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Abstract: Coastal zones are experiencing rapid urbanization at unprecedented rates. At the same time,
coastal cities are the most prone to climate-related vulnerability, including impacts of sea-level rise and
climate-related coastal hazards under the present and projected future climate. Decision making about
coastal urban climate adaptation can be informed by coastal climate services based on modeling tools.
We develop a two-period coastal urban adaptation model in which two periods—the present and
the future—are distinguished. In the model, a city agent anticipates sea-level rise and related coastal
flood hazards with adverse impacts in the future period that, through damages, will reduce the urban
income. However, the magnitude of future sea-level rise and induced damages are characterized
by uncertainty. The urban planning agent has to make an investment decision under uncertainty:
whether to invest in climate adaptation (in the form of construction of coastal protection) or not, and
if so, how much. The decision making of the urban agent is derived from intertemporal maximization
of expected time-discounted consumption. An exact solution in the closed form is derived for
an analytically tractable particular case, for which it is shown that investment decisions depend
discontinuously on the value of a single non-dimensional model indicator. When this indicator
exceeds a certain threshold value, the urban agent discontinuously switches from the ‘business-as-
usual’ (BaU) strategy when no adaptation investment is taken to a proactive adaptation. The role of
coastal climate services in informing the decision making on adaptation strategies is discussed.

Keywords: coastal city; climate adaptation; sea-level rise; climate services; novel modeling tools;
optimization model; uncertainty

1. Introduction

In a modern, rapidly urbanizing world, coastal zones are experiencing particularly
high urbanization rates [1,2]. At the same time, these rapidly developing coastal urban
areas are increasingly vulnerable to sea-level rise and climate-related coastal hazards [3–9].
This requires proactive climate adaptation of coastal cities [10], which can be supported by
coastal climate services [11,12], a specific subdomain of climate services [13–18] that supports
climate-informed decision making in coastal zones using climate knowledge.

To inform climate adaptation in coastal urban areas, it is necessary to understand both
regional climate change and coastal urban systems. Urban modeling can substantially
support the latter task. In view of the high complexity of urban systems, it is not sur-
prising that many paradigms for urban modeling have evolved over time, with no single
methodology capable of monopolizing or at least dominating the market. In fact, each of
these complementary approaches successfully describes its own facets of complex urban
dynamics. Socio-natural systems in general, and coastal urban systems in particular, can be
modeled with optimization models [19–21]; system dynamics [22–26]; growth-diffusion
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models [27,28]; actor-based system dynamics modeling [29–31]; the VIABLE modeling
framework [32–34]; agent-based modeling [35–37]; cellular automata [38–42]; social net-
work analysis [43]; advanced methods of urban network analysis [44–46]; and many other
modeling approaches. In the present paper, we adopt the first of the approaches listed
above and develop a simple optimization model of a coastal city adapting to climate change
under uncertainty. We have chosen the optimization modeling approach to explore under
which conditions a fully rational actor described within a traditional economic modeling
paradigm will choose a proactive coastal urban adaptation strategy.

Possible responses of coastal urban areas to climate adaptation challenge can include
such versatile measures as traditional coastal defenses [47–50], nature-based solutions [51–53],
and managed retreat and relocation of urban areas further inland [1]. The present paper is
focused on traditional coastal defenses, including their strong points such as rich experience
of construction projects at various scales, established engineering guidelines, and high
effectiveness at preventing damage during extreme events [54]. It should be mentioned
that similar models can be developed for other coastal adaptation options, as well.

In the present paper, we develop a simple discrete-time coastal urban adaptation
model, where the urban agent has to make a decision on climate adaptation investment
under uncertainty. The decision making of the urban agent is derived from intertemporal
maximization of expected time-discounted urban consumption affected by climate dam-
ages in the future period. We also discuss, within the modeling framework developed,
the role of coastal climate services in informing the decision making on possible urban
adaptation strategies.

