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Abstract: There has been a considerable evolution of the theory of fractal interpolation function (FIF)
over the last three decades. Recently, we introduced a multivariate analogue of a special class of FIFs,
which is referred to as a-fractal functions, from the viewpoint of approximation theory. In the current
note, we continue our study on multivariate x-fractal functions, but in the context of a few complete
function spaces. For a class of fractal functions defined on a hyperrectangle () in the Euclidean space
R", we derive conditions on the defining parameters so that the fractal functions are elements of
some standard function spaces such as the Lebesgue spaces LP(Q2), Sobolev spaces W™ (Q)), and
Holder spaces C"™7 (Q)), which are Banach spaces. As a simple consequence, for some special choices
of the parameters, we provide bounds for the Hausdorff dimension of the graph of the corresponding
multivariate a-fractal function. We shall also hint at an associated notion of fractal operator that maps
each multivariate function in one of these function spaces to its fractal counterpart. The latter part
of this note establishes that the Riemann-Liouville fractional integral of a continuous multivariate
a-fractal function is a fractal function of similar kind.

Keywords: multivariate fractal functions; function spaces; Hausdorff dimension; fractal operator;
fractional integral

1. Preamble

This note aims to offer a modest contribution to the field of fractal interpolation. In
particular, we consider a special class of fractal interpolation functions referred to as the
a-fractal function, which has played a considerable role in the theory of univariate fractal
approximation. Our work in the current note seeks to show that a few results on the
construction of univariate a-fractal functions in various function spaces and associated
fractal operator (see, for instance, [1]) carry over to higher dimensions.

For a prescribed data set D = {(x0,y0), (x1,y1),---, (xx, ¥x)} in R? with increasing
abscissae, there are multitude of methods to construct a continuous function that maps
each x; to y;—generally known as interpolation methods—available in the field of classical
numerical analysis and approximation theory. Roughly speaking, the fractal interpolation
function (FIF for short), as introduced by Barnsley in the original version [2], is a continuous
function g : [xg, x¢] — R that interpolates D such that the graph of g, denoted by Gr(g), is
a self-referential set (fractal set). Here the word fractal or self-referential is used to indicate
that Gr(g) is the attractor of an iterated function system [3]. That is, roughly, Gr(g) is a
finite union of tranformed copies of itself. For a compendium of the theory of FIF and its
applications in interpolation and approximation, the reader is referred to the book and
monograph [4,5]; the recent articles [6-8] may also be of interest.

In her research works on fractal interpolation, Navascués emphasized a special class of
univariate FIFs, named a-fractal functions, (see, for instance, [9,10]) which garnered a signif-
icant amount of research attention in fractal approximation theory. It is our opinion that the
notion of a-fractal functions assisted the field of fractal interpolation to find connections and
consequences in other branches of mathematics such as approximation theory, harmonic
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analysis, functional analysis and the theory of bases and frames; see, for instance, [11,12]. In
the research works reported in [13,14], authors utilized a-fractal functions to demonstrate
that FIFs can be applied in various constrained approximation problems.

Several extensions of FIF to higher dimensions, in particular, bivariate FIFs or fractal
surfaces, have been studied in the literature; see, for example, [4,15-19]. Despite that the
a-fractal function facilitated the theory of univariate FIF to merge seamlessly with various
fields in mathematics, a similar approach to multivariate FIFs was not attempted except
for a few research works on bivariate a-fractal functions reported lately in [20-22]. The
aforementioned works on bivariate a-fractal functions find their origin, perhaps implicitly,
in the general framework for the construction of fractal surfaces introduced in [23].

While an increasing amount of literature is being published in the field of univariate
FIFs and fractal surfaces, the research in multivariate FIFs are still inadequate, especially
in the framework of a-fractal functions. In the context of multivariate FIFs, the ingenious
constructions appeared in [24,25], though worth mentioning, do not seem to be suitable for
the implementation of the a-fractal function formalism. On the other hand, our acquain-
tance with the univariate and bivariate a-fractal functions revealed that the development
of multivariate analogue of a-fractal function could be highly beneficial for the expansion
of multivariate fractal approximation theory. Stimulated by the construction of fractal
surface in [23], recently we put forward a satisfactory extension of the Barnsley’s theory of
univariate FIF to the multivariate case [26].

In this note, we continue to explore the notion of multivariate a-fractal functions.
In the first part, we define multivariate a-fractal functions in various function spaces
such as the Lebesgue spaces L, Sobolev spaces W7, and Holder spaces C™“. We also
hint at some elementary properties of the fractal operator associated with the notion of
multivariate a-fractal functions.

Fractal dimension is an important parameter of fractal geometry providing informa-
tion about the geometric structure of the objects that it deals with. There are different
notions of fractal dimension, the two most commonly used being the Hausdorff dimension
and box dimension [27]. In particular, the Hausdorff dimension and box dimension of the
graphs of fractal interpolation functions have been investigated; see, for instance, [2,4,15,28].
Since the aforementioned fractal dimensions are scale-independent, they may not be useful
for describing scale-dependent laws and more complicated phenomena in nature. To
this end, a new definition of fractal dimension, referred to as the two-scale dimension, is
broached in [29], and it is perhaps more akin to physics than mathematics. However, we
are forced to settle for less in the framework of multivariate a-fractal functions considered
herein, because the analysis for the fractal dimension of the general nonaffine case is subtle.
We shall just mention bounds for the Hausdorff dimension of the graph of the multivariate
«-fractal function as an immediate consequence of its Holder continuity for suitable choice
of parameters.

