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Abstract: This paper investigates the solitary wave solutions for the perturbed nonlinear Schrodinger
equation with six different nonlinearities with the essence of the generalized classical derivative,
which is known as the beta derivative. The aforementioned nonlinearities are known as the Kerr law,
power, dual power law, triple power law, quadratic—cubic law and anti-cubic law. The dark, bright,
singular and combinations of these solutions are retrieved using an efficient, simple integration
scheme. These solutions suggest that this method is more simple, straightforward and reliable
compared to existing methods in the literature. The novelty of this paper is that the perturbed
nonlinear Schrédinger equation is investigated in different nonlinear media using a novel derivative
operator. Furthermore, the numerical simulation for certain solutions is also presented.

Keywords: perturbed nonlinear Schrodinger equation; beta derivative operator; solitary wave
solutions

1. Introduction

Finding solitary wave solutions is the most interesting work in soliton theory [1,2]. Many
physical phenomena are represented as prototypes in the form of nonlinear partial differ-
ential equations (PDEs), particularly in nonlinear Schrédinger equations (NSEs). The NS
equation is a generic model that governs the wave evolution in a broad range of physi-
cal circumstances including water waves, blood flow in blood vessels, nonlinear optics,
magnetic films and plasma physics [3-6]. These models indicate the parameters that affect
the phenomenon, which are not seen directly by observing the phenomenon. Various
models have been formulated in the field of science and engineering representing a differ-
ent phenomenon. For example, most naturally occurring phenomena have been modeled
in the structure of NLSEs [7-11]. The NLSE affirms diverse solutions; for instance, dark
and bright solitons, localized waves and periodic traveling waves, which have attracted
a great deal of interest due to their applications in different physical systems. For the
determination of solutions to these models, different techniques have been constructed.
For example, the semi-inverse variational method [12] has been employed to determine the
two types of solitons for the Perturbed Gerdjikov-Ivanov equation (PGIE). The hyperbolic
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rational function solutions of the Boussinesq fractional type models have been explored
using an exponential rational function scheme [13].

In addition to the above-mentioned models, there is another efficient model, named
the perturbed nonlinear Schrodinger equation. A variety of solutions for this model has
been determined by using the different schemes [14-18]. A great deal of attention has
been devoted to the study of exact solutions of NPDEs for more than two decades. Many
efficient approaches have been reported to extract wave solutions [19-26]. There are
many ways to derive a series of solutions for (2 4 1)-dimensional FDEs; for example, the
(G'/G?) expansion method [27] and the modified extended tanh expansion method [28,29]
are efficient approaches to investigate the different types of wave solutions. By using
the modified extended tanh expansion method, dark and singular wave solutions of the
famous Biswas and Arshed model with full nonlinearity were obtained in [30]. A variety
of wave solutions to the (2 4 1)-dimensional integrable non-linear Schrodinger equation is
presented in [31].

The main aim of this paper is to determine the solitary wave solutions of the perturbed
nonlinear Schrédinger equation with a beta time-fractional derivative by applying the
modified extended tanh expansion method. We study the aforementioned equation for
different nonlinearities including the Kerr, power, quadratic-cubic, anti-cubic, dual power
and triple power laws [32-36]. Moreover, we recall the definition of the B-time derivative
and its properties [37-39].

Definition 1. Suppose g(7) is a function that is defined for all non-negative t. Then, the B-time
derivative of the function g of order B is given as

Dﬁ(g(r)) _ d/;éi(ﬁ’f) _ lﬂ% g(t+e(t+ r(leﬁ))lﬁ) —¢(1)

,0<B<1.

Theorem 1. Suppose g(T) and h(t) are the B-time differentiable functions for all T > 0 and
B € (0,1]. Then,

i. DP(ag(t) + bh(t)) = aDP(g(1)) + bDP(h(7)),Va,b € R.

ii. DP(g(1)h(1)) = h(t)DP(g(1)) + g(T)DP(f(1)).
iii. pp(8(0)) _ fODP(D) ~ (1) DP(h(x))
"k :

(7) (h(1))?
iv. DP(g(7)) = (T + rgﬁ))l—ﬁdiﬂ,

2. Model and Method Description

Consider the following dimensionless form of the perturbed nonlinear Schrodinger
equation, given as [40]

Bliu 9Py 9%Pu

P P Pu  Pufr) | 9F(u)
ot " U othoxp ' gx2P 0 :

VAV -
+ TG (|u] )”_‘Kaxﬂ P PG

@
where u = u(x, t) shows the traveling wave profile, depending on the space of the indepen-
dent variables x and time ¢. In Equation (1), the first term indicates the linear evaluation
of the phenomena, the coefficient of ¢ represents the spatio-temporal dispersion (STD)
and the coefficient of p shows the group velocity dispersion (GVD). The perturbation
terms appear on the right-hand side of Equation (1). The coefficient of ¥ represents the
inter-model dispersion, the coefficient of § shows the self-steepening perturbation term
and the coefficient ¢ indicates the nonlinear dispersion, while p is the full nonlinearity
parameter. The coefficient T represents the non-Kerr Law nonlinearity term, modeled by
the function G.
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2.1. The Modified Extended tanh Expansion Method

Let us assume the non-linear PDE of the form:
2
Y (v, 070, Vg, Vgg, Vyy, Vg, -..) = 0, ()

here v = v(7, 0). Let us examine the following transformations:

v=V(n), n=9-v0 @)

with v is the wave speed. Substituting the Equation (3) in Equation (2) yields the following
nonlinear ODE:

Z(V (), V)V (1), V" (y),...) = 0 )

Moreover, consider the trial solution of Equation (4) in the form:

V() = a0 + fl an” (1) + fl Bag" (1) )

In Equation (5), ag, &y, Bn, (n = 1,2,3,...,m) are unknowns and both &, and B, are not
vanish simultaneously. The homogenous balance method between the nonlinear term and
highest derivative term in Equation (4) produces the value of m. The function ¢({) satisfies
the following Riccati differential equation

9'(8) =0 +9() (©)
having the solutions given in [41] depending on the unknown parameter ().

2.2. Mathematical Analysis of the Model

We start with the following wave transformations:

u(x, t) = U(n) x exp(t P(x,t)), 7)
1o L AL, 1y
(S L AR TN ®
Wiy Lo B g

P(x,t) ﬁ( +r(ﬁ)) +5(t+r(ﬁ)) + 0. 9)

Here U demonstrates the amplitude portion of the wave solution, A reveals the velocity of
the wave solution. The frequency of the wave solution is w and 0 exhibits the wave number
of the wave solution. Furthermore, the phase constant of the wave solution is given by ¢
and 1 = /—1.

By inserting Equation (7) in Equation (1), we ensure the real and imaginary parts
as follows:

Real part:

— oMU = (0 + kw — 08w + pw?)U — sl + TG(UAU = 0 (10)
P P
Imaginary part:

(AMow —1) 4+ 08 — 20w — ) + ((2p +1)6 + 2po) U* = 0. (11)

From Equation (11), we grab the speed of the wave solution by taking the coefficient of U/,
j = 0,2p equal to zero.
00— 20w —x

A
1—ow

(12)
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along with the constraint conditions for the existence of wave solutions.
(2p+1)6+2po=0. (13)
We now take up the six forms of nonlinearities in the following subsections.