The model developed in the present paper has certain similarities to a one-step opti-
mization global climate-economy model developed by Rovenskaya (2011) [55]. In particu-
lar, both models focus on two discrete-time moments: present and uncertain future, and
are based on a one-sector growth model where annual GDP is split between consumption
and investment. However, no explicit climate adaptation or mitigation options have been
considered in the cited paper, while the focus of our research is on exploring the local
coastal urban adaptation strategies and the role of coastal climate services in informing
their development.

The rest of the paper is organized as follows. In Section 2, we provide a brief overview of
the two-period coastal urban adaptation model and present the model equations. Section 3 is
devoted to an in-depth analysis of an analytically tractable particular case of the model.
Based on this analysis, in Section 4, we discuss the role of coastal climate services for
decision making with regard to urban adaptation. Section 5 summarizes the main features
of the reported coastal urban adaptation model, highlights the finding of a discontinuous
change from a ‘business-as-usual’ (BaU) strategy to proactive adaptation measures condi-
tional to a non-dimensional model indicator, and provides an outlook for possible further
development of the model.

2. Methods
2.1. Overview of the Coastal Urban Adaptation Model

A coastal urban adaptation model to be developed might be considered as a ‘toy’
intertemporal optimization model. The model time is discrete, and only two periods are
considered: the present (t = 0) and the future (t = 1).

The coastal city is considered a closed economy affected by adverse climate change
impacts in the future period. Within each period, the city generates income Y. The current
version of the model does not describe the economic growth of the city, and in the absence
of climate change impacts, the income in the future would be the same as it is at present:

Y0 = Y1 ≡ Y. (1)

Following this assumption, all income in the future period is consumed. In general,
all present income can be also consumed. However, in the future period, the coastal city
anticipates being affected by climate change, leading to sea-level rise (SLR) and climate-
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related coastal hazards. These will cause climate damage to the city, reducing the urban
income at t = 1. Therefore, consumption in the future (equal, by assumption, to income in
the future) will also be reduced, if the city does not take adaptation measures now.

Accordingly, the city may choose to take adaptation measures. This means that at t = 0,
part of the urban income can be channeled in adaptation investment (in the form of coastal
protection construction), at the expense of consumption. Coastal protection construction
can reduce the future climate damage to the city, and therefore offset the reduction of
future consumption caused by SLR. (Formally, within the simplistic modeling scheme
proposed, the reduction of future consumption can be completely eliminated, provided
that investment is sufficiently high. In a more realistic model setup, the uncertainty about
the future SLR impacts will, of course, remain).

However, the current investment decision has to be taken under uncertainty. Among
the multiple sources of uncertainty for long-term decision making of this kind, the following
two factors can be highlighted:

i. The quantitative projections of future SLR provided by climate science are uncertain;
ii. Future climate damage is also assessed with substantial uncertainty.

Of particular importance for the project within which this modeling study has been
conducted is the process of translation of climate science information into actionable
knowledge. Accordingly, within the proposed probabilistic modeling scheme, we will
primarily focus on the issue (i). However, we will also briefly tackle the issue (ii) in
Section 4.

The decision making on coastal urban adaptation strategies can be efficiently sup-
ported by coastal climate services. In the present paper, we address the following di-
mension of climate services: how can the climate information—in this case on projected
SLR and climate-related coastal hazards, including the uncertainty analysis of future
climate projections—inform the decision making of urban agent(s) regarding possible
adaptation responses?

2.2. Model Equations

Based on climate projections, the coastal city expects that in the period t = 1, it will
suffer from climate damages caused by SLR. However, the magnitude h1 of future SLR,
and the future damages at t = 1, are still uncertain at t = 0, when the city has to make an
investment decision regarding the coastal protection construction.

The city can invest part of its income at t = 0, equal to I, when building the coastal
protection. The remaining C0 = Y − I is consumed at t = 0. Therefore, the budget
constraint at t = 0 is

C0 = Y− I. (2)

At t = 1, the city does not make any investment and consumes everything it can. The
consumption at t = 1 is therefore equal to

C1 = (1− d(·))Y, (3)

where d(·) is the damage function from SLR and climate-related coastal hazards the city
experiences at t = 1. Dependent on climate change and the urban adaptation policy, both
affecting the argument of the climate damage function at t = 1 , it can be either d = 0 (no
damage at all at t = 1) or 0 < d ≤ 1 (damage does occur).

