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Abstract: The methods for constructing solutions to integro-differential equations of the Volterra type
are considered. The equations are related to fractional conformable derivatives. Explicit solutions of
homogeneous and inhomogeneous equations are constructed, and a Cauchy-type problem is studied.
It should be noted that the considered method is based on the construction of normalized systems of
functions with respect to a differential operator of fractional order.
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1. Introduction

There are many different ways of defining fractional operators, unlike in classical
calculus, where there is only one way to define the derivative operation. The most common
derivatives are Riemann-Liouville and Caputo derivatives, which were successfully used
in the modeling of complex dynamical processes in physics, biology, engineering and many
other fields [1-5].

Among the other definitions of fractional calculus, we can mention Hilfer, Riesz,
Hadamard, Erd’elyi-Kober, Atangana—Baleanu, Katugampola, fractional conformable
derivatives, and many others [2,6-9].

It should be noted that questions related to the theorems of existence and uniqueness of
solutions of Cauchy-type and Dirichlet-type problems for linear and nonlinear differential
equations of fractional order have been developed in sufficient detail, whereas explicit
solutions are only known for certain types of linear differential equations of fractional order.

One of the most widely used methods for constructing solutions to differential equa-
tions of fractional order is the method of integral transformations. A detailed description
of this method can be found in [2,4,5] and other works. An effective method for con-
structing explicit solutions and solving the Cauchy problem for differential equations
of fractional order is based on the Mikusinski operational calculus. In the papers of
Yu. Luchko et al. [10-15], this method was applied to solve linear differential equations
of fractional order with constant coefficients and with derivatives of Riemann-Liouville
and Caputo type and the general fractional derivative. This method was later used for a
general equation with a Hilfer-type operator [16]. In the paper [17] A. Pskhu formulated
and solved the initial problem for linear ordinary differential equations of fractional order
with Riemann-Liouville derivatives. He reduced the problem to an integral equation and
constructed an explicit solution in terms of the Wright function. We also note that in [18,19]
the Cauchy problem for differential equations of fractional order has been studied using
the Adomian decomposition method.

In this paper, we consider an operator method for constructing solutions to fractional
differential equations. This method is based on the construction of normalized systems
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with respect to operators of fractional differentiation. The method of normalized systems
was introduced in [20] and used to construct exact solutions to the Helmholtz equation
and the polyharmonic equation. The method of normalized systems was used to solve the
Cauchy problem for ordinary differential equations with constant coefficients [21], as well
as to construct solutions to differential equations associated with Dunkl operators [22,23].
Later, in [24-27], this method was applied to the construction of an explicit form of solution
of fractional differential equations.

Let us first consider the definition of fractional-order integro-differentiation operators
that will be used in this paper.

Let0 < a < b < o0. For function f(x) € C![a, b], we define the operator

JTf(x) = (t—a)' ™ f'(x),a > 0.

In case & € (0,1), this operator corresponds to an integral operator of the form
i dt
oI f(x) = /f(t)m
a

Let0 < a,fand /T* = ,T* -, T* - ... -, T n = 1,2, ... In[8], the following integro-

n
differential operators were considered:

gfaf(x):rl j((x—a)“—(t_u)a)ﬂlf(t)(dt' "

5) / x o)
B u _ gTa X (X _ {Il)“ _ (t —a)"‘ n—p—1 dt
oD f(x) = T(B) H/( X ) f(t)mf 2)

X oNa (4 e\ n—p-1
Do) = o [(FEEE) T -1 << ©)

a

In case « = 1, operator l; J* coincides with the integration operator of the 8 order
in the Riemann-Liouville sense, whereas 5 D% and acﬂ D* coincide with the differentiation
operators of the § order in the Riemann-Liouville and Caputo sense [2].

It should be noted that the methods for solving fractional differential equations
with derivatives 5 D* and ,93 D* have been studied by many authors, in particular, in
works [28-32].

In [28] the theorem on the existence of a unique solution to the Cauchy problem is
proved by the method of successive approximations. In [29], using the generalized integral
Laplace transform for the case 0 < B < 1, explicit solutions to the following Cauchy
problems were constructed

ED%y(t) = Ay(t) + f(t),t >0, (oﬂ‘ﬁy) (0) =b,b €R,

SPD%y(t) = Ay(t) + f(£),t > 0,y(0) = b,b € R.

Similar results were obtained in [30-32].

The use of differential equations of fractional order with derivatives a’g D* and 5’3 D% in
the modeling of biological processes (fractional analogue of the Bergman model), electrical
circuits, motion of electrons under the action of the electric field (fractional analogue of the
Drude model), as well as in the analysis of applied dynamic models (Rabinovich—Fabrikant
attractor), is described in [33-37].
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Further, in the work of A.A. Kilbas and M. Saigo [38], on the basis of the formula
for the composition of operators of integration of fractional order with a three-parameter
Mittag-Leffler function Eg ,,;(z), an algorithm for solving an integral equation of the type

AU (7
P = "5 / (t_T)lfﬁdT—kf(t),ﬁ >0,A€R

was obtained.
In this paper (Section 3), this result is generalized for integral equations with the oper-

ator E J*. In this case, the solution to the integral equation is constructed by a constructive
method, i.e., by the method of normalized systems, and it is proved that the solution to the
integral equation is represented in terms of Mittag-Leffler-type functions Eg (). The
solution to the integral equation is constructed in a closed form when the right-hand side of
the equation is a quasi-polynomial. In the particular case of parameters of the considered
integral operator, the results obtained in this work agree with the results obtained in [38].

