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1. Introduction

The following notations are used throughout this paper. We use I to denote an interval on the real
line R = (—o0, +00). For any subset K C R", K° is the interior of K. The set of integrable functions on the
interval [a1, a3 is denoted by L{ay, a,].

The following inequality obtained by Hermite and Hadamard is one of the most famous inequalities
in the literature for convex functions.

Theorem 1. Let f : I C R — R be a convex function on I and ay,a; € I with ay < ap. Then, the following

inequality holds:
f (611 + le) < 1 /azf(x)dx < f(al) +f(612) . (1)

2 ag —ay Jay 2

This inequality (1) is known as Hermite-Hadamard or trapezium inequality. As a result of the rich
applications in the field of numerical analysis, this result has attracted many mathematicians attention
from all over the world. For other recent results which generalize, improve, and extend the inequality (1)
through various classes of convex functions interested readers are referred to References [1-33].

Let us recall some special functions and evoke some basic definitions as follows.

Definition 1 ([34]). A set S C R" is said to be an invex set with respect to the mappingn : S x S — R", if
x +ty(y,x) € S forevery x,y € Sand t € [0,1].

The invex set S is also termed an #-connected set.
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Definition 2. Let S C R" be an invex set with respect ton : S x S — R". A function f : S — [0, +o0) is said
to be preinvex with respect to 1, if for every x,y € Sand t € [0,1],

flx+tn(y,x) < (1= f(x) +tf (). @
Furthermore, let us define a function ¢ : [0,00) — [0, 00) satisfying the following conditions:
1
/ 21 4t < oo, 3)
o
1 ¢(s) 1 s
— < —=< - < -<
A_gor)_AforZ_r_z @)
(r) . po(s)
— < <
P _BS fors <r ®)
(r) _ ¢(s) o(r) 1 _s
_ <Cly — —<l<
P 2 < Clr—s] 2 forz_r_Z (6)

where A, B,C > 0 are independent of 7,5 > 0. If ¢(r)r* is increasing for some a > 0 and (P( ) is decreasing
for some B > 0, then ¢ satisfies (3)—(6), see Reference [35]. Therefore, Sarikaya and Ertugral [28] defined
the following left-sided and right-sided generalized fractional integral operators, respectively, as follows:

I(,,f / q)ix__tt t, x>, 7)
o Tpf(x) = X”Z %f(t)dt, X < . ®)

This fractional integral operators are a new generalization of fractional integrals such as the
Riemann-Liouville fractional integral, the k-Riemann-Liouville fractional integral, Katugampola fractional
integrals, the conformable fractional integral, Hadamard fractional integrals, etc. To read more about
fractional analysis, see References [10,11,22,27].

Motivated by the above literature, the main objective of this paper is firstly to discover in Section 2 an
interesting identity in order to establish some new bounds regarding trapezium-type integral inequalities.
Then, using this lemma as an auxiliary result, some new estimates with respect to trapezium-type integral
inequalities via general fractional integrals will be obtained. It is pointed out that some new special cases
will be deduced from the main results. In Section 3, some applications regarding special means for different
real numbers are given. The ideas and techniques described in this paper may stimulate further research
in the field of integral inequalities.
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2. Main Results

Throughout this study, let P = [may, ay] with a; < ap, m € (0, 1] be an invex subset with respect to
7 : P x P — R. Additionally, for brevity, we define

go 1(az, may + a; — x)u)
u

A*

du < oo, n(ay,ma;+ay;—x)>0 )

and
q) n(may + ay — x, may)u)

u

A*

du < oo, n(may+a; —x,may) > 0. (10)

For establishing some new results regarding general fractional integrals we need to prove the
following lemma.

Lemma 1. Let f : P — R be a differentiable mapping on (may,az). If f € L(P), then the following identity for
generalized fractional integrals holds:

1

AL (D) < (mara—x)* lof (mar+az = x4 n(az, may +a, =)

1
+m X (ma1+77(ma1+a27x,ma1))—Iq)f (mul)]

_ f(may +n(may +az — x, mal)) + f(may +ap —x)

= U(QZIT;ZS*JF 2= %) / Ay ( f! (may + ay — x + ty(az, may + ay — x)) dt a1
_11(may ;‘Aﬂ*z — x,may) / Ay, (B) f' (may + ty(may + ay — x, may)) dt.