On the other hand, fractional calculus, which broadly deals with derivatives and
integrals of fractional order, is rather an old subject. During the last decades, fractional
calculus has opened its wings wider to cover several real world applications in science
and engineering. Despite being an old subject, fractional calculus continues to be a hot
topic of research, resulting in a substantial body of literature; we refer the reader to
the informative surveys [30,31]. Some recent developments made in the direction of
fractional PDEs and their applications deserve a special mention; see, for instance, [32-35].
Studies on the interconnection between fractional calculus and fractal geometry have
gained significant attention in recent years. For some links between the two-scale problem
mentioned previously and fractional calculus, the reader may consult [36]. In the second
part of this note, our modest aim is to show that the fractional integral of the multivariate
fractal function considered herein is again a fractal function of a similar kind.

Overall, this note discusses how some results in univariate fractal interpolation, to
be specific a-fractal functions, fractal operator and fractional calculus of fractal functions,
carry over to higher dimensions. We strongly believe that these research findings may
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assist efforts to find interesting interconnections between multivariate FIFs and the theory
of PDEs.

2. Preparatory Facts

To begin with, we list pertinent definitions and notation for use throughout the
remainder of this note.

The set of first n natural numbers shall be denoted by %,. For ! = (I3,...,1,) €
(NU{0})", called a multi-index, let |I| = ¥_}_; It. Given two multi-indices | = (Iy,...,I;)

!

and !’ = (ll,...,l;,),we say that I <[ if l; < Il forall k € &,. For !’ <1, we define:

I Lygn
I = H )
k=1 \'k
Let n > 2 and Q = []}_; Ix be an n-dimensional hyperrectangle, where each [} =

[ak, by] is a closed and bounded interval in R. For a function ¢ : O — R and X, =
(x9,...,x9) € Q, denoted by

provided the right-hand side exists.

2.1. Function Spaces

The purpose here is to provide a short presentation of various function spaces that are
used in this note. We refer to Triebel [37] for more information.

Let C(Q)) denote the Banach space of all real-valued continuous functions defined on
), endowed with the sup-norm ||.||e. For a positive integer m, we consider the linear space
C™(Q)) defined by

C"(Q) = {g € C(Q) : D(g) exists and it is continuous for each multi-index !
with [I| < m}.

For any g € C"(Q)), we define

Iglleniqy = 3 ID(8)l-

[1|<m

It is well-known that C"(Q)) equipped with ||.[[¢n(q) is a Banach space. Next, we
recall the Lebesgue spaces. For 0 < p < oo, let

LP(Q) = {g: O — Rsuchthat g is measurable and ||g||, < oo},

where [|g||, is defined as

1
P
lgll, = <f0 lg(X)|P dX) , for 0<p<oeo.
esssupycq |8(X)|, for p=oco.

It is a standard result in functional analysis that (£ (Q), |.||,) is a Banach space for
1<p<o0For0<p<1,|.||pisaquasi-norm, that is, in place of the triangle inequality
one has

1
llg + Bllp < 27 (ligllp + [175).
and L (Q) is a quasi-Banach space.
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Let ¢ € LP(Q). For a multi-index I, a function & : QO — R is called the I"-weak
derivative of g if it satisfies

[ s0D'9(x) dx = ()" [ h(X)g(x) dX,

for all infinitely differentiable functions ¢ with compact support contained in (). By a slight
abuse of notation, we write I-weak derivative of ¢ as D'(g) = h.

For 1 < p < o0 and a non-negative integer m, W"?(Q)) denotes the Sobolev space
with smoothness m and integrability p defined by

WmP(Q) = {g: Q — Rsuch that D'(g) € £P(Q) for all multi-index [ with |I| < m}.

The linear space W™ (Q)) endowed with the norm

1
= (ngmllD’(g)H,‘;)”, for 1<p< oo

Ilhwmrcoy |
max‘llgm HD (g)”oor fOr p = 0.

is a Banach space. For p = 2, it is a Hilbert space, which shall be denoted by 1" (Q}).
A function g : Q) — R is Holder continuous with exponent o € (0, 1] (or o- Holder
continuous) if
18(X) = 8(M)] < GelIX = Y%,

forall X,Y € ) and some Cg > 0, called a Holder constant of g. Given a Holder continuous
g : QO — R with exponent ¢, the r-Holder semi-norm of g is defined by

[g] _ sup ’g(X) - g(Y)|
y = 1) S ]
xyeoxzy IX=Y[°

If m is a positive integer, then the Holder space C"™7 (Q)) is defined as

C"7(Q) ={g € C"(Q) : D'(g) is o-Holder continuous
for all multi-index ! with || = m}.

The space C"7(}) equipped with the norm

Iglleme(a) = llgllemay + Y [D'(8)],

[l|=m

is a Banach space. Note that C%(Q) coincides with the space of all Holder continuous
functions with exponent ¢.

2.2. Towards Multivariate FIF

Here we shall equip ourselves with a few rudiments needed for multivariate fractal
functions that concern us. As mentioned previously, let Iy = [ay, U], k = 1,2,...,n be
compact intervals in R and Q) = [];_; Ix be an n-dimensional hyperrectangle.

