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Abstract: We consider fractional-in-space analogues of Burgers equation and Korteweg-de Vries-
Burgers equation on bounded domains. Namely, we establish sufficient conditions for finite-time
blow-up of solutions to the mentioned equations. The obtained conditions depend on the initial value
and the boundary conditions. Some examples are provided to illustrate our obtained results. In the
proofs of our main results, we make use of the test function method and some integral inequalities.

Keywords: fractional-in-space Burgers equation; fractional-in-space Korteweg-de Vries-Burgers
equation; global solution; blow-up

MSC: 35K55; 35R11; 35B44

1. Introduction

The Burgers equation
Ol + Uy U = VOyxU, 1)

where v > 0 is a certain parameter, is a fundamental partial differential equation arising
in many physical problems, such as fluid mechanics, nonlinear acoustics, gas dynamics
and traffic flow. Equation (1) was first introduced by Bateman [1]. Later, in [2,3], Burgers
used this equation to capture some features of turbulent fluid in a channel caused by the
interaction of the opposite effects of convection and diffusion. Since then, Equation (1) is
refereed to as the Burgers equation.

The Korteweg-de Vries-Burgers equation,

Ofll + U0 U + TOyyxU = VOyxyl, 2)

where T,v > 0 are certain parameters, was introduced by Su and Gardner [4]. This equation
arises within the description of various physical phenomena, such as the propagation of
waves in shallow water [5], the propagation of waves in an infinitely long thin walled
circular cylinder [6], and plasma waves [7].

In [8], Yushkov and Korpusov studied the finite-time blow-up of solutions to (1)
and (2) on bounded domains, under certain boundary conditions.

The study of blow-up phenomena for fractional-in-time evolution equations was
initiated by Kirane and his collaborators (see e.g., [9-13]). Very recently, Kirane et al. [10]
investigated the finite-time blow-up for different kinds of fractional-in-time dispersive
equations on bounded domains, including the fractional-in-time Burgers equation and the
fractional-in-time Korteweg-de Vries-Burgers equation. For example, for the fractional-in-
time analogue of (1), namely

g“tu +uoyu = voxeu, (£,x) €(0,T) x (0,L), ©)]
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where 0 < &« < 1 and ao‘t

al. established a maximum principle, when the initial value u(0, -) is sufficiently smooth.
Next, they discussed the influence of gradient nonlinearity on the global solvability of (3)
under certain boundary conditions.

Problem (3) was also investigated in [14] by Torebek, where he obtained sufficient
conditions depending on the initial value u(0, -) and the boundary conditions, for which
there does not exist a global solution to (3).

In this paper, motivated by [10,14], we first consider the fractional-in-space analogue
of (1) on a bounded interval, namely,

are the time-Caputo fractional derivative of order &, Kirane et

duit+ 5 le( w?) = vaf u, (%) € (0,T) x (0,L), @
u(O,x) =1up(x), x€(0,L).

Here, L > 0,0 < T <oo,v >0isaconstant, 0 <a < 1,1 < B < 2and80‘x,(7€ {a, B},
is the space-Caputo fractional derivative (with respect to the variable x) of order ¢. Using
the test function method [15] and some integral estimates, we obtain sufficient conditions
depending on ug and the boundary conditions, for which a finite-time blow-up occurs for
(4). Next, we discuss the finite-time blow-up for the fractional-in-space analogue of (2) on
a bounded interval, namely,

{atu+ 08, 2) b w=vd] u, (Lx) € (0,T) x (0,L), -
u(O,x)—uo( x), x€(0,L),

where 7,v > 0 are constants, 0 <« < 1,2 < < 3,1 <y < 2,and ag‘x, oce{a B} is
the space-Caputo fractional derivative of order ¢.

The rest of the paper is organized as follows. In Section 2, some preliminaries on
fractional calculus, and some useful lemmas are provided. In Section 3, we prove a
finite-time blow-up result for the fractional-in-space Burgers Equation (4), and provide an
example to illustrate our result. Section 4 is devoted to the study of the fractional-in-space
Korteweg-de Vries-Burgers Equation (5).

