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Abstract: In this paper, a class of time-space fractional stochastic delay control problems with
fractional noises and Poisson jumps in a bounded domain is considered. The proper function spaces
and assumptions are proposed to discuss the existence of mild solutions. In particular, approximate
strategy is used to obtain the existence of mild solutions for the problem with linear fractional noises;
fixed point theorem is used to achieve the existence of mild solutions for the problem with nonlinear
fractional noises. Finally, the approximate controllability of the problems with linear and nonlinear
fractional noises is proved by the property of mild solutions.
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1. Introduction

We study a class of fully nonlocal stochastic control problems with delay in a bounded
domain O ⊂ RN :

C
0 Dα

t y(t, x) + (−∆)γy(t, x) = f (t, x, yτ(t, x)) + [Bv(t)](x)

+ g(t, yτ(t, x)) dBH(t)
dt +

∫
U h(t, x, yτ(t, x); u)θ̃(du), t ∈ (0, T], x ∈ O,

y(t, x) = ϕ(t, x), a.s., t ∈ [−τ, 0], x ∈ O,
y(t, x) = 0, a.s., t ∈ [−τ, T], x ∈ RN \ O,

(1)

where α ∈ (1/2, 1), γ ∈ (1/2, 1), T ∈ (0, ∞), and N > 2γ. C
0 Dα

t is the time Caputo
fractional derivative and (−∆)γ is the fractional Laplacian. Constant τ > 0 is a fixed time
delay. Notation yτ denotes the history of y with respect to time, i.e., yτ(t, x) = y(t− τ, x)
for t ∈ [0, T] and x ∈ O. Function f (t, x, y) : [0, T]×O × CFt → R denotes the drift term.
g ∈ L 0

2 (W, L2(O)) and BH is a W-valued cylindrical fractional Brownian motion with
Hurst index H ∈ (1/2, 1), where W is a given separable Hilbert space. Let V be a Hilbert
space. Control v ∈ L2([0, T], V) and operator B ∈ L (V, L2(O)). Let (U, B(U), e) be a
σ-finite measurable space. Function h(t, x, y; u) : [0, T]×O × CFt ×U → R and θ̃ denotes
the compensated Poisson martingale measure. We illustrate each term of the problem (1)
in Section 2.

Time fractional derivatives are used to describe phenomenon of early arrival or
to tail in time. Spatial fractional derivatives are more suitable for describing nonlocal
and scale effects. There are many applications of fractional derivatives in anomalous
diffusion, random walk, nonlocal elasticity, and memory materials, see [1–7] and the
references therein. The fractional derivatives in problem (1) are constant-order fractional
derivatives. In recent years, there has been a series of papers studying variable-order
fractional derivatives and distributed-order fractional derivatives. These general fractional
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derivatives are applied to model the complex interaction and superposition systems of
nonlocal effects and memory effects on multi-scales, see [8–11].

When α = 1, γ ∈ (0, 1), H = 1, and h ≡ 0, Wang [12] discussed the following equation
in RN :

dy(t, x) + (−∆)γy(t, x) = f (t, x, yτ(t, x)) + g(t, yτ(t, x))dB(t),

where B is a Wiener process. He obtained the existence and uniqueness of solutions
and weak pullback mean random attractors. Mohammed [13] proved the existence of
approximate solutions on a bounded domain to the time-fractional case, i.e., α ∈ (1/2, 1),
γ = 1, H = 1 and h ≡ 0. However, we consider the time-space fractional case, which is
called the fully nonlocal case.

In the last decade, fully nonlocal partial differential equations have attracted great atten-
tion. Several different approaches to simulate fully nonlocal PDE were presented in [14–18].
Fundamental solutions for fully nonlocal PDE problems were discussed in [19–21]. These
results encourage researchers to study the fractional stochastic partial differential equa-
tions (f-SPDE). For example, f-SPDE driven by fractional Brownian motions with delay
were considered in [22–24], and the existence of mild solutions was obtained under suit-
able assumptions. Caraballo, Garrido-Atienza and Taniguchi [25] considered the following
problem driven by linear fractional noise:{

dy(t) = Ay(t)dt + f (t, yτ(t))dt + g(t)dBH(t), t ∈ (0, T],
y(t) = y0(t) ∈ X, t ∈ [−τ, 0],

(2)

where A is a bounded abstract operator and X is a Hilbert space. They obtained the
existence and uniqueness of mild solutions. Li [23] discussed problem (2) with fractional
time derivative, i.e., C

0 Dα
t y(t) instead of dy(t) in (2) and established the existence and

uniqueness of mild solution by approximate method when indexes s ∈ (1/2, 1] and
H ∈ (1/2, 1). As for nonlinear fractional noises, Pei and Xu [24] considered the following
problem:{

dy(t) = A(t, y(t))dt + f (t, yτ(t))dt + g(t, yτ(t))dB(t) +
∫

U h(t, yτ(t); u)θ̃(du, dt), t ∈ (0, T],
y(t) = ϕ(t) ∈ CF0([−τ, 0]; X), t ∈ [−τ, 0].

The existence and uniqueness of mild solution were obtained under Lipschitz-type condi-
tions. For more papers, we recommend [26,27].

We are interested in the controllability of problem (1). Controllability is a basic topic
in control theory. It has wild applications in the real world, see [28,29] and the references
therein. Recently, approximate controllability of f-SPDE was studied by many researchers.
In [30], Lakhel discussed a class of integro-differential equations with linear fractional
noises,

d[y(t) + G(t, y(t− r(t)))] =[Ay(t) + G(t, y(t− r(t))) + Hv(t)]dt

+
∫ t

0
B(t− s)[y(s) + G(s, y(s− r(s)))]dsdt

+ F(t, y(s− r(s)))dt + Q(t)dBH(t), t ∈ [0, T].

(3)

By means of resolvent operators, controllability of (3) was obtained when Hurst index
H ∈ (1/2, 1). In [31], Ahmed considered the following equation driven by nonlinear
fractional noises and Poisson jumps,

C
0 Dα

t [y(t)− G(t, y(t))] = A[y(t)− G(t, y(t))] + Bv(t) +
∫ t

0
A1(t− s)[y(s)− G(s, y(s))]ds

+ f (t, y(t)) + g(t, y(t))
dBH(t)

dt
+

∫
U

h(t, y(t); u)θ̃(du), t ∈ [0, T],
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where α ∈ (1, 2) and H ∈ (1/2, 1). Ahmed proved the approximate controllability under a
uniform boundness condition

‖ f (t, y(t))‖X + ‖g(t, y(t))‖L 0
2
+

∫
U
‖h(t, y(t); u)‖Xe(du) ≤ M. (4)

For more papers, we recommend [32,33]. Note that (4) is a common condition to
discuss the approximate controllability of control problems, see, for examples, refs [34–36].
However, in this paper, we obtain the approximate controllability by the property of mild
solutions.

Problem (1) strongly depends on the ranges of α, γ, H, and N. In this paper, we
suppose 1/2 < α, γ, H < 1, and N > 2γ. Compared with the aforementioned papers,
there are two main contributions in this paper:

1. Utilize a reasonable framework of mild solutions and overcome the complex calcula-
tions caused by not only fractional differential operators but also fractional Brownian
motions and Poisson jumps. Establish the existence and uniqueness of the mild solu-
tion to fully nonlocal stochastic delay control problems with both linear and nonlinear
fractional noise by two different methods.

2. Establish sufficient conditions to the approximate controllability of fully nonlocal
stochastic delay control problems. The approximate controllability result is based on
the controllability theory of deterministic control problems.

The paper is organized as follows. In Section 2, we introduce basic concepts and results.
In Section 3, we prove the existence and uniqueness of mild solutions of problem (1) for
linear fractional noises and nonlinear fractional noises. In Section 4, we study approximate
controllability. In Section 5, we give conclusions.