In Section 4 of this work, the method of normalized systems is used to construct
solutions to iterated differential equations of fractional order. In contrast with our work [25],
in this case, fractional-order differential equations with degeneration are considered. The
construction of solutions to such equations has not been studied by other authors. It

should be noted that in constructing solutions to these equations, a new class of special

functions EZJ’:}Z (z), representing a more general form of three-parameter Mittag—Leffler-

type functions Eg ,, ;(z), arises.
In the fifth and sixth sections of the work, application of the method of normalized
systems to the construction of an explicit solution of one class of fractional-order differential

equations with operators 5 D* and uCﬁ D* is considered. Homogeneous and inhomogeneous
equations are studied. The considered equations and, therefore, the results obtained,
generalize the results obtained in [30-32], as well as the results obtained in the work of
A.A. Kilbas and M. Saigo [39].

At the end of the section, an example of solving an equation for electrical circuit
simulation is given.

Further, we present some well-known information about the method of normal-
ized systems.

Let L; and L; be linear operators, acting from the functional space X to X, L X C
X,k =1,2. Let functions from X be defined in a domain Q) C R". Let us give the definition
of normalized systems [20].

Definition 1. A sequence of functions {f;(x)}i~, fi(x) € X is called f—normalized with respect
to (L1, Ly) on Q), having the base fo(x), if, on this domain, the following equality holds: L1 fo(x) =
f(x), Lafi(x) = Lafia(x), i > 1.

If L, = E is a unit operator, then a system of functions f— normalized with respect
to (Ly,1) is called f— normalized with respect to Ly, i.e.,, Lifo(x) = f(x),Lifi(x) =
fia(x),i> 1.

If f(x) = 0, then the system of functions { f;(x)} is just called normalized.

The main properties of the systems of functions f-normalized with respect to the
operators (L1, Lp) on ) have been described in [20]. Let us consider the main property of
the f-normalized systems.

Proposition 1. If a system of functions { f;(x)}?2 is f—normalized with respect to (L1, Ly) on

Q), then the functional series y(x) = Y. fi(x),x € Q, is a formal solution of the equation:
i=0

(L1 = La)y(x) = f(x),x € Q. )
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The following proposition allows us to construct an f —normalized system with respect
to a pair of operators (Lj, Lp).

Proposition 2 ([27]). If for Ly there exists a right inverse operator Lfl, ie,L- L;l = E, where E
i
is a unit operator and Ly fo(x) = f(x), then a system of functions f;(x) = (Lfl : Lz) fo(x),i>1

is f—normalized with respect to a pair of operators (Lq,Ly) on Q.
2. Properties of Integro-Differential Operators

Let us consider some properties of operators 5 JA, 5 D% and aCﬁ D*.
Lemmal. Leta,f > 0,5 > —1land f(x) = (x —a)*. Then, the equality holds:

(rie=ar) o) = e - e . ®

Proof. By the definition of the operator 5 J*, we have

By 1 [f((x—a—(—a\F
bt = i () e

—a

After changing variables ¢ = ((;w))’: for f J*f(x) we get

(X _ a)oc(ﬁ—l)+ucs+a

aPT(B)

(x —a)“ TP T(B)I(s+1)
afT(B) T(s+14+p)

1
2 (x) = Ja-of e -
0

— iM(x _ a)wsﬂﬁ‘

T aPT(s+1+p)

The lemma is proved. O

Lemma 2. Let f(t) = (t —a)*,s > —1. Then, the following equalities hold:

(Fo*(t—a)) (x) —{ O by P ©)

(x—a)*6P,s>n—-1"

T(s+1-P)
c 0,s€{0,1,..,n—1}
(“ﬁD“(t - a)sa> = { af r{s(iﬂ)ﬁ) (x—a)*cPs>n—1" 7

Proof. If B = n is an integer, then, by definition, Ppe f(x) =5P Do f(x) = T* and thus, for
alls >n—1, we get

d
npa .. o\as _n—1 N\l _\as n—=1 o _ o ya(s—1
" (x —a)® ="' T <(x a) dx(t a) ) =ash T ((x a) )

=as-a(s—1)-..-a(s—n+1)(x— a)“(sfn) =a"s-(s—1) .- (s=n+1)(x— a)”‘(S*")

—— F(S—Fl) ( _a)zx(sfn).

I'(s+1—n)
Ifs € {0,1,..,n—1}, then !T*(x — a)* = 0.
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Letn —1 < B <n,n=1,2,... Then, by the definition of the operator 5 D* and taking
into account (5), we get

D) =1 T (P =) ) =2 T (o e (O ):

If in the latter equality the parameter s takes one of the values sy = f— 1,50 =
B—2,..5; =B —n,then

nopa <(x _ a)oc(strn*ﬁ)) 0= (f[)“(t - @Sﬂ%) (x)=0,j=1,2,...,n.

If s > B —1, then

SD"‘f(x) —nTe (lxnl_ﬁ e i(lsj:i)_ 5 (x — a)a(s-&-n—ﬁ))

1 T(s+Da"(s+n—p)..(s+1-p) wls—B) I'(s+1) als—
=~ Fs v i p) (x —a)™ ﬁ)_aﬁm(x_a)( B).

Similarly, if s takes one of the values s; = 0,55 = 1,...,s, = n — 1, we get
iT((x—a)™) =0,j=12,.,n

Then, for these values of s, we get (,EﬁD“(t — a)sf"‘) (x) =0.
If s > n—1, then

DU () =P AT = a) ™) (x) =5 P T (sw(sw — @) (sw = (n+ 1)) (x — @) ) =

=as(s—1)..(s+1— n)Zfﬁ]“ ((x - g)“(sfﬂ)) =

1 I'(s+1—n) (sB) T(s+1) "
a"*5F(5+1—5)(x_a)( ﬂ)faﬁm(x_a)( B)

The lemma is proved. O

=a"s(s—1)..(s+1—n)

The following assertion was proved in [8].
Lemma3. Letn —1< B <n,n=1,2,..and f(x) € Ca,b]. Then, the equality
o () = f() (8)
is valid.