3. Application of the Method with Different Nonlinear Medias
3.1. Kerr Law

For this law, G(u) = u. Equation (1) for PNLSE with Kerr Law nonlinearity becomes:

oPu 2Py ?By
"9F T T abaxP TP ox2p

B B (|u|2P B(|u|?P
+T|u|2u_u<a—u+(58 (] u)+Qua(|u| ).

oxP oxP oxp (14)

For the Equation (1) to be integrable, put p = 1 in the Kerr Law nonlinear medium.
Equation (10) changes into the following form:

(p— oMU = (6 + kw — 00w + pw?)U + (T — sw)U> =0 (15)

By using the homogeneous balance technique into the Equation (15), we get m = 1.
For m =1, Equation (5) reduces into:

p1
U(n) =ag+a19(n) + ——. (16)
! P o)
Here «p, a1 and B; are unknown parameters. By putting the Equations (16) and (6) into
Equation (15) and collecting the coefficients of each power of ¢(17), we get the algebraic
expressions involving ag, 1 and 1 and other parameters. Now with the use of symbolic

software, we get the following solution sets:
Set 1:

v/ 2A0Q) 220
{06020,061 V2 V2y/p—Ac ﬁl—OG—Kw+ ArQ + p(w )} a7)

Vow —T cw—1

We now using the Equations (17) and (16) in Equation (7) and secure the subsequent cases.
If O < 0, then

V20 o= Ao w 1 0 1
up(x,t) = {+ Vo tanh(q@)}xexp(z(—g(x—i—m)ﬂ+ﬁ(t+@)ﬁ+ﬁ)) (18)
or
_ V2V -0,/p — /\(T w 1 0 1
(1) = {5 = th(;y@)}><exp(t(fﬁ(er@)5+B(t+m)ﬁ+ﬁ)) (19)
If O =0, then
) @ YRETAT e 0 1
a(a1) = (LT ) s explu(—5 )P+ 50+ )+ 9) 2O
If Q > 0, then
_ ﬁ\/ﬁm w 1 i 1
ug(x,t) = {;Wtan(iy\/aﬁ X exp(z(—g(x—i- Tﬁ))ﬁ + B(H_ m)ﬁ +0)) (21)

or
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V2Vap= e O L 0, 1
{iﬁcot(ﬂ\/ﬁ)} x exp(i( E(?H— 1ﬂ(‘B)) + ,B(t+ T(ﬁ)) +19))
Set 2:

us(x,t) = (22)

5o = 0,01 = \ﬁ/p Ao P V2,/0%(p — Ao) o kw — 6Qp — Ao) +2A0Q + p(w? — 2Q)) 23
¢ \/(5(4)7_ \/m ! cw—1

We now using the Equations (23) and (26) in Equation (7) and grab the subsequent cases.
If Q <0, then

V2v/=Q\/p — Ac 1 0 1
1) = {2 = (tanh (7v/=0) + coth (7v/=0) ) } x exp(x(~ E(x-km)ﬁ—kg(t—i—m)ﬁ—f—ﬁ)) (24)

If Q > 0, then

up(x, 1) = {f{/;wi VfAa(qitan(mf)icot(mf))}xexp(z(—c;(x—i—F(lﬁ))ﬁ—i-Z(t—i-r(lﬁ))ﬁ%—l?)) (25)

Set 3:

V/O2 200 Q) 220
{060—0,041—0,/51— V22 (o — /\0’ _ KW+ 20 +p(w )} 26)

Vow—1 cw—1

We now using the Equations (23) and (26) in Equation (7) and obtain the following cases.

If Q <0, then
V2V =Q4/p — Ac w 1 0 1
(1) = {57 =E coth (nV=0) }xexpli(= g (b o)+ gt o+ 8) @)
e - ©r L s 0, 1

ux(x, t) = {F N tan h(qm)} x exp(1(— ﬁ( (ﬁ)) + ﬁ(H— F(ﬁ)) +9)) (28)

If Q > 0, then
_ (FY2/0vp Ao ol Cr L Sy Ly
(1) = (= cot(7VQ) } x exp(u(- ﬁ( )ttt Y (29)

or
ua(x >—{ifgwi Y2 an (v02) ) ¢ explu(—'g (¢ + )"+ 50+ )P +0)
Set 4:

\fw/p Ao f\/(ﬂ (p— Ao) Kkw + 6Q(p — Ao) +2A0Q + p(w? — 2Q2)
0(():0,0(1 \/5(4)7— IB = m ,0 = o —1 (31)

We now using the Equations (31) and (26) in Equation (7) and get the following cases.
If Q <0, then

(30)

V2v/=Q\/p — Ac 1 0 1
) = {5 = (tnh(ryﬁ)fcoth(nm))}xexp((fg( T%))MB(HW))Mﬁ)) (32)

or

V2v/=Q\/p — Ac 1 9 1
up(x,t) = {F N/ (tanh(iym) coth(n@))} x exp(1(— E(x + m)ﬁ + B(H— m)ﬁ +9)) (33)
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If Q > 0, then
\/E\/ﬁw/p—)uf w 1 0 1
uz(x,t) = {$W<tan(m/ﬁ) —i—cot(;y\/a))} X exp(t(—E(JH— W)ﬁ + B(t + T,B))ﬁ +9)) (34
or

\/E\/ﬁ\/p—)ur w 1 0 1
ug(x,t) = {iWOan(m/ﬁ) +cot(17\/5)>} X exp(z(—E(x+ W)ﬁ + B(t + Tﬁ))ﬁ +9)) (35

Here the 2D and 3D graphs, by takingx =0 =6 =1, w = Q = =1, 7T = —2 are
displayed in Figures 1 and 2 for selected solutions to visualized their dynamics.

@ 25 T T T (l?) T T T

Figure 1. 2D and 3D wave simulations of dark soliton type solution (18) are presented in (a—d) for fractional parameter
B =0.75,1.0.
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Figure 2. 2D and 3D wave simulations of bright soliton type solution (19) are presented in (a-d) for fractional parameter

B =0.75,1.0.
3.2. Power Law
For this law, G(u) = u", where 0 < n < 2, shows the power law nonlinearity factor.
If n = 1, then power law reduces to Kerr law. Equation (1) for PNLSE with Power Law
nonlinearity becomes:
oPu 0%Pu 0%Pu o Pu  B(Ju*u) 0B (Jul?)
v v ew Il ey + Tlu| ”:lxﬂ+5—axﬁ tou —0 g (36)
For the Equation (1) to be integrable, put p = n in the Power Law nonlinear medium.
Equation (10) changes into the following form:
(0 — oMU — (0 + kw — 00w + pw?*)U + (T — bw)U?1 =0 (37)
To retrieve the solutions, we use the following transformation on the above equation.
1
U(y) = Vi (n) (38)
we get the following equation:
(1=2n)(p — oA (V)2 +2n(p — cA)VV" — 412 (0 + xw — 00w + pw?) V2 + 4n? (T — bw)V? = 0. (39)

By using the homogeneous balance technique into the Equation (39), we get m = 2.
For m = 2, Equation (5) reduces into:

V(n) = a0+ () + P+ agg? () + L2 (40)

¢ (1) $*(n)

Here g, a1, a2, B1 and By are unknown parameters. By putting the Equations (40) and (6)
into Equation (15) and collecting the coefficients of each power of ¢(17), we get the algebraic
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expressions involving «g, a1, ap, B1, B2 and other parameters. We now, with the use of
symbolic software, grab the following solution sets:
Set 1:

P

(n+1)0%(p—Ao) ,  Qp—Ao) + nPw(x + pw)
n2(T — dw) B 0= } (41)

s = 0/ = Or = Or =
1 2 hi & n?(T — dw) n?(cw —1)

We now using the Equations (41) and (40) in Equation (7) and secure the follow-
ing cases.
If QO <0, then

n+1)Q(p — Ao)