2. Preliminaries

Let L > 0 be fixed. Given ¢ > 0 and f € L!([0,L]), the left-sided and right-sided
Riemann-Liouville fractional integrals of order o of f are defined respectively by:

1

(BN = 157 [ =0y and (000 = i [ =07 )y,

for almost everywhere x € [0, L], where I denotes the Gamma function.
Given a positive integer n,n —1 < ¢ < n,and f € C"([0, L]), the (left-sided) Caputo
fractional derivative of order o of f is defined by:

) = (B )0 = ey [ 60 AW, ©

n—o)

for all x € [0, L]. We refer the reader to [16] for the definitions above.
The following integration by parts rule will be used later.

Lemma 1 ([16]). Let ¢ > 0, p,q > 1, and %4—% <1+0(p #1,q # 1, in the case
5+ e=1+0.1(f.g) € LP([0,L]) x LI([0, L]), then

[ R s = [ 0 (58) (x) d
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The following lemma can be shown by elementary calculations.
Lemma 2. Let n be a positive integer and
p(x) = (x - L), xelo,L)

Forall 8 € (0,1), there holds:

(IPp)(x) = _r(éz—t 2+nlj_!2) (L — x)2n+0+1,
d(1% ) . (2n+1)! "
0= Tanso+1) L~ )"
dz;igf) (X) _ lg‘?;’ln‘f;—lg; (L . x)2n+9—1,
3(1¢ n !
d E(iiL;’)) (x) _ r(;fl ++912 3 (L— x)2n+672'

3. Finite-Time Blow-Up for the Fractional-in-Space Burgers Equation

In this section, we consider the fractional-in-space Burgers Equation (4). By a solution
to (4), we mean a function u € C1([0, T), C?([0, L])) satisfying:

1 2 B
atu + ﬂaax(u ) = Vao‘xu,

forall (¢t,x) € (0,T) x (0,L), and the initial condition #(0,-) = uy. Moreover, if T = oo,
then u is said to be a global solution to (4).
Let @ be the set of functions ¢ € C?([0, L]) satisfying the following conditions:

(@1) (I} “¢)x >0,

2—p 2
@go< [ 10l

(I} %)«
2

Fg
(@) 0 </ " ix <o,
0 (I 7"¢)s
where (+); = £ and (.)xx = %.
Suppose now that u € C!(]0, T), C?([0, L])) is a solution to (4). Multiplying the first
equation in (4) by ¢ € ® and integrating over (0, L), we obtain:

dx < oo,

d (L 1 /L L
E/o u(t,x)p(x) dx+ﬂ/o ag“x(uZ)(t,x)fp(x)dx :1//0 aglxu(t,x)fp(x) dx. (7)
On the other hand, by (6), and using Lemma 1, we obtain:
L L
| A nea = [0 ) x)e() dx
L
= [ 00 (1) (x) dx.

Integrating by parts, there holds:

/ 38 () (1, ) (x) dx = o] - L) (1) (M) dx. @®)
0 0
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Similarly, we have:

.L ﬁ
/0 It x)p(x)dx =

Integrating by parts, we obtain:
2— 2—
JRER = [mna %)( ) = ult, %) (1} Pg)a()]

+/ u(t, x) )xx(x) dx. 9)

Thus, combining (7)—(9), there holds:

dt/ u(t,x)g

(10)
= o [ R ) v [ ul P ) + Blw ) (1),
where
B(u, )(t)
L 11
= [v(w(t,x)(fi%)(x)—u(t,x)(riﬁq))x(x))—;u%t,x)u{“w)(x)}xO. o
On the other hand, thanks to ($,), we have:
L
| (20 ) (x) + 200t x) (1 P g)aa(x)) v
ey (P9, o (E 0 )l
_/ (I < x) +av (ILﬁ"‘q))x> dx — /0 (qu?)x dx
that is, .
/0 (uz(t,x)(zg—“q))x(x) n Zacvu(t,x)(li_ﬁ(p)xx(x)) dx
2—-B 2 (12)
:/OL(;Z(t,x)(Ii*“(p)x(x) dx — a®v? /OL [(gl_f;;x] dx
L X
where P p
é(t,x) :u(t,x)—i—av( 1 aq))xx. (13)
(L ?)x