2. Preliminaries

In this section, we introduce basic concepts and results.

2.1. Fractional Brownian Motions

Let (Σ, F ,P, Ft) be a complete probability space with a filtration {Ft}t∈[0,∞) which
satisfies usual conditions. A one-dimensional fractional Brownian motion {βH(t)}t∈[0,T] is
a centered Gaussian process which has zero mean and its covariance is

Cov(s, τ) = E[βH(t)βH(τ)] =
1
2
(t2H + τ2H − |t− τ|2H).

Fractional Brownian motions can be expressed by Wiener processes, see [37].
Let W be a real separable Hilbert space, {wi}∞

i=1 be an orthonormal basis of W and
L (W) be the space of all bounded linear operators on W. Let A ∈ L (W) be a symmetric,
nonnegative operator and Awi = λiwi, i = 1, 2, · · · , with trA = ∑∞

i=1 λi < ∞. The infinite
dimensional fractional Brownian motion {BH

A(t)}t∈[0,T] is defined by

BH
A(t) =

∞

∑
i=1

λ1/2
i wiβ

H
i (t),

where {βH
i }∞

i=1 is a sequence of independent one-dimensional fractional Brownian motions.
BH
A has zero mean and covariance Cov〈BH

A(t), µ〉〈BH
A(τ), ν〉 = Cov(t, τ)〈Aµ, ν〉, for any

t, τ ∈ [0, T] and µ, ν ∈ W. In this paper, we consider the cylindrical fractional Brownian
motion BH , i.e., λi = 1, i = 1, 2, · · · . Let L 0

2 (W, L2(O)) be the space of Hilbert–Schmidt
operators. An operator ḡ ∈ L 0

2 (W, L2(O)) satisfies ḡ ∈ L (W, L2(O)) and

‖ḡ‖2
L 0

2
=

∞

∑
i=1
‖ḡwi‖2

L2 < ∞.
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Endowed the inner product 〈ḡ, g̃〉L 0
2
= ∑∞

i=1〈ḡwi, g̃wi〉L2 , (L 0
2 (W, L2(O)), 〈·, ·〉L 0

2
) is

a separable Hilbert space. We recall the following inequality:

Lemma 1 ([38]). Let g : [0, T] → L 0
2 (W, L2(O)) and

∫ T
0 ‖g(s)‖

2
L 0

2
ds < ∞, then stochastic

integral
∫ t

0 g(s)dBH(s) is a well defined L2(O)-valued random variable and satisfies

E‖
∫ t

0
g(s)dBH(s)‖2

L2 ≤ 2Ht2H−1
∫ t

0
‖g(s)‖2

L 0
2

ds, ∀t ∈ [0, T].

2.2. Poisson Jumps

Let (U, B(U), e) be a σ-finite measurable space and {πt}t∈[0,∞) be a stationary Poisson
point process which is defined on (Σ, F ,P) and take values in U. The compensated Poisson
martingale measure θ̃ is defined by

θ̃(du, t) = θ(du, t)− e(du)t, ∀t ∈ [0, ∞),

where θ is a counting measure which is generated by {πt}t∈[0,∞). θ̃ has zero mean and
variance E[θ̃(du, t)]2 = te(du).

Let Me,2
F ([0, T] × U, L2(O)) be the space of F ×B(U) measurable processes with

finite second moments and be equipped with the norm

‖h‖2
Me,2

F

= E
∫ T

0

∫
U
‖h(s, y; u)‖2

L2 e(du)ds.

If h ∈ Me,2
F ([0, T]×U, L2(O)), then

∫ t

0

∫
U

h(s, x, y; u)θ̃(du, ds), ∀t ∈ [0, T]

is a L2(Σ; L2(O))-valued random process which has zero mean. Furthermore, recall Theo-
rem 6.1 in [39]:

Lemma 2 ([39]). If h ∈ Me,2
F ([0, T]×U, L2(O)), then the isomorphic formula

E‖
∫ t

0

∫
U

h(s, y; u)θ̃(du, ds)‖2
L2 = E

∫ t

0

∫
U
‖h(s, y; u)‖2

L2 e(du)ds, ∀t ∈ [0, T],

holds. Moreover, the following inequality holds

sup
t∈[0,T]

E‖
∫ t

0

∫
U

h(s, y; u)θ̃(du, ds)‖2
L2 ≤ 4E

∫ T

0

∫
U
‖h(t, y; u)‖2

L2 e(du)dt, ∀T > 0.

2.3. Fractional Differential Operators

Consider the deterministic problem without time delay{
C
0 Dα

t y(t, x) + (−∆)γy(t, x) = f (t, x), t ∈ (0, ∞), x ∈ RN ,
y(0, x) = ϕ(x), x ∈ RN .

(5)

The Riemann–Liouville kernel function is given by Rα(t) = tα−1

Γ(α) , t, α > 0, where Γ
denotes the Gamma function. Denote Laplace transform by L, then

L[Rα(t), λ] = λ−α, α > 0.



Fractal Fract. 2021, 5, 30 5 of 21

The αth Riemann–Liouville fractional integral is defined by Iα f (t) = (Rα ? f )(t),
where ? denotes convolution. The αth Riemann–Liouville fractional derivative and Caputo
fractional derivative are defined by

RDα
t f (t) =

d
dt

I1−α f (t), C
0 Dα

t f (t) = (I1−α d
dt

f )(t),

respectively. The connection between RDα
t and c

0Dα
t is given by

RDα
t [ f − f (0)](t) = C

0 Dα
t f (t),

for sufficiently smooth function f . There are several approaches to define the fractional
Laplacian. We introduce the definition by means of Fourier transform F ,

F [(−∆)γ f ] = |ζ|2γF f , γ ∈ (0, 1).

Let the space

Hγ(O) = { f ∈ L2(RN) :
∫
RN

(1 + |ξ|2γ)|F f (ξ)|2dξ < ∞ and u = 0, a.e. in RN \ O}

be endowed the norm

‖ f ‖Hγ(O) = 2C(N, γ)−1
∫
RN
|ξ|2γ|F f (ξ)|2dξ,

where C(N, γ) is a constant dependent on N and γ. Let Hγ
0 (O) denote the closure of

C∞
0 (O) in Hγ(O). We recall the embedding result in [40].

Lemma 3 ([40]). Let γ ∈ (0, 1), the space Hγ
0 (O) is compactly embedded in L2(O), and

‖ f ‖2 ≤ C‖ f ‖Hγ
0

.

Fractional Laplacian can be extended to Hγ
0 (O), i.e., (−∆)γ : Hγ

0 (O) → L2(O). Let
{Sγ(t)}t≥0 be the semigroup generated by (−∆)γ. Then {Sγ(t)}t≥0 is a C0-contraction
semigroup on L2(O). On the other hand, since the embedding from Hγ

0 (O) to L2(O) is
compact, we get that

Proposition 1. Sγ(t) : L2(O)→ L2(O) is a compact operator, for any t ≥ 0.

The Mittag–Leffler function Ek1,k2 and the Mainardi functionMk are defined by

Ek1,k2(z) =
∞

∑
n=0

zn

Γ(nk1 + k2)
, for k1, k2 > 0, z ∈ C,

Mk(z) =
∞

∑
n=0

(−z)n

n!Γ(−nk + 1− k)
, for k ∈ (0, 1), z ∈ C,

respectively. Then L[Mk, λ] = Ek,1(−λ). Let

Yα
γ(t) =

∫ ∞

0
Mα(s)Sγ(stα)ds, Tα

γ(t) = α
∫ ∞

0
sMα(s)Sγ(stα)ds

and Zα
γ(t) = tα−1Tα

γ(t), for all t > 0. By Laplace transform in time variable and Fourier
transform in spatial variable on both sides of the equation in (5), the formal solution of
problem (5) is given by

y(t) = Yα
γ(t)ϕ +

∫ t

0
Zα

γ(t− s) f (s)ds. (6)
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Furthermore, denote

Yα
γ(t)y(x) = η(t, ·) ? y(x), Zα

γ(t)y(x) = ξ(t, ·) ? y(x).