Let n > 2 be an integer and A = {(x1,,, X2,/ ..., Xni,) € R" 1 ix = 0,1,..., N
k =1,...,n} besuch that ay = x;9 < x51 < --- < XN, = by foreachk = 1,2,...,n.
Note that ay = x9 < xp1 < -+ < xi N, = by determines a partition of I into subintervals
Ini, = [Xkip_ys Xki,) for i =1,2,...,Ne_q and Iy n, = [Xkn,_,, XN, |- It is worth to note
that [y = Uf;]": 11k, and each knot point in the partition of I is exactly in one of the
subintervals Iy ; , ix = 1,2..., Ny mentioned above. We call such a set A as a partition of ()
for an obvious reason.
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For convenience, let us introduce the following notation. For a positive integer N,

v ={L2,...,N}, Zno=1{0,1,...N},
9Zno = {0,N}, intZyo={1,2,...,N—1}.

For each iy € X, let uy;, : I — Ii; be an affine map of the form
ugi (X) = ai x + by,

satisfying
upi (Xk0) = Xpi—1 and  ug; (xgn,) = X, if ixisodd, 1)
upi (xko) = xi, and  u; (xgn,) = X -1 if  ig is even.

When the interval I ;, involved in the definition of the affine map is half-open, the
above equation needs to be interpreted in terms of the one-sided limit. For instance, when
ir € {1,2,...,Nx_1} is odd, ug; (xg n,) = X, in (1) actually means limx_ml;N u (x) =
xk,l-k. ok

Note that

ki, () — i ()| < v lx =],V x,x" €L, 2)

for 0 < 7y, = |ak,,| < 1. Using the definition of the map uy; , one can verify that

s (i) =y g (ki) 3)

for all i € int¥y, o.
Let7:Z x {0,Ny,Ny,...,N,} — Z be defined by

7(,0) =i—1, 7(i,Ny) =1, ifiisodd,
{( ) (i, Ni) @

T(i,0) =i, T(i,Ny)=i—1, ifiiseven.
Using the above notation, we see that uy ;, (k) = Xj «(

and k € %,,.
It is easy to observe that the boundary of () in the usual metric of R" is

k) forall i} € ZNkrjk S aZNk/O

00) = {X = (xl,...,xk,jk,...xn) €0 :jk € aZNklo, ke Zn}.

3. Multivariate a-Fractal Functions in Some Complete Function Spaces

This section targets to construct fractal functions (self-referential functions) in the
complete function spaces C™(Q)), LF(Q), WP (Q)) and C™7 (Q2), which we recalled in the
previous section. To this end, let X be any of the function space from the list {C"(Q)), LF (Q)),
WP (Q),C"™7(Q)} and f € X, be a fixed function, which we shall refer to as the germ
function. Let b € X be a fixed function, called the base function.

Foreach g € X, and X = (x1,...,%n) € [T}_q I, (i1,---,in) € [[{_; Zn,, we define
Tr(g) as

Tr(8) (X) = F(X) + i, (8 = 0) (L, (X)), )

where ”i;.l..i,,l (X) = (uf}1 (x1),---, ”lel (xn)) and a;,_;, are real numbers such that

n
max{\ail.__in| : (il,...,in) S HZNk} <1
k=1
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The [T{_; Ni-tuple comprised of the real numbers a;, _;, is called the scaling vector and
it is denoted by «. We define

n
llalloo = max{|0‘i1‘..in‘ s (i) € HZNk}.
k=1

The main objective in this section is to choose the scale vector « and base function
b in (5) so that the Read-Bajraktarevi¢ (RB) operator Ty is a well-defined map, and, in
fact, Tf is a contraction map on the function X or a suitable subspace of X. It is worth to
emphasize that throughout the current note, a partition A of the hyperrectangle () is chosen
as mentioned in the previous section.

Theorem 1. Let f € C™(Q) and define
CH(Q) = {gel™(Q): g(X)=f(X)V X caoO}.

Suppose that the scaling vector w is so chosen that

max |[xi1---in| < 1
(v €Tl Zny, | Tk=1 [k ™

and b € C]’?(Q)
Then the following hold.
The map Ty given in (5) is well-defined on C? (Q).
In fact, Ty : C}”(Q) — C}”(Q) C C™(Q)) is a contraction map.

As a consequence, by the Banach fixed point theorem, there exists a unique function fy , €

C}”(Q) such that

Dl (fglb) (xl,ill xz,iz/ ey xn,l},) - Dl (f) (xl,ill xZ,izl ey xn,in )/

forall (iy,...,in) € [T}—1 ZN,,0 and multi-index [ with |I| < m. Moreover, the function fy ,
and its derivatives satisfy the self-referential equations given by

D!(f54)(X) = DH(F)(X) + —=in (DI(f8 ), — b)) (7, (X)), ©)

1
Ty ag;,
forall X € T}y Ik, (i1, .-, in) € [T{_; N, and multi-index | with [I| < m.

Proof. We shall first show that Ty is well-defined on C}” (Q), that is, we show that T¢(g) €
C}”(Q) forall g € C}"(Q)

Letg € C}”(Q) and X = (x1,...,%,,..., %) € [T}, Iy;, besuch that x, € I,; N1 1
for some r € X, and i, € intXy, o.
Note that this is possible only when x, = x,; and in that case, by (3), we have

(u;lll (x1),. ..,u;i(x,/i,), . ..,u;}n (xp)) = (”f,ill(xl)' . "’u;i1+1(x7’,ir)’ .. .,u;’}n(xn)),

and u; 1.
11...1n

(X) € 0Q). So, by the specified choice of b, we have

D'(g - b)(“lel (x1),.. .,u;;(x,,ir),...,uflill(xn)) =0,
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for all multi-index [ with |I| < m. Thus,

