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u %u

Abstract: We first consider the damped wave inequality 7 — 57 + %—’; > x%ulP, t>0,

x € (OL), where L >0, ¢ € R, and p > 1, under the Dirichlet boundary conditions
(u(t,0),u(t,L)= (f(t),8(t)),

initial conditions, and the boundary conditions, under which the considered problem admits no

t > 0. We establish sufficient conditions depending on o, p, the

global solution. Two cases of boundary conditions are investigated: g = 0 and g(¢) =17, v > —1.
Next, we extend our study to the time-fractional analogue of the above problem, namely, the time-
fractional damper wave inequality %ﬂtk‘ - giz’ + % > x%ulP, t>0,x€(0,L), wherea € (1,2),
B € (0,1), and aa? is the time-Caputo fractional derivative of order 7, T € {«, }. Our approach

X

is based on the test function method. Namely, a judicious choice of test functions is made, taking
in consideration the boundedness of the domain and the boundary conditions. Comparing with
previous existing results in the literature, our results hold without assuming that the initial values
are large with respect to a certain norm.

Keywords: time-fractional damped wave inequalities; bounded domain; singularity; nonexistence

MSC: 35B44; 35B33; 26 A33

1. Introduction

In this paper, we first consider the damped wave inequality

ot2  ox?

(u(t,0),u(t,L)) = (f(£),8(t)),

8u>

+ 5 2 x7|ulf, t>0,x€(0,L),

t>0, 1)

u

(u(O,x), 5 (O,x)> = (uo(x),u1(x)), x€(0,L),

where L > 0,0 € R, and p > 1. It is supposed that ug, u; € L'([0,L]), f € L}, ([0,0)),
and g(t) = C¢t7, where C; > 0 and v > —1, are constants. Namely, we establish sufficient
conditions depending on the initial values, the boundary conditions, p, and ¢, under which
(1) admits no global weak solution, in a sense that will be specified later.

Next, we study the time-fractional analogue of (1), namely the time-fractional damped
wave inequality
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0“u azu aﬁu
- - _ 7 Z > Y p t [
ot# 9x?2 ot X |M| , >0, x¢€ (0, ),

(u(t,0),u(t, L)) = (f(t),8(t), >0, @

(u(O,x),Z(O,x)) — (up(x),uy(x)), x€(0,L),

where a € (1,2), g € (0,1), and %, T € {«, B}, is the time-Caputo fractional derivative of
order T.

The investigation of the question of blow-up of solutions to initial boundary value
problems for semilinear wave equations started in the 1970s. For example, Tsutsumi [1]
considered the nonlinear damped wave equation

%u ou
32 —Au+bg = F(u),

under homogeneous Dirichlet boundary conditions, where b > 0 and
S

F(s)s — 2(2x + 1)/ F(7)dt > dols|2, s€R,
0

for some ¥ > 0 and p > 0. By means of the energy method, the author established
sufficient conditions for the blow-up of solutions. In [2], using a concavity argument,
Levine established sufficient conditions for the blow-up of solutions to an abstract Cauchy
problem in a Hilbert space, of the form

o%u

Pﬁ +Au+ Qaa—t[ = F(u),
where P and A are positive symmetric operators and F is a nonlinear operator satisfying
certain conditions. Later, the concavity method was used and developed by many authors
in order to study more general problems. For further blow-up results for nonlinear wave
equations, obtained by means of the energy/concavity method, see e.g., [3-11] and the
references therein.

Fractional operators arise in various applications, such as chemistry, biology, continuum
mechanics, anomalous diffusion, and materials science, see for instance [12-16]. Conse-
quently, many mathematicians dealt with the study of fractional differential equations in both
theoretical and numerical aspects, see e.g., [17-21].

In [22], Kirane and Tatar considered the time-fractional damped wave equation

u altay »
W—AbH-iatlﬂ =alulf~'u, t>0,x€Q,
u(t,x)=0, t>0,x€0aQ, (3)

du

(100, 5 0.0) = (wo(x), (), xeq,

where p > 1,a € (—1,1), and Q is a bounded domain of RN. Using some arguments based
on Fourier transforms and the Hardy-Littlewood inequality, it was shown that the energy
grows exponentially for sufficiently large initial data.

By combining an argument due to Georgiev and Todorova [23] with the techniques
used in [22], Tatar [24] proved that the solutions to (3) blow up in finite-time for sufficiently
large initial data.