3. Construction of a Solution to an Integral Equation

Leta,fp > 0,m = 1,2,.... Let us consider in the domain x > a the following inte-
gral equation

_aaﬁ(mfl) X — o) — (F— g B—1
o) = 2 — [(E= =) s

It should be noted that for the case of the Riemann-Liouville operator, i.e., fora =1,
integral Equation (9) was studied in [38]. In this work, in the case when « = 1, based on
the properties of a special Mittag—Leffler type function

=L T[B(km +1) +1]

E 2)=Y ¢z, c0=1,¢c; = ,i>1, (10)
g (2) i;)z 0 i ]g)r[ﬁ(km+l+1)+1]




Fractal Fract. 2021, 5, 109

6 of 21

an algorithm for constructing a solution to Equation (9) was proposed for the cases when
f(x)is a polynomial or a quasi-polynomial. The properties of the function Eg ,, ;(z) were
also studied in [39-42].

In our case, to construct a solution to Equation (9), we use the method of normalized
systems. For this purpose, we introduce the notations L; = E and Ly = A(x — a)*("=1)..

E J*,where L; is the unit operator. Then, Equation (9) can be rewritten in the form (4).
Let f(x) € Cla, b]. Let us denote ¢y (x) = f(x) and

pi() = (Ax = @)D Y o)k =1,2, .. (1)

It is known (see, for example, [8]) that the operator E J* is bounded from the space Cla, b]
to the space C[a, b], and therefore, for each k = 1,2, ..., an inclusion ¢ (x) € Cla, b] occurs.
It is obvious that

Ligo(x) = Eo(x) = f(x), Ligk(x) = g(x) = Ligo(x) = L, (Llé_lq’o(x)) = Lagg_1(x).

Hence, the system of functions ¢ (x) from (11) is f-normalized with respect to the
pair of operators L; = E, L, = A(x — a)*("=1).. Pre.
The following assertion is valid.

Theorem 1. Let a, p > 0,m > 0,f(x) € Cla,b] and ¢y (x) be defined by equality (11). Then,
the function

x) =) oi(x) (12)
k=0
is a solution to Equation (9) from class Cla, b].

Proof. Let f(x) € C[a,b]. Then, formally applying operators L; and L; to the series (11),
we have

(L — _1 z o)~ L2 Y elx) = £ + 3 g Z LEF£(
k=0 k=1

x)+ ) pr(x) = ) Lof(x) = F(x) + ) pe(x) = ) i) = f(x)
k=1 i=1 k=1 i=1
Hence, function ¢(x) from (12) formally satisfies Equation (9). It remains to study the

convergence of series (11). For this, let us estimate functions ¢y (x).
For k = 1 we get

Alx — a)B(m=1) a/x( x—a) t—a) )ﬁlf(t)( dt

lp1(x)] =

r(p) T
x — g)aB(m=1) 7 .
B IA(wﬁl;w / ((e=a)* = (£ =) (0) (t—it)l
< 1 llefuu? (x = )P0 (1) ()
r(1) Al T

ap(m— ]‘ 14 apm
= Hf||c[u,b]|)\|(x a) A l)aﬁm(X—a) ﬁz“f”c[a,b]aflgm(x—”) pm
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For k = 2, we get

IA|(x — a)Bm=1) T (x —a)* — (t —a)*\ P! dt
92(0)] < /( T

r'(p)

2
< et 2 s = a0 (70— ) ) =

A r wB(m—1) 1 T 1 B

= Wl g a oy~ g gy O
_ A2 T(1)  T(Bm+1)

Hf”Cub] 22P 1"([5—1—1) (ﬁm+,3+1)(

In the general case, using the method of mathematical induction, one can prove that
the inequality

_ a)Z:x‘Bm'

k=1 - k
ﬁl 1} |A| kaBm
< — (x — k>1
[pr(x)] < Hf“C[a,b] (ll_ol T[B(im+1/B+1)+1] ) akp (x—a) 1=

is satisfied. Then,

m k
\<2|§0k \<||f||c<1+2<]—[r mel/gj]1)+1]>L?k[g(x—ﬂ)k“ﬁm>

x — aq)*Bm
— fllcasiEpmazs (I E=5 ).

This implies an absolute and uniform convergence of series (12) and the inclusion
¢(x) € Cla, b]. The theorem is proved. [

Now, let us construct explicit solutions of Equation (9) for particular cases of func-

tion f(x).

Theorem 2. Let o, f > 0,m > 0and f(x) = fo(x —a)™, u > —1, where fy is a real number.
Then, the solution to Equation (9) is the function

p(x) = fo-(x— a)”‘VEﬁrm,H/ﬁ ()ux_ﬁ(x - a)“ﬁm). (13)

Proof. Under the conditions of this theorem, system (11) can be written as

k
Pr(x) = (A(x — q)*Blm=1). 5]“) folx—a), k=1,2,..
Find the explicit form of ¢¢(x). For k = 1, we get
g1(x) = Ax —a) ¥ VL (fo(t = a)) ()

_  Ax—a)*PD T +1)
T TE i

For k =2, we get

_ a)oc(ﬂ+ﬁ) — fo);r(l;(i_l’_-ql-)ﬁ)(x _ a)zxw-aﬁm.
¢2(x) = A(x — a) B =DE 1 (1) (x)

L A (SR 169
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_ wpm-1), A T(p+1)  T(pm+u+1) O
= (x=a)¥ Dh}$m5+y+nr@m+ﬁ+y+1)“_””+ﬁ+ﬁ

7f/\72 T(p+1) T(Bm+pu+1)
TOBTB+pu+ )T (Bm+B+pu+1)

In the general case, for an arbitrary k > 1, we get

k (k=1 im
(pk(x) = fOD?T/B <H - r[ﬁ( + V/.B) + 1] ) (x _ a)kzxﬁmﬁxy_

( _ a)Za/Sm-&-a;l‘

im0 LBGim+pu/p+1)+1]

Hence, for the solution of Equation (9), we obtain representation (13). The theorem is
proved. 0O

!
Corollary 1. Let o, > 0,m > Oand f(x) = ¥ fi(x —a)*, u > —1, where fy is a real
k=0
number. Then the solution to Equation (9) is written as

!