D!(TF(8)) (X1, X1, ., )
= Dl(f)(xl,...,x,,...,xn)
a ) ) _
* ﬁwl(g*b)](ul,i(xl),...,ur,g(xr,i,),...,ul;l (xn))
k=1 k,ik
= Dl(f)(xl,_..,xr,...,xn)
lx' : o - —
+ ﬁ[pl (&= D)) (g} (x1), oy (xrjin), 1y ()
k=1 "k,i
= Dl(f)(xl,...,xr,...,xn)_

That is, D' (Tr(8))(X) = D!(f)(X) irrespective of whether x, is considered as a point
inI,; orasapointin I,; .. The above observation also yields the following:

1. DY(T¢(g))(X) = D'(f)(X) forall X € 9 and |I| < m.

2. Dl(Tf(g))(xL,-l, .. .,xn,in) = Dl(f)(xl,il, .. .,xn,,vn) for all (il,. . .,in) S HZ:l Z‘Nk and
1| < m.

In particular, Tf(g) € C}"(Q)
Next, let g, h € C}Z’(Q) and ! be a multi-index with |I| < m. Then

[D[Ty(8) = Tr(m)] ()| = | 2Dl (g — ) (1, (X))
[Tr=1 A i

< max {'ail'"in| }HDl(g_h)”oo-

(itein) €Ty Zay, | Tk=1 10k 1™

Taking sum over all |I| < m, we get

|0<i1...in\

T —Te(h m S max e P —h m .
1Tr(8) — Tr () llem(aa) {Hk1|ak,ik|m}”g llem(q)

(11,sin) €Ty N,

. |aiy .| .
Since, max;, i ey, Iy, FW} < 1, the map Ty : C}"(Q) — C}”(Q) is
a contraction. Rest of the claim follows by a simple application of the Banach fixed
point theorem. O

Example 1. Let us consider the surface in R® defined by the bivariate function f(x,y) =
\/ﬁfor all (x,y) € [-1,1] x [-1,1] and a mesh partition A = {—1,—0.5,0,0.5,1} x

{-1,-05,0,0.5,1} of the square [—1,1] x [—1,1]. Fractal functions fy , corresponding to f
associated with different choices of scale vector a and base function b are shown below.
Let us consider two base functions as follows:

hi(xy)=1—(x=1Dx+D)y -y +1)f(xy),
and
(x+Df(Ly) = (x=Df(-Ly) + y+Df(x,1) - (y - 1)f(x,~1))
(x+DE+1f(LD) - (x -y +1)f(-1L1))

(r =Dy =Df(-1,-1) = (x+ )y = Df(L,-1)).

N —

ba(x,y) =

1
4
1
4
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Figure 1la is the graph of the germ function f(x,y) = \/T Figure 1b is the
Xy +

graph of fractal perturbation f4 , with base function b = b; and uniform scale vector «,
where a; ;, = 0.7 for all i € 24 fork =1,2. Figure lc depicts the graph of f5 , with base
function b = by and uniform scale vector « as taken previously. Finally, Figure 1d displays
the graph of f3 | with base function b = b, and uniform scale vector «, where a;,;, = 0.01.
In this case, the parameters satisfy the conditions prescribed in Theorem 1, for m = 1. Thus,
Figure 1lab corroborate the technique demonstrated for the construction of smoothness
preserving fractal functions in Theorem 1.

(a) Seed function f(x,y) = L (b) f§ , with uniform scale a = (0.7) and b = b;

V24241

(c) fA, with uniform scale « = (0.7) and b = by (d) f}, with uniform scale « = (0.01) and b = by

Figure 1. Fractal functions corresponding to the seed function f associated with different choices of
base function and scale vector.

Theorem 2. Let f € C"7(Q) and define

Cr(Q) = {g € C"(Q) : g(X)=f(X) V X €90},

Choose the scale vector satisfying

|iy...i, |

max —_ <1 7)
(11,0-sin ) ETTZg Ty {Hk 1 |akz | _HT}

and the base function b € C}"’”(Q). Then the RB operator Ty defined in (5) is a contraction on

C}"’”(Q), and its unique fixed point f{ , satisfies the self-referential Equation (6).

Proof. Using Theorem 1 we see that T¢(g) € Cf'(Q) forall g € Cj’}w(Q). We shall show

that for all multi-index I with |I| = m, D'(T(g)) is Holder continuous with exponent ¢.
Towards this, let X, Y € [T}, Iyi, be two points in the same rectangular mesh. We have
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|D(Tf(8))(X) — D' (Tf(g))(Y)]
& ip — —
= | [P e~ D, () - Dl(g =0, ()]
k:1 k,ik
iy i, | _ _
< m Dl(g)(”il‘l,,in(x)) - Dl(g)(”il},i" (V)]
=1 Ak
|y | I -1 I -1
Ty la DY(b)(u; ~,; (X)) = D (b)(u; -, (Y))]
Cpi(oloiy iyl -
< TR 1 00 — 4, 001
= 'tk
CD[(b) |Dci1~--in‘
iy lagi, |
_ CDl(g) |Dci1~--in‘
H]’(lzl |ak,ik|lk Hz:l |ak,ik|lk
levi, i |
< max Lot C +C X -Y|"Y,
(il/---/in)GH;;;l ZNk szl |ak,ik|m+0 [ Dl(g) Dl(b)] H ||