_ ! b xexm((—C g Lyl 1
up(x, t) = { 2t — 60) csch%n@)} x exp(1( 'B(x—i-F('B))’S+ﬁ(t+r(ﬁ))ﬁ+l9)) (42)
or
)0 o) NN B
uy(x,t) = {— 2t — 6) sech%ryx/ﬁ)} x exp(1( 5 (x + F(ﬁ))ﬁ + ﬁ(t+ @) )P+ 9)) (43)
If Q > 0, then
(- (2D ~Ag) & Oy Lgp 0y, 1
w0 t) = (= e e (VO X explu(— g (v + gy )+ g ) 0 @
or
_ (-t V0~ Ag) - ST S IR
il t) = (=2 e (1V0) 1 x el G+ )+ gt )P ) @)
Set 2:
_ +1)0pe—-Ac) o (m+l)e—Ac) o Qo —Ao) + rPw(k + pw)
R AL S v R R L U o S
We now using the Equations (46) and (40) in Equation (7) and get the following cases.
If QO =0, then
u(x,t) = {— (n+ D2 +1)(p _/\U)}% X exp(t(—g(x—i— L)ﬁ + Q(t—i— L)/S + 1)) (47)
' n*n*(T — dw) p ) g I(p)
Set 3:
_ 2(n+1)Q(p — Ao) B ~ (n+1)(p—Ao) B B (n+1)02(p—)\0)
{ao =— n2(T — éw) '“1_0'0‘2__W’ﬁ1_0’ﬂ2__ n2(t —éw)
_40(p — Ao) + nPw(k + pw)
0= n2(cw —1) b8

We now using the Equations (48) and (40) in Equation (7) and secure the subse-
quent cases.
If QO <0, then

uy(x,t) = {4(;1 :zgigz(gaj)/\g) csch? (27@) }% X exp(z(—%(x + r(lﬁ))ﬁ + Z(t + 1*(1‘3))ﬁ + 1)) (49)
if QO =0, then
n 2 (o — 1 w
if QO > 0, then
us(x, t) = {_4(11 :22(3(55)(;))‘0) csc? (217\/5)}% X exp(z(—%(x + 1"(1,8))ﬁ + Z(t + 1"(1[%))ﬁ +9)) (51)

Here the 2D and 3D graphs, by takingx =1 =0 =6, w = Q = —-1,p = 05 and
T = —2 are displayed in Figures 3 and 4 for selected solutions to visualized their dynamics.
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(a) (b)

Figure 3. 2D and 3D wave simulations of singular soliton type solution (42) are presented in (a—d) for fractional parameter
B=0.75710and n = 1.5.

(a) (b)

Figure 4. 2D and 3D wave simulations of bright soliton type solution (43) are presented in (a—d) for fractional parameter
B=07510and n =1.5.
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3.3. Quadratic-Cubic Law

For this law G(u) = ¢1y/u + cou, where ¢; and ¢, are constants. Equation (1) for
PNLSE with Quadratic-cubic Law nonlinearity becomes:

aﬁl 9%Pu 9%Pu

FPu 0P (|uPu) 9P (Ju[?")
— - - Dy =15 —
VW ew Il T + t(c1|ul + c2|ul)u =1 x 3P +6 o TeU T g (52)
Equation (10) changes into the following form:
(p— oMU = (6 + kw — 0w + pw?)U — wSUP T 4 U2 + U = 0 (53)

By using the homogeneous balance technique into the Equation (53), we get m = 1.
For m =1, Equation (5) reduces into:

B1
U(n) =ag+a19(n) + ——. (54)
! 50
Here ag, a1 and B; are unknown parameters. By using the Equations (16) and (6) into
Equation (15) and collecting the coefficients of each power of ¢(17), we get the algebraic
expressions involving «g, #1 and 81 and other parameters. We now, with the use of symbolic
software, we gain the following solution sets:

Set 1:
_ c1 B B 2 _ w(bw — ) (K + pw) — 22
{060773(560—@)’“170,[317:F9\/§\/(5w—C2)3(p—/\0)’ = 90w —1)(0w—c3) '
2
0= e —a)p i) &
We now using the Equations (55) and (54) in Equation (7) and grab the subsequent cases.
If Q) <0, then
___«a e1 coth(7v=0) W Ly 8, 1
) = 55w e (li WiV ayow _a)e a0 ) CPCE g T TR ) 9
or
B 1 C1 tanh(nm) w 1 5 0 1 P
) = 55 ) (1 REN s W/ e T s ol I AG S AR 1 D A S (T D
If Q > 0, then
__ @ c1cot(1v0) @ Lty 1
us(x,t) = 306w —c2) (1 F NN TSI x exp(1( 3 (x+ 1"([%)) + 'B(t—i— 1"(,8)) +9))  (58)
or
ug(x,t) = a 1+ o tan(ﬂ\/ﬁ) X ex (t(—g(x—}—i)ﬁ—l—g(t—l-i)ﬁ—l—ﬁ)) (59)
BT 300w — o) 3v2VQ/ (6w — 3) (o — A0) PRI T T T
Set 2:
_ c V2= Ae o w(w — o) (k + pw) —2¢F c?
{“O N 3(5(01— cz)'w1 T Vow — ¢z P11 =00= 9(cw — 1) (6w — c3) Q= - 18(0w — czl)(p — Ao) } (60)

We now using the Equations (60) and (54) in Equation (7) and set to the below cases.
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If Q <0, then

o, (A

up(x,t) = {3&07%2 + T tanh(ﬂﬁ)} xeXp(t(—%(x+ r(lﬁ))5+g(t+r(lﬁ))/5+z9)) (61)
or
V2V =\ /p — Ao
B ( N ) coth (17v/=0)} x exp(i(~5 (x+ )P + 51+ ) ) (62
If QO =0, then
uz(x,t) = {3(&;1_ =) + fﬁvf}:ij} X exp(z(—%(x—i— 1“(1,8)>ﬁ + Z(H— 1_(1!3))/3 +19)) (63)
If Q > 0, then
\/E\/ﬁx/p—)uf)
_ “ ( w 1 6 1
u4(x/t) - {3(5w—c2) + \/m tan(ﬂ\/ﬁ)} XeXp(t(—E(x—FT‘B))ﬁﬁ‘g(tﬁ‘ﬁﬁ))ﬁ—'—ﬁ)) (64)
_ @ (vavoyp—1o) w 1 6 1
us(x,t) _{3(5w—3c2 + o= CO"(U\/E)} XeXP(l(—E(x‘FW)ﬁ*'B(H' m)ﬁ+l9)) (65)
Set 3:
fag = c1 . V2 —Ac By = — 2 0_9(4)((5(4)—62)(7(—0—()60)—26%
0T Bw—c) T Vow—c TV 18V2(0w — )32\ /o —Ac Yow—1)(6w—c2) '

2
1

Q= 36(0w —cp)(p — Ao

) }(66)