In all the above cited references, the blow-up results were obtained for sufficiently
large initial data. In this paper, we use a different approach than those used in the above



Fractal Fract. 2021, 5, 258

30f20

mentioned references. Namely, our approach is based on the test function method intro-
duced by Mitidieri and Pohozaev [25]. Taking into consideration the boundedness of the
domain as well as the boundary conditions, adequate test functions are used to obtain
sufficient conditions for the nonexistence of global weak solutions to problems (1) and (2).
Notice that our results hold without assuming that the initial values are large with respect
to a certain norm.

Let us mention also that recently, methods for the numerical diagnostics of the solu-
tion’s blow-up have been actively developing (see e.g., [26-28]), which make it possible to
refine the theoretical estimates.

The rest of the paper is organized as follows: In Section 2, we provide some preliminar-
ies on fractional calculus, and some useful lemmas. We state our main results in Section 3.
The proofs are presented in Section 4.

2. Preliminaries on Fractional Calculus

For the reader’s convenience, we recall below some notions from fractional calculus,
see e.g., [17,20].

Let T > 0 be fixed. Given p > 0 and v € L'([0, T]), the left-sided and right-sided
Riemann-Liouville fractional integrals of order p of v, are defined, respectively, by

(I80) () = L /0 t(t—s)p—lv(s) ds and (Iv)(t) = rl) /t T(S_QHU(S) ds,

I'(p) (p

for almost everywhere t € [0, T], where I' denotes the Gamma function. It can be easily
seen that, if v € C([0, T]), then

lim (I0)(t) = lim (If0)(t) = 0.

t—=0+ t—=T-
In this case, we may consider Ig v and I?v as continuous functions in [0, T], by taking
(1§0)(0) = (I50)(T) = 0.

Given a positive integer n, T € (n —1,n), and v € C"(]0, T]), the (left-sided) Caputo
fractional derivative of order T of v, is defined by

do, . (. d" B 1 't nr_1d"v
0= (5 )0 =t e o

forall t € [0, L].
We have the following integration by parts rule.

Lemma 1 (see the Corollary in [17], p. 67). Letp > 0, q,v > 1, and % + % <1l+p(q#1,
r # 1, in the case % + 1 =1+p). If (v,w) € LI([0, T]) x L"([0, T]), then

T T
/ (I80) (Hw(t) dt = / o(t) (IBw) (t) dt.
JO JO
Lemma 2. For sufficiently large A, let

) =TMT-1", 0<t<T. (4)
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Let p € (0,1). Then

B0 = a0 ©
') = —poag TN T - ©
) (6) = o T AT =02 )
Proof. We have
P _ 1 T -1
WO = w05 | =0ty ds
T4 (T ~
= W))/t (s— )P~ (T —s) ds
Tf)\

- )/T(s CPI(T— 1) — (s — 1) ds

t

r
_ oot /tT(s—t)P*1 (1— ;_tt)Ads.

Using the change of variable z = 5=, we obtain

T-MT — )M
I'(p)

—A _ A
- (Ijj(p)t“pB(P/Ml),

where B denotes the Beta function. Using the property (see e.g., [20])

(In)(b)

1
/ 2711 —2)Mdz
0

[(a)C(b)

B(ﬂ,b):m, a,b>0,
we obtain
TMT - )P T(p)[(A+1)
eyt =
) o) Te+AtD)
rA+1) __y A
= —— L T MT -t
IF'(p+A+1) ( )
which proves (5).

Next, calculating the derivative of I£7, we obtain

(p+MT(A+1)

T*)\ T—¢ er/\fl‘
IFlp+A+1) ( )

(Ign)'(H) = —
On the other hand, by the property (see e.g., [20])
T(a+1)=al(a), a>0, 8)

we obtain
TFlp+A+1)=(p+A)T(p+A).

Hence, we deduce that

(o) (t) = —mTA(T Al
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which proves (6).
Differentiating (I?;y)’ and using (8), we obtain
+A-1DIA+1), -
(1) = (P T-MT — p)PtA-2
( Tﬂ) ( ) F<P+)\) ( )
(p+A—-1I(A+41)
(p+A-1)T(p+A—-1)
Fr(A+1) ., A
= TMNT —t)PTA2
I'(p+A—-1) ( ) ’

T (T _ t)p+A—2

which proves (7). O

The following inequality will be useful later.

Lemma 3 (Young's Inequality with Epsilon, see [29], p. 36). Let € > 0 and p > 1. Then, for
all a,b > 0, there holds

ab < eal + Cepb Pﬁl,
-1
where Cep = (p —1)p~(ep) 7T

Remark 1. Fora functionu : (0,00) x (0,L) — R, the notation %%‘ used in (2), wherel < a < 2,
means the following:

o"u 02U
ﬁ(f,X)Z <IO ’Xatz(‘,x)>(t), t>0,0<X<L,

o*u _ 1 t 1o 0%u
5ﬁﬁﬂ_f§fﬁla_” S5 (s,x)ds.

oPu

Similarly, the notation >

used in (2), where 0 < B < 1, means the following:

ofu 1-pou
W(t’x) = (10 at("x)> (t), t>0,0<x<L,

oPu 1 4 _gou
W(t,x) = m/ﬂ (t—s) ﬁg(s,x)ds.