+

g, 4, (X) =, L, OO
C T
Dl(b)| l1~..zn| | -1 (X)_u;.lnin(y)ua

i o

where Cp(,y and Cpy () denote the Holder constants of D!(g) and D' (b), respectively. If
X and Y lie in two distinct but in adjacent meshes, then by taking point on their common

boundary and repeating the above steps we get

D!(T(g))(X) — D' (Ty(g))(Y)
<2 ax Bl e+ Col X Y7
T (inin) €Ty 2y, [izq [k [0 Dl(g) T ~D!(b) :

Since the total number of rectangular meshes is [T{_; Ni, for any X, Y € (), we have

|D'(Tf(8))(X) — D' (Tf(g))(Y)]

n iy i |

< N, max Lot C +C X—-Y|°Y,
(;:[1 k) (i el Ex, Ty |akrik|m+0[ pi(g) T Corn |

which shows that Ty (C}”U(Q)) C C}”’U(Q).
A similar computation reveals also that the map T : C}”’U(Q) — C}"’”(Q) is a contrac-

tion map, completing the proof. O

Corollary 1. Let f : O — R be a Holder continuous function with exponent o. Assume that a

scaling vector w is so chosen that

) ) max
(11,...,ln ) GH;::1 ZNk

{ |"‘i1...in| }<1

lecl:l ‘ak/ik |U

and the parameter map b is a Holder continuous function with exponent o and b(X) = f(X) for all
X € 9Q). Then the Hausdorff dimension of the graph of the corresponding self-referential function

fAp satisfies
n < dimy (Gr(f,)) <n+1-o.
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Proof. With the stated hypotheses on « and b, it follows from the previous theorem (with
m = 0) that the self-referential counterpart f , of f is a Holder continuous function with
exponent 0. Define a map A : Gr(f ,) — Q by

A(x, fap(x)) = x

where we endow Gr(f} ,) C R"*+1 and O C R" with the usual Euclidean norm. It is plain
to see that A is a surjective Lipschitz map. From fundamental properties of the Hausdorff
dimension given in ([38], Theorem 2, Items (5), (8)) we have

n = dimy(Q) = dimy (A(Gr(fs;))) < dimp (Gr(f3,)-

For the desired upper bound, let us recall that the Hausdorff dimension of the graph
of a Holder continuous function with Holder exponent s € (0,1] whose domain is a
compact subset of R” with the Hausdorff dimension equal to d is less than or equal to
min{d +1—s, %}([39], Chapter 10). Therefore,

dimpy (Gr(fy,)) <n+1-o,
completing the proof. [

Theorem 3. Let f € LP(Q)) for 0 < p < oo. Suppose the scaling vector a is so chosen that

N, 1p
{Zinn:1 211 1(nk 1 ‘akzk )‘“11 1n|p} <1, for 1<p<oo.
fallo <1, for p=co. (8)
[zfj":l N (T g ) e, ,n\r’] <1, for 0<p<l

Then Ty defined in (5) maps LF(Q) to LF(QY). Further, Ty is a contraction map and hence by
the Banach fixed point theorem, there exists a unique fy , € LF(Q) such that

fap(X) = f(X) +ai i, (fa, = 0) (5, (X)),

i1..dp
or X e T} I‘and(i i)6||” >
f k=1 k/lk’ 1r---stn k=1 Nk'

Proof. Using the stated hypotheses, it is easy to verify that the operator Ty : LF(Q)) —
LP(Q) is well-defined. What remains is to show that Ty is a contraction map. To this end,
letg,h € LP(Q),1 < p < co. We have

1Ty () = T = / (Ty(g) — Tp(h)(X)[Pdx
Yy /

=1 =17 Xl Leiy

= z” S 1_[|akzk

n lllk

_ { \j Z H\aklk |, . ln\pwg hlp

in=1 i1=1 k=

dX

’ P

iy i, (§ = 1) (u, L, (X))

vl [ (g =m Xz

Thus,

N, Ny n 1/p
ITe(2) =T, = [ X - ¥ (T lawi Dl i, 7] g =2l

=1 ij=1 k=1
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proving the claim for the case 1 < p < oo. The other cases can be dealt similarly. [

Next, let us construct self-referential functions associated with a function f € W7 ((Q}).
First, let us recall the following result, popularly known as the Leibniz theorem.
If f € W™P(Q) and ¢ is infinitely differentiable on ), then ¢ f € WP (Q)) and

1

! _ l 1— -
D(¢f>—2<p)D”(¢)D W, vl <m.

7=0

Theorem 4. Let f € W™P(Q)) for 1 < p < co. Suppose that the base function b € WP (Q})
and the scaling vector is chosen so that

[ZNn yM i i |7 }UP
i,,:l e i1:l H]r(yj] |akll_k‘mp—1

Lo

T Ja, I (i1, in) € [Tj=1 N} <1, for p=oco.

<1, for 1< p <o
)

max{ T

Then the RB operator Ty given in (5) is a contraction map on WP (Q). Consequently, Tr
has a unique fixed point fy ,.