Using (®1), (®3), and Cauchy-Schwarz inequality, we obtain:

2
(/OLg(t,x)(p<x) dx>2 (/OL £t/ (I 11 - )
</ 2(t,x)(11¢) dx)(/OL 11“ )

IN
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which yields
[ Eana e ([ e x)¢(x)dx>2 [ 20 g, R
A V 0 (I p)x(x) |
Thus, it follows from (10), (12), and (14) that:

%/()Lu(t,X)G"(x)dx > lex(/oL(Ilf(mdx>_l</;§(t,x)(p(x)dx>

L

a? L1 P )
-5, de+l3(u,go)(t).

Observe that by (13), we have:

2

%/(]Lu(t,x)qo(x) dx = %/OL &(t,x)(x)dx.

Hence, there holds:

%/OL Z(tx)p(x)dx > % (/OL (Iijojfgz(ﬂdx> B (/OL ¢t x)p(x) dx>

a? (L1 P )]
—5 ; de—k[ﬁ’(u,(p)(t).

2

Suppose that B(u, ¢)(t) > 0 for all t. Then, the above inequality yields:

dF
() > PP (1) =4,

where

) = [ atnet)d

(P z
P= m</o (1;-“¢>x<x>d"> ’
o[ P\
T w (/0 (). d’“)'

Hence, from the theory of ordinary differential equations, we deduce the following
finite-time blow-up result for (4).

Theorem 1. Let u € C'([0,T),C?([0, L]) be a solution to (4), such that B(u, ¢) > 0 for some
@ € ®. Suppose that ug € L'([0,L]) and

'L (127ﬁ€0>xx
F:=F(0) = '/0 <u0 +MW @(x)dx > % (15)

Then the following estimate holds:

1+ ko exp(2ppt) P oFo—p

H
Ft >7 7 - 7
0 2 T Rpexp(appt) = pRo T



Fractal Fract. 2021, 5, 249 6 of 12

and hence T < T*, where

Moreover, if T = T*, then lirﬁ F(t) = +oo.
F—T—

We provide below an example to illustrate our obtained result.
Example 1. Consider problem (4) with L = 1, under the boundary conditions
tt]y—0 = ttx|x—0 = O. (16)
Let
p(x)=(x-1)% «xe][0,1].

First, let us check that the function ¢ belongs to ®. Using Lemma 2 withn =1,0 =1 —«,

and L = 1, we obtain: ‘

(1117“90);:(36) = I“(T

3—a
_(X)(l —x)¥, (17)

which shows that the function ¢ satisfies condition (®1). Again, using Lemma 2 with n = 1,
0 =2—p,and L =1, we obtain:

(1 g)ectx) =~z (1 -2 P (18)

By (17) and (18), there holds:

(5 P9 6T(4—a)
(),  T2(4-p)

Integrating over (0,1), we obtain:

I Pl 6T(4—a)
| R - Y (19)
0 (L9 (@ =28 +4)1%(4 - p)
which shows that the function ¢ satisfies condition (®,). Next, by (17), we obtain:
2 —
1?0( (x) _ r(4 D‘) (1 _ x)3+a.
(%)« (x) 6
Integrating over (0,1), we get:
1 2 —
/ 1?; dx = M, (20)
0 (Il “(P)x 6(4+0()

which shows that condition (®3) is satisfied by the function ¢. Consequently, we have ¢ € P.
Moreover, by (19) and (20), we obtain:

3(4+«)
al' (4 —w)

and
B v 3al(4 — a)
P Ta-p\a—28+4
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By (17) and (18), we get
(I ) TG g
/0 (Ill_a(P)x p(x)dx = I’(47,B)/o (1—x) dx
I'(4—a)

(4+a—pT4—-p)

Hence, (15) is equivalent to:

m/l"(4—vc)[ 1 _ 1 ] (21)
T(4—p) |V@+a)d+a—2p) 4+a—B]

On the other hand, observe that, if u is a solution to (4)—(16), then by (11),

/01 uo(x) (x — 1)% dx >

1

= o (0T o)) = 01T P)e() = gl 001

x=0

Thus, by Theorem 1, we deduce that, if ug € L'([0,1]) and (21) holds, then (4)—(16) admits
no global solution.