Then, equivalent to (6), the formal solution y satisfies

y(t, x) =
∫
RN

η(t, x− z)ϕ(z)dz +
∫ t

0

∫
RN

ξ(t− s, x− z) f (s, z)dzds.

Recall the properties of Yα
γ , Zα

γ, η and ξ. Let

λ1 =

{
N

N−2γ , N > 2γ,

∞, otherwise,
λ2 =

{
N

N−4γ , N > 4γ,

∞, otherwise.

Lemma 4 ([20]). Assume α ∈ (0, 1), γ ∈ (1/2, 1). Then

1. Let q ∈ [1, λ1), then η(t, ·) ∈ C((0, ∞), Lq(O)) and

‖η(t, ·)‖q ≤ Ct−
αN
2γ (1− 1

q ).

2. Let q ∈ [1, λ2), then ξ(t, ·) ∈ C((0, ∞), Lq(O)) and

‖ξ(t, ·)‖q ≤ Ct−
αN
2γ (1− 1

q )+α−1.

Let

θ1 =

{
2N

N−4γ , N > 4γ,

∞, otherwise,
θ2 =

{
2N

N−8γ , N > 8γ,

∞, otherwise.

Lemma 5 ([20]). Assume α ∈ (0, 1), γ ∈ (1/2, 1). Then

1. Yα
γ and Zα

γ satisfy

‖Yα
γ(t)y‖∞ ≤ ‖y‖∞, ‖Zα

γ(t)y‖∞ ≤
1

Γ(α)
tα−1‖y‖∞.

2. For p ∈ [1, θ1) and q ∈ [1, θ2),

‖Yα
γ(t)y‖p ≤ Ct−

αN
2γ ( 1

2−
1
p )‖y‖2, ‖Zα

γ(t)y‖q ≤ Ct−
αN
2γ ( 1

2−
1
q )+α−1‖y‖2.

3. Let κ ∈ [1, ∞) and y ∈ Lκ(O), then the map t 7→ Yα
γ(t)y belongs to C([0, ∞), Lκ(O)).

2.4. Function Spaces

Let L2(Σ; L2(O)) be the set of all F measurable random variables ζ such that

‖ζ‖2
L2 = E‖ζ‖2

2 < ∞.

Let CF0

.
= CF0([−τ, 0]; L2(O)) be the space of initial states. We say

ϕ ∈ CF0([−τ, 0]; L2(O)) if ϕ isF0-adapted and continuous from [−τ, 0] to L2(O), a.s., with

‖ϕ‖2
CF0

= sup
t∈[−τ,0]

E‖ϕ(t, ·)‖2
2 < ∞.

We use notation L2
Ft

([−τ, T]; Hγ
0 (O)) to denote the space of all Ft-adapted random

processes such that

‖y‖2
L2

Ft
= E

∫ T

−τ
‖y(t, ·)‖2

Hγ
0

dt < ∞.
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Let CFt
.
= CFt([−τ, T]; L2(O)) be the space of all continuous random processes from

[−τ, T] to L2(O), a.s., with essentially finite second moments and be endowed with the
following norm

‖y‖2
CFt

= sup
t∈[0,T]

E‖y(t, ·)‖2
2 + ‖y|[−τ,0]‖2

CF0
.

Let D(T) be the set of all stochastic processes with the following properties:

1. y ∈ L2
Ft

([−τ, T]; Hγ
0 (O)) ∩ CFt([−τ, T]; L2(O));

2. y(t, x) = ϕ(t, x), a.s., for all (t, x) ∈ [−τ, 0]×O;
3. y(t, x) = 0, a.s., for all (t, x) ∈ [−τ, T]×RN \ O.

Then the definition of mild solutions is given by

Definition 1. We call y ∈ D(T) a mild solution of problem (1) if for any t ∈ [0, T], y satisfies the
following formula

y =Yα
γ(t)ϕ(0) +

∫ t

0
Zα

γ(t− s) f (s, yτ)ds +
∫ t

0
Zα

γ(t− s)Bv(s)ds

+
∫ t

0
Zα

γ(t− s)g(s, yτ)dBH(s) +
∫ t

0

∫
U

Zα
γ(t− s)h(s, yτ ; u)θ̃(du, ds), a.s.

(7)

or equivalently,

y(t, x) =
∫
O

η(t, x− z)ϕ(0, z)dz +
∫ t

0

∫
O

ξ(t− s, x− z)Bv(s)(z)dzds

+
∫ t

0

∫
O

ξ(t− s, x− z) f (s, z, yτ(s, z))dzds

+
∫ t

0

∫
O

ξ(t− s, x− z)g(s, yτ(s, z))dzdBH(s)

+
∫ t

0

∫
U

∫
O

ξ(t− s, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds), a.s.,

(8)

if each integral is well defined.

Remark 1. Similar to the proof in [41], we can prove that a classic solution is also a mild solution
defined in the sense of Definition 1.

3. Mild Solutions

In this section, we prove the existence and uniqueness of the mild solution of problem (1)
with linear fractional noise and nonlinear fractional noise by approximate method and the
Banach Fixed Point Theorem.

We propose the following hypotheses on nonlinear functions f and h:

Hypothesis 1 (H1). For any t ∈ [0, T] and x ∈ O, h ∈ Me,2
F ([0, T]×U, L2(O)) satisfies∫

U
|h(t, x, y(t, x); u)|2e(du) ≤ M1(1 + |y(t, x)|2),

∫
U
|h(t, x, ỹ(t, x); u)− h(t, x, ŷ(t, x); u)|2e(du) ≤ L1|ỹ(t, x)− ŷ(t, x)|2,

where constants M1, L1 > 0.

Hypothesis 2 (H2). For any t ∈ [0, T] and x ∈ O, there exist a positive function Φ ∈ L1(O)
and a constant M2 > 0 such that ∫ t

0
| f (s, x, 0)|2ds ≤ Φ(x),



Fractal Fract. 2021, 5, 30 8 of 21

∫ t

0
| f (s, x, ỹ(s, x))− f (s, x, ŷ(s, x))|2ds ≤ M2

∫ t

−τ
|ỹ(s, x)− ŷ(s, x)|2ds.

3.1. Linear Fractional Noises

In this subsection, we discuss the following problem:
C
0 Dα

t y(t, x) + (−∆)γy(t, x) = f (t, x, yτ(t, x)) + Bv(t)(x) + g(t) dBH(t)
dt

+
∫

U h(t, x, yτ(t, x); u)θ̃(du), t ∈ (0, T], x ∈ O,
y(t, x) = ϕ(t, x), a.s., t ∈ [−τ, 0], x ∈ O,
y(t, x) = 0, a.s., t ∈ [−τ, T], x ∈ RN \ O.

(9)

Assume that

Hypothesis 3 (H3). g : [0, T]→ L 0
2 (W, L2(O)) satisfies

‖g(t)‖2
L 0

2
≤ M3, ∀t ∈ [0, T],

where constant M3 > 0.

The main result of this subsection is as follows.

Theorem 1. Let 1/2 < α, γ, H < 1, N > 2γ, (H1), (H2), and (H3) hold. If
ϕ ∈ CF0([−τ, 0]; L2(O)) and v ∈ L2([0, T]; V), then there exists a unique mild solution
y ∈ D(T) of the problem (9).