Proof. A routine computation yields that the RB operator is well-defined and it maps the
space W (Q)) into itself. We shall just show that it is a contraction on W (Q)). To this
end, let 1 < p < co and I be a multi-index with |I| < m. We note that

o'yt ) |

= [ [D'IT(g) = Tp(m)(x)|"ax

_/ D! [Ty (g) — Ty()](X)|dX
— Z 2/ |D![Ty(g) — Ty())(X)|"dX
in=1 - 1lklk
Ny p
:in;l”' Z/Hk 1Iklk “11 ln(g h)( 11 i ))” x
D 3 S [t Dl s~ M, (x))]| ax
= ...il:l 1.1y H}::l Ik,ik Hk 1 klk i1...0p
Ny Ny

dX’

—y oy el [RENSDEY

2 T lag, Pt

n |0(‘ n|P ]
( L Ll
= 'tk

in=1 =1

Thus, for a multi-index [ with |I| < m we have

1
Nn Np

L L ’
HDI[Tf(S) - Tf(h)}Hp = ( Yo W) ID' (g =) -

=1 =1
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Hence,

& iy i, |V ’
IT#(8) = Tr(m)lyymy = L <Z ZM) ID'(g = m],

<m \ in=1

_ NE %M Y D' =ml,
= [Ti—1 |‘1k,ik|]ﬂmil

in=1  i1=1 [|<m

1
DT L LT G R TP
in=1 i1=1 HZ:‘I |ﬂk,ik|pm71 g Wm,p(n)

The rest of the theorem follows from the Banach fixed point theorem and the assump-
tion on the scale vector. The case p = oo can be worked out similarly. [J

4. Fractal Operator on Function Spaces

Let f € X, where X is a fixed function space from the list
{cm(Q), LP(Q), WP (), C"™7 () }.

The results established in the previous section provide a self-referential counterpart
to each f € X, and consequently provide an operator. That is, for a prescribed set of
parameters such as the partition, scale vector and the base function, there exists a fractal
operator Fy , : X — X defined by F3 ,(f) = fj ;. This section intends to record a few
elementary properties of the operator F3, : X — X, what we call a multivariate self-
referential operator (fractal operator); see also [1]. We shall provide the details only for
X = W"P((Q)), as the other spaces can be similarly dealt with. For future reference, we
introduce the notation

Ny N |lX' . |P 1/p
§ 1...In
amp = in=1 |11 1 ‘ k 1 1%k,ix
Kiy..ip
max{m lkGZNk,kEZn} fOrp—OO

Proposition 1. (Perturbation Error) Let f € W™P(Q)). Suppose that a partition A of the
hyperrectangle Q, base function b € WP (Q), and scale vector « be chosen as in Theorem 4. Then

1 fap = Fllwmr )y < Kampll fap — bllwme - (10)

Proof. Let us recall the self-referential equations satisfied by the fractal counterpart f , €
WP (Q) and its derivatives

D(f8,) () = D! () + =D (1 = b)(a , (X)) an
ITk 1 kzk

forall X € [T}_; I, (i1, .-, in) € [T{—; Zn, and multi-index  with [I/| < m. Assume that
1 < p < co. By simple calculations

1
I(fa ult |ai1-~~in’p ! 1/ ra b
s, = (5 B sl ) 1o, ol

— ,k

in=1 i1=1
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Therefore,

1fss = Flwmray =( X 1D (Fas = HIIB)”

[1|<m
N, N
: ! |aiy.i, [P

1/p
B S T
L T a1 Ve Pbveie)

ipn=1

Similar analysis for p = co. [

Now, let us take the multivariate base function b : {2 — R used in the construction of
the self-referential function f% , through a suitable operator L : X — X. That is, we take
b = L(f) so that the conditions required for b are satisfied. In this case, the multivariate
fractal operator will be denoted by F§ ; : X — X. In what follows, we intend to record
some elementary properties of the multivariate fractal operator Fy ;.

The following proposition provides a counterpart to the linearity property of the fractal
operator well explored in the setting of univariate a-fractal functions on various function
spaces; see, for instance, [11]. The proof follows almost verbatim, and hence omitted.

Proposition 2. Let X = W™P(Q)) and L : X — X be a linear operator. Choose the base
function b in the construction of fractal function fy , via this operator L so that b = L(f).
Then the corresponding fractal operator, which shall be denoted by Fip « X = X defined by

Far(f) = fau(p) s linear.

Let X be a Banach space and A : X — X be a bounded linear operator such that
I — A|l < 1, where I is the identity operator on X. Then, it is well-known that A is
bijective and A~1is bounded; see, for instance, [40]. The following result available in [41]
is a generalization of the aforementioned Neumann's lemma.

Lemma 1. ([41], Lemma 1) Let A : X — X be a linear operator on a Banach space X such that
[A(x) = x[| < Mflx][ + 22| A(x) [ Vx € X,

for some Ay and Ay € [0,1). Then A is a topological automorphism (a bounded, invertible map that
possesses a bounded inverse). Furthermore,

1- 1+A1
<
1+A 2Lx]) < AGx)] < Sl
1- 1+/\2
T A 22|12 < A7 ()]l < —, ¥l vrex.

Proposition 3. Let L : W™P(Q)) — WP (Q) be a bounded linear operator and the scale vector «
be chosen such that max { Ko,m,p, ||L||Kam,p } < 1. Then the linear operator Fy ; : W™P(Q)) —
WP (Q)) is a topological automorphism.