The investment I leads to the construction of coastal protection at t = 1 with the
‘efficient height’ hd

1 equal to
hd

1 = κd I, (4)

where κd is the inverse cost of construction of one unit of height of coastal protection.
The damage function d

(
h1 − hd

1

)
in Equation (3) depends on the difference between

the (exogenous) SLR h1 and the efficient height of coastal protection hd
1 (all variables at
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t = 1). In Section 3.1 below, we will explicitly define the damage function d(·) for an
analytically tractable particular case.

The SLR h1 in the future, relative to its present value, is uncertain at present. We
assume that climate projections deliver its probability density function (PDF) p(h1).

The city maximizes the expected discounted consumption. In a continuous-time
intertemporal optimization problem, the discounted consumption would take the form

C =
∫ +∞

0
C(t) exp (−rt)dt, (5)

where r is the discount rate. In our simple two-period discrete model, an analogue of
Equation (5) would be

C = C0 + βC1, (6)

where 0 < β < 1 is the discount factor.
As C1 depends on h1, C in Equation (6) also depends on h1: C = C(h1).
In summary, the city faces the following maximization problem: to choose the investment

I in such a way that the expected discounted consumption

E[C] =
∫

C(h1)p(h1)dh1 (7)

is maximized.
Explicitly, it can be easily shown that, under assumptions made,

E[C] = (1 + β)Y− βY · E[d(h1 − κd I)]− I, (8)

and the latter expression should be maximized as a function of the investment I.
While the model equations presented in this Section combine many ideas from tra-

ditional economic modeling, notably from economic growth theory, the authors see their
main contribution in the detailed tractable analysis of a particular case of the climate
damage function reported in Section 3 below, and also in exploring the role of uncertainty
of climate science information in the process of development of coastal climate services
(Section 4 below).

3. Results
3.1. An Analytically Tractable Particular Case: Simplifying Assumptions

We will now consider in detail an analytically tractable particular case of the coastal
urban adaptation model presented in the previous section. In order to demonstrate the
main findings from the model in as technically simple a way as possible, we make the
following simplifying assumptions:

Assumption 1. A finite PDF is chosen for p(h1).

That means that there is a constant lower bound hmin and upper bound hmax for SLR
(where hmin < hmax), such that

p(h1) = 0 wherever h1 < hmin or h1 > hmax. (9)

Assumption 2. The magnitude of future SLR is uncertain; however, it is certain that some SLR
will occur.

Combined with Assumption 1, this means that

hmin > 0. (10)

A sketch of a PDF for SLR satisfying the Assumptions 1 and 2 is provided in Figure 1.
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0 ℎmin ℎmax

ℎ1

𝑝(ℎ1)

Figure 1. A sketch of a finite probability density function for sea-level rise satisfying the assumptions
from Section 3.1.

Assumption 3. The damage function is piecewise linear and takes the explicit form

d
(

h1 − hd
1

)
=

{
γ ·
(

h1 − hd
1

)
, h1 ≥ hd

1,
0, otherwise,

(11)

where the (positive) slope γ defines how rapidly the damage increases with growing SLR (Figure 2).

0
ℎ1 − ℎ1

𝑑

𝑑 ℎ1 − ℎ1
𝑑

Figure 2. A piecewise linear climate damage function dependent on the difference between sea-level
rise h1 and the ‘efficient height’ of coastal protection hd

1 (Equation (11)).

3.2. Solution in a Particular Case

We now maximize E[C] provided by Equation (8) under simplifying assumptions
made in Section 3.1.

After some calculations (see the detailed derivations in the Section 3.3 below), we
arrive at the following main result.