Proof. We use the approximate strategy to prove the result. The proof is divided into
four parts. First, we consider the regularity of stochastic integrals. Second, we construct
a sequence {yn}∞

n=1 to approximate the solution of problem (9). Third, we show that the
limit of {yn}∞

n=1 in D(T) is a mild solution of problem (9). At last, we prove the uniqueness
of mild solutions by the Gronwall inequality.

Step 1: The regularity of stochastic integrals. (i) We show that
∫ t

0

∫
O ξ(t − s, x −

z)g(s)dzdBH(s) ∈ CFt([0, T]; L2(O)). For arbitrary ε > 0, consider

E‖
∫ t+ε

0

∫
O

ξ(t− s + ε, x− z)g(s)dzdBH(s)−
∫ t

0

∫
O

ξ(t− s, x− z)g(s)dzdBH(s)‖2
2

≤2E‖
∫ t+ε

t

∫
O

ξ(t− s + ε, x− z)g(s)dzdBH(s)‖2
2

+ 2E‖
∫ t

0

∫
O
[ξ(t− s + ε, x− z)− ξ(t− s, x− z)]g(s)dzdBH(s)‖2

2

.
=J1 + J2.

By Lemma 1, the Young inequality, (H3) and Lemma 4, we deduce that

J1 ≤4Hε2H−1
∫ t+ε

t
‖
∫
O

ξ(t− s + ε, x− z)g(s)dz‖2
L 0

2
ds

≤4Hε2H−1
∫ t+ε

t
‖ξ(t− s + ε, ·)‖2

1‖g(s)‖2
L 0

2
ds

≤4CHε2H−1
∫ t+ε

t
(t− s + ε)2α−2‖g(s)‖2

L 0
2

ds

≤4CHM3ε2H+2α−2

→0

(10)
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as ε → 0, since α + H − 1 > 0. Given any constant λ > 0 which is independent on ε, we
consider

J2 ≤4M3HT2H−1
∫ t−λ

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds

+ 4M3HT2H−1
∫ t

t−λ
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds.

Based on Lemma 4, ξ is continuous on (0, ∞), then ξ is uniformly continuous on [λ, T].
Hence,

4M3HT2H−1
∫ t−λ

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds→ 0 as ε→ 0.

On the other hand,

4M3HT2H−1
∫ t

t−λ
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds

≤8CM3HT2H−1
∫ t

t−λ
(t− s + ε)2α−2 + (t− s)2α−2ds

≤8CM3HT2H−1[ε2α−1 − (λ + ε)2α−1 + λ2α−1]

→0,

as λ→ 0. Therefore, J2 → 0 as ε→ 0. We conclude that
∫ t

0

∫
O ξ(t− s, x− z)g(s)dzdBH(s) ∈

CFt([0, T]; L2(O)).
(ii) We illustrate that

∫ t
0

∫
U

∫
O ξ(t− s, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds) is continuous

on [0, T]. First, for any ε > 0, we consider

E‖
∫ t+ε

0

∫
U

∫
O

ξ(t− s + ε, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds)

−
∫ t

0

∫
U

∫
O

ξ(t− s, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds)‖2
2

≤ 2E‖
∫ t

0

∫
U

∫
O
[ξ(t− s + ε, x− z)− ξ(t− s, x− z)]h(s, z, yτ(s, z); u)dzθ̃(du, ds)‖2

2

+2E‖
∫ t+ε

t

∫
U

∫
O

ξ(t− s + ε, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds)‖2
2

.
= J3+J4.

By Lemma 2, the Young inequality, Lemma 4 and (H1) we get that

J4 ≤2E
∫ t+ε

t

∫
U
‖ξ(t− s + ε, ·)‖2

1‖h(s, ·, yτ(s, ·); u)‖2
2e(du)ds

≤2CE
∫ t+ε

t

∫
U
(t− s + ε)2α−2‖h(s, ·, yτ(s, ·); u)‖2

2e(du)ds

≤2CM1E
∫ t+ε

t
(t− s + ε)2α−2

∫
O
(1 + |yτ(s, z)|2)dzds

≤2CM1|O|
∫ t+ε

t
(t− s + ε)2α−2ds + 2CM1E

∫ t+ε

t
(t− s + ε)2α−2

∫
O
|yτ(s, z)|2dzds

≤2CM1|O|ε2α−1 + 2CM1‖y‖2
CFt

ε2α−1.

Since 1/2 < α < 1, it is obvious that J4 → 0 as ε→ 0.
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By similar arguments to J4 and J2, for any λ > 0, we obtain

J3 ≤CM1(1 + ‖y‖2
CFt

)
∫ t

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds

≤CM1(1 + ‖y‖2
CFt

){
∫ t−λ

0
+

∫ t

t−λ
}‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds

→0 as ε→ 0.

Thus, we summarize that∫ t

0

∫
U

∫
O

ξ(t− s, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds) ∈ CFt([0, T]; L2(O)).

Step 2: Approximate solutions. Let

y1(t, x) =
∫
O

η(t, x− z)ϕ(0, z)dz,

yn+1(t, x) =y1(t, x) +
∫ t

0

∫
O

ξ(t− s, x− z) f (s, z, yn
τ(s, z))dzds

+
∫ t

0

∫
O

ξ(t− s, x− z)Bv(s)(z)dzds +
∫ t

0

∫
O

ξ(t− s, x− z)g(s)dzdBH(s)

+
∫ t

0

∫
U

∫
O

ξ(t− s, x− z)h(s, z, yn
τ(s, z); u)dzθ̃(du, ds)

.
=y1(t, x) + K1(t, x) + K2(t, x) + K3(t, x) + K4(t, x)

with yn(t, x) = ϕ(t, x), a.s., for all t ∈ [−τ, 0] and x ∈ O, n = 1, 2, · · · . Next, we show that
{yn}∞

n=1 is a sequence in D(T). It is clear that y1(t, x) ∈ D(T) by Lemma 5. Let yn, n ≥ 2,
belong to D(T). We show that yn+1 belongs to D(T). Since we have already proved the
regularity of K3(t, x) and K4(t, x) in Step 1, then we remain to prove that K1(t, x) and
K2(t, x) belong to D(T).

We show that K1(t, x) ∈ CFt([0, T]; L2(O)). For any ε > 0, we consider

E‖
∫ t+ε

0

∫
O

ξ(t− s + ε, x− z) f (s, z, yn
τ(s, z))dzds

−
∫ t

0

∫
O

ξ(t− s, x− z) f (s, z, yn
τ(s, z))dzds‖2

2

≤ E‖
∫ t

0

∫
O
[ξ(t− s + ε, x− z)− ξ(t− s, x− z)] f (s, z, yn

τ(s, z))dzds‖2
2

+E‖
∫ t+ε

t

∫
O

ξ(t− s + ε, x− z) f (s, z, yn
τ(s, z))dzds‖2

2

.
= J5 + J6.

By the Minkowsky inequality, the Young inequality and the Hölder inequality, we
obtain

J5 ≤E{
∫ t

0
‖
∫
O
[ξ(t− s + ε, x− z)− ξ(t− s, x− z)] f (s, z, yn

τ(s, z))dz‖2ds}2

≤E{
∫ t

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖1‖ f (s, ·, yn

τ(s, ·))‖2ds}2

≤
∫ t

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1dsE
∫ t

0
‖ f (s, ·, yn

τ(s, ·))‖2
2ds.
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On the other hand, by the Fubini Lemma and (H2) we get

E
∫ t

0
‖ f (s, ·, yn

τ(s, ·))‖2
2ds

≤E
∫
O

∫ T

0
| f (s, x, yn

τ(s, x))− f (s, x, 0) + f (s, x, 0)|2dsdx

≤2‖Φ‖L1 + 2M2E
∫ t

−τ
‖yn(s, ·)‖2

2ds

≤CM2(1 + ‖yn‖2
CFt

).