Proof. Recall that here the base function b = L(f) so that by Proposition 1 we have

H]:K,L(f) *f”wm/p(g) :HfX,L(f) *f”WWfP(Q)

< Kampllfa,Lepy = LU bwmr )

< Kumpllfa L0 Il () + Kapl LI f Il )
(f)||me (Q) "’Kuc,m,p L\|||f\|wmfv(0)-

= Ky m,p

The assertion is now immediate from the previous proposition. [
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The existence of Schauder bases consisting of appropriate functions for the Sobolev
spaces is quite desirable in analysis of PDEs, for instance, for demonstrating the existence
of solutions of various non-linear boundary value problems. We have the following
result giving a Schauder basis consisting of self-referential functions for the Sobolev space
WP (Q)). The heart of the matter is an elementary result in the theory of bases, which
states that a topological isomorphism preserves Schauder bases; see, for instance, [37].

Corollary 2. The Banach space WP (Q) has a Schauder basis consisting of multivariate self-
referential functions.

Proof. Let { fi }nen be a Schauder basis of WP (()) whose existence is established and
reported, for instance, in [42-44]. Choose the scale function « and operator L as in the
previous proposition so that the fractal operator /Y ; is a topological automorphism. As an
isomorphism, in particular, an automorphism, pres,erves Schauder bases, we conclude that
{(fm)X 1 tmen, where (fu)} | = FA | (fm) is a Schauder basis consisting of self-referential
functions for the Banach space W7 (Q). O

5. Fractional Integral of Continuous Multivariate a-Fractal Function

As mentioned in the introductory section, exploration of interconnection between
fractional calculus and fractal geometry has always been of interest. Our purpose in
this section is limited; we shall observe that the Riemann-Liouville fractional integral of
the continuous multivariate a-fractal function is also a fractal function. A similar result
regarding univariate FIF can be found in [28].

Definition 1. [45] Let f be a continuous function on the closed and bounded hyperrectangle () in
R". The left-hand-sided mixed Riemann—Liouville fractional integral of f of order <y is defined as

L0 = e [ [ G =) (= sy

= == . X1 —S oo\ Xy — S n

’ T Jog e, 0T e
S(s1,82,...,5:) ds1dsy ... dsy,

where a = (ay, ..., ay) is a fixed point, X = (x1,%p ..., xp) and v = (y1,...,vn) with ay < xy,
Yk > 0 foreach k € Zy,.

Let f € C(Q)). We write f(X) = f(xq,x2,...,x,). From Theorem 1 it follows that by
choosing b € C¢(Q) and scaling vector a such that

o = max a; | <1
|| HOO (ill..,/in)enzzlsz| 11...1,1| 7

the fractal counterpart f3 , of f belongs to C(Q2). Furthermore, since f , is the fixed point
of the RB operator Ty : C(Q)) — C(Q)) defined by

T(8)(X) = f(X) +aiy.i, (§ = D) (1] (X)),

forall X € TT{_; I, (i1,---,in) € IT{—; Zn,. Consequently, 1 , satisfies the functional
equation

Fap(iy.i, (X)) = fuiy 5, (X)) +ai i, (fap — D)(X)
= iy, fap(X) + f (i3, (X)) — @iy, D(X).
Let us define

iy (X) = f(uiy.0, (X)) — iy, b(X)

so that the self-referential equation for f , becomes

Fap (i i, (X)) = ai_i fo 5 (X) + iy, (X).
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Since the multivariate fractal function f , is continuous, we can talk about its Riemann—
Liouville fractional integral. In what follows, we establish that the Riemann-Liouville
fractional integral of f} , is again a fractal function.

For the sake of convenience, we shall deal with the uniform scaling factor, that is,
wi,.i, = a forall (iy,...,1y) € [T{_; Zn,. Then, with a slight abuse of notation, the above
equation reduces to

fap (i, (X)) = afp (X)) + iy, (X). (12)

Theorem 5. Let A be a partition of the hyperrectangle () in R" and f € C(Q). Assume that
b : Q) — Riis continuous and b(X) = f(X) for all X € 9Q), the boundary of Q). Choose a scaling
vector a such that ||a||eo < 1. Then I, fApr the left-hand-sided mixed Riemann—Liouville fractional
integral of order vy of the self-referential function fy ,, satisfies the following equation:

Igfg,b(uil--ln :(“Hakzk)IWfAb X) + diy..i, (X),
where
Giy...in (X)
1 n=l ko . uy,y (x1) Un—ti,  (Xn—k) [ Xn—tr1 Xn
-t A / / ' / /
[Tizq T(vx) kg(:) (]1}) " ]’l”‘]) a Ak Ay—k+41 an

y1—1 "fnfkfl( Yn—k+1—1

(”l,i] (xl) - 51) .- (un—k,in,k(xn—k) - Sn—k) Xn—k+1 — Sn—k+1)

(e — sn)"/n—lfg b(sl, e Sk Uk iy (Sn—k—i-l)/ e Uy (Sn))d51 ...dsy+

(H”kzk)z Giy ..y (X)-

Proof. According toTheorem 1, it follows that f3 , is continuous on () and satisfies the
equation

Fap (Wi i, (X)) = afp o (X) +g4..0,(X), ¥V X€Q.