4. Finite-Time Blow-Up for the Fractional-in-Space Korteweg-de
Vries-Burgers Equation

In this section, we consider the Korteweg-de Vries-Burgers Equation (5). By a solution
to (5), we mean a function u € C!([0, T), C3([0, L])) satisfying:

ol + o\x( u?) + T8§|xu = vag|xu,
for all (+,x) € (0, T) x (0,L), and the initial condition u(0, -) = ug. If T = oo, then u is said
to be a global solution to (5).

Let ¥ be the set of functions ¢ € C3([0, L]) satisfying the following conditions:

(F1) (I} ")y > 0é
L
¥ ~
(¥2) 0 < /0 gy < 2
L (V(Iiivif«’)xx + T(Iz_ﬁlp)xxx)
(#0< | 9

Suppose that u € C1([0, T), C3(]0, L])) is a solution to (5). Multiplying the first equa-
tion in (5) by ¢ € ¥ and integrating over (0, L), we obtain:

dx < co.

dt/ (t, x)y d“z/amx ) (£ x)p(x dx+r/ Ap (1, X)p(x) dx
_U/ ao\x (x) dx.

As previously, using Lemma 1, and integrating by parts, we obtain:

(22)

L

/ 38 () (6 ) () dx = e @] - [ () (1)) dr, (23)

X
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[ op@d = [utE 9@ a0 E 9] e
—|—/0Lu(t,x)(li_71p)xx(x)dx,

and
/ 9 u(t, )p(x
= [t ) (17 ﬁw><x> — a0 (0P + ) (1 P))] @)
- /0 ut, ) (7P ) e (x) .
Combining (22)(25), there holds:
o[ ue v = o [CE0E @+ [ a0
y /O "t ) (B T) e (x) dx + B, ) (1), (26)
Buw®
= [ae(t, ) (B 79) () + (B P)e() ) (v(B 7)) + 78 Pp)a))] )
om0 P00 + gt

On the other hand, thanks to (¥3), we have:
/ ( (£, ) (I17%9) o (x) + 2au(t, x) (I Pip) (%) +2m(t,x)(1§*7¢)xx(x)) dx

_ ” (P 9)eex(x) (I "9)ra(x)
/ 11 ( tx +2utx<Tm+avm dx

_/ (1= ( L P )_i_av(li%l’)xx(x))zdx
(I;")x(x) (I ")x(x)

Ry alioats %mf
0 (I“¢)x

dx,

that is,

/O - (uz(t,x)(fg—“lp)x(x) +20u(t, ) (I P) e (x) + 20vu(t, x)(lf*w)xx(x)) dx

L (V) e+ (PP ) (28)
—/ 192 £, x) I1 “)x(x)dx acz/L (V( L V) 17:( 2 ) dx,
0 (I "¢)«
where 3 g .
9(t,x) :u(t,x)—i—uéT(IL Phas(0) + V(T T9)ex(x) (29)

(I 9)x(x)
Next, using (1), (¥2), and Cauchy-Schwarz inequality, we obtain:

2

(/OL 9t x)(x) dx> < </0L ﬂz(t,x)(liﬂlp)x(x)dx) (/()L@flmdx)
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which yields

L L 2 L 2 -1
[ PRt ([ ot e ix) ( / uiwq(n)ud> 60

Thus, by (26), (28)-(30), we obtain:

-1
%/OL Ot x)p(x)dx > % (/OL (Iiipjlff):)c(x) dx) (/OL (t, x)p(x) dx>

2
a (L (V(Iiiyl/’)xx + T(Ii_ﬁw)xxx)
_E 0 (Ii—tx”b)x dx+8(u/ l/’)(t)

Suppose that B(u, ¢)(t) > 0 for all t. Then, the above inequality yields:

2

dF
L0 = PP — 4,

where

F(t) = /0 F ot x)p(x) dx,

(P z
b= \/ﬂ</o ui“lp)x(x)dx) ’

B ﬂ /-L (V(Igivw)xx+T(Iz_ﬁlp)xxx)2
SRRV (I 9)x

dx

Hence, we deduce the following blow-up result for (5).