We now using the Equations (66) and (54) in Equation (7) and secure the conse-
quent cases.
If O < 0, then

g (1) = {——1 N C%coth(’?m) . ﬁmtanh(qm)\/m}
1(x, 3(6w —c2)  18v2V/—Q/6w — 2 (6w — c2)/p — Ac Joo =0

exo((—Cixtr Lyl Lo
x exp(1( ,B(x+l"(ﬁ)) +,8(t+1"(,8)) +9)) (67)

or

e Q) vty e
up(x,t) = {3(5w o) ' 18v2v/—0/o6w — 3 (0w — c2)/p — Ao i Vow —c }

e~ ixq Ly 0 1
expl(—g (x+ 5rgy)" + gt + 1gy)" +8) (68)
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If Q > 0, then

ua(et) = { o - 2 cot(m/ﬁ) - (ﬁmm) tan(ﬂ\/ﬁ)}
P T3 (6w — o) 18vV2V QoW — ¢z (6w — c2)\/p — Ac Vow —cy
ex ~(x 1 g 0 1
< exp(i(~ G+ )+ 50+ ) ) (69)
ug(x,t) = {z—t—~+ Gan () + (v2vBve—10) COt(Wﬁ)}
e 3(6w —c2)  18v2V Q0w — 3 (6w — 2)\/p — A Vow —cp
wexp((— Yty 1
xpl(—g (x+5gy)" + gt + gy +8) (0
Set 4:
fap = 1 . V2 By = — 2 0_9w((5w—c2)(;€+pw)—2cf
T 30w—c)" T Vew—q 1T 36vV2(6w — )32\ /Jp—Ac  Y(ow-1)(6w—c) '
2
Q= - 72(6w — czl) (p— AU)} 1)
We now using the Equations (71) and (54) in Equation (7) and set to the below cases.
If O <0, then
(D = | o . c%coth(;y@) +tanh( \/7> (fﬁm)
M =360 =) T 36v2v—0view =6 (0w — ca)y/p — Ac N
wexoi(— et b O 1
exp((~ 5 (x + )" + 5+ ) +9) 0D
) (T, ¢ tanh (V=0 +coth(nm) (JFW)
P T 306w =) T 36vay—Ovow — 6(w — c2)\/p — Ac Vow o
oxp((—Lixr L8 Ly
x exp(1( 5(x+r(ﬁ)) +/3(t+r(/3)) +9)) (73)
If Q > 0, then
o 0 c%cot(;y@) tan( \F)(f\ﬁw/p /\J)
Halt) = {3(5W—C2) - 36v2vV Q0w — ¢z (6w — c2)/p — A - Vow —cp
oxp((—Lixt L8 Ly
x exp(1( 5(x+r(ﬁ)) +,B(t+1"([3)) +9)) (74)
c (1) o) (Vo)
ug(x,t) = { ! + +
e 3(0w —c2)  36v2vV Q0w — c2(dw — c2)/p — AT Vow — ¢y

xamm—§u+r&yﬁ+20+r@9ﬁ+m><%>
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Set 5:
(a0 = Cl o V2\/p = Ac by 2 o w(w — ¢2) (K + pw) — 2c3
0 30w —c2)’ ! Vow—ocp ! 36v/2(6w — )32 /p — Ac’ Iow—-1)(0w—cz) '

2
“

Q= - 72(0w —c3)(p — Ao

) b (76)

We now using the Equations (76) and (54) in Equation (7) and grab the below cases.

If O <0, then
B ol c2 coth (17@) tanh (77@) (ﬁmm)
nlot) = {3(5W*C2) _36\/§m\/5w—c2((5w—c2),/p—)\(7 a Vow — ¢ }
wexp((— Lot by 8y L oys
xpl(—g X+ 5gy)" + g+ gy T8 (77)
() ¢ tanh (7v/=0) ) ﬁmcoth(qm)\/m}
2T 500 — o) 36V2v/—Q(6w — c2) /6w — ca\/p — A Vow — 3
exo((—LCixr 26y By 1 s
x exp(i( 5(x+r(ﬁ)) +5(t+r(ﬁ)) +9)). (78)
If O =0, then
us(x,t) = { a — n _V2yp— Ao
S 3(6w —c2)  36V2yow —ca(dw — )\ /p— Ao N\/dw —ca
exp(i(— < (x 1, 8 RN
<ol (e )+ 5t )+ ). 09)
If Q > 0, then
wal) = {1 . c%cot(m/ﬁ) . tan(ﬂ\/ﬁ) (ﬁ\/ﬁm)}
e 3(6w —c2) 36\@\/5(5w—c2)\/5w—c2\/p—)\0 Vow — ¢y
exp(i(— L (x 1,8 1
Kol (x )+ 5t ) +)) 60)
(e dwd) e)(an),
. 3(6w —c2)  36vV2VQ(0w — c2)V/dw — c2/p — A Vow — o
wexo(i(—Lixr L b O 1
(=S5 )+ (6 ) +)) 6D
Set 6:
{ap = 1 o V2\/p—Ac By = 2 6_9w((5w—c2)(1c+pw)—2c%
7 35w -3 T \ow-—c T 18V2(0w — )32\ /o —Ac” Yow—1)(6w—c2) '
0 i b 62)

- 36(dw —cp)(p — Ao)

We now using the Equations (82) and (54) in Equation (7) and set the following results.
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If Q <0, then

B a1 c2 coth (17\/—_0) tanh(m/ﬁ) (ﬁ@ﬁ)
1) =360 o) 18v2v/—Ov/ow — (0w — ca)\Jp — AT Vow—c; !
exo((—Cixt L8 L
Kol (x + i)+ S+ P +0) 6)
or
B el ¢? tanh (17@) coth(q@) (ﬁmm)
up(x, t) = {3(&0 —c) 18v2V/— Q0w — 3 (dw —)\/p— Ao - Vow—c }

wexo((—Cixr L g8 1
explu(—5 (r+ g7 + 51+ ) ) 59

If QO > 0, then

) c%cot(m/ﬁ) tan(q@) (ﬁ\/ﬁ\/p—/\cr)
ualxt) = {3(5W—C2) - 18\/5\/5\/(5607—02((5w—c2)w/p—)\0'+ Vow — ¢y )
X exp(t(—%(x + %‘B))ﬁ + %(t + %ﬁ))ﬁ +9)) (85)
or
e ? tan(m/ﬁ) cot (17\/5) (\/E\/ﬁ\/p - )uf)
ua(x,t) = {3(560—02) 18V2VOow — c(bw — ca)\Jp — AT Vow — ¢y )
w 1 0 1

xp(1(— —— B2 _—_\B
x exp(1( ﬁ(x+F(ﬁ)) +,3(t+r(ﬁ)) +9)) (86)

Here the 2D and 3D graphs, by takingx = 1,6 = 2 = p = ¢ and w = —0.5 are
displayed in Figures 5 and 6 for selected solutions to visualized their dynamics.

(a) (b)

400

300

200

100

Figure 5. 2D and 3D wave simulations of singular soliton solution (56) are presented in (a,b), for
fractional parameter p = 0.75,1.0and ¢; = 0.5 = c».
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(a) (b)
x10%
1500
1000

500

20

(©

30

25 1

20 - 1

S5 15 — >

10 1

Figure 6. 2D and 3D wave simulations of dark soliton solution (57) are presented in (a—d) for fractional parameter
B=07510andc; =1,¢cp =0.2.