We denote

n(ay, may + a; — x)
ZA;%(I)

Tr,ap05 (X501, 02) i= (12)

1
x/ Ay (1 —t)f' (may + ay — x + ty(ay, may +ay — x)) dt
0

_ n(may + az — x, may)
2A%,(1)

1
/0 N () f (may + ty(may + ap — x, may)) dt.
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Proof. Integrating by parts (12), using (9) and (10) and changing the variables of integration, we have

Tt az,an (x5 01,02)
1

_ n(az, may + a; — x) {A,’;(l — ) f (may + a, — x + ty(ay, may + az — x))

2A%,(1) n(az, may + a; — x) .
N 1
n(az, may + a; — x)
1 _ _
X / ¢ (n(az,ma if-ﬂzt x)(1 t)>f (may + ap — x + ty(ay, ma; +a; — x)) dt}
0 _
1
_n(may +ax — x,maq) | Ay (t)f (may + ty(may + a — x, may))
24A7,(1) n(may +az — x, may) 0
B 1
n(may + ay — x, may)
1 _
X / @ (y(man +at2 x'mal)t)f(mal + ty(may + ay — x,may)) dt}
0
_ nlaymar+ap—x) | A1) f(may 4 a; — x) 1
- 2A%(1) n(ay, may + ap — x) 1(ay, may + ap — x)
X (may-+ay—x)+ Lpf (may +az — x +1y(az, may + az — x)) }
_n(may +ax — x,maq) | Aj (1) f (may +n(may +a — x,may)) 1
2A5,(1) n(may + ay — x, may) n(may + ay — x, may)

X (ma1+r](ma1+uzfx,ma1))—Iq)f (mal) }

1
m X (may+ay—x)* LPf (mal +ay —x+ 77(112/ may +az — x))

1
+m X (ma1+11(ma1+a27x,ma1))‘I<Pf (mal)]

f(may + n(may + ay — x,may)) + f(may + az — x)
5 .

This completes the proof of the lemma. [
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Remark 1. Taking m = 1, y(may + a — x, may) = (may + ap — x) — may and y(ay, may +a; — x) = ay —
(may 4 ap — x) in Lemma 1, we get

Tf/A*/AT (x; ai, az) (13)

1 1
~ oA~ (ay+ay—x)+ Igf (a2) + 287 (1) (a+ar—x)- Lpf (a1) | — f(a1 + a2 — x).

Theorem 2. Suppose that m € (0,1] is a fixed number. Let f : P — R be a differentiable mapping on (may, az).
If |f'|7 is preinvex on P for ¢ > 1and p=' 4+ q~' = 1, then the following inequality for generalized fractional
integrals holds:

| Tf,az, a5 (x; a1, 82) | (14)
1(az, may + ap — x) </|f’(mﬂ1 +ax —x)|7+ | f'(a2)]?

< *

< 280 (1) {/Bas (p) 5

+’7<ma1 ;Aa;;(;)x’ may) mq/vl(ﬂmlﬂ”’ + |f’§mﬂ1 +ap — X)‘q,

where

B (p) = / [an1=n]"dt, Cu;(p) = / (8] a. (15)
0 0
Proof. From Lemma 1, preinvexity of | f’|7, Holder inequality, and the properties of the modulus, we have

| Tr a5, (5 01, a2) |
n(ap, may +ay —

- 2A5,(1)
n(may + a; —
2A5,(1)

1
x)/o Ay (X =t)|f" (may + ap — x + t(az, may + ap — x)) |dt

1
) A O] (ma -+ tymay -+ a2 — x,ma)) |t
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1
1(az, may + a; — x) /1 N A
< 285 1) (O [Am(l t)] dt
1
1 1
X </0 |f' (may + ap — x + ty(ay, may + ay — x)) |th)q

+77(ma1 ;‘Aﬂ;&)x, may) (/01 [A;;(t)} pdt>;

1
q

X (/01 |f' (may + tyy(may 4 ay — x, may)) |th)

1
n(ap, may + ap — x q

pet 22 (o) ([0 015 O 0 = 20|44 (0 )

IN

1
n(may + ay — x, may) q

T Cos ) ()[4~ 0L o)+ 1 o 422~ )]
nlenns e 23) Gy Ve O )

(may + ap — x, may) of | f(may)|7 + |f(may + ay — x)|4
+ 12A;§(1) 1 m\/ ! Lt .

