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Abstract: The use of coat-hanger dies is prevalent in the plastic film and sheet extrusion industry.
The product quality and the power of the extrusion machine depend on the uniformities of the
fluid velocity at the exit and the pressure drop. Die manufacturers face the challenge of producing
coat-hanger dies that can extrude materials uniformly and with a minimal pressure drop. Previous
studies have analyzed the die outlet’s flow homogeneity and pressure drop using various numerical
simulations. However, the combination of the scheme programming language together with the
Adjoint Method of Optimization has yet to be attempted. The adjoint optimization method has
been demonstrated to be beneficial in addressing issues related to shape optimization problems and
it may also be beneficial in optimizing the design of dies used in polymer melt extrusion. In this
study, the proposed innovations involve incorporating both the Scheme programming language and
Adjoint solver to examine and optimize the coat hanger’s flow homogeneity and pressure drop. Before
optimization, the outlet velocity was almost 10 times higher at the die center than at the edges but after
optimization, it became more uniform. The proposed optimized coat-hanger die geometry results in
more uniform melt flow as demonstrated by the velocity contour plot and the outlet velocity graph in
the die slit area, reducing the deviation value from 0.097 to 0.015. Additionally, the mass flux variance
across the die outlet decreased by 71.6% from 0.015069 kg m−2 s−1 to 0.004281 kg m−2 s−1. Therefore,
using this method reduces the amount of time wasted on trial and error or other optimization
techniques that may be limited by design constraints.

Keywords: polymer extrusion; coat-hanger die; adjoint optimization method; Carreau–Yasuda model;
non-Newtonian fluid

1. Introduction

The extrusion of polymer sheets and films is widely utilized in the polymer processing
industry. Coat-hanger dies are commonly employed in this process [1–3]. For several years,
achieving uniform outlet velocity and low-pressure drop has been the primary focus in
designing coat-hanger dies [3–5]. When designing dies for polymer extrusion, it is common
practice to make changes to the die shape through a process of trial and error to obtain
uniform flow at the exit. If the flow channel in a flat die is not built appropriately, the
velocity at the exit of the flat die may not be uniform [6]. This results in a variation in the
polymer melt thickness over the width of the die.

In many cases, the number of involved variables and the relationships between them
limit any optimization according to the trial-and-error corrections. This is because the
number of evaluations that are required may become quite high. The adjoint method
provides an approach to optimizing shapes that is both more flexible and quicker, regardless
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of the number of sensitivities that are being considered. Studies by Han and Wang [3]
and Lebaal et al. [6] have shown that non-uniform outlet velocity can result in thickness
variation in the final product, while high-pressure drops can lead to increased energy
consumption and separation of the die plates [5,7].

The modern die design process relies heavily on optimization techniques [8], with com-
putational fluid dynamics (CFD) being a popular tool due to the increased computational
power. Automatic modeling tools have been developed using CFD-based optimization
strategies specifically for die applications [2–7,9]. Stochastic methods, such as evolutionary
algorithms, are often used with CFD-based geometry optimization techniques to reduce the
overall computation cost and find the optimal shape. Genetic algorithms (GA) combined
with proxy models are commonly used in these strategies [10].

However, when numerous design variables govern the geometry, the cost of the opti-
mization process can become prohibitively high. Therefore, it is necessary to reduce the
design space and solutions effectively [11]. Additionally, due to mechanical and geometrical
constraints, improving the performance of practical coat-hanger dies by optimizing existing
geometric shapes is often possible. As a result, the optimal design should involve only
minor geometry adjustments and closely resemble the initial configuration. In such cases,
gradient-based design solutions using adjoint methods can significantly reduce computa-
tional costs [11]. Hence, the adjoint method is a practical and efficient option for optimizing
the existing coat-hanger die. The benefits of using the adjoint method for enhancing coat-
hanger die performance are enticing. Also, executing GAs is much more challenging than
most other applications due to the large number of computational resources required for
carrying out precise polymer CFD simulations with many design variables.