Therefore,

J5 ≤ CM2(1 + ‖yn‖2
CFt

)
∫ t

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds→ 0 as ε→ 0.

Further, similar to the proof of J4, we obtain

J6 ≤ CM2(1 + ‖yn‖2
CFt

)ε2α−1 → 0 as ε→ 0.

Thus, K1(t, x) ∈ CFt([0, T]; L2(O)). By similar discussions to K1(t, x), we get that

E‖
∫ t+ε

0

∫
O

ξ(t− s + ε, x− z)Bv(s)(z)dzds−
∫ t

0

∫
O

ξ(t− s, x− z)Bv(s)(z)dzds‖2
2

≤
∫ t

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds
∫ t

0
‖Bv(s)‖2

2ds + Cε2α−1
∫ t

0
‖Bv(s)‖2

2ds

≤C‖v‖2
L2([0,T],V){

∫ t

0
‖ξ(t− s + ε, ·)− ξ(t− s, ·)‖2

1ds + ε2α−1}

→0 as ε→ 0,

i.e., K2(t, x) ∈ CFt([0, T]; L2(O)). To sum up, for arbitrarily ε > 0,

E‖yn(t + ε, ·)− yn(t, ·)‖2
2

≤16E‖y1(t + ε, ·)− y1(t, ·)‖2
2 + 16

4

∑
i=1

E‖Ki(t + ε, ·)− Ki(t, ·)‖2
2

→0 as ε→ 0.

Therefore, yn+1 ∈ D(T). We conclude that yn ∈ D(T) for n = 1, 2, · · · .
Step 3: Existence of solutions. First, we show that {yn}∞

n=1 is a convergent sequence
in D(T). Similar discussions to J4 and J5, by (H1) and (H2), we obtain

E‖yn+1(t, ·)− yn(t, ·)‖2
2

≤2T2α−1E
∫ t

0

∫
O
| f (s, z, yn

τ(s, z))− f (s, z, yn−1
τ (s, z))|2dzds

+2E
∫ t

0

∫
U
‖ξ(t− s, ·)‖2

1

∫
O
|h(s, z, yn

τ(s, z); u)− h(s, z, yn−1
τ (s, z); u)|2dze(du)ds

≤4T2α−1(M2 + L1)
∫ t

−τ
E‖yn(s, ·)− yn−1(s, ·)‖2

2ds, n ≥ 2.

(11)

Let Ψn(t) = sup
s∈[0,t]

E‖yn+1(s, ·)− yn(s, ·)‖2
2, then we get

Ψn(t) ≤ C(T, M2, L1, α)
∫ t

−τ
Ψn−1(s)ds, n = 2, 3, · · · ,
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for any t ∈ [0, T]. Moreover, Ψn satisfies

Ψn(t) ≤
[C(T, M2, L1, α)]n−1

(n− 1)!
Ψ1(T), n = 2, 3, · · · , ∀t ∈ [0, T],

by recurrence formula. Hence, {yn}∞
n=1 is a Cauchy sequence in CFt([−τ, T]; L2(O)). Thus,

there exists an element y ∈ CFt([−τ, T]; L2(O)) such that

yn → y as n→ ∞ in CFt([−τ, T]; L2(O)).

We assert that y is a mild solution of problem (9). Consider

E‖yn+1(t, x)−
∫
O

η(t, x− z)ϕ(0, z)dz +
∫ t

0

∫
O

ξ(t− s, x− z) f (s, z, yτ(s, z))dzds

−
∫ t

0

∫
O

ξ(t− s, x− z)Bv(s)(z)dzds +
∫ t

0

∫
O

ξ(t− s, x− z)g(s)dzdBH(s)

−
∫ t

0

∫
U

∫
O

ξ(t− s, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds)‖2
2

= E‖
∫ t

0

∫
O

ξ(t− s, x− z)[ f (s, z, yn
τ(s, z))− f (s, z, yτ(s, z))]dzds

+
∫ t

0

∫
U

∫
O

ξ(t− s, x− z)[h(s, z, yn
τ(s, z); u)− h(s, z, yτ(s, z); u)dzθ̃(du, ds)‖2

2

≤ 4T2α−1(M2 + L1)
∫ T

−τ
E‖yn(s, ·)− y(s, ·)‖2

2ds

→ 0,

as n→ ∞. The assertion is proved, i.e., y is a mild solution to the problem (9).
Step 4: Uniqueness of solutions. Assume that ỹ, ȳ ∈ D(T) are two different mild

solutions of problem (9) with same initial state ϕ and control v. By similar discussions
to (11), we get

E‖ỹ(t, ·)− ȳ(t, ·)‖2
2 ≤ C(T, M2, L1, α)

∫ t

−τ
E‖ỹ(s, ·)− ȳ(s, ·)‖2

2ds, ∀t ∈ [0, T].

Therefore,

sup
s∈[0,t]

E‖ỹ(s, ·)− ȳ(s, ·)‖2
2 ≤ C(T, M2, L1, α)

∫ t

−τ
sup

s∈[0,t]
E‖ỹ(s, ·)− ȳ(s, ·)‖2

2ds, ∀t ∈ [0, T].

By the Gronwall inequality, we obtain

sup
s∈[0,t]

E‖ỹ(s, ·)− ȳ(s, ·)‖2
2 = 0, ∀t ∈ [0, T].

This implies that

‖ỹ− ȳ‖2
CFt

= sup
s∈[−τ,0]

E‖ỹ(s, ·)− ȳ(s, ·)‖2
2 + sup

s∈[0,T]
E‖ỹ(s, ·)− ȳ(s, ·)‖2

2 = 0.

Thus, ỹ(t, x) = ȳ(t, x), a.s., for all t ∈ [−τ, T] and, a.e., x ∈ O.

3.2. Nonlinear Fractional Noises

In this subsection, we prove the existence and uniqueness of mild solution to the
problem (1) by the Banach Fixed Point Theorem. Different from the problem (9), the
fractional noise term in (1) is a nonlinear noise. We assume that g : [0, T] × CFt →
L 0

2 (W, L2(O)) satisfies
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Hypothesis 4 (H4). For any ỹ, ȳ ∈ D(T), there exist M4, M5 > 0 such that

‖g(t, ỹ(t, ·))− g(t, ȳ(t, ·))‖2
L 0

2
≤ M4E‖ỹ(t, ·)− ȳ(t, ·)‖2

2, ‖g(t, 0)‖L 0
2
≤ M5,

for any t ∈ [0, T].

Theorem 2. Let 1/2 < α, γ, H < 1, and N > 2γ, assumptions (H1), (H2), and (H4) hold. If
ϕ ∈ CF0([−τ, 0]; L2(O)) and v ∈ L2([0, T]; V), then there exists T > 0 such that the problem (1)
admits a unique mild solution in D(T).

Proof. First, we show that there exists a solution mapping. By (H4), we deduce that for
any t ∈ [0, T] and φ ∈ D(T),

‖g(t, φ)‖2
L 0

2
= ‖g(t, φ)− g(t, 0) + g(t, 0)‖2

L 0
2

≤ 2M4‖φ‖2
CFt

+ 2‖g(t, 0)‖L 0
2

≤ C(M4, M5).

(12)

Thus, by Theorem 1, there exists a unique mild solution y of the following problem:
C
0 Dα

t y(t, x) + (−∆)γy(t, x) = f (t, x, yτ(t, x)) + [Bv(t)](x) + g(t, φ) dBH(t)
dt

+
∫

U h(t, x, yτ(t, x); u)θ̃(du), t ∈ (0, T], x ∈ O,
y(t, x) = ϕ(t, x), t ∈ [−τ, 0], x ∈ O,
y(t, x) = 0, t ∈ [−τ, T], x ∈ RN \ O,

Let
Ψ : CFt([−τ, T]; L2(O))→ CFt([−τ, T]; L2(O)),

φ 7→ y.