The proof of this theorem is complete. [

We point out some special cases of Theorem 2.

Corollary 1. Tuking m = 1, y(may + ay — x,may) = (may + ay — x) — may and n(ay, may +ap — x) =
ay — (may + ay — x) in Theorem 2, we get

| Tfaza:(a1,02) < (ZxA_T(“ll)> WQ/J( (a1 +ap — ;)W +1f(a2)]7 6

+ (;Zif)) mdlf’(ﬂl)lq + |f’§a1 +ay —x)|7
ap+a

2 in Corollary 1, we get

Corollary 2. Taking x =

a1 +ar (a2 —a1)
Trarar | —5 a1, < —=—=——23 p/Bps(p)d
| LA ( 7 1 2> | 4\%1\;(1){ Al(P)J
q
+{/Ca; (p)y| £ (a2) 17 + } (17)
Corollary 3. Taking p = q = 2 in Theorem 2, we get
: (a2, may + a3 — x) |f'(may +a — x)|> + | f'(a2) 2
Tt anan (X;01,82)| < 275 (1) \/ Ba, (2)\/ > (18)

+11(ma1—2|—Aa£(I)x,ma1)m\/vl(mal)2+|f/2(ma1+a2—x)|2‘

(52
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Corollary 4. Taking ¢(t) = t in Theorem 2, we get

n(ag, may +az — x) of |f'(may +ay — x) |7+ | (a2)|7

Tt s as (%01, < 19
| fil D (x a1 az)‘ 2{/m 2 ( )
1l + 05 5 ) o 7+ F oo + 03— )F
2¢/p+1 2 ’
Corollary 5. Taking ¢(t) = % in Theorem 2, we get
n(az, may +ay — x) of |f'(may + a — x)|9+ |f'(a2)|7
T * AR ; , S 20
| f,A,,,,Am(x ai ﬂ2)| ZW 2 ( )
1(may +a — x, may) </|f’(mﬂ1)|‘7 + |f(may +az — x)|7
2¢/pa+1 2 '
Corollary 6. Taking ¢(t) = ﬁ?@() in Theorem 2, we get
< Nlaymay +az —x) of |f'(may +ap — )7+ | f'(a2)|7 1)

| Tf/A;Fn/A;Fn (x’ al’ ﬂ2) | =
2/E 1 2

o+ 03 — o) of o) 1f (i + 3 = )1
2{/ +1 2

Theorem 3. Suppose that m € (0,1] is a fixed number. Let f : P — R be a differentiable mapping on (may, az).
If |f'|7 is preinvex on P for g > 1, then the following inequality for generalized fractional integrals holds:

| Tf Az, (x; a1, 82) | (22)
az,maj; +a; — x 1-1
< ML (50 (1)) Dy 7 (o 0 = [T+ B | ()
may +ap; — x, ma 1
nmis £ a2 M) (0, (1))15 /R | (man) 1+ Gy | (may + a2 — )1,
285,(1)
where . )
Dy; = / EAL(B)dt, Eps 1= / EAE (1 — b)dt, (23)
0 0
1 "1
Eyy = / (1— DAL (DL, Gpy = / EAZ ()dt, (24)
JO 0

and Bp: (1), Caz (1) are defined as in Theorem 2.
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Proof. From Lemma 1, the preinvexity of |f'|7, the power mean inequality, and the properties of the
modulus, we have

Ty, A;;,,A,*,l(x'ﬂl,ﬂzﬂ
n(ay, may + ap —
= 277 (1)
n(may +ay —
2A%,(1)

/A* (1—1t)|f (may + ay — x + tyy(az, may + ap — x)) |dt

) [ (0] s+ by + ) [

1-1
1 (ap, may —|—a2—x / . 7
< _
< AL ( AL(1—t) dt)
. 1
7
X (/0 A (1— t)|f’ (may + a, — x + ty(az, may + a; — x)) |th>
1(may + ﬂz — x,may) / X
+ PAE ] ( AL, dt>
1 1
q
X (/0 Ay ()| (may + ty(may + ap — x, may)) |dt>
ar, may +a; — x _1
< 1(ax, may + ap )< Am(l))l !