@(x) =Y flx —a)™ - Eg .. /p (/\tx_/g(x — a)“ﬁm). (14)
k=0

Remark 1. For case « = 1,a = 0 representation (14) was obtained in [38].

l
Corollary 2. Leta,f > 0,m = Land f(x) = ¥ fi(x — a)*, where f; is a real number. Then,
k=0

the solution to Equation (9) is written as

1
p(x) = L Kfr =)™ - Epiy (A P(x—a)*F),
=0

where Eg ,,(z) is a Mittag-Leffler type function [2].

4. Construction of Solutions for Homogeneous Fractional Differential Equations
Leta > 0,n—1 < B < n,v > 0. Let us introduce the notations RLBZﬁ = (x—

a)“”f D%, CBi’ﬁ =(x— a)_‘w[(,j’g D*. Consider in the domain x > a a differential equation
of the type

(Bi’ﬁ - /\) my(x) =0,x>a, (15)

wherem =1,2,..., Bi’ﬁ is one of the operators g, BZ/S or CBf';’ﬁ.

Let m = 1. If we introduce the notations L, = Bi’ﬁ , Lo = A, Equation (15) can be

rewritten in the form (4), and to construct a solution to this equation we have to construct
a 0-normalized system with respect to operators (Bf;’ﬁ , A). In this case, we will use the
method proposed in [25].

Definition 2 ([25]). Operator Dy, is called generalized-homogeneous of the y order with respect to
the variable t, if
Dyt? = Cyat" ¥, t >0, (16)

where 0 < a < p is a real number, Cy, , is a constant.
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Lets € Rand Dy, be a generalized-homogeneous operator of order y. Let us suppose
that operator D), can be applied to the monomial t#k+s_ Based on equality (16), we introduce
the following coefficients

i
Clp,5,0) = 1,C(p,s,1) = [ (=Dt i > 1. (17)
k=1

Let us assume that C(y,s,i) #0,i > 1.
From (17) it follows that for coefficients C(y, s, i) the equalities
1 (t,w‘,s Dyt}li+s+ﬂ)

= ‘>
Clu,s,i) Clusitl) ' 21

hold.
Let p = 0,1, .... Consider the function

%) . yi+s
yop(t) = YA (l>tw (18)

= p ) Clu,s,i)

where( : ): L
p pii=p)!

Theorem 3. Let the series (18) converge and the operator Dy, can be applied term-by-term to it.
If there exist such values of parameter s for which the equality (= pi= S*”D pHits ) | = 0, then
functions ys ,(t) for all such values of parameters and for all p = 0,1, . - 1 satzsfy the equation

(Dy—=A)"y(t) =0,t >0,m=1,2,..

B

From equalities (6) and (7) it follows that operators gy BZ B and CBW are generalized-

homogeneous of order a(B + 7) with respect to (x — a). Let us construct function (18) for
these operators.

First consider the case for operator CB?I3 Leta >0n-1<p<mns =jj=

0,1,..,n — Land fi;(x) = (x — a)*PTVRes k=01,
As in case (17), consider the coefficients

C(IX(‘B + ’)/),Sj,()) =1,

i
C(vc(ﬁ + 7)/5]'/ i) _ H((x _ a)—oc(/3+’Y)k—ocs]'+a(l3+’Y)u/thxfk,j(x)),l- > 1.
k=1

By virtue of equality (7) for k > 1, we get

r((ﬁ+7)k+sj +1)
T((B+1)k+si+1—p)

(x B a)fuc'y fﬁD“fk,j(x) _ (x B a)ac(ﬁ+'y)k+as]vfa(ﬁ+'r)’k > 1.

Hence,

_ ((B+7)k+s;+1)
Cllprmhsyd) = Mqi((W+vw+%i1m>‘ v

By analogy with (18), we construct the functions

x _ Ll) a(B+y)itsja

; a(B+17),s5i) 20
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0o ; (x - u)a(ﬁ+'y)i+s]-uc ’
—,i=1,2,..,n. (21)
yip(x ; ( > C(a(B+7),5j1) J
Further, as

(ﬁ+7)k+sf+1:5[(l+g)k+ﬂ +1:5[<1+g)(k—1)+sj;7+1} +1

and
S; — s.+
(/3+7)k+sj+1—ﬁ—[3[(1+7> ! ﬁ}+1—5{<1+7>(k—1)+ / 7]+1
p p P p
. . . _ ¥ st : 1
then, introducing notations m = 1+ 5,6 = ﬁ for coefficients 1) we get:

1 _ H([ﬁ+7)k+s]+1ﬁ]>
Ca(B+7)5,i) aff T[(B+ 1)k +s;+1]

1 o T[B(m(k—1)+10)+1]
(7 )

:oTﬁkEIl Bmk—1)++1)+1]

If we now change the index k to k 4+ 1, we finally obtain the equality

1 B(mk + ¢) + 1] ) v si+7
=14-,0= .
c(a(5+v),sj~,i) wiB H( B(mk+£+1) +1] " +

Hence, function y;(x) in (20) satisfies the representation

si+y )wfﬁ(x — ﬂ)a('BJr’Y) .
+.75 ( )

- a)tx(ﬁ+'y)i+sjtx

(x) = o i (x
i(x) ,;))‘ Cla(B+7),5,i)

=(x— a)sf‘"Eﬁ,1

Thus, the following assertion is valid.