Next, we demonstrate that Ψ is a contraction map. For any φ̃, φ̄ ∈ D(T), consider

‖Ψφ̃−Ψφ̄‖2
CFt

= 0 + sup
t∈[0,T]

E‖Ψφ̃(t, ·)−Ψφ̄(t, ·)‖2
2.

Further, similar to the proof of the uniqueness of mild solution to the problem (9), we
get

E‖Ψφ̃(t, ·)−Ψφ̄(t, ·)‖2
2 ≤ 2Ht2H+2α−2

∫ t

0
‖g(s, φ̃)− g(s, φ̄)‖2

L 0
2

ds

≤ 2HM4T2H+2α−2‖φ̃− φ̄‖2
CFt

,

in review of (H4). We conclude that

‖Ψφ̃−Ψφ̄‖2
CFt
≤ 2HM4T2H+2α−2‖φ̃− φ̄‖2

CFt
.

Taking T1 = min{ 1
(4HM4)1/(2H+2α−2) , T}, then Ψ is a contraction mapping on D(T1).

Furthermore, by the Banach Fixed Point Theorem, there exists a unique mild solution of
problem (1) on [−τ, T1]. By taking T1 as the initial time and repeating this process, we can
extend the mild solution to [−τ, T] in finite steps.

3.3. An Estimate

According to the proof of Theorems 1 and 2, we observed that mild solutions are
bounded in D(T). In particular, we get the following results.
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Proposition 2. Let 1/2 < α, γ, H < 1, N > 2γ, (H1), (H2) and (H3) hold. If y is a mild
solution of problem (9), then there exists a positive constant M such that

‖y‖2
CFt
≤ M,

where M depends on α, T, H, M1, M2, M3, ‖ϕ‖CF0
, ‖v‖L2([0,T],V) and ‖Φ‖1.

Proof. Since y(t, x) = ϕ(t, x), a.s., for all t ∈ [−τ, 0] and x ∈ O, we obtain that

‖y|[−τ,0]‖CF0
= ‖ϕ‖CF0

.

On the other hand, for any t ∈ (0, T], we get

E‖y(t, ·)‖2
2 ≤5E‖

∫
O

η(t, x− z)ϕ(0, z)dz‖2
2 + 5E‖

∫ t

0

∫
O

ξ(t− s, x− z)Bv(s)(z)dzds‖2
2

+ 5E‖
∫ t

0

∫
O

ξ(t− s, x− z) f (s, z, yτ(s, z))dzds‖2
2

+ 5E‖
∫ t

0

∫
O

ξ(t− s, x− z)g(s)dzdBH(s)‖2
2

+ 5E‖
∫ t

0

∫
U

∫
O

ξ(t− s, x− z)h(s, z, yτ(s, z); u)dzθ̃(du, ds)‖2
2

.
= 5

5

∑
k=1

Ik.

First, we consider

I1 + I2 = 5E‖
∫
O

η(t, x− z)ϕ(0, z)dz‖2
2 + 5E‖

∫ t

0

∫
O

ξ(t− s, x− z)Bv(s)(z)dzds‖2
2

≤ 5‖η(t, ·)‖2
1E‖ϕ(0, ·)‖2

2 + 5
∫ t

0
‖ξ(t− s, ·)‖2

1ds
∫ t

0
‖Bv(s)‖2

2ds

≤ C‖ϕ‖CF0
+ CT2α−1‖v‖L2([0,T],V).

Second, we get

I3 ≤5
∫ t

0
‖ξ(t− s, ·)‖2

1dsE
∫ t

0
‖ f (s, ·, yn

τ(s, ·))‖2
2ds

≤CT2α−1(‖Φ‖1 + M2)E
∫ t

−τ
‖y(s, ·)‖2

2ds.

By similar discussions to (10), we obtain

I4 ≤ 4HT2H−1
∫ t

0
‖ξ(t− s, ·)‖2

1‖g(s)‖2
L 0

2
ds ≤ CM3T2α+2H−1.

Further,

I5 ≤ 5E
∫ t

0

∫
U
‖ξ(t− s, ·)‖2

1‖h(s, ·, yτ(s, ·); u)‖2
2e(du)ds

≤ C(T2α−1 + M1)E
∫ t

−τ
‖y(s, ·)‖2

2ds.

Therefore, we conclude that for any t ∈ [−τ, T],

E‖y(t, ·)‖2
2 ≤C(α, T, H, M3, ‖ϕ‖CF0

, ‖v‖L2([0,T],V))

+ C(α, T, M1, M2, ‖Φ‖1)E
∫ t

−τ
‖y(s, ·)‖2

2ds,
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where C(·) depends on the parameters in brackets. By taking supremum on both sides and
the Granwall inequality, we get that there exists M > 0 such that

‖y‖2
CFt
≤ C(α, T, H, M3, ‖ϕ‖CF0

, ‖v‖L2([0,T],V)) exp{C(α, T, M1, M2, ‖Φ‖1)} ≤ M.

Proposition 3. Let 1/2 < α, γ, H < 1, and N > 2γ, assumptions (H1), (H2), and (H4) hold. If
y is a mild solution of problem (1), then there exists a positive constant M̄ such that

‖y‖2
CFt
≤ M̄,

where M depends on α, T, H, M1, M2, M4, M5, ‖ϕ‖CF0
, ‖v‖L2([0,T],V), and ‖Φ‖1.

Proof. Let Ĩ4 = E‖
∫ t

0

∫
O ξ(t− s, x− z)g(s, yτ(s))dzdBH(s)‖2

2. Then, by (H4) we get that

Ĩ4 ≤ 4HT2H−1
∫ t

0
‖ξ(t− s, ·)‖2

1‖g(s, yτ(s))‖2
L 0

2
ds

≤ CT2α+2H−1{M4 + M5E
∫ t

−τ
‖y(s, ·)‖2

2ds}.

Hence, by a similar proof to Proposition 2, we obtain

‖y‖2
CFt
≤ C(α, T, H, M4, ‖ϕ‖CF0

, ‖v‖L2([0,T],V)) exp{C(α, T, M1, M2, M5, ‖Φ‖1)} ≤ M̄.

4. Approximate Controllability

In this section, we apply the results in Section 3 to prove the approximate controllability
of problem (9) and problem (1).

Remark 2. In this section, we switch the viewpoint to clarify the presentation. By defining
[y(t)](x) .

= y(t, x), t ∈ [−τ, T], and x ∈ O, we consider y : [−τ, T] → L2(O) as a mapping
rather than a function. Further, define

ϕ : [−τ, 0]→ L2(O), f : [0, T]× CFt → L2(O), h : [0, T]× CFt ×U → L2(O),

by [ϕ(t)](x) .
= ϕ(t, x), [ f (t, y)](x) .

= f (t, x, y(t, x)), and [h(t, y; u)](x) .
= h(t, x, y(t, x); u).

Let

R(T; ϕ) ={y(T) .
= y(T; ϕ; v) : y is the mild solution corresponding to

v ∈ L2([0, T]; V) and ϕ ∈ CF0([−τ, 0]; L2(O))}.

R(T; ϕ) denotes the set of terminate states at time T. For any y(T; ϕ; v) ∈ R(T; ϕ), it means
that there exists a control v which transfer initial state ϕ to terminate state y(T).

Definition 2. Problem (1) is called approximately controllable on [0, T] if for any
ϕ ∈ CF0([−τ, 0]; L2(O)), R(T; ϕ) satisfies

R(T; ϕ) = L2(Σ; L2(O)).