3.4. Anti-Cubic Law
For this law G(u) = 5—12 + cou + czu?, where c1, ¢, and c3 are constants. Equation (1)

for PNLSE with Anti-cubic Law nonlinearity becomes:

apl_ﬂfﬂ_,_ &—i-r(c |~ 4 colul? + c3lul*)u _[Kaﬁ_”_i_éaﬁ(|u|2pu) tou P (|uf*)
atf " otboxP " P ox2p 1 2 3 =K OB oxP QU —oF -

Equation (10) reduces into the following form:

! (87)

—0 " + kw — 0w + pw —w +alU P+l + gl =
p—ocAU — (6 0w + pw)U — wdUPP T 4 U3 + cUP +c3U° =0 (88)

To get the solutions in retrieve form, we use the transformation U(7) = V2 (17). The above
Equation (88) reduces into:

(0 —oA)2VV" = 4(0 + kw — 00w + pew?) V2 — 4wV T2 4 4(cy + V3 + 3V =0 (89)

By using the homogeneous balance technique onto the Equation (89), we get m = 1.
For m = 1, Equation (5) reduces into:

B
V(n) = a0+ a1 + . (90)
(1) PN+ 50
Here «p, a1 and B1 are unknown parameters. By putting the Equations (90) and (6) into
Equation (89) and collecting the coefficients of each power of ¢(17), we get the algebraic
expressions involving «g, &; and 1 and other parameters. We now, with the use of symbolic
software and taking p = 1, we attain the following solution sets:
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Set 1:
(a0 = %0 - 1 [ =9c362w2Q + 18¢36wQ3 — 930S — 64T 6 —0
8(dw —c3)’ ! 8 02 (c3 — dw)* , b1 ,
1
0= 4802 (O'(U 1)((5(4) c )3 (16(*9C352K(U302 — 9C352)\0'w402 + 9c§5xw202 + 96%(5)\0'60302 — 3021@002
- —C3

—333A0wW?O? — 4T w? + 36%kw* O + 36° A 0w Q? 4+ 20T) — 93O (w? + Q) (3 — dw)?),
16(9¢302A0w?Q? — 936A0w0? + 3c3A00? + 4T — 36°A0w>Q?) 4+ 9c30) (c3 — dw)?
4802 (5w — ¢3)3 ’

I =3,/c102(6w — c3)7}

1)

We now using the Equations (91) and (90) in Equation (7) and grab the subsequent cases.

If O <0, then

B 3¢y 1 — | =9c36%w? Q) + 18c3c36Qw — 9c3c3Q0 — 64T N1
ulot) = {m + 8 Q\/ 0O2%(c3 — bw)* tanh (77 Q)}2
w 1 0 1
X exp(t(—g(x + ﬁﬁ))ﬁ + B(t + ﬁﬁ))ﬂ +9))
or
(x6) = { 32,15 —9c362w2 Q) + 18c3c36w QY — 93500 — 64T (v A)}
HaA ) = 8(6w —c3) ~ 8 02(c3 — dw)* «0 (17 )

exo((—Cxr L 8L s
< exp(i(~ 5 (x + )P + 51+ )+ 9)

If Q > 0, then

3cp 1 —9c362w2 Q) + 18c3036wQ — 93300 — 64T 1
H={—"=_F-V/Q t Q
u3(xt) {8(5w —8c3 * S\F\/ O?(c3 — dw)* an(;yxﬁ)}z
w 1 0 1
x exp(i(——(x + === )P + —(t+ == )P +0))
PR T T T TR
or
3c) 1 —9c362w2 Q) + 18c3¢36w Q) — 956302 — 64T 1
H={"——+-VQ O
ug(x,t) {8((5w—C3) S\F\/ s — o)’ CO’E(’?\F>}2
w 1 0 1
x exp(i(—— (X + == )P + —(t+ == )P +9))
A L KR (U
Set 2:
3¢ 1 [ —9c252w2Q) + 18¢3¢20w Q) — 9c2c2Q) + 64T
{060: 2 /“1:0/,81:$7 Z 32 1 32 ’
85w — 8c3 8 (c3 —dw)

=~ Bl TG~ (16(9¢c30*kew Q* 4 9c38* Ao w*? — 930kw* Q0 — 9360w )

+ 363 kwO? + 3c63A0w? 0% — 4T w? + 2TQ — 38%kw* (O — 38°A0w’ Q?) + 930 (w? + Q) (c3 — dw)?),
16(—9c302A0w? 2 4 9c30A0wO? — 33ATO? + 4T + 355 A0w3O?) — 9c30)(c3 — bw)?
p= 4802 (6w — ¢3)3 ’

I =/3y/c102(6w — c3)7}

(92)

(93)

(94)

(95)

(96)
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We now using the Equations (96) and (90) in Equation (7) and secure the subse-
quent cases.

If O <0, then

3¢ 1 —9c362w2 Q) + 18c3c36w QY — 93550 + 64T 1
)= + th(nvV—Q)}2
i (xt) {8(5w—C3) 8@\/ (c3 —dw)* c0 (’7 )}

oxo((—Cixr L 000 1
x exp(i( 5(x+r(ﬁ)) +/3(t+r(/3)) +9)) 97)

or

3c) 1 —9c362w2 Q) + 18c3036w QY — 9330 + 64T 1
) = + tanh(nv—-Q) }2
(%, 1) {8((5w—C3) 8@\/ (c3 —dw)* " (’7 )}

L w 1 g, 0 LRY:
x exp(i( /3(x+r(,/3)) +ﬁ(t+r(ﬁ)) +9)) (98)
If O > 0, then

3¢y 1 —9c362w2 Q) + 18c3c36w QY — 9330 + 64T i
t) = VvV Q
uz(x, t) {85w—8C3:F8\/6\/ (cs— dw)? cot(’? )}2

X exp(t(—%(x + I*(l‘[}))ﬁ + Z(t + 1,(1/3))’5 +9)) (99)

or

ua(,t) = {24 8\}5\/_%%5%20 +18c336w0) — 93301 + 64T

80w — 8c3 (c3 — bw)* tan (77\/6) 2
X exp(z(—%(aﬂ— 1_(1!3))5 + Z(t + 1“(1[%))/5 +9)) (100)
Set 3:

(g = 3¢, =0,y = T 1 [ =9c30%w Q) + 18¢3¢30wQ — 9365 — 641",
80w — 8cs 8 (c3 —dw)*

1 2. 302 23 42 D¢ 22 2 3002
0= 1802 (0w —1) (0w _63)3(16(—9C3(5 kw’ Q" — 9c30°Aow™ ) 4 9c50kw Q)" + 9c50ATw’ )

— 3c3kw Y — 33 0w O? — ATw? + 2T Q) + 38%kw*Q? 4 38°Aow®O?) — 930 (w? + Q) (c3 — dw)?),
_16(9¢36* A0 w?Q? — 935A0wO? + 3c3A0 0 + 4T — 36°Aow?0?) + 930 (c3 — dw)?
p= 4802 (sw — ¢3)3

I =3y/c102(6w —c3)7}  (101)

We now using the Equations (101) and (90) in Equation (7) and grab the subse-
quent cases.
If Q <0, then

3c) 1 —9c362w2 Q) + 18c3c36w QY — 930500 — 64T 1
L) = + th —0)}2
1) = 550 — o) sm\/ (65— o) coth(v=0)}

X exp(t(—w

Y I PR -
ﬁ(x+r(/3)) +/3(t+1“(/3)) +9)) (102)
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or

a5, {85w3c_2 s ¢1_T) \/ —9c%52w20+1(80c;c_§5;:0())4— 9330 -6ar (rva)!
X exp(t(—%(x+ F(lﬁ))ﬁ + Z(t + F(lﬁ))ﬁ +9)) (103)
If Q > 0, then
wa( ) {85w3c_2 s \}5 \/ ~9202u20) 1 12(3533?556;;}(;4— 9330 —64r (/a))!
X exp(z(—%(aﬂ— 1_(1!3))5 + Z(t + 1“(1[%))/5 +9)) (104)
or
ua(xt) = {85w3 & 55 8\}6\/_96%5%20 - 1?2 C—%(S;a())‘l_ S (Vo))
X eXp(L(—%(x + r(lﬁ))ﬁ + Z(t + F(lﬁ))ﬁ +9)) (105)
Set 4:
[ - S \/ ~9630%w0 + 18caddw —93G0 el
85w — 8cs 8 O2%(c3 — bw)*
1