Hence,

1 uyy (x1) Uiy (Xn) 1
I;fg,b(uil...in(x)) = m/ﬂl ' /a (Ml,il(xl) _Sl)ﬂy1

-1
o (i, (xn) — sn)%’ fap(s1,--.,50)dsy ... dsy

1 U1,iy (xl) Un iy (a") _
= I—IZ 1r(7k) A /a (ul,il(x1> _Sl),h !
= 1 n
(g, (xn) — sn)'y"*lfg,b(sl,. ..,Sp)dsy ...dsy,

1 /”1 i1 (x1) /”n,in (xn) -1
. — uyi,(x1) —s
Hk 1 r(r)/k) Un,iy (an) ( 1,11 ( 1) 1)
o (i, (xn) — sn)w"_lfg,b(sl, .o, 8p)dsy ... dsy

Let us write
1 u,jy (x1) Uiy (an) n-1
E():i/ / Ui (X1) — 51 !
HZ:l r(’)/k) a1 an ( ,ll( ) )
n—1
o (i, (xn) — sn)v fap(s1,--., 50)dsy ... dsy,

1 uy iy (x1) iy iy, (Xn) -1
T = 7/ / uy (x1) —s7) "
! H;’?:1 T(7k) Jay Uy iy (an) ( 1'1( ! 1)

-1
o (i, (xn) — sn)% fap(s1,. . 80)dsy ... dsy
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so that
Igfg,b (ui1~~~in (X>) =Ey+ 1.

Turning our attention to [J, let us change the variable s, using the transformation
Sn = Up;, (tn). We have

a'Yn

: u,jy (x1) Xn 1
J- =$/ ! / uyq (x1) —s1)"
I () e , (i) =)

(g — tn)”’”_lfg’b (51, Ui, (tn))dsq ... dty
Tn

a’ uy, iy (x1) Up—1i, 4 (Xn=1)  p%xn 1
S 1,in / 1 o / n—1 / (ul,il (x1) — Sl)’h
Hk:l r(7k> a an—1 Jan

o (o — sn)%*lfglb (51, tpi,(sn))dsy...ds
Applying similar process to the variable s,,_1 we get

'Yn

iy (¥1) 11 (@n—1)  fXn
T == O R e up g (x1) —s1)M 1
1 Hk:l ( k) /a1 /an—l /ﬂn ( 1,11( 1) 1)

(=) R (51, i, (50) ) dsy - dsy
'Yn

Ui (xl) Up—1,i (xnfl) Xn
71 1,1 / 1 / -1 / (M ) ( _ rylf]
. 1,i xl) Sl)
Hk 1T () Up—1,i, 1 (@n-1) Jan !

o (xn =) "R (51,0 i, (50))dsy - disy

= E1+ 7.
In 7, let us perform a change of variable using s, _1 = u,_1;, ,(t,—1) so that

Yn-1

Tn
a 1, al’l i Uiy xl Xn—1 1
=g [ [ ) s
TH- T(n) Jay an &
(X1 —sp) T 1(xn —s,) 7" fA,b (51/ e U1, —1(Sn—1), Un i, (Sn))dsl ...dsy

Consequently,
Id fip (tiy..in (X)) = Eo + E1 + Ja.

Proceeding in the same fashion, at the n'" step we get

n-1 Hk 1 k Xp—1 Xn -~
1 fivp (i, ( 2 Ei + =i / / / (x1 — )"
Hk 1 An—1 an

oo — sn,l)%*1 Yoy — sn)V”_le’b(uil,_,in (S))dsq...dsy,

where
’Yn —j
E H] 0%n— Jrin—j /‘“1,1‘1 (x1) /unfk,infk (k) /‘xn—kﬂ /x,,
K== . .
Hkil r(')’k) a Ay—k Ap—k+1 an
. _ayml ‘ - Yn-k—1 _ Yn-kt1—1
(ul,ll (xl) Sl) cee (unfk,zn,k (xnfk) Snfk) (xnkarl Sn7k+1)
-1

. (xn - sn)%’ fg,b (51, e sy Spu—ks unfk+1,in,k+1 (Sn,kJrl), s Upy (sn))dsl e dSn

fork =0,1,...,n — 1, with the assumption that [T}_ 0f A" =1,
] n—jin_ —j

Finally, using the functional equation

fap(tiy..i,(S)) = afp (S) + iy, (S),
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forall S € ), we get
Igfg,b(uli in(X))
n-1 Hk 1 kz Xp—1
Ep + = / / / xp —s)M 7t
Z Kt T T(m) 1—51)
(a1 = sp_1) T T (= sp) 1( afs () + qip..i, (S ))dsl...dsn

D‘Hk 1 ak Xp—1 " Xn
A / / / (xg —s)M !
Hk 1 ap-1 Jan

. (xn,l - sn,l)%'*fl(x - sn)%?*lfg/b(S)dsl ...dsy
n_l Hk 1 kz Xn—1
Ex+ =< / / / xp —sp)M !

( T B (=)

(X1 =5y (xy — sn)W*lqilmin(S)dsl el dsn>
o

= (aTT a8, ) T2 5,50 + 1,0y (X),

k=1

as desired. [

6. Conclusions

The a-fractal formalism of fractal interpolation function is proved to be beneficial
in expanding the applications of univariate fractal approximation theory. Through the
construction of multivariate a-fractal functions on a few complete function spaces which are
ubiquitous in the theory of partial differential equations and harmonic analysis, the present
work intends to be a step forward in the theory of multivariate fractal approximation. The
construction of self-referential analogue for each germ function in a complete function
space under consideration leads naturally to an operator, referred to as the multivariate
fractal operator. We have studied a few elementary properties of the fractal operator. The
multivariate fractal operator introduced and studied here enabled us, in particular, to
construct Schauder bases consisting of self-referential functions for the function spaces.
Further, taking a slight detour from the main theme, it is shown that the Riemann-Liouville
fractional integral of a self-referential counterpart of the given multivariate germ function
will also be a self-referential function under some suitable conditions.
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