Let

ΠT
0 v =

∫ T

0
Zα

γ(T − s)Bv(s)ds,
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ΥT
λ(·) =

∫ T

λ
Zα

γ(T − s)BB∗(Zα
γ)
∗(T − s)(·)ds,

GT
λ =

∫ T

λ
Zα

γ(T − s)BB∗(Zα
γ)
∗(T − s)ds

where λ ∈ [0, T). It is easy to see ΠT
0 ∈ L (L2([0, T]; V); L2(Σ, L2(O))). Therefore, there

exists the adjoint operator denoted by (ΠT
0 )
∗. Note that ΥT

λ ∈ L (L2(Σ, L2(O)) for any
λ ∈ [0, T) and for arbitrary ψ ∈ L2(Σ, L2(O)),

ΥT
0 (ψ) = ΠT

0 (Π
T
0 )
∗(ψ).

GT
λ : L2(O)→ L2(O) is called the controllability Gramian of control problem (9). Assume

that
(C) For arbitrary λ ∈ [0, T), κ(κ I + GT

λ )
−1 ∈ L (L2(O)), and

‖κ(κ I + GT
λ )
−1‖ → 0 as κ → 0+, uniformly with respect to λ ∈ [0, T).

Under assumption (C), the deterministic linear fully nonlocal stochastic control prob-
lem without delay corresponding to problem (9) is approximately controllable, see [42–44].

To illustrate approximate controllability of control problem (9) and problem (1), we
recall the following result.

Lemma 6 ([34]). For any ρ ∈ L2(Σ; L2(O)), there exists ζ such that

ρ = Eρ +
∫ T

0
ζ(s)dBH(s),

where ζ ∈ L2(Σ; L2
Ft
([0, T]; L 0

2 (W, L2(O)))).

Theorem 3. Let the conditions in Theorem 1 and assumption (C) hold, then stochastic control
problem (9) is approximately controllable on [−τ, T].

Proof. It is necessary to prove that there exists a sequence of controls whose limit transfers
initial state ϕ to y(T) at time T. The construction of the sequence is inspired by [42].

Step 1: The sequence of controls. For any positive integer κ, 0 < t ≤ T, ρ ∈
L2(Σ; L2(O)) and y ∈ D(T), choose

vκ(t; y) =B∗(Zα
γ)
∗(T − t)(κ I + GT

0 )
−1{Eρ−Yα

γ(T)ϕ(0)}

− B∗(Zα
γ)
∗(T − t)

∫ t

0
(κ I + GT

s )
−1Zα

γ(T − s) f (s, yτ)ds

−B∗(Zα
γ)
∗(T − t)

∫ t

0
(κ I + GT

s )
−1[Zα

γ(T − s)g(s)− ζ(s)]dBH(s)

−B∗(Zα
γ)
∗(T − t)

∫ t

0
(κ I + GT

s )
−1Zα

γ(T − s)
∫

U
h(s, yτ ; u)θ̃(du, ds).

Let yκ be the mild solution of problem (9) associated with vκ . Therefore, yκ(T) satisfies

yκ(T) =ρ− κ(κ I + GT
0 )
−1{Eρ−Yα

γ(T)ϕ(0)}

+
∫ T

0
κ(κ I + GT

s )
−1Zα

γ(T − s) f (s, yκ
τ)ds

+
∫ T

0
κ(κ I + GT

s )
−1[Zα

γ(T − s)g(s)− ζ(s)]dBH(s)

+
∫ T

0
κ(κ I + GT

s )
−1Zα

γ(T − s)
∫

U
h(s, yκ

τ ; u)θ̃(du, ds).

We will show that {vκ}∞
κ=1 is the sequence that we needed.
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Step 2: Approximate controllability. Since {yκ}∞
κ=1 is a sequence of mild solutions,

{yκ}∞
κ=1 is bounded in CFt([−τ, T], L2(O)) by Proposition 2. Therefore,

E
∫ t

0
‖ f (s, yκ

τ(s))‖2
2ds +E

∫ t

0

∫
U
‖h(s, yκ

τ(s); u)‖2
2e(du)ds

≤2‖Φ‖1 + 2M2E
∫ T

−τ
‖yκ(s)‖2

2ds

≤2‖Φ‖1 + (M1 + M2)M(T + τ).

(13)

Denote f κ(s) .
= f (s, yκ

τ) and hκ(s; u) .
= h(s, yκ

τ ; u), then { f κ}∞
κ=1 is bounded in

L2
Ft
([0, T], L2(O)) and {hκ}∞

κ=1 is bounded in Me,2
F ([0, T]×U, L2(O)). On the other hand,

by assumption (C), for κ > 0 sufficiently small,

‖κ(κ I + GT
λ )
−1‖ ≤ 1, ∀λ ∈ [0, T). (14)

Further, we deduce that

E‖yκ(T)− ρ‖2
2 ≤5E‖κ(κ I + GT

0 )
−1{Eρ−Yα

γ(T)ϕ(0)}‖2
2

+ 5E‖
∫ T

0
κ(κ I + GT

s )
−1Zα

γ(T − s) f κ(s)ds‖2
2

+ 5E‖
∫ T

0
κ(κ I + GT

s )
−1Zα

γ(T − s)g(s)ds‖2
2

+ 5E‖
∫ T

0
κ(κ I + GT

s )
−1Zα

γ(T − s)
∫

U
hκ(s; u)e(du)ds‖2

2

+ 5E‖
∫ T

0
κ(κ I + GT

s )
−1ζ(s)ds‖2

2

.
=W1 + W2 + W3 + W4 + W5.

By Lemma 5 and (C) we have

W1 ≤ C‖κ(κ I + GT
s )
−1‖2{E‖ρ‖2

2 +E‖ϕ(0)‖2
2} → 0 as κ → 0+.

By the Minkowsky inequality, Lemma 5, (13), and (14), the Hölder inequality, (C), and
the Lebesgue Dominated Convergence Theorem, we get

W2 ≤C{E
∫ T

0
‖κ(κ I + GT

s )
−1Zα

γ(T − s) f κ(s)‖2ds}2

≤C{E
∫ T

0
‖κ(κ I + GT

s )
−1‖(T − s)s−1‖ f κ(s)‖2ds}2

≤C
∫ T

0
(T − s)2α−2ds

∫ T

0
‖κ(κ I + GT

s )
−1‖2E‖ f κ(s)‖2

2ds

→0 as κ → 0+.

By similar discussions to W2, we obtain

W4 ≤ CT2α−1
∫ T

0

∫
U
‖κ(κ I + GT

s )
−1‖2E‖hκ(s; u)‖2

2e(du)ds→ 0 as κ → 0+.

Further, by (H3) and ζ ∈ L2(Σ; L2
Ft
([0, T]; L 0

2 (W, L2(O)))), we get that

W3 + W5 ≤CHT2α+2H−2E
∫ T

0
‖κ(κ I + GT

s )
−1‖2‖g(s)‖2

L 0
2

ds

+ CHT2H−1E
∫ T

0
‖κ(κ I + GT

s )
−1‖2‖ζ(s)‖2

L 0
2

ds

→0 as κ → 0+.



Fractal Fract. 2021, 5, 30 18 of 21

To sum up, we get
E‖yκ(T)− ρ‖2

2 → 0 as κ → 0+.

Therefore, by the arbitrariness of ρ ∈ L2(Σ; L2(O)), we obtain the approximate con-
trollability of problem (9) on [−τ, T].

Theorem 4. Let the conditions in Theorem 2 and (C) hold, then stochastic control problem (1) is
approximately controllable on [−τ, T].

Proof. By the similar discussions to the proof of Theorem 3, we only need to show that

W̃3
.
= E‖

∫ T

0
κ(κ I + GT

s )
−1Zα

γ(T − s)g(s, yκ
τ(s))ds‖2

2 → 0 as κ → 0.

By (12) and Proposition 3, for any t ∈ [0, T], we get

‖g(t, yκ
τ(t))‖2

L 0
2
≤ 2M4‖yκ‖2

CFt
+ 2M5 ≤ 2M̄M4 + 2M5.