9:

"B (ew — 1) (6w o3’ (16(9¢38%kw? Q0% + 9382 Ao w* O — 9c30xkw?Q? — 930 WV

+ 363 kwO? 4 363 0w (P — 4T w? + 2TQ — 36%kw*? — 3630w’ O?) + 930 (w? + Q) (c3 — dw)?),
16(—9c302A0w?Q? 4 9c30A0wO? — B3ATO? + AT + 383 A 0w’ O?) — 9c30(c3 — bw)?
p= 48002 (6w — c3)3 ’

I =3/c102(6w —c3)7}  (106)

We now using the Equations (106) and (90) in Equation (7) and get the consequent cases.
If Q <0, then

—9c362w2 Q) + 18c3c36w QY — 93030 + 64T
02 (c3 — bw)*

u(x,t) = {L + ;m\/

80w — 8¢z

tanh (q@) }%

X exp(t(—%(x + r(lﬁ))ﬁ + Z(t + r(lﬁ))ﬁ +9)) (107)

or

3¢y 1 —9c362w2 Q) + 18c3036w QY — 9330 + 64T Il
H={—"2 _1-y-0 h(nv/—0
(1) {8(5w —8c; 8 \/ O?%(c3 — bw)* cot (17 )}2

X exp(t(—%(x—l— 1_(113))13 + Z(t + Iﬂ(llB))ﬁ +9)) (108)
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If Q > 0, then

3co 1 —9c362w2 Q) + 18c3¢50w ) — 95302 + 64T 1
H={—"2% T _-/O vV Q
3(x.) {8(5w — 8¢ T3 \/ O?%(c3 — dw)* tan (17 ) b2

wexolf—Cixr L 9 1
xpl(—5 (x-+ )P + 5t + )+ ) (109)

or

3¢, 1 95622 () + 18c3c36wQ — 933 Q) + 64T 1
={—"——+_VQ 0
ug(x,t) {85w—8C3 8\/>\/ 02(cs — b)" cot(n\/»)}z

Xexp(t(—(‘g(x-l-r(lﬁ))ﬁ-f—e( r(ﬁ)) +48)) (110)

Set 5:
( 3ca —9c36%w2 () + 18c3c36wQ — 93302 + 64T
a 7
0™ 85w — 8¢ 16 02(c5 — dw)*
BL= O 1 —9c362w2 () + 18c3630w QY — 93300 + 64T
16 O?%(c3 — dw)* ’
1
0=— 3 (64(9¢30% kWO + 9382 Ao w* O — 9c36kw? 02 — 935 T w O

19202 (cw — 1) (8w — c3)
+ 363 kwO? + 363A0w? Q% — Tw? + 2TQ — 38%kw*0? — 38° Ao’ O?) + 930 (w? + 4Q) (c3 — dw)?),

64(—9c30* A0 w? 2 4 9c30A0wO? — 33A0 O + T + 368°Acw’()?) — 930 (c3 — dw)?
19202 (5w — ¢3)3

7

I =V3y/c102(6w —c3)7}  (111)

We now using the Equations (111) and (90) in Equation (7) and secure the following re-

sults.
If Q <0, then

3cp 1 —9c362w2 () + 18c3¢36w QY — 93500 + 64T 1
) ={—""———+ —vV-Q tanh(nv —Q th(nv —Q
1(xl ) {85(078C3 16\/7\/ QZ(CG}*&(U) (a (17 )+CO (17 ))}2

exo((—Cixr L8 1 g
x exp(i( [S(x+l"([5)) +ﬁ(t+r(ﬁ)) +9)) (112

If Q > 0, then

_ 3cp 1 —9c362w2 () + 18c3c36w QY — 9330 + 64T 1
up(x,t) _{78(5w—c3) +16\/6\/ (03 — 5c0)? <3F ( )icot(iy\/ﬁ))}z

0 1

B(t +——)F+9)) (113)

x exp(1 (,B(x+1)l3 (@)

I'(p)
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Set 6:
(o= -2 —xl —9c2620020) + 180320 Q) — 9c2c2Q) — 64T
85w — 8cs” 16 02(c5 — bw)* ,
O+ 1 [=9¢302w2Q) + 18c3c36wQ — 9c3c3Q) — 64T
:81 - 16 Q2(C3 _ 5(,0)4 ’

1
T 19202 (0w — 1) (6w — c3)
—33kwO? — 33A0w?0? — Tw? + 2TQ + 383 kw0 + 383 Aow® ) — 930 (w? + 4Q) (c3 — dw)?),
_ 64(9c30* A0 w? O — 9c30A0wO? 4 33A0 O + T — 38°A0w’()?) + 930 (c3 — dw)?
19202 (6w — ¢3)3 ’

I =V3y/c102(6w —c3)7}  (114)

0

3 (64(—9c36%kw’ O — 936 Aow* O + 930k w?Q? + 9c36A oW’ O

We now using the Equations (114) and (90) in Equation (7) and get the following re-
sults.
If O < 0, then

—9c262w2Q) + 18¢3¢25w Q) — 9c2c2Q) — 64T
3¢y 1@\/ c50°w=L) + 18c3c50w G363 (tanh(iyw/—Q)+C0th(f7\/—0))}%

i (xf) = {8(5w —c3) * 16 O%(c3 — dw)*

exo((— s L8 1 g
x exp(i( ﬁ(x+r(ﬁ)) +[3(t+1"(,3)) +9)) (115)

If O > 0, then

3 1 —9¢252w2 Q) + 18¢3c26w Q) — 9c2c2Q) — 64T
up(x, t) ={c2+\/ﬁ\/ 2 372 32 ($tan(77\/5>icot(17\/ﬁ))}%

8(6w —c3) 16 02 (c3 — bw)*
w 1 0 1
xexp(i(—=(x + =—=)P+ = (t+ =—=)P +9)) (116)
P(=5 () + 5t )+ )
Set 7:
{ 36, \/27¢4 — 40961 (6w — c3)3 /2764 — 4096¢1 (6w — c3)3
0= o5 o /M1 =7F Br=F
80w — 8cs 16v/3/ 30 (c3 — bw)? 16v/3/3Q(c3 — bw)?
o 9¢3 (64w (6w — ¢3) (K + Aow) + 3c3 (w? — 5Q) ) — 4096¢7 (w? + Q) (bw — ¢3)°
576c3Q (0w — 1) (bw — c3) ’
o 9c3 (64A0Q(dw — C32) +3c3) — 4096¢; (6w — C3)3} a17)
576c5Q (6w — c3)
We now using the Equations (117) and (90) in Equation (7) and secure the subse-
quent results.
If Q <0, then
93 — V/31/27¢} — 409c: (6w — c3)3esch (27v=0) w , o .
) = 7 % ——(x+ = P St = )P0 118
ul(x ) { 24C2(C3—(5(/J) } exp(t( ﬁ(x 1"(,5)) ,3( 1—-(‘3)) )) ( )
If Q > 0, then
\/3\/276% —4096¢1 (8w — ¢3)3 csc (217\/5) +9c3 | w 1 0 1
Ur(x,t) = Ixexp(i(—5 x4+ =— )P+ (t+ —)FP+08 119
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3.5. Dual Power Law