3. Statement of the Main Results
We first consider problem (1). Let

Q= [0,00) x [0,L].
We introduce the test function space

D= {(p cC?(Q): ¢ >0, ¢(-,0) = g¢(-,L) =0, ¢(t,-) = 0 for sufficiently large t}.

Definition 1. Let ug,u; € L([0,L]) and f,g € L} ([0,00)). We say that u is a global weak
solution to (1), if

() x7ulP € L (Q) u € L (Q);
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(ii) for every ¢ € @,

/th7|u|l’(pdxdt+/Ooo<f(t)gq;(t,0)—g(t)?f(t,L)) dt
v L(m(x)(P(O/x)—uo( )52(0.%) + 10(x)g(0,) ) dx ©)

/u (dedt+/ u—godxdtf/ ui’dxdt

Remark 2. The weak formulation (9) is obtained by multiplying the differential inequality in (1)
by ¢, integrating over Q, and using the initial conditions in (1). So, clearly, any global solution to
(1) is a global weak solution to (1) in the sense of Definition 1.

We first consider the case g = 0.

Theorem 1. Let ug, uy € L*([0,L]), f € L}, ([0,00)), and g = 0. Suppose that

/OL(uo(x) +up(x))(L —x)dx > 0. (10)

If
—(p+1), (11)

then (1) admits no global weak solution.

Remark 3. Comparing with the existing results in the literature, in Theorem 1, it is not required
that the initial data are sufficiently large with respect to a certain norm. The same remark holds for
the next theorems.

Example 1. Consider problem (1) with
1
f(t) = 7 t>0, ¢=0, up(x)=—(L—x), w(x)=2(L—x), o=—-4 p=2.

Then, all the assumptions of Theorem 1 are satisfied. Consequently, we deduce that (1) admits
no global weak solution.

Next, we consider the case when
g(t) =Cgt?, y>-1, t>0, (12)
where Cg > (0 is a constant.

Theorem 2. Let ug,u; € L*([0,L]), f € L}, .([0,00)), and g be the function defined by (12). If
one of the following conditions is satisfied:

@) o<—(p+1)
(i oc>—-(p+1),7>0,
then (1) admits no global weak solution.

Example 2. Consider problem (1) with

, >0, ug(x)=x, ul(x):xz, g(t):\/E,t>0, c=-2, p=2.

Y

Then, by the statement (ii) of Theorem 2, we deduce that (1) admits no global weak solution.
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Consider now problem (2). For all T > 0, let
Qr =10,T] x [0, L].

We introduce the test function space
2 3(12 “90)
Pr=c9eC(Qr): >0, ¢(-0)=9¢(-,L)=0, e (T, )=0y.

Definition 2. Let ug,u; € L([0,L]) and f,g € L} ([0,00)). We say that u is a global weak
solution to (2), if

() x7|ul? € L}, (Q), u € Lj,.(Q);
(i) forall T > 0and ¢ € O,

[, wurodsars [ (702200 ~s) 2 1))

2—uw
+ / ( )(13¢ )(o,x)—uo(x)a(ITat“’)(o,x)+u0(x)(1;‘ﬁ(p)(o,x)) dx  (13)

2—a ] 11_5
—/ dxdt—l—/ 7"’)51 dt — / U 79 g
o2 Qr ot

Remark 4. The weak formulation (13) is obtained by multiplying the differential inequality in (2)
by ¢, integrating over Qr, using the initial conditions in (2), and using the fractional integration
by parts rule provided by Lemma 1. So, clearly, any global solution to (2) is a global weak solution
to (2) in the sense of Definition 2.

As for problem (1), we first consider the case g = 0.
Theorem 3. Let ug,u; € L*([0,L]), f € L}, ([0,00)), and g = 0. If
c<—(p+1),

and one of the following conditions is satisfied:

a<B+1, /O.Lul(x)(L—x)dx>O; (14)
a=p+1, /()L(uo(x)+u1(x))(L—x)dx>0; (15)
a>B+1, /OLuo(x)(L—x)dx>O, (16)

then (2) admits no global weak solution.