Therefore,

W̃3 ≤ CHT2α+2H−2
∫ T

0
‖κ(κ I + GT

s )
−1‖2‖g(s, yκ

τ(s))‖2
L 0

2
ds→ 0 as κ → 0.

5. Conclusions

In this paper, we discuss a class of stochastic control problems with Caputo fractional
derivatives, fractional Laplacian operators, fractional Brownian motions and Poisson jumps.
We consider the problems with linear and nonlinear fractional noises by different methods.
We obtain the existence and uniqueness of mild solutions when 1/2 < α, γ, H < 1,
and N > 2γ. Furthermore, we apply the results obtained for mild solutions to get the
approximate controllability of the stochastic control problems.

Author Contributions: Conceptualization, Y.F.; methodology, L.Y. and Y.F.; validation, L.Y. and Y.F.;
formal analysis, L.Y.; investigation, L.Y.; writing—original draft preparation, L.Y.; writing—review
and editing, Y.F.; supervision, Y.F. Both authors have read and agreed to the published version of the
manuscript.

Funding: This research was funded by the National Natural Science Foundation of China Grant
No. 11771107.

Acknowledgments: The authors appreciate the referees for their suggestions to this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Cartea, A.; del Castillo-Negrete, D. Fluid limit of the continuous-time random walk with general Lévy jump distribution functions.

Phys. Rev. E 2007, 76, 041105. [CrossRef]
2. Samko, S.G.; Kilbas, A.A.; Marichev, O.I. Fractional Integrals and Derivatives: Theory and Applications; Gordon and Breach Science

Publishers: Yverdon, Switzerland, 1993.
3. Mao, X. Stochastic Differential Equations and their Applications; Horwood Publishing: Chichester, UK, 2007.
4. Paola, M.D.; Alotta, G.; Failla, G.; Pirrotta, A.; Sofi, A.; Zingales, M. The mechanically based non-local elasticity: An overview of

main results and future challenges. Phil. Trans. R. Soc. A 2013, 371, 20120433. [CrossRef] [PubMed]
5. Patnaik, S.; Sidhardh, S.; Semperlotti, F. Towards a unified approach to nonlocal elasticity via fractional-order mechanics. Int. J.

Mech. Sci. 2021, 189, 105992. [CrossRef]
6. Paola, M.D.; Zingales, M. Long-range cohesive interactions of non-local continuum faced by fractional calculus. Int. J. Solids

Struct. 2008, 45, 5642–5659. [CrossRef]
7. Patnaik, S.; Semperlotti, F. A generalized fractional-order elastodynamic theory for non-local attenuating media. Proc. A 2020,

476, 20200200. [CrossRef] [PubMed]

http://doi.org/10.1103/PhysRevE.76.041105
http://dx.doi.org/10.1098/rsta.2012.0433
http://www.ncbi.nlm.nih.gov/pubmed/23690642
http://dx.doi.org/10.1016/j.ijmecsci.2020.105992
http://dx.doi.org/10.1016/j.ijsolstr.2008.06.004
http://dx.doi.org/10.1098/rspa.2020.0200
http://www.ncbi.nlm.nih.gov/pubmed/32831597


Fractal Fract. 2021, 5, 30 19 of 21

8. Patnaik, S.; Hollkamp, J.P.; Semperlotti, F. Applications of variable-order fractional operators: a review. Proc. R. Soc. A 2020, 476,
20190498. [CrossRef] [PubMed]

9. Sun, H.; Chang, A.; Zhang, Y.; Chen, W. A review on variable-order fractional differential equations: mathematical foundations,
physical models, numerical methods and applications. Fract. Calc. Appl. Anal. 2019, 22, 27–59. [CrossRef]

10. Ding, W.; Patnaik, S.; Sidhardh, S.; Semperlotti, F. Applications of distributed-order fractional operators: A Review. Entropy 2021,
23, 110. [CrossRef]

11. Liang, Y.; Chen, W.; Xu, W.; Sun, H. Distributed order Hausdorff derivative diffusion model to characterize non-Fickian diffusion
in porous media. Commun. Nonlinear Sci. Numer. Simul. 2019, 70, 384–393. [CrossRef]

http://dx.doi.org/10.1098/rspa.2019.0498
http://www.ncbi.nlm.nih.gov/pubmed/32201475
http://dx.doi.org/10.1515/fca-2019-0003
http://dx.doi.org/10.3390/e23010110
http://dx.doi.org/10.1016/j.cnsns.2018.10.010


Fractal Fract. 2021, 5, 30 20 of 21

12. Wang, B. Dynamics of fractional stochastic reaction-diffusion equations on unbounded domains driven by nonlinear noise.
J. Differ. Equs. 2019, 268, 1–59. [CrossRef]

13. Mohammed, W.W. Approximate solutions for stochastic time-fractional reaction–diffusion equations with multiplicative noise.
Math. Meth. Appl. Sci. 2021, 44, 2140–2157. [CrossRef]

14. Reutskiy, S.; Zhang, Y.; Lin, J.; Sun, H. Novel numerical method based on cubic B-splines for a class of nonlinear generalized
telegraph equations in irregular domains. Alex. Eng. J. 2020, 59, 77–90. [CrossRef]

15. Reutskiy, S.; Zhang, Y.; Lin, J.; Sun, H. A Ritz-based finite element method for a fractional-order boundary value problem of
nonlocal elasticity. Int. J. Solids Struct. 2020, 202, 398-417.

16. Li, C.; Zeng, F. Numerical Methods for Fractional Calculus; CRC Press: Boca Raton, FL, USA, 2015.
17. Alotta, G.; Failla, G.; Zingales, M. Finite-element formulation of a nonlocal hereditary fractional-order Timoshenko beam. J. Eng.

Math. 2017, 143, D4015001. [CrossRef]
18. Alotta, G.; Failla, G.; Zingales, M. Finite element method for a nonlocal Timoshenko beam model. Finite Elem. Anal. Des. 2014, 89,

77–92. [CrossRef]
19. Kemppainen, J.; Siljander, J.; Zacher, R. Representation of solutions and large-time behavior for fully nonlocal diffusion equations.

J. Differ. Equs. 2017, 263, 149–201. [CrossRef]
20. Li, L.; Liu, J.G.; Wang, L. Cauchy problems for Keller-Segel type time-space fractional diffusion equation. J. Differ. Equs. 2018,

265, 1044–1096. [CrossRef]
21. Pozo, J.; Vergara, V.C. Fundamental solutions and decay of fully non-local problems. Discret. Contin. Dyn. Syst. 2019, 39, 639–666.

[CrossRef]
22. Lakhel, E.H.; Hajji, S. Existence and uniqueness of mild solutions to neutral SFDEs driven by a fractional Brownian motion with

non-Lipschitz coefficients. J. Numer. Math. Stoch. 2015, 7, 14–29.
23. Li, K.X. Stochastic delay fractional evolution equations driven by fractional Brownian motion. Math. Methods Appl. Sci. 2014, 38,

1582–1591. [CrossRef]
24. Pei, B.; Xu, Y. Mild solutions of local non-Lipschitz stochastic evolution equations with jumps. Appl. Math. Lett. 2016, 52, 80–86.

[CrossRef]
25. Caraballo, T.; Garrido-Atienza, M.; Taniguchi, T. The existence and exponential behavior of solutions to stochastic delay evolution

equations with a fractional Brownian motion. Nonlinear Anal. 2011, 74, 3671–3684. [CrossRef]
26. Gao, H.; Garrido-Atienza, M.J.; Schmalfuss, B. Random attractors for stochastic evolution equations driven by fractional Brownian

motion. SIAM J. Math. Anal. 2014, 46, 2281–2309. [CrossRef]
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