the dimensions of the elements required to properly attenuate the
targeted frequency components was therefore carried out by recalling the shape and the
frequency values of the different elements, and by proceeding with heuristic reasoning.
For example, the first group of participants started from a 192.5 Hz component, where a
good attenuation can be obtained with a quarter-wavelength resonator. The length of a
resonator tuned at this frequency, assuming a speed of sound equal to 343 m/s, is 0.445 m.
Such elements can also be used to attenuate other frequencies and can be obtained by
multiplying the fundamental frequency by odd natural numbers (for n = 3, f3 = 577.5 Hz,
for n = 5, f5 = 962.5 Hz). This means that, with a single quarter-wavelength resonator, it
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is possible to cover three-out-of-five noise components. The other component at 385 Hz
can be removed by using a 0.222 m expansion chamber, whereas the peak at 768 Hz is
attenuated with a second, smaller quarter-wavelength resonator. To summarize, the final
implementation of the system devised by the first group is made by using a 0.222 m long
expansion chamber for eliminating the 385 Hz peak, a 0.112 m long quarter-wavelength
resonator to attenuate the 768 Hz component, and a 0.445 m quarter-wavelength resonator
to attenuate the other three frequencies of interest. For the sake of completeness, the TLs of
the individual elements used in this solution coincide with the graphs in Figures 4 and 5,
whereas the TL of the complete system is shown in Figure 12.

Table 1. Example illustrating how the synthesized third octave band spectrum derived from Figure 11
must be modified to achieve an overall SPL lower than 55 dB(A). The numerical value 20 dB is not a
requirement on minimum reduction. It is merely an indicator that reduction measures are needed in
that band.

fn [Hz] LA, Without [dB(A)] DIL, Necessary [dB] LA at the Receiver [dB(A)]

125 37.5 0 24.9
160 38.1 0 39.5
200 78.2 20 18.1
250 40.2 0 40.0
315 41.3 0 38.9
400 71.3 20 49.7
500 43.0 0 35.7
630 66.6 20 21.5
800 67.5 20 38.3
1000 64.6 20 28.9

Total level 79.7 51.2
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5.2. Results and Discussion

In this section, the outcome of the design procedure applied to the case study described
in the previous Section is presented, together with an experimental validation. In particular,
the results refer to the solution devised by the first group, including two PhD students in
acoustics and vibration subjects, and a third-year Mechanical Engineering student. The
drawing showing the practical application of the proposed solution scheme is represented
in Figure 13.
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Figure 13. Sketch of the implementation of the silencer system proposed by the first group. The
source is placed at the left side and the outlet at the right side.

As concerns the cross-section dimension of the expansion chamber, it was chosen to
be equal to 134 mm for practical reasons related to the availability from the local shops
of pipes for the implementation of the test rig. The following step was to build the actual
system by cutting pipes with the same length of the components used during the design
stage. After preparing the 3 m long straight pipe (reference pipe), all the parts represented
in Figure 13 were cut. The real silencer system was developed in collaboration with the
Technical and Industrial Design Laboratory of the University of Brescia, which develops
devices for research and teaching purpose based on the “study—model” approach typical
of industrial design product development [50].

Being cheap, effective, quick to build, and based on commercial parts were key require-
ments for this application. The arrangement was therefore conceived as a modular system
based on push-fit PVC wastewater pipes. The straight parts were the only customized
pieces and were cut to well-defined sizes. For the construction of the expansion chambers, a
range of pipes with different diameters and lengths was provided. The end of the cylinder
and the piston body were made of plywood, and an O-ring was placed in a recess of the
piston to ensure airtightness. The inlet and the outlet pipes were made using 50 mm exter-
nal diameter pipe terminations, as illustrated in Figure 14. Quarter-wavelength resonators
were made using a T-branch and a vertical pipe. Plywood pistons with an O-ring seal and
a rod fitted with a handle for adjusting the position of the sliding piston were integrated in
the design of the components.
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Figure 14. Cross section showing an example of the expansion chamber structure.

Figure 15 shows the system assembled before the tests. To avoid flanking transmis-
sions, the source was enclosed in a wooden box filled with absorbing material. The pipes
and the other components were suspended using wooden legs. On the top parts of the
pipes used to build the quarter-wavelength resonators, the handles for moving the pistons
are clearly visible.

To measure the SPL at 0.5 m from the outlet, an OROS Type OR36 analyzer was
connected to a Bruel & Kjaer Type 4189 microphone. The measurement chain was calibrated
using a Bruel & Kjaer pistonphone Type 4228. The loudspeaker was fed with a broadband
white noise ranging from 50 Hz to 5000 Hz.

A series of measurements were made in the reference situation (3 m long straight
pipe) and on the complete system to evaluate IL. In detail, the background noise, the noise
coming from the outlet using the straight pipe, and the noise coming from the outlet when
the silencer system is installed were evaluated at the receiver position. The results of these
measurements are shown in Figure 16. It is worth noting that, because the pink noise
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is generated starting from 50 Hz, below such frequency there is only a slight difference
between the three measurements.
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Figure 16. SPL spectra measured at 0.5 m from the outlet for the background noise (blue), 3 m long
straight pipe (yellow), and the silencer system (orange).

The measured SPLs without and with the silencer system were corrected to consider
the background noise, thus it was possible to compute the IL. Figure 17 shows a comparison
between measured and predicted curves. Below 50 Hz, the effect of the silencer system
can hardly be spotted, but above this frequency the prediction follows quite well the
experimental data. The discrepancy around 700 Hz and 750 Hz between the predicted and
the measured IL may be due to the noise radiated by the low-density commercial pipes used
for the experiments (0.27 kg/m). For the same reason, as can be seen in Figure 15, there are
some frequency components in the measured SPL for the complete system (which is longer
than the basic one) that are higher than the ones measured for the 3 m long straight pipe.
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As a final remark, it is worth noting that all four groups involved in the project
managed to successfully design their silencing system by proposing different solutions. All
participants provided positive feedback on the intuitiveness of the procedure and on the
usability of the tool, showing that the method can be efficiently applied in real contexts.

6. Conclusions

The noise coming from ventilation systems can be an annoying issue for applications
requiring high quality standards. While it is usually relatively simple to find a solution for
the noise propagating above the cut-on frequency, below this limit it is necessary to use
reactive components that can be represented through an electro-acoustic analogy. However,
the evaluation is generally carried out in terms of sound transmission loss of the system,
which is not immediately relatable to human perception.

This article has shown how the classic transfer matrix method theory for the prediction
of a reactive silencer’s transmission loss can be expanded to allow the direct evaluation of
sound pressure level at a given distance from the outlet. A self-developed tool with possible
academic and professional application has been used to demonstrate the potentiality of
the method and validate it against experimental results by four groups of students and
practitioners attending an advanced course in acoustics and vibration. The outcomes of this
study are two-fold: on the one hand, the method, though relying upon relatively simple
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models of components and acoustic loss factors, provided noise reduction results close
to the experimental evidence; on the other hand, the implementation of this expanded
framework into a user-friendly tool proved to be an effective way to foster noise-oriented
solutions and contribute to creating comfortable environments. Possible future develop-
ments include the implementation of optimization strategies to automatize the choice of
the components, their characteristic dimensions, and their sequence in order to obtain the
desired noise reduction performances with given design constraints.
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