2A5(1)

x (/01 AL(1— ) [(1 —1)|f (may +a2—x)|"+t|f'(a2)|"]dt)"

n(may + ay — x, may) 1-1
ZA%(l) (CA* (1)) 1

x (/01 A;;(t)[a — B[ (may)|" + t| £ (may + a —x)ﬂdt>

n(az, may + ay — x) 1-1
= ZA;Fn(l) ( Ar*n(l)) g

X {/ D |f (may +ay — x)|9 + Epg |/ (a2)]9

may +a, — x, ma 1-1
+’7( 1 2A*2(1) 1) (Caz, (1)) {/Faz | f! (ma1) |9 + Gaz | f'(may + ap — x) 4.
m

+

1
q

The proof of this theorem is complete. [

We point out some special cases of Theorem 3.

Corollary 7. Taking m = 1, n(may + ay — x,may) = (may + a, — x) — may and n(ay, may + a; — x) =
ap — (may + ap — x) in Theorem 3, we get

| T,z a5 (%; 01, 82) | (25)
1
(x —ay) 7
< Sam (Ba )" /D (a1 + a2~ )11+ Eng | (@)
e Z*X)

2A*( ) <CA*( )1*6 Q/FAﬂf/(al)WJrGAﬂf/(ﬂl+a27x)|'7.
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Corollary 8. Tnking x = # in Corollary 7, we get
a1 +a
’Tf,A’;,A; (122;111,112) ‘ (26)
q
ay —a; 1-4 a; +ap
< (4“1)){ (B )" J D (“5%2) | +Englr @l
1

f (alJZrQZ) ‘q}

1-1
+ (CAT(l)) ! q\l Faz|f'(a1)|7 + Ga;

Corollary 9. Tnking q = 1 in Theorem 3, we get

| Tf, a0 (x; a1, 82) | (27)
’7(”2/”1511 —|—a2—x) / /
D * - E *
< SAc (D) DAl (man a2 = )] + Exg | (@)
n(may + ay — x, may) , , B
oAy LEsalf Oman)|+ G f (may a2 = )]

Corollary 10. Tuking ¢(t) = t in Theorem 3, we get

|\ T,z a5 (%01, 82) | (28)
n(ap, may + a; — x)
< V2| f(may +a, — x)|9+ | f'(ap) |4
< s et @ =)l 4 ()
e XM 4 )+ 217 (s + 02 = )

Corollary 11. Tnking ¢(t) = IE 3 in Theorem 3, we get

| Tr g5, (501, 82) | (29)
1\ (g ma f'(may +ay — )1
71 ap, maq ay) — X maq a) — X
< 2 1 / q
= <a+1> T(at1) \/ a2 A2 et 1If (@)l
L\ g (may + ) f'(may 4 ay — )1
i may + ap — x, may g , g may +ap — x
Corollary 12. Tnking ¢(t) = F( 3 in Theorem 3, we get
|\ T, az a5 (X; a1, 82) | (30)
N 17 )
a7 (ap,ma;+a; — x) ma; +ay — x)|1 o
2,-+1 / q
(a+k> Tp(a+k) £+2 +‘B<'k+ )‘f(@)l
7+q 1

kK \' n 7 (may+ay —x,may) , |f'(may +az — x) |9
q
+(ochk) Ty (a +k) (/P2 1) 1F e+ kT2 '
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3. Applications to Special Means

Consider the following special means for different real numbers «, 8, and a # 0, as follows:

1. The arithmetic mean:

o+
A=A p) = 2P

2. The harmonic mean: 5
H:=H(a,B) = v+,
i

3. The logarithmic mean:

AP
) = il

4. The generalized log-mean:

ﬁn+1 _ an+1

L, :=Ly(a,B) = (n—l—l)(ﬁ—tx)] ; neZ\{-1,0}.