Several approaches have been suggested to optimize the flow uniformity and pressure
drop of coat-hanger die geometries [2–7,9,12,13]. Although the adjoint solver is widely
used in aerospace engineering and the automotive industry to address turbulent flow
problems, it has seen less adoption in Ansys Fluent for optimizing coat-hanger die designs
that account for non-Newtonian fluids [11,14,15]. This approach is attractive for intricate
shapes because it is not reliant on the quantity of design factors and consequently demands
less computational resources [11]. The cost of using the adjoint method in computation is
almost the same as solving the flow equations [16].

The main proposed innovations of this study are the combination of the Scheme
programming language and Adjoint solver in the shape optimization of a coat-hanger die
design. The results obtained in this study can be employed in various industries for shape
optimization of various designs. This helps in the reduction in time wastage in undergoing
trial and error or using other optimization techniques, which take so much/are limited by
design constraints.

2. Literature Review

Adjoint sensitivity analysis originated in the control theory [17] and has spread to fluid
mechanics [17,18]. Subsequently, the method has been used to optimize fluid problems in-
volving shape and topology, particularly when several degrees of freedom exist [19,20]. The
adjoint method has also been used in extrusion for various optimization purposes [4,21–28].
Regardless of the number of design parameters provided, the adjoint technique requires
only two flow simulations, one for the primal and one for the adjoint system. This approach
gives a competitive advantage over standard parametric optimizations of geometry that
requires as many flow solutions as parameter combinations. This advantage, particularly
regarding big application scenarios and adjoint-based optimization techniques, has made it
a vital optimization tool in industries [29,30].

In the case of the application of CFD optimization techniques to the Euler and Navier–
Stokes equations for design purposes, adjoint equations are widely used [17–20,31]. With
adjoint approaches, computing sensitivity derivatives of a function only requires one flow
calculation and one adjoint calculation per given number of design variables. This makes
the cost of computation essentially independent of the number of design variables. There
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are two formulations of the method: discrete and continuous. In the discrete method,
the governing equations are linearized and then discretized. On the other hand, the
continuous approach linearizes and then discretizes the equations as well, but allows for
more adaptability in discretization, resulting in lower memory and CPU expenses [17].
Discontinuous action in the discretization scheme can be addressed using the continuous
approach [29,30]. Nevertheless, using the discrete adjoint method can ensure the accuracy
of the final gradients of the adjoint solution by generating the exact sensitivity derivatives
of the initial discretization of the governing equations [18]. The process for implementing
the discrete adjoint technique is straightforward. It involves linearizing the discretized
governing equations in either the primal or tangent problem, creating the tangent problem
for sensitivity derivatives. To obtain the discrete adjoint formulation, one must work
backwards through the tangent problem and transpose each matrix created along the way.
Deriving the tangent problem for boundary conditions is less complex than deriving the
adjoint problem. Linearization is often necessary to develop an implicit solution scheme,
which aids in finding a solution [31].

Many approaches to adjoint problems center on creating and addressing the adjoint
problem for the governing flow equations. However, it is important to note that design
optimization involves more than just solving for flow solutions. It also includes dealing with
surface and interior mesh deformation. Simplified formulations (especially for structured
grids) [17], finite differencing [32], or forward linearization [18] can reduce the sensitivities
from additional processes like surface deformation and interior mesh deformation [31].

In this study, a new approach to optimize polymer flow using Ansys Fluent’s adjoint
solver technique is presented. The main focus is on die design optimization for non-
Newtonian fluids, an area with limited studies on the application of this technique. The
effectiveness of the adjoint solver in improving melt flow through the die is evaluated
through numerical results and contour plots. The research provides a fresh perspective in
the field of polymer flow optimization. The Carreau–Yasuda viscosity model is used to
model the flow of the polymer melt, and the results are presented through contour plots
and graphs that compare the initial and optimized coat-hanger die geometries.

Scheme Programming Language

Scheme is a concise and sophisticated programming language that originated in
the 1970s and is based on the Lisp family. The language is renowned for its simplicity,
utilizing a clear and uncomplicated syntax, distinguished by the extensive utilization of
S-expressions. This programming language prioritizes mathematical functions and utilizes
dynamic typing, allowing for adaptable and creative code [33].