Theorem 4. Leta >0,n—-1<p<ny>0m=1s=jj=01.,n-1 Then, in case of
P solutions of Equation (15) are the functions

operator Bf‘r’ﬁ =c By
yj(x) = (x —a)VE Bt (/\oc Plx — a)"‘(/g+7)),j =0,1,..n—1.

We can similarly transform the functions y; ,(x) from (21). We get
i\ 1 =/ T[B(mk+¢€)+1] s
A il _ \a(B+Hy)itsia

Yip(x Z ( )alﬁg(r[ﬁ(mk+f+l)+1})(x )

s n+p 1 "l T[B(mk + ) +1] . .
(x —a)l ; < )lx(nﬂﬂ)ﬁ g (F[ﬁ(mk+£+l)+1])(x_a) (B+7) (n+p)

(x — a)*BrVpHin @ (p 1 1), "L T[B(mk 4 £) 4 1] - ) ;
arf = Ig ( [ﬁ(mk+€+1)+1})(m" P x—ay ()

(x—ﬂ) Brvptin B a(B+7)
PP B1+7/B, (m)/ﬁ( (x —a) )
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where function E g;l /(z) is defined by the equality

Pty v (Pt D wooq . Ty TBkmAD 1
Eﬁ,m/(z)—n;) - cn+pz,co—l,cn—]}:[Orw(kaH)H],n_l. (22)

Theorem 5. Leta >0,n—-1<pf<ny>0m=12,.., S =7,j=0,1,..,n—1. Then, in

B

case of operator Bf';’ﬁ =c Bi solutions to Equation (15) are the functions

PR ) R e -p w(B+1) i — -
y]/p(x)— P E5,1+7//5,(j+7)//3()w (x —a) ),]—0,1,...,71—1,;9—0,

1,..,m—1.
Remark 2. Note that for p = 0, we get Eé m0(2) = Egme(2). In addition, the equality holds:

1 oF

1
o1 3 Epme(A2) = ZPERT (2).

B.m,l

Solutions to differential equations with the operator RLBZ g = (x — a)_mg D* are
constructed in a similar way.
The following assertion is valid.

Theorem 6. Leta >0,n—1<Bf<ny>0m=1,2,., si=p—jj=12..,n Then in

case of operator RLBZ/g = (x— a)’“"YgD“ solutions to Equation (15) are the functions

~(x—a)BEp (e - .
Bip(x) = P B s ysp (MG = a0,

ji=12,.,np=01,.,m—-1

Remark 3. For case & = 1,a = 0 this theorem was proved in [39], and for the case v = 0,a = 0
it was proved in [25].

5. Construction of Solutions to Inhomogeneous Differential Equations of
Fractional Order

In this section, we consider a method for constructing a solution to inhomogeneous

differential equations of fractional order with operators f D% and ,Eﬁ D*~.
Leta >0,n—1< B <n,v,v> 0. Consider the equation

DMy (x) = Ax — a)* 4] y(x) + f(x),a < x. (23)

Let us introduce the notations L; = fﬁ D%, Ly = A(x —a)*7 - ;J*. Then Equation (23)
can be rewritten in the form (4).
First, we construct a solution to the homogeneous equation. To do this, we will con-

struct 0-normalized systems with respect to the pair of operators (gﬁ D A(x —a)*" - 1] "‘) .
From Proposition 2, it follows that for this purpose, it is necessary to find all solutions of
the equation ,Eﬁ D*y(x) = 0 and the right inverse for the operator 55 D*. By the proposition
of Lemma 3, the right inverse to the operator ,93 D* is the operator 5 D*, and by virtue of

equality (8), linearly independent solutions of the equation ffﬁ D*y(t) = 0 are functions
(x—a)¥,j=0,1,..,.n—1.
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Let foj(x) = (x — a)¥,j=0,1,..,n — 1. Consider a system of functions

fiiw) = (B1 - AGe— a1 4 1) foj(x)i = 1,2,.. 24)

Let us find an explicit form of the system of functions f; ;(x).
The following assertion is valid.

Lemma 4. For functions f; ;(x) equalities hold

1 itai
fij(x) = gy Cpu(B+v 47,7, 1) (x —a)t P i =12, ., (25)

where

= T[BHv+y)k+j+1]
Cor(B+v+7i) _gr[(/z+v+7)k+]’+1+u]
T[(B+v+9)k+1)+j+1—p]
T(B+v+y)(k+1)+j+1]

(26)

Proof. By virtue of equality (8), we get

; 1 T(G+1) ;
VT _ o — =~ N ) _ ajtav
ol (x —a) a'T(j+14v) (x—a) ’
Hence, for function fi ;(x), we obtain
A T(G+1)

ﬁ]a (x _ a)a(j+v+'y)

) = (A= 40%) ) = o s

A TGHD)  Tdytitl) o paGives)
PTG+ 1+ T L] +1+v)

_ A rGj+1) T((B+y+v)+j+1-8) (x_a)uc(ﬁ+v+'y+j)
wPT(j+14v) T((B+r+v)+j+1)

A . ,
= WCM([H— Y+v,j,1)(x— a)*(BrrtvEi),
If i =2, then
_ (B ayv e 2
fri0) = (81 A = )12 ) fo ()
A N wyv e w(Bv+r+)
= 3 Ch B+ v+ 1 i) (A - @) ) (x - a)

_ A2 . FB+v+y+j+1) g, a(B+2v-+27+j)
_Wcﬁ'“(ﬁJrV+7’]’1)r(ﬁ+v+7+]’+1+v)“] (x —a)

A2 A TB+v+y+j+1) T(B+2v+2y+j+1)

:7(: v //1 . .
P A e R I B [ T e )