For this law, G(u) = Z—},, where ¢1 and ¢, are constants. Equation (1) for PNLSE with
dual power law nonlinearity becomes:
oPu 0%Pu 0%Pu o in Pu  oP(jul*u) OB (|ul>)
=F +078t/58x/5 +p78x2/5 + T(cq|ul™ + co|u|")u =1x P +6 s +ou B
here p = n as in the case of power law. Moreover, if n = 1 dual power law becomes to the

parabolic law. Equation (10) changes into the following form:

(120)

(o — oMU = (0 + kw — 0w + pw)U + (c1 — wS)UPH 4 U1 =0 (121)

To get the solutions in retrieve form, we use the transformation U(7) = Vi (7). The above
Equation (121) reduces into:

(1—2n)(p— oA) (V)2 +2n(p — cA)VV" — 4n? (0 + kw — 00w + pw?)V? +4n?(c — wb) VP +4n2c, Vi =0 (122)

By using the homogeneous balance technique into the Equation (122), we get m = 1.
For m =1, Equation (5) reduces to:

_ B
V() =ao+ag(n) + o5 (123)

Here o, @1 and 1 are unknown parameters. By putting the Equations (123) and (6) into
Equation (122) and collecting the coefficients of each power of ¢(77), we get the algebraic

expressions involving ag, #1 and 81 and other parameters. We now, with the use of symbolic
software and taking p = 1, we attain the following solution sets:

Set 1:
_ n2(2n41)3(c1 —bw)* ) )
_@n+1)(bw—rc1) B ca(p—=A0) _ n*(2n+1)(c; — dw)
{0 = dep(n+1) =01 =7 8co(n +1)2 T o (n+1)2(0— Ao)
o w(4ea(n+1)%(k + pw) + 6*(2n + 1)w) — 2¢18(2n + 1)w + c§(2n + 1) V(124

4er(n+1)%(cw —1)

We now using the Equations (124) and (123) in Equation (7) and secure the follow-
ing results.
If Q <0, then

((2n+1)(dw —c1)) (1 n COth(ﬂm> (” —(2n+1) (6w - Cl)) ) )

€1
2n

uy(x,t) ={ der(n+1) 2(7’l+1)m c2(p — Ao)

el xq L 8y 1
ol ) = {((2n+1)((5w—c1)) - tanh(qﬁ) (n —(2n+1)((5w—cl)) L
S 4 (n +1) 2(n+ 1)vV—Qy/c2(p — A0)

oxo((— e L 81 s
x exp(1( ﬁ<x+l"(ﬁ)) +ﬁ(t+r(ﬁ)) +9)) (126)
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If Q > 0, then

us(,p) = (B D0 —c)) () Cot(n\/ﬁ)(n\/—(2n+1)(5w—cl)) 1
TR Y T 2+ 1)VaValk - A0)
S POVSR S B Y PR S
exp(«( ﬁ( +I’(/3)) +ﬁ(t+r(ﬁ)) +9)) (127)
usop) = (@ D(w —c1)) 1itan(ﬂ\/ﬁ)(nv—(2n+1)<r5w—cl)) Vi
w dey(n+1) 2(n+1)vVQy/c2(p — Ac)
exo(f(—Cxr L 8 1 s
x exp(1( [3<x+r(ﬁ)) +ﬁ(t+r(ﬁ)) +9)) (128)
Set 2:
{ag = (2n+1)(6w —c1) v ivV2n+1,/p — Ac _00= n?(2n +1)(c; — dw)?
07 TT4n(n+1) =7 2\/can P =00= doy(n+1)2(p— Ao)’

o w(4ea(n+1)%(k + pw) + 6*(2n + 1)w) — 2c16(2n 4+ 1)w + ¢5(2n + 1) 129
N dey(n+1)2(cw — 1) P29

We now using the Equations (129) and (123) in Equation (7) and get the following cases.
If Q) <0, then

(1) = {(2n+1)((5w—c1) n (ivV2n +1v/=Q\/p — Ao) tanh(WM)}%
H ) = dey(n+1) 2,/con
wexo((—Lxsr b 0y L
ia(.t) = {(2n+1)((5w—c1) . (i\/Zn—I—lm\/p—Aa) coth(m/ﬁ) }Zin

4cp(n+1) 2\/cn

X exp(t(—%(x—l— 1_(1!3))1% + Z(t + Iﬂ(llB))ﬁ +9)) (131)

If Q > 0, then

(2n+1)(5w—cl) (i\/Zn—f—lm\/p—/\O') tan(iy\/a)

uz(x,t) = { i+ 1) + 2 Jaan }%
oxo((—Cixr L 00 1

x exp (i( /3(x+r(/3)) +5(t+r(ﬁ)) +9)) (132)
_ (2n+l)(5w—cl)i(i\/zn"‘l\/ﬁ\/P_/\‘T)COt(’?\/ﬁ) i
ua(x 1) = { dcp(n+1) 2,/con b
exo(i(— s L8 1 g

x exp(i( [S(x+l”([5)) +[3(t+1"(,3)) +9)) (133)
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Set 3:

(ap = (2n+1)(6w —c1) N 7:Fi\/2n+1\/p—)uf By = in(2n +1)3/2(c; — dw)?
0 d;(n+1) ! 2\ /con S TNy v
C n2@2n+1)(c1 —dw)? | w(er(n+1)2(k + pw) 4+ 6*(2n + 1)w) — 2c16(2n + 1)w + 3 (2n + 1)
C16ca(n+1)2(p—Ac) der(n+1)2(cw — 1)

NCED)

We now using the Equations (134) and (123) in Equation (7) and get the following cases.
If O <0, then

coth(v/=Q) (12 (2n+1) (c1 —6w)?)
(iv2n+1)(£/p — Aov/=Qtanh(v/~Q) F 160y (n-+1)2/ =0y /p—Ao :

(2n+1)(6w — 1)

1

ul(x/t) :{ 4C2(1’l+1) 2\/6” }W
W Loyp 0, 1 g
x exp(i( ﬁ(x+F(/3)) +ﬁ(t+F(ﬁ)) +9)) (135)
or
o (21 +1) (6w — 1) (iv2n +1)(£+/p — Ao/ —Qcoth(nv/—Q) F tanhlzci(;)l(zga(p Aiw))) .
ua(xf) = { dey(n+1) 2,/can }

x exp(t(—%(x 1 r(lﬁ))ﬁ + Z(t + r(l/s))ﬁ +0)) (136)

If O > 0, then

. cot(r]\/a) (n2(2n+1)(0175w)2)
o (iv2n +1) <$\/p —AcvQtan (17\/5> + oo AVt .
us(o ) = {4 1y 2 /can }

oxo((—Cixr L 8 1 g
x exp(i( ﬁ(x+r(ﬁ)) +5(t+r([3)) +9)) (137)

or

(2n+1)(dw — c1)

L

. tan (1v/Q) (# (2n-+1) (c1—dw)?)
(v ) (v = AoV Ccor (/) 5 Bl o }

ualx,t) = { 4cr(n+1) 2,/cmn "
w 1 0
xexp(i(—=(x+—=)P + = (t+ +9)) (138)
P(=5 (x-+ 507 + 5t + 7))
3.6. Triple Power Law
For this law, G(u) = Z—}, + cou®™ + c3u®", where ¢y, ¢ and c3 are constants. Equation (1)
for PNLSE with triple power law nonlinearity becomes:
ou PPy PP e obu | B(uf) | 9P(u)
'=F —l—O'W +pax—2ﬁ + t(ep|u|™ + oo ul* + c3luu =1k Fw —HST +ou odF (139)
Equation (10) changes into the following form:
(o — oMU = (0 + kw — 0w + pw?)U — wSUP T+ U2 4 U1 4 c3U" 1 = 0 (140)