Scheme stands out for its use of lexical scoping, which provides clear and predictable
variable management. Garbage collection automates memory management, hence, min-
imizing the likelihood of memory-related failures. Scheme provides a wide range of
advanced constructs, such as closures and macros that enhance the production of compact
and elegant code.

In addition to its practical applications in software development, Scheme has played
a substantial role in the fields of education and research. Its simplicity makes it a good
choice for beginners, which is why it is widely used for teaching programming principles.
The lasting importance of Scheme in the world of programming and computer science
is attributed to its interactive development environment and its ability to be used across
multiple platforms [33].

3. Coat-Hanger Die Design

The quality of die design is investigated in this study with regards to how pressure
drop and variation in die exit velocity impact it. The dimensions of the extruder and
required power are determined by the pressure drop, whereas the thickness uniformity
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of the sheet is influenced by the fluctuation in outlet velocity [4,31]. Mathematically, die
design optimization is as follows:

min
(

φεRN
)

f (φ ) = Pin (1)

Such that:

g1(φ) =
1
L

∫ ( v (φ)

va(φ)
− 1
)2

dx ≤ ε1 (2)

Equation (2) is integrated from the edge of the die exit (lexit).

g2(φ) =

(
va (φ)

vp(φ)
− 1
)2
≤ ε2 (3)

g3
k(φ) =

‖ 5 hk(φ)‖
‖ 5 hp‖

− 1 ≤ 0 (4)

This nonlinear restricted optimization aims to reduce the inlet pressures Pin as much
as possible [34].

The constraint g1 in Equation (2) estimates changes in outlet velocity, which is utilized
to achieve an outlet velocity that does not fluctuate while remaining in the range of one [4].
We have this restriction in order to ensure that the mean gap-wise velocity at the outlet
v(φ), which is normal to the die outlet in Figure 1, stays close to the average gap-wise exit
velocity, va(φ), which is specified as follows:

va(φ) =
1
L

∫
lexit

vdx (5)
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The needed overall flow rate Q at which the die is operating is given by [4,31];

Q = 2hexit

∫
lexit

vpdx (6)
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The objective function f(φ) and constraint g3
k (φ) rely directly on the design variables,

whereas the constraints g1 (φ) and g2 (φ) rely indirectly on the design variables via the
governing equations [4].

3.1. Adjoint-Based Optimization

The effectiveness of adjoint-based optimization for problems with many design vari-
ables has been known for some time [4]. By utilizing the adjoint technique, it becomes
possible to perform highly precise calculations of sensitivities, i.e., the objective function’s
derivative with respect to the design parameters. Only one solution of the adjoint equiva-
lents of the governing equation system, in this case the Navier–Stokes equations, is required,
which means that the processing effort remains consistent regardless of the number of
design variables. Sensitivity analysis can be used to generate information, such as uniform
velocity and pressure drop, and is applicable to either a surface mesh representation or a
volume mesh of the area that needs improvement [4].

3.2. Design Sensitivity Analysis (DSA)

In order to quickly calculate better designs, gradient-based optimization algorithms
take advantage of design sensitivity. The design variables, such as the 1/2 height of die
cavity or inlet pressure variables in φ, and performance metrics of the system, such as f,
g1, g2, and g3

k in Equation (1), are quantified by design sensitivities [4]. Similar to how
the flow solution was assessed, equations were developed for the design sensitivities and
evaluated them using the FEA. This method of analysis sidesteps the usual mistakes and
inefficiencies of FDM.

3.3. DSA for Coat-Hanger Die

Calculating design sensitivity is easy since both the objective function f (φ) and the
constraint g3

k (φ) in Equation (1) are established directly on φ [4]. The sensitivity analysis
for the objective function f (φ) in Equation (1) can be calculated using the following:

D f (φ)
φi

= 1 f or φi = Pin, otherwise = 0 (7)

Using a similar approach, the sensitivity for the constraint g3
k is as follows:

Dgk
3(φ)

D(φ i)
= 0 f or φi = Pin, otherwise =

1
‖ 5 h‖‖ 5 hp‖

(8)

where the gradients of 1/2 height, h, are calculated at the K-th element only. These functions
g1(φ) and g2(φ) in Equation (1) are defined implicitly by the solution found by solving
Equation (6) with the Ansys Fluent Solver [4].