10 0f 13

It is well known that L, is monotonic nondecreasing over n € Z with L_; := L. In particular, we have
the following inequality H < L < A. Now, using the theory results in Section 2, we give some applications

regarding special means for different real numbers.

Proposition 1. Let aj,a € R\ {0}. Then, forr > 2(r € Z), where ¢ > 1and p~' + q~! = 1, the following

inequality holds:

L, (may + ap — x,may + ap — x + n(ap, may + ap — x)) + L, (may, may + n(may + ap — x, may))

2

—A ((may 4+ n(may + ay — x,may))’, (may + a — x)")

r(ay, may +a; — x

2{/p+1

ry(may + ay — x, may

2{/p+1

) X {’/A (may + az — x|90-1), |ay|90=1))

+

) X {’/A (|may 701, |may + az — x|70-1)).

Proof. Applying Corollary 4 for f(t) = t", one can obtain the result immediately. [J

@1
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Proposition 2. Let aj,a, € R\ {0}. Then, for g > 1and p=! + q~1 = 1, the following inequality holds:

1

32
2L (|may + ay — x|, |may + ap — x + n(az, may + ax — x)|) (32)

1 1

+
2L (|maq|, |may + n(may + ay — x,may)|)  H (may + n(may + a, — x, may ), may + a; — x)

n(ag,may +a; —x) 1
2¢p+1 H (|may + ap — x|, |a|27)

+;7(m111 +ap —x,may) | 1
2¢/p+1 H (Imay |1, |may + ay — x[27))

1
Proof. Applying Corollary 4 for f(t) = 1 one can obtain the result immediately. [J
Proposition 3. Let aj,a; € R\ {0}. Then, forr > 2 (r € Z) and q > 1, the following inequality holds:

Ly (may + ap — x,may + ap — x + n(ap, may + ap — x)) + L, (may, may + n(may + ap — x, may))

2
—A ((mal + 7’](7?1{11 +ap; —x, mal))’, (mgl +ay — x)r) (33)
217(“2/ma]+a2—x) - —
< 3 I Q/A (2|may + az — x[10=1), |y |a0=1)
) %W(mal + az — x,may) (7/,4 (|maq[90=1),2|may + ay — x|90—1)).

Proof. Applying Corollary 10 for f(t) = t’, one can obtain the result immediately. [

Proposition 4. Let aj,a; € R\ {0}. Then, for g > 1, the following inequality holds:

1
34
2L (|may + ay — x|, |may + ay — x + n(ay, may + a; — x)|) 34
. 1
2L (|maq|, |may + y(may + ap — x, may)|)
B 1
H (may 4+ y(may + ay — x,may), may + ap — x)
< 1(ap, may + a; — x) . 4
- 493 H (|may + az — x|*1,2|a;|*7)
+17(ma1+a2—x,ma1) . 4
43 H (2[may |*, |may + ap — x|21)”

Proof. Applying Corollary 10 for f(t) = %, one can obtain the result immediately. O



Fractal Fract. 2019, 3, 12 12 of 13

14

Remark 2. Applying Theorems 2 and 3 for the appropriate choices of function ¢(t) = %;), %, p(t) =

t 1— ! . . . .
- exp [ (— 7”‘) t} for o € (0,1), such that |f'|7 is preinvex, we can deduce some new general fractional integral

inequalities using the above special means. The details are left to the interested reader.

Remark 3. Also, in Remark 2, if we choose 7(y, x) =y — x, ¥ x,y € P, we can deduce some new general fractional
integral inequalities for convex functions using above special means. The details are left to the interested reader.

4. Conclusions

On the basis of a new identity regarding trapezium-type integral inequalities, some new
trapezium-type integral inequalities via generalized fractional integral operators are established. Some
special cases are consider that are derived from the main results. Furthermore, some applications regarding
special means of real numbers are given.
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