Based on the following analysis, we introduce a new non-dimensional indicator which
contains key parameters of the model:

B = βγκdY, (12)
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and the cumulative distribution function (CDF) F(h1) corresponding to PDF p(h1),

F(h1) =
∫ h1

−∞
p(h)dh. (13)

With the newly introduced indicator B and the CDF, the conditions for optimal invest-
ment Iopt can be determined as:

Iopt =

{
0, if B < 1,
min(I∗, Y), otherwise,

(14)

where I∗ is a solution of the (algebraic) equation

F(κd I∗) = 1− 1
B

. (15)

In other words, the case B < 1 corresponds to the ‘business-as-usual’ (BaU) strategy with
no adaptation investment at all, while the opposite case B > 1 corresponds to proactive
adaptation in the form of coastal protection construction.

The following conditions are favorable to the BaU case B < 1: the discount factor
is low (the future is not so important for the urban decision maker); the urban income
is not so large; the construction of coastal protection implies high costs; the growth of
damages with SLR is slow. Opposite conditions are favorable to choosing the proactive
adaptation strategy.

3.3. Derivation of Model Solution in a Particular Case

In the present Section, we provide the derivation of the main result stated in Section 3.2.
In Equation (8), in view of Assumption 1 (finiteness of the PDF),

E[d(h1 − κd I)] =
∫ hmax

hmin

d(h1 − κd I)p(h1)dh1. (16)

By performing in Equation (16) integration by parts, we get:

E[d(h1 − κd I)] = [d(h1 − κd I)F(h1)]
hmax
hmin
−
∫ hmax

hmin

d′(h1 − κd I)p(h1)dh1. (17)

Given that
F(hmin) = 0, F(hmax) = 1, (18)

we get from Equation (17)

E[d(h1 − κd I)] = d(hmax − κd I)−
∫ hmax

hmin

d′(h1 − κd I)F(h1)dh1. (19)

To find the maximum of E[C], we will differentiate Equation (8) over I. To do this, we
differentiate Equation (19) over I and notice that

d
dI

d(h− κd I) = −κdd′(h− κd I). (20)

This yields

d
dI

E[d(h1 − κd I)] = κd

[∫ hmax

hmin

d′′(h1 − κd I)F(h1)dh1 − d′(hmax − κd I)
]

. (21)
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Consider the specific form of the damage function given by Equation (11)
(Assumption 3). Given that the damage function is assumed to be piecewise linear, for its
first and second derivative, we get

d
dh1

d(h1 − κd I) = γ · H(h1 − κd I), (22)

d2

dh2
1

d(h1 − κd I) = γ · δ(h1 − κd I), (23)

where, in Equation (22), H(x) is the Heaviside step function,

H(x) =
{

1, x ≥ 0,
0, x < 0,

(24)

and in Equation (23), δ(x) is the Dirac delta function,

δ(x) = 0 if x 6= 0, δ(x) = +∞ if x = 0,
∫ +∞

−∞
δ(x)dx = 1. (25)

By substituting Equations (22)–(23) into Equation (21), we get

d
dI

E[d(h1 − κd I)] = γκd[H(κd I − hmin)H(hmax − κd I)F(κd I)− H(hmax − κd I)], (26)

where a product of two Heaviside step functions in the first term in the r.h.s of Equation (26)
has been introduced to account for finite limits of integration in Equation (21).

Equation (26) can be simplified to the form

d
dI

E[d(h1 − κd I)] = γκd H(hmax − κd I)[H(κd I − hmin)F(κd I)− 1]. (27)

With the help of Equation (27), we easily find from Equation (8) that

d
dI

E[C] = B · H(hmax − κd I)[1− H(κd I − hmin)F(κd I)]− 1, (28)

where the indicator B has been defined in Equation (12).
We now define two threshold investment levels

I(1) =
hmin

κd
, I(2) =

hmax

κd
. (29)

We have:
0 < I(1) < I(2), (30)

where the first inequality in Equation (30) follows from Assumption 2 (Equation (10)).
Explicitly, with new notations introduced, Equation (28) takes the form

d
dI

E[C] =


B− 1, if 0 < I < I(1),
B[1− F(κd I)]− 1, if I(1) ≤ I < I(2),
−1, if I ≥ I(2).