2 .
(x — g)a@Bra2e) — A T((B+v+r)+j+1)
(x—a) w20ep) By BV ) e ey T T )

.r(z(ﬁ +v+ ')/) +j+1-— ﬁ) (x _ a)zﬂé(‘B+V+')/)+IXj
reB+v+y)+j+1)

2 .
- (AV+‘B Cov(B+v+7,7,2)(x—a) 2a(ptvty)taj,
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Further, let equality (25) hold for a natural number r. Then, for r + 1, we get

froag@) = (B1 A=y ) oy () = (B1 A=) 4 %)

r AT
(T A= L) o) = G CpaB v v i) (A1 Al =) )

_ Tl )]
Ay — \BrvEy)raj Y ]
(x —a) iy B BV ) e e S T T R T ]

)LrJrl

fBsz (x —a)* (BHv+y)r+ajravtay mcﬁﬂ/ (B+v+7,j,7)

CI((B+v+y)r+j+1) r(B+v+y)r+v+y+j+1)
F((B+v+y)r+j+1+v)T(B+v+y)r+v+y+p+j+1+4v)
(x— a)a(ﬁ+v+'y)r+aj+txv+1x'y+txﬁ

piag . T((B+v+y)r+j+1)
= s A BV e S T T r T )

. r((ﬁ +v+7) (1’ +1) +j+1- ,B) (x _ a)a(ﬁ+v+'y)r+aj+txv+tx7+:x/3
Ir((B+v+y)(r+1)+j+1+v)

Ar—i—l

= mclg,v (‘8 +v+ ’Y/j/ r+ 1) (x - ﬂ)a(ﬁ+v+7)(r+l)+aj.

Thus, equality (25) also holds for the case r + 1. Obviously, for the given values of
parameters «, B,y, v, for any i > 1, the inequality Cg, (B +v + 17, j,i) # 0 is satisfied. The
lemma is proved. O

Let Cg, (B +v+1,j,0) = 1 and consider functions
(z) =Y. Cpu(B+v+7,7i)2,j=01,.,n-1, (27)
i=0

where z— is a complex number.
If, in equality (26) v = 0, then

= T vkHj+1] T(BHv)(k+1)+j+1— B
Cﬁ,v(ﬁJFV']'l)_gr[(ﬁ+v)k+]’+1+v]' T(B+v)(k+1)+j+1]

rG+1)
Tli(B+v)+j+1)
and . :
; [i(B+ ;+)J +1] 2 =T(j+1)Epivjs1(2)-

Moreover, for v = 0 the following equality holds:

Cpo(B+7,j,i) :ﬁr (B+rk+j+1] T(+7)(k+1)+j+1—f]

ieg Tl [3+7k+]+1] T[(B+7)(k+1)+j+1]

’Hlf ﬁ+7( )+J’+1*ﬁ]:ﬁf[(ﬁ+’r)k+ﬁ+’r+j+1*ﬁ]
Pl +7)(k+1)+j+1] ico TIB+Mk+B+v+j+1]

ﬁ r (L+y/Bk+(v+)/B)+1]  _
11 1+v/ﬁ)k+(v+1)/l3+1)+1] !
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i.e., these coefficients coincide with the expansion coefficients of the functionEg ,, ; (z)with
the indices m = 1 + %, { = “%r] It was shown in [30] that the coefficients of the function
Eg m,1(z) satisfy the asymptotic estimate

G

= (Bmi)P — oo(i — o),
Cit1

from whence it follows that the functionEg ,,, 1 (z) is an integral function.
Let us introduce the notation 6 = B + y + v and rewrite coefficients Cg , (8 +v +, 1)

as

it T[ok+j+1]  Tek+5+j+1—§
ATk 1 +v]  Tk+o+j+1]

e

: o] ) ]
_k:of{v(k§+g+1) } [ (ﬁ+5+‘éﬁ+1)+1],121,v>0.
Further, from the asymptotic estimate

Cﬁ,l/(5/ jl Z)
Cpu(d,j,i+1)

Cﬁv (5 ],

= (8i)""F = oo(i — o0),

it follows that uj(z), j = 1,2,..,m, from equality (27) it also follows that they are inte-
gral functions.
Lemma 4 and Proposition 2 imply the following lemma.

Lemma5. Leta > 0,n—1 < B <n,vy,v > 0. Then for all values j = 0,1, ...,n — 1 the system
of functions (25) is 0-normalized with respect to the pair of operators (5’3 D*, A(x —a)*7 - Z]"‘)
in the domain x > a.

Using the main property of normalized systems, we obtain the following assertion.

Theorem 7. Let « > O,n—1 < B < n,y,v > 0 Then, for all values j = 0,1,...,n—1
the functions

) L o0 Ai .
%) = Y fij(x) = (= @)V L s Cpu(Bt v+, 0) (x = a) PRV (28)
i=0 i=0 &

are linearly independent solutions of the homogeneous Equation (23) where y;(t) € Cla,b],
P Dryi(x) € Cla,bl.
Proof. Consider the function

= Z/\icﬁ,v(ﬁ +v+,j,0)(x— a)i,j =0,1,..,n—1.
i=0

Since function (27) is an integral function, it is obvious that
yi(x) = (x - a)”‘juj ()wf(ﬁ“/)(x - a)“(ﬁ”*ﬂ) € Cla, b]
and c
2" Dyj(x) = Ay;(x) € Cla, b,

forj=0,1,..,n — 1. Therefore, functions y;(x) from (28) are solutions to the homogeneous
Equation (23). The proof of the linear independence of solutions (28) will be shown below
in Theorem 11. The theorem is proved. [J
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Corollary 3. Let the conditions of Theorem 7 be satisfied and v = 0. Then, the solutions to the
homogeneous Equation (23) are represented as

(x) = (x —a)¥E NEE i =0,1,.,n—1
y] ‘51_;'_7 'Y;/ Dé(ﬁ+7) /]_ s Ly .