Given the objective function below:

f (φ) = G(P(φ), φ) (9)

where f represents either of the two possible implicit constraints and is specified by a
function G that depends directly on the design parameter and indirectly on φ via the nodal
pressure vector P [4]. If the surface is sufficiently smooth, the adjoint variable approach can
be used to determine how sensitive F is to changes in the design variable φi.

D f
Dφi

=
∂G
∂φi
− λ· ∂R

∂φi
(10)

where the adjoint variable vector λ is calculated from the system of linear equations.[
∂R
∂P

]T
λ =

(
∂G
∂P

)T
(11)
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For the aforementioned performance metric, ∂G
∂P represents the adjoint load. The

adjoint variable approach is computationally cost-effective because only one linear adjoint
problem, defined by Equation (11), needs to be analyzed for each implicit objective and
constraint function [4].

3.4. Adjoint Optimization Methodology

This part describes the approach taken to handle the uneven distribution of the melt
along the width of the coat-hanger die. The coat-hanger die being examined is used
by a nearby polypropylene sheet manufacturer and has dimensions provided in Table 1,
as shown in Figure 1. It is specifically designed to produce 720 mm wide and 3 mm
thick sheets.

Table 1. The quantitative parameters of the coat-hanger die.

Entrance
Diameter (mm)

Distance between
Inlet and Outlet (mm) Thickness (mm) Width (mm) Gap Height (mm) Gap Width (mm)

20 250 85 750 3 720

The process loop shown in Figure 2’s flow chart outlines how to optimize the coat-
hanger die using the adjoint method. The loop is repeated until the updated geometry ful-
fills the necessary specifications. To automate the simulation and avoid the manual actions,
an example script written in Scheme language is provided in Appendix A. The subsequent
sections will provide a detailed discussion of the steps involved in adjoint optimization.
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Figure 2. Flow chart of the adjoint optimization method.

3.4.1. Defining Boundary Conditions and Geometry of the Coat-Hanger Die

The boundaries of the coat-hanger die are defined as follows:

• Inlet: The flow is assumed to be fully developed with the volumetric flow rate of
8.5 × 10−5 m3/s

• Wall: No-slip boundary condition
• Outlet: Zero normal and tangential forces.

Due to the symmetric nature of the coat-hanger die geometry only a quarter of the
fluid domain of the coat-hanger die was used to reduce the computation time, as illustrated
in Figure 1.

The present investigation employed a tetrahedron mesh composed of 972,007 cells
with an element size of 1.0 × 10−3 m, accompanied by 5 inflation layers, as illustrated in
Figure 3.
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3.4.2. Forward Simulation

Prior to running the adjoint solver, a forward simulation must be conducted to obtain
the initial velocity values throughout the die body. The properties of the polypropylene
material were given in the form of a Carreau–Yasuda viscosity model [34] as shown in
Equation (12):

η= na η∞αT + αT(η0 − η∞)
(
1 +

(
λαT

.
γ
) a
) n−1

a (12)

where, η0—Zero shear viscosity (Pa · s), η∞—Infinity shear viscosity (Pa · s),
.
γ—effective

shear rate (s−1), n—exponent (dimensionless), a—transition parameter (dimensionless),
αT—temperature dependence (dimensionless), λ—time constant (s).

The parameters for the Carreau-Yasuda viscosity model used in this study are shown
in Table 2.

Table 2. List of parameters used in the simulation.

Parameter Value

Zero-shear rate viscosity, η0 8920 Pa · s
Time constant, λ 1.58 s

Power-law index, n 0.496

Index that controls the transition from the
Newtonian plateau to the power-law region, α 2

After the first run of the fluid calculation from FLUENT, the obtained results for both
pressure and velocity will be used to initialize the computation for the adjoint observable.