(31)

As any CDF is a non-decreasing function of its argument, it can be easily seen that the
derivative dE[C]/dI is a continuous non-increasing function. If 0 < I < I(1), it is equal to
a constant value B− 1, that, dependent on the value of the indicator B, can be negative,
zero, or positive. If I ≥ I(2), it is equal to −1 and is definitely negative. In between, if
I(1) ≤ I < I(2), the derivative is continuously changing within these limits.

Therefore, two cases are possible (Figure 3).
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0
𝐼(1) 𝐼(2)

𝐵 − 1

−1

𝑑E[𝐶]

𝑑𝐼

𝐼

𝐵 < 1
a)

0
𝐼(1)

𝐼(2)

𝐵 − 1

−1

𝑑E[𝐶]

𝑑𝐼

𝐼

𝐵 > 1
b)

𝐼∗

Figure 3. A derivative of expected discounted consumption over adaptation investment dE[C]/dI as
a function of I. (a) A non-dimensional model indicator B given by Equation (12) obeys an inequality
B < 1. (b) Same as (a), but for the opposite case B > 1.

If B < 1 (Figure 3a), the derivative dE[C]/dI is always negative. This means that E[C]
is a decreasing function of I, and, therefore, to maximize E[C], I = 0 (no investment at all)
should be chosen. This is the BaU strategy with no adaptation.

If B > 1 (Figure 3b), the derivative dE[C]/dI is initially positive, then it starts decreas-
ing and eventually becomes negative. This means that E[C] initially increases with I, but
then starts decreasing. The point where the derivative dE[C]/dI is equal to zero corre-
sponds to a maximum of E[C]. This point I∗ corresponds to the solution of Equation (15).
However, we should also take into account the budget constraint I < Y (Equation (2)). So,
we should choose either I = I∗ or, in case I∗ does not satisfy the budget constraint, the
maximum possible investment compatible with the budget constraint, I = Y. Overall, this
yields Equation (14).

In accordance with Equations (29) and (31), and also with Figure 3b, if the value of the
indicator B only slightly exceeds its ‘threshold’ value B = 1, then the chosen investment
only slightly exceeds I(1) and, therefore, the efficient height of coastal protection h1 only
slightly exceeds hmin, guaranteeing zero damage under the most optimistic SLR scenario
only (at minimum possible SLR). A hypothetical case B→ +∞ would similarly correspond
to the opposite limit hd

1 = hmax, guaranteeing zero damage at maximum possible SLR
(and, therefore, at any SLR). Since the infinite value of B is not possible, this implies that
maximum protection would not be taken.

3.4. An Exemplary Uniform PDF for SLR

Consider now, for simplicity, a case in which a uniform PDF (Figure 4) is chosen for
p(h1):

p(h1) =

{
1

hmax−hmin
, hmin ≤ h1 ≤ hmax,

0, otherwise.
(32)

It should be noticed here that real PDFs for SLR provided by climate projections of
course take a more complex form [3–5], and so an example (32) should be considered as
illustrative to show the benefit of an explicit solution.

Then Equation (15) to find I∗ can be easily solved explicitly, and the solution takes
the form

I∗ =
1
κd

[
1
B

hmin +

(
1− 1

B

)
hmax

]
. (33)

We will discuss Equation (33) in the next Section.
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0 ℎmin ℎmax

ℎ1

𝑝(ℎ1)

1

ℎmax − ℎmin

Figure 4. An exemplary uniform probability density function for sea-level rise.

4. Discussion: The Role of Coastal Climate Services

Within the simple modeling scheme developed in the present paper, coastal climate
services can provide valuable information for the urban decision maker regarding:

i. The form and parameters of the probability distribution function (PDF) for SLR;
ii. The form and parameters of the climate damage function.

As mentioned above, this information is inevitably uncertain. In view of this, we
now briefly discuss the sensitivity of solutions derived in Section 3 for the particular
case of the presented model to the values of parameters potentially delivered by coastal
climate services.