To get the solutions in retrieve form, we use the transformation U(y) = Vi (n).
The above Equation (88) reduces into:

— o) (1 =2n) (V)2 +20VV") — 4n2(0 + kw — 08w + pw?)V? — 42wV i T2 4+ 4n? (e V3 + 0o VA + 3 V3) = 0 (141)
o o
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By using the homogeneous balance technique onto the Equation (141), one secure
m = 1 and for m = 1, Equation (5) reduces to:

P1
V() =ag+a1¢9(n) + ——. (142)
! P o)
Here ag, ®1 and p; are unknown parameters. By putting the Equations (142) and (6) into
Equation (141) and collecting the coefficients of each power of ¢ (1), we get the algebraic
expressions involving &g, a1 and 1 and other parameters. We now, with the use of symbolic
software and taking p = 3n, we gain the following solution sets:

Set 1:
" _a(2n+1) v ivV2n+1/p — Ao 5 _00__6%52(21’14—1)+4C2C3(Tl+1)2(C3p+5K)
0T T+ )M T T 2 T 46,0(n + 1)2(0 — c30) /
An?(2n+1)

C3
= == 14
4cz(n+1)2(p—/\0)'w ) b8y
We now using the Equations (143) and (142) in Equation (7) and secure the follow-

ing cases.
If O <0, then

(2, ) = {—Zlciﬁi; + (”2”“2‘/3”’ =A%) tanh (/=) } 3 x exp(t(—%(X—i— %)ﬁ—i—%(t—k %ﬁ))ﬁw)) (144)
or
1y (2, £) = {—Zﬁﬁg 4 (”Z”HZ*/EQVPM) coth(/ =00} xexpl(~'5 x+ ﬁ)h%(wﬁ)ﬁw)) (145)
If O =0, then
. aa@n+1) | iV2n+1y/p—Ac A w 1 0 1
us(x,t) = {_402(11 1) + NG b x exp(z(—g(x—i- W)ﬂ + B(t—i— m)ﬁ +9)) (146)
If O > 0, then
o and1) _ (iV2n+1VQ/p— Ao) 1 w 1 0 1
ug(x, t) = {_41@(11“) T N tan(nvVQ)} 25 x exp(t(—g(x—i- W))lg + B(t—i— Tﬁ))ﬁ +98)) (147)
or
. a@r+1) | (iV2n+1VQ\/p = Ao) L w 1 0 1
us(x,t) = {=3 Ty * N cot(7VQ)} xexp(l(_g(ﬁW)Mﬁ(ww))ﬁw» (148)
Set 2:
(a _ a@n+1) v ivV2n+1/p — Ao P ic3n(2n +1)3/2
T a7 T * 2\/con e 32632 (n+1)2\/p — Ac’
322 +1) +4ces(n+1)%(cap + k) An?(2n +1) 3
o=~ 4cré(n+1)2(6 — c30) e 16c2(111 +1)2(p — /\U)'w N K} (149)

We now using the Equations (149) and (142) in Equation (7) and secure the follow-
ing cases.
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If Q <0, then

(ivZn 1) (imF tanh(nv=0) ¥ (16C2<Z+112))¢wi15;ﬁ>)}1

i (x 1) = {_462(11 +1) + 2,/can
X exp(t(f%(x + 1”(1[5))ﬁ + Z(t + r(lﬁ))ﬁ +4)) (150)
. ( 2n+1))tanh( M)
) {_c1(2n+1) N (iv2n + )(i\/p )L(T\/iﬂcoth(ﬂ\/E) 1663 (nF 12700 ”/ﬁ, o ) }%
2 4cp(n+1) 2,/con

oxo((— e 81 s
x exp(1( ﬁ<x+l"(ﬁ)) +ﬁ(t+r(ﬁ)) +9)) (151)

If QO > 0, then

. — (C%n2(2n+1))cot(q\/ﬁ)
(2 +1) N (iv2n +1) <:F\/p Aax/ﬁtan@\/ﬁ) + Tco(n 112V /p—Ac }%
4cp(n+1) 2,/con
0

xexp(t(—?é(x%—r(lﬁ))ﬁ—i- (t+ F(,B)) +9)) (152)

us(, ) = { -

or

c1(2n+1)

(iv2n+1) <im\/ﬁc"t(’7\ﬁ> (1662(5?;32“;2@)}1

ua(x ) = {7462(71 +1) + 2,/cn
xexp(t(—cl;)(x—i-1,(1/3))13—1-;(1?4—1,(1[3))[3—!—19)) (153)
Set 3:
_ _a(2n+1) 08 — ic2n(2n +1)3/2
{0 462(71-1-1)/“1 P IFS\/E\MH— \/czn+1 p—)ur),
322+ 1) +4ces(n+1)%(cap +0x) An?(2n+1) 3
o= 4eré(n+1)2(6 — c30) A= 4c2(nl+1)2(p—/\(7)'w N E} (154)
Now using the Equations (154) and (142) in Equation (7), one can get the following cases.
If O <0, then
_a@n+1) o (iciny2n + 1) coth(v/ — ) L L w 1 5 0 1 4
ul(x,t)—{4cz(n+1)( 1i2f(n+l N WIET: )12 x exp(i( [S(x+F(/3)) +ﬁ(t+r(ﬁ)) +9)) (155)
or
_a@n+1) o (ieny2n+1) tanh(nvV—0Q) 1 W 1 50 1 4
o) = (G gy (1 T TN < explu(= gy + 1+ gy +0) 159
If Q > 0, then
_sa@n+l) (icyny/2n + 1) cot(7v/Q) % v exo(( Y R Y
us(x,f)—{4cz(n+1)( 1¢2\/6(n+1)m\/m)} x exp(«( ﬁ(x+r([5)) +ﬁ(t+r(ﬁ)) +9)) (157)
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ialxf) = a(n+1) (iciny/2n 4 1) tan(nvVQ) 2 exolil— (x 1 5 0 1 g
4( ,t)_{4C2(1’l+1)( 1i2\/6<n+1)\/5\/m)} XeP(( ,B( +1"(/3)> +ﬁ(t+r(ﬁ)) +l9)) (158)

Here the 3D graphs, by taking ¢y = 1,x = 1 = ¢ = é and n = 1.5 are displayed in
Figures 7-9 for selected solutions to visualized their dynamics.

(a) (b)

Figure 7. 3D wave simulations of complex solitary solution (144) are presented in (a,b) for fractional parameter p = 0.5,1.0
and Cy = -2, C3 = —1.

(a) (b)

Figure 8. 3D wave simulations of complex solitary solution (145) are presented in (a,b) for fractional parameter f = 0.5,1.0
and c; = —2,c3 = —0.5.
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(a)

(b)

Figure 9. 3D wave simulations of complex periodic solution (147) are presented in (a,b) for fractional parameter 8 = 0.75,1.0
and ¢y = 2,c3 = —0.25.

4. Conclusions

We have produced the different types of solitary wave solutions of the perturbed
nonlinear Schrédinger equation with different nonlinearities successfully. The novel beta
derivative operator and the modified extended tanh expansion method have been em-
ployed to retrieve dark, singular and combined solitary wave solutions. The obtained
solutions have been verified through some symbolic mathematical tools. The obtained
solutions have been demonstrated via numerical simulation by taking suitable values for
physical and arbitrary parameters. The novelty of this paper has been proved by investi-
gating the perturbed nonlinear Schrédinger equation for the first time in the generalized
form of classical derivative sense.
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