3.4.3. Standard Deviation

A standard deviation is a measurement of the data’s variance from the mean.
The formula below is used to calculate the standard deviation of a given field variable

on a surface: √
∑n

i=1(x− x0)
2

n
(13)

And x0 is given by:

x0 =
∑n

i=1 x
n

(14)

3.4.4. Adjoint Solver

This research aims to achieve a uniform distribution of the melt across the width of
the die. To accomplish this, the mass flux variance at the die outlet serves as the observable
adjoint, which must be minimized. To determine the mass flux variance, one needs to
calculate the surface integral of the mass flow rate across the die outlet.

To begin the optimization process with the adjoint solver, it was necessary to specify
the desired reduction in the mass flux variance. The target reduction was initially set to
5% and applied in the first 60 iterations. However, towards the end of the computation
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(from the 61st to 80th iterations), a 2% reduction was deemed more appropriate as the 5%
reduction was too aggressive. Note that the percentage reduction depends on the choice of
usage. In order to reduce simulation time, a 5% reduction was first chosen, and afterward,
a 2% reduction.

Once the target change in the observable value has been established, the design change
necessary to achieve a 5% or 2% reduction in mass flux variance must be calculated, and the
mesh must be updated accordingly. The optimization process involved 80 iterations, with
the first 50 iterations aimed at achieving a 5% reduction and the remaining 30 iterations
focused on a 2% reduction in the observable value. As there is a repetitive loop between the
first 50 and last 30 iterations, the script provided in Appendix A can be employed instead
of running the optimization process manually 80 times.

Finally, the optimized geometry is extracted in an STL form using the Export STL
button.

4. Results and Discussion
4.1. Mesh Independency Study

To ensure that accurate and reliable results were obtained in this study, the mesh
independency study was performed to obtain the appropriate mesh size and density
required. The mesh independency study was performed for the coat-hanger fluid domain
starting with a mesh element of 50,000. From Figure 4, a mesh size of 500,000 and above
found no variation in the maximum outlet velocity. Hence, we adopted a mesh size of
1.0 × 10−3 m having 972,007 elements.
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4.2. Ansys Fluent and Adjoint Results

This section presents the optimization outcomes carried out using the adjoint solver.
Figure 5a at the 0th iteration initially demonstrated that the outlet velocity was nearly
10 times higher at the die center than at the edges. Aggressive enhancement in the outlet
velocity was noticeable from the 0th to 50th iteration (Figure 5a–e). From the 51st to
80th (Figure 5f–i) iteration, the improvement in the mass flux variance was smoother.
Consequently, the outlet velocity became more uniform than the velocity distribution prior
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to optimization. As shown in Figure 6, there was a reduction of 71.6% in the mass flux
difference at the die outlet from 0.015069 kg m−2 s−1 to 0.004281 kg m−2 s−1. Also, the
improvement of the outlet velocity can be compared in terms of the standard deviation
which was reduced from 0.097 to 0.015.
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Figure 6. Mass flux variance minimization kg m−2 s−1.

Figure 7 illustrates the improved velocity distribution across the die land after 80 itera-
tions. Initially, during the 0th iteration (Figure 7a), the low-velocity region (ranging from 0
to 0.142 m/s) occupied one-third of the die from the edge. However, in the 80th iteration
(Figure 7i), a uniform distribution was achieved across the land ranging from 0.172 m/s to
0.258 m/s. Nonetheless, there is a small region in the middle where the velocity ranges
from 0.515 m/s to 0.061 m/s.
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In addition, the pressure distribution recorded in Figure 8 reveals that the difference
between the inlet and outlet pressures results in the pressure drop value. Given that the
inlet pressure is considerably greater than the outlet pressure, the pressure drop value is
equivalent to the inlet pressure in our case. However, after 80 iterations, the pressure drop
value remained unchanged as our target observation was solely the reduction in mass flux
variance. Figure 8 depicts that the pressure drop value increased from 14.5 MPa to 16.5 MPa
from the 0th (Figure 8a) to the 80th (Figure 8i) iteration, indicating that the improvements
made to the coat-hanger die’s flow uniformity did not yield favorable pressure results. This
is because we only used mass flux variance as our observable during the simulation.