Firstly, we note that an expression (12) for the non-dimensional model indicator B
does not include any information on a particular PDF for SLR chosen. No matter what
particular form of the PDF we choose, and what values we assign to parameters specifying
this probability distribution, the indicator B will be the same (as soon as the chosen PDF
satisfies the Assumptions 1 and 2 made in Section 3.1, while the damage function satisfies
Assumption 3). At the same time, the slope γ of the damage function does affect the
value of indicator B. As the threshold value for B separating the investment and the no-
investment case is simply a non-dimensional constant (equal to one), this means that in
the proposed simplistic modeling scheme, the ‘economic’ information embedded in the
damage function affects the point where the BaU strategy is abandoned and the adaptation
investment is triggered, while the ‘physical’ information embedded in the PDF for SLR
does not. However, if a decision on adaptation investment is taken, the value of optimal
investment is of course affected by both the ‘economic’ (damage function) and the ‘physical’
(PDF for SLR) parameters.

If the modeled coastal urban system is within the domain of the parameter space
where B < 1, the decision making is robust with respect to PDF for SLR (as there is zero
investment anyway under BaU, it is not important to know the exact parameters of PDF
for SLR).

However, the situation changes if B > 1. Then, if the decision maker does not know
the exact parameter values of the PDF, the chosen investment can maximize the expected
consumption only by coincidence.

Consider again an example with a uniform PDF (Equation (32)) and the resultant
optimal investment (Equation (33)). Let B > 1. If B ' 1, then I∗ ' I(1) (Equation (29)), and,
therefore, I∗ is sensitive to hmin and insensitive to hmax. In the opposite case of B→ +∞, we
have I∗ ' I(2); I∗ is insensitive to hmin and sensitive to hmax. This means that, dependent
on the ‘economic’ parameters of the urban system, there might be more demand for the
‘physical’ information either on the ‘best-case’ (low-end) or the ‘worst-case’ (high-end)
SLR projections.
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For the uniform PDF (Equation (32)), the case B = 2 leads to the coastal protection
height being exactly the average of minimum and maximum possible SLR levels, as follows
from Equation (33).

More realistic models would undoubtedly bring more details (and, probably, certain
revisions) in a brief sketch of the role of coastal climate services outlined in the present section.

5. Conclusions and Outlook

In the present paper, we developed a simple two-period coastal adaptation model
and explored analytically tractable particular conditions in detail. Despite the simplicity
of the proposed modeling scheme, the decision making of the urban agent demonstrates
a non-trivial discontinuous dependence on model parameters. When a non-dimensional
model indicator defined by Equation (12) exceeds its threshold value, the ‘business-as-usual’
(BaU) strategy with zero investment in climate adaptation discontinuously changes to a
proactive adaptation strategy with an investment exceeding a certain positive lower bound.
The proposed model is substantially probabilistic, and we discussed the role of coastal
climate services in providing the information relevant for decision making on coastal urban
adaptation under inevitable multi-level uncertainty.

The simple model developed in the present paper can be further extended in a number
of directions. One methodological development would be to consider a similar intertempo-
ral optimization problem in continuous time, and in a more general setting maximizing
the discounted utility of consumption, and not merely the discounted consumption itself.
At the same time, as discussed in the Introduction section, the optimization framework is
not at all the only possible formalism of describing the decision making of model agent(s).
To achieve a broader perspective on describing the adaptive agent decision making, we
are planning to explore a modified coastal urban adaptation model within the VIABLE
modeling framework [34], involving multiple agents who can interact in conflict or coop-
erate in taking joint action. More added value can be provided by considering realistic
PDFs for SLR provided by climate projections within the proposed modeling scheme or
non-linear damage functions. Including the description of economic growth in the model
is also important. Last but not least, as also discussed in the Introduction section, building
coastal protection is not the only possible adaptation option for a city facing sea-level
rise. Cities might be urged to implement other measures, including managed retreat and
population relocation [1]. Based on our previous experience exploring a portfolio of coastal
urban adaptation options within the VIABLE modeling framework [56,57] we are planning
to extend the presented modeling scheme to include a choice between alternative adap-
tation options, or a combination of them. This approach may be also applicable to other
cases of adaptation to environmental challenges, including promising innovative coastal
urban adaptation measures other than traditional construction of hard defences. All these
developments towards more detailed and realistic modeling are planned for future work.
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