Corollary 4. Let the conditions of Theorem 7 be satisfied and -y = 0. Then, the solutions of the
homogeneous Equation (23) are represented as

‘ _ g)4P
yj(x) =T+ 1)(x —a)YEgpyj (/\(xaﬁa))j =0,1,..,.n—1.

Further, we will consider a method for constructing a solution to the inhomogeneous
equation. Let f(x) € C[a, b]. Then, by the proposition of Lemma 3, the function fy(x) =

5 J*f(x) satisfies the equality
Lifo(x) = PO [f1F) (x) = ().
Consider the system
file) = (B A —ap 1) folx) = A1 (B = 0T 4 ) folx)i = 1.2, (@29)

Lemma 6. Let f(x) € Cla, b]. Then the system of function (29) is f(x)-normalized with respect
to the pair of operators (f,:ﬁD"‘, Alx —a)*7- Z]‘)‘) in the domain x > a .

Proof. Let f(x) € Cl[a, b], then

1] = [ £1)] < 1fllctas £ 03) < 1t gy O~ 0
Hence
< 'D'j;”“ (Effl) (=%, o) D'j;[“'” F(gﬁ)l) (b—a)*.

Further, we use the notation M = If lﬁ[”h r(rﬁ( +)1) Then |fo(x)| < M(x — a)*f From

the latter estimate, it follows that

(Bt =a 2 ) foo)] < MIAL (1% (x = )74 1) (x — ).

Hence, for any i > 1, the estimate is valid:

filx)| = < MIAJ (B (et 4 1) (x— ).

(B A=y 4 1) folw)

Let us calculate the value of the function g;(x) = (5]"‘ (x—a)*r-y ]"‘)l(x —a)*p.
Due to equality (25), we get

1 ; )
gi(x) = i) Cﬁv(ﬁ+v+’y,ﬁ, i) (x — a)*BrvEiteB j 10
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Hence, for any i > 1 the relation f;(x) € C[a, b] and estimates

1 .
Ifi(x)] <M |(2|+V Cou(B+v+7,B,i)(x— a)* (BvH)itap (30)

are valid. Moreover,

(B A=y 5% foe) = (1% Al — a7 27) fia (0) =E ()

where
g(x) = Alx —a)™ - 7] fi_1(x).

As fi_1(x) € Cla, b], then g(x) = A(x —a)*7 - 4]*f;_1(x) also belongs to class C[a, b]
and the equality is satisfied:

Lifi(x) =58 D (B Al =)+ 11%) fo(x) =5P D*[B1°] (x) = 5()

=Mx—a)""- 3] fia(x) = Lofia(x),i > 1.

It is obvious that L fo(x) —SF po (fo)(x) = f(x). Thus, in the class of functions
X = Cla, b], the equalities

Lifo(x) = f(x), L1 fi(x) = Lafi—1(x),i = 1
hold, i.e., system (29) is f — normalized with respect to the pair of operators
(E,:ﬁD“,/\(x —a)*7. Z]“).
The lemma is proved. O

Theorem 8. Let f(x) € Cla,b], fo(x) = 5]"‘f(x) and function f;(x),i > 1 are defined by
equality (29). Then, the function

fi(x) (31)

™

yr(x) =

i=0

is a particular solution of Equation (23) from the class C|a, b].

Proof. Let us estimate the series (31). By virtue of estimate (30), we have

lyel < ;) £ < M| fllcoa (x — a)* |1+ ; AfCpu(B+ 7 +v,B,0)(x —a)/PTTHY)

As the latter series converges uniformly in the domain a < t < b, the sum of this
series, and hence the function y¢(t), belong to class Cla, b]. The theorem is proved.
Let us investigate the representation of function (31) for some special cases of function

f(x). O

Lemma 7. Let f(x) = (x —a)*,u > 0. Then, the particular solution of Equation (23) is
written as

_ 1 T(p+ 1) (x —a)*tth) wi(B+7+v)
]/u(t)—;,g TESET) z;)“l _H/)Cﬁv B+v+v,u+pi)(x—a) :
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Proof. In this case, for f;(x) from (29), we get

— 24 (XVlXilX vc_lr(.u+1) o (Xl/lxi
filx) = (D A= ) D = = e s (B A= )

v meep L T+l 1 N (Y8 (B0 ()
(x —a)" = FT(i 41+ ) a0 Cﬁlv(,@+7+v,y+ﬁ,z)(x a) :

The lemma is proved. O

This lemma implies the following assertion.

p
Theorem 9. Let f(x) = Y. Aj(x —a)",u; > 0 p; > —1. Then the particular solution of
]:
Equation (23) is written as

L AT (4 1) (x — a) B
vr(t) =21, T (p;+ 1+ B)

) i

A .
* X it o (B 7+ vk + B x — )BT (32)

Remark 4. In case o = 1 representation (32) of a particular solution of Equation (23) coincides
with the result of [27].

Further, let us investigate the following Cauchy-type problem
p
DY) = A=) Py () + YA —a) g 2 0a <y, ()
j=1
dTy(xX)|—y =dm,m=0,1,..,n—1 (34)

where dj are real numbers. First, let us consider the homogeneous problem (33), (34).