Theorem 2. Let u € C'([0,T),C3([0, L]) be a solution to (5) such that B(u,) > 0 for some
¢ € Y. Suppose that ug € L*([0, L]) and

Fy:= F(0) = /

0

L (Mo(x) + DCT(IE_&IP)X”(X) - V(Iiitrlp)xx (x)

X X E
(9 () )"’( S B

Then, the result of Theorem 1 holds.
An example is provided below to illustrate the above result.

Example 2. Consider problem (5) with L = 1, under the boundary conditions:

Ul = 2aT(7 — ) (r(7v 5 r(7T— ﬁ))' x| x—0 = thxx|x—o = 0. (32)

Let
p(x)=(x—1)°, x€[0,1].

Let us check that the function  belongs to Y. Using Lemma 2 withn = 2,0 =1 — «, and
L =1, we obtain:

(L )x(x) = (1-x)°7", (33)

r6—a)
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which shows that the function  satisfies condition (¥1). Using Lemma 2 withn = 2,0 =2 — v,

and L = 1, we obtain:
2y _ 120
(5 "9)xx(x) = 7F(6 )

Again, using Lemma 2 withn = 2,0 = 3 — B, and L = 1, we obtain:

(1—x)>7. (34)

_ 120
(If ﬁlp)xxx(x) = T(6-p) (1- x)57ﬁ- (35)
By (33), there holds:
Ly R NCE))
/O ), = 06T a) (36)

which shows that the function 1 satisfies condition (Y,). Next, using (33)—(35), an elementary
calculation shows that:

/1 (u(lff”lp)xx +r(113*’31p)xxx)2
0

T dx
(")«
—120T(6 ) (37)
y ( V2 N 72 B vt )
(@ =27+6)T2(6-7) (x=28+6)T>(6—p) (a—7—-p+6)(6-pT(6-7))
which proves that condition (Y3) is satisfied by the function . Consequently, we have i € Y.
The parameters p and y can be obtained using (36) and (37). Namely, we have:
_ [60(6+a)
p= al'(6 — o)
and
I
60aT (6 — )
_ < v? N 72 B vt );
(=27 +6)T>(6—-7) (¢ =2+6)T>(6—-p) (a—7-p+6)[(6-pT(6—7)/)
Moreover, by (33)—(35), an elementary calculation shows that:
[ T s (0 + V()
0 (L 7"9)x(x)
v T
=T(6—«a - .
(e e Rl e )
Then, (31) is equivalent to:
1 1
" /0 up(x)(x —1)°dx
- r6—uw)
A
1 (39)
( v? N 72 B vt 2
(=27 +6)T>(6—7) (a=2+6)T>(6—p) (a—7—p+6)I(6—p)I(6—7)

v T
_r(6_a)<(6+a77)r(6*7) B (6+“7ﬁ)r(67ﬁ)>.
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On the other hand, observe that, if u is a solution to (5)—(32) , then by (27) and the previous
calculations, we obtain:

B, 9)(t) 2v 27 u(t,0) >

= 0.

Thus, by Theorem 2, we deduce that, if ug € L'([0,1]) and (38) holds, then (5)—(32) admits
no global solution.

5. Conclusions

Fractional-in-space Burgers-type equations are investigated in this paper. For the
fractional-in-space Burgers Equation (4), we proved that, if ug € L([0, L]), B(u, ¢) > 0 for
some @ € ¥, and (15) holds, then a finite-time blow-up occurs. For the fractional-in-space
Korteweg-de Vries-Burgers Equation (5), we established that, if uy € ! ([0, L]), B(u,¢) >0
for some ¢ € ¥, and (31) holds, then the same conclusion as above holds.

In this paper, we focused only on the large time behavior of solutions to the considered
problems. Namely, it is supposed that problems (4) and (5) admit local solutions. It will be
interesting to investigate the local solvability for the mentioned problems.
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