Lastly, Figure 9 compares the coat-hanger die geometry before and after optimization.
The fluid domain volume increases against the number of iterations is plotted in Figure 10.
The fluid domain’s initial volume was estimated to be 91,703.07 mm3, while after optimiza-
tion, it increased to 93,116.98 mm3. The fluid domain’s volume increased due to the change
in bounded regions during the optimization process. Upon observing the side views, it
is evident that some regions of the fluid domain experienced a slight increase in volume,
resulting in the thickening of the slit in those areas.
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Figure 8. Pressure contour plots: (a) 0th iteration, (b) 10th iteration, (c) 20th iteration, (d) 30th 
iteration, (e) 40th iteration, (f) 50th iteration, (g) 60th iteration, (h) 70th iteration, and (i) 80th 
iteration. 
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5. Conclusions

In conclusion, this paper aimed to enhance the uniform flow of the polymer melt
through the coat-hanger die by utilizing the Adjoint Method. This research demonstrated
the applicability of the adjoint solver in coat-hanger die design for non-Newtonian fluids,
such as polymer melt. The resulting coat-hanger die geometry produced a more uniform
melt flow, as evidenced by the velocity contour plot and outlet velocity graph across the die
slit region. The variance in mass flow at the outlet of the die was considerably decreased by
71.6%, going from 0.015069 kg m−2 s−1 to 0.004281 kg m−2 s−1. Additionally, the deviation
in outlet velocity was reduced from 0.097 to 0.015. Therefore, the adjoint solver can be
considered a powerful tool for optimizing coat-hanger dies for non-Newtonian fluids.
However, concerns were raised regarding the computation time, which was approximately
26 h, and the feasibility of machining the geometry changes depicted in Figure 9. Also,
future work will be based on the defined objective function in this paper whereby the
pressure and velocity will be linearly combined as observables to obtain results for both
pressure drop and uniform velocity at the die outlet.

In order to develop various syntaxes for different shape optimization objectives and
residuals, familiarity with the scheme programming language syntax is required. It should
be noted that the initial solution from the first iteration of the ANSYS Fluent solver is
relied upon by the adjoint solver, which could lead to variations in results when different
rheology models are used. With different rheology models used, there could be variations
in results that were not accounted for in this study. As such, future research will delve into
the extent of the variation in optimization for different rheological models.
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Nomenclature

Pin inlet pressure
φ design variables
F objective function
h height
g1, g2, g3 constraints
v(φ) mean velocity
va(φ) exit velocity
L length
Q flow rate
Cp heat capacity at steady pressure
ρ density
U velocity
T temperature
P pressure
5 gradient operator
Ω cavity domain
S conductance
R residuals
x cell value of selected variables at each facet
x0 mean of x
n total number of facets.

Appendix A

(define start_loop 1)
(define end_loop 60)
(define х start_loop)
(define max-iter-adjoint 20)

(do ((x start_loop (+ x 1))) ((> x end_loop))

(display x)

(ti-menu-load-string “/adjoint/run/initialize \n”)
(ti-menu-load-string (format #f “/adjoint/run/iterate ~a \n” max-iter-adjoint))
(ti-menu-load-string “/adjoint/controls/stabilization yes 3 40 no\n”)
(ti-menu-load-string “/adjoint/run/iterate 20 \n”)

(ti-menu-load-string “/adjoint/design-tool/design-change/calculate-design-change \n”)
(ti-menu-load-string “/adjoint/design-tool/design-change/modify-mesh \n”)

(ti-menu-load-string “solve iterate,”)

(ti-menu-load-string “/adjoint/observable/select \”mass-flux-variance\” no \n”)
(ti-menu-load-string “/adjoint/observable/write yes observables.txt yes \n”)

(ti-menu-load-string “/adjoint/observable/select \”mass-flux-variance\” no \n”)
)
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