Theorem 10. Let A; =0,j =1,2,..., p. Then, the solution to the Cauchy problem (33), (34) exists,
is unique, and can be represented as

8

j, i) (x — @) BV (35)

‘; J+1

Proof. Let A; = 0,j = 1,2,..., p. According to Theorem 7, function y(x) in (35) is a solution
to Equation (33). Let us show that y(x) satisfies the initial conditions (34). For function
(x — a)®we have

M (x —a)¥ = 0,m > j, "T(x —a)¥ = aj(aj — «)...(aj — (m — 1)a) (x —a)*U=™)

» . . mr(j 4+ 1) . .
= "= 1) — (m— 1)) (x —a)2m) = L VT2 o gyali=m) 4y —1,2..., .
5= 1) = (0= 1)) =)0 = SRR (i), =12,
Then
. ; "T(m+1),m=j
Moy \&f &
R
Hence, for function y(x) we get
. d
a Ty ()| = chlg}] a T'y(x) = WM‘WF("+ 1) =dm. (36)
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The theorem is proved. O

From Theorem 10 the following theorem can be derived.
Theorem 11. Functions y;(t),j = 0,1,...,n — 1 from (28) are linearly independent.

Proof. For functions yo (), y1(t), ..., y»—1(t) we introduce an analogue of Wronskian: W (x) =
-1
det(TT“yj(x));ljzl, a<x<b.
As in the case of the theorem for linear differential equations of order 7, the following
statement can be proved. [J

Lemma 8. For solutions yi(t),y2(t), ..., ym(t) to Equation (33) be linearly independent, it is
necessary and sufficient that Wy (xo) # 0 at a point xy € [a, b].

According to (36) we get Wy (a) # 0 and, hence, according to the lemma, the solutions
y1(t), y2(t), ..., ym(t) to Equation (33) are linearly independent. The theorem is proved.
Theorems 9 and 10 imply the following assertion.

Theorem 12. If j=>0,j=12.,p, then the solution to the Cauchy problem (33), (34) exists,
is unique, and can be represented as

n—1 d: . o Ai .
v = X rgrn & 0" B e Cor By g ) — e
j=0 i=0

p A4r(y,+1)(x_,1)w(ﬁ+w) o )i
it \Hj ;
: C v +v+v,u+pb,
;; Py 17 f) Ay we pr BT v B

1=

x (x —a)®BtrHv) - (37)

Corollary 5. Let the conditions of Theorem 12 be satisfied and v = 0 . Then, the solution to the
Cauchy problem (33), (34) is represented as

- , (x — a)*(B+7)
af A=y
Z ]+ 1 El) E,S,l"r ,WTH <A a}g

AT +1) | (x— )i B+
it (Hj _ B A '
+]; Dlﬁr<lxl] + 1 + ‘B) (x a) ﬁl ’Y,'Y+Vj ( aﬁ (38)

™=

In case « = 1,4 = 0 the obtained representation of the solution coincides with
Formula (65) in the work of A.A. Kilbas and M. Saigo [39].

Remark 5. If v = 0, then it is not difficult to find an explicit form of the system f;(x) from (29).

Indeed, in this case, by virtue of Formula (31) from [28], the equality ; ]"‘ vjr = 5 +V]"‘

is valid and thus

fi(x) = (5 JEAY ]“)i folx) = AP £ () = NPTy 1= 1,2, ..

Then

(e )

x)=i)fi = L AP

o0 Al X (x—a)“—(t—a)“ (B+v)i+B—1 it
Z ﬁ+vz+/3]/( o ) f(t)(t—a)lf“

=0




Fractal Fract. 2021, 5, 109

19 of 21

j((xa)“(ta)“)ﬁ‘l
(& A (x —a)* — (t —a)\ PPV dt
(;a A n ) ) (=)

_/( e ay t_a) >ﬁ1Eﬁ+%ﬁ(A(x—a)“;(t—a)”‘>f(t)ﬁ_daf>m.

In the simple case when v = 0 from the last formula and from the statement of
Theorem 10 the following assertion follows.

Corollary 6. Let f(t) be a smooth function. Then, the solution to the Cauchy problem
DYy (x) = AT y() + fx),a < x, (39)
dTy(x)|,_,=dnm=0,1,.,n-1 (40)

is the function

n—1 dk(x—a)“k

_ (x — )
y(x) = 20 TEﬁw,kﬂ (Aa(ﬁ“’)

+/( o (o )ﬁlEﬁﬂ,ﬁ(A(’C‘“)“;(t‘“)“>f(t)(dt)m. (41)

In particular, forn = 1,v = 0 we get

VY.
y(x) = doEg, (A(xwg)> +

/x' ((x —a)" ; (t— a)a>51Eﬁ’ﬁ <A(x —a)" ; (t— a)a)f(t) ; _L:L)ltx‘

a

This formula for a = 0 and 0 < a« < 1 was obtained in [30].
In conclusion, we will consider an example of applying the results obtained to the
equation in the theory of electrical circuits.
Example 1. Let 0 < B < 1,a, > 0. Consider the following Cauchy problem
(ffﬁD"‘V) (t) + p(t —a)"™ L J*V(t) = At > a,V(0) = V. (42)

where A, p, Vy are given as real numbers, V (t) is an unknown function. By virtue of Formula (37),
the solution to problem (42) is the function

t ="V Z,,fz 55 Cha (B v+ 7,0,0) (£ — )t PR
i=0

t—a) ap oo '
+A¢x§5F (1+p) ZO lﬁJrv Cﬁv B+ +v,B,i)(t —a) FTTHY),
1=
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If v = 0, the solution to problem (42) is represented as

V(t) =V~ Eﬁ%ﬂ% <_¢fﬁ(t - a)“(ﬁﬂ))

(- P x(p+7)
A g Tt 0) @

Ifv = 0,97 = 0, then Equation (42) coincides with the differential equation of motion of
electrons in metals (the Drude model), considered in [29]. In this case, function (43) will be written as

_ b
()= Vo Epa (e =) £ A8 (™).
As
0w (0 (=) & (—p) (o)
EW“( ) 7)_;) P r(ﬁk+ﬁ+1)_§) WP Blk+ DI (Bk+1)’

function (44) coincides with Formula (40) obtained in [29].

Remark 6. Similar investigations can be carried out for the equation with the operator 5 D~
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