Example 3. Consider problem (2) with

1
—, t>0, u=0, w(x)=2(L—-x), a=-, B=-, oc=—-4, p=2

Vi

Since (14) is satisfied and o < —(p + 1), by Theorem 3, we deduce that (2) admits no global
weak solution.

ft) =

Next, we consider the inhomogeneous case, where the function g is given by (12).
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Theorem 4. Let ug,uy € L'([0,L]), f € L} ([0,00)), and g be the function defined by (12). If
a > max{l—1,1}, B> max{—7,0}, (17)

and one of the following conditions is satisfied:

@) o<-—(p+1)
(i) o>—-(p+1),7v>0,
then (2) admits no global weak solution.

Example 4. Consider problem (2) with

>0, uy(x)=-x, up(x)=x% g(t):t%,t>0, a=-, B==

1
t)=—, t
f(t) i
c=-3, p=3
Then (17) is satisfied, 0 > —(p + 1), and -y > 0. Then, by Theorem 4, we deduce that (2)

admits no global weak solution.

4. Proof of the Main Results

Throughout this section, any positive constant independent on T and R, is denoted
by C. Namely, in the proofs, we use several asymptotic estimates as T — co and R — oo;
therefore, the value of any positive constant independent of T and R has no influence in
our analysis.

4.1. Proof of Theorem 1

Proof. Suppose that u is a global weak solution to (1). Then, by (9), for every ¢ € P,
there holds

/thf|u|r’¢dxdt+/Ooo<f(t)gi)(t,0)—g(t)if(t,L)) it
s (m(x)qo(o,x) e )%Z’(o )+ m(x)g(0,3) ) dx s

< [l

On the other hand, using Lemma 3 with ¢ = % and adequate choices of a and b,
we obtain

l
2

dxdt—i—/ |u|

dxdt—i—/ |u]

a9
o dx dt.

/| ul dxdt < 1/ x”\u|P(pdxdt+C/ xP- 14)?’711 Pl dx dt (19)
8x2 - 3Jo ox2 !
p
I
/| ‘ Plaxdt < l/x”\uv’(pdxdt—f—C/xﬁgoT}l TN pvar, (o)
ot 3Jo 6) ot

/Q|u|‘aq: dxdt < ;/Qx”u|p(pdxdt—|—C/ xP- 1(pp711 aa—q: dx dt. (21)
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Using (18)—(21), we obtain

[T (10580 - g3 n)

L d
+ [ (10000, ~ 101 50,9 + uo(x)g(0,3) ) v @)
3
j=1
where
14
—c =1 azgo p1
— T 1|1
hLi(p) /Qx” v I
14
—o =1 82(p p-T
L(gp) = /prflprfl 2 ,
_P_
L(p) = /Qx";ﬂ?”%ll ?Tf "

Consider now two cut-off functions &, u € C*(][0, c0)) satisfying the following properties:

f1if 0<s<! _J0if 0<s<3
0<gu<l, 6(5)—{0 foss1 P‘()—{1 it s>1

For sufficiently large ¢ and R, let
g1(t) = &' (R™%), ¢2(x) = (L—x)u'(Rx), t=0,x€0,L], (23)
where 6 > 0 is a constant that will be determined later. Consider the function
p(t,x) = @1(t)g2(x), t=>0,x€[0,L] (24)

By the properties of the cut-off functions ¢ and y, it can be easily seen that the function
¢ defined by (24), belongs to ®. Thus, the estimate (22) holds for this function.
Now, let us estimate the terms Ij(q)), j=1,2,3. For j = 1, by (24), we obtain

nie) = ([T owa) ([Tl leg 0l ax) = 1 (@01 ). 29

On the other hand, by the definitions of the function ¢; and the cut-off function ¢,
there holds

(1) _ / ® ot (p—0
gy = [ ¢ (R¢) at
RO
— ( p—0
= /O ¢ (R t) dt
< R (26)
By the definitions of the function ¢, and the cut-off function y, we obtain

phx) = (R (Ra)x
[(L = 0)((£ = D2 (Rx) + p(RO)W(R¥)) = 2R (R} (R)] 1,1 (),

which yields
95 (x)| < CRZVK_Z(RX)X[%RA,RA] (x),
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where X[% R-1,R1] is the indicator function of the interval {%R’l, R’l} . Then, there holds

2 R _, _
(g2 < CRIT [ (L) (Re) d

IN

2 (R ! =
< CR%H/1 xP1dx
< CRrFItEIL (27)

Thus, it follows from (25)—(27) that

pt+lto

I(p) < CR™" 7T (28)

Forj=2, I]-((p) can be written as

o = ([ ol Wit ) ([ e ) = o0 (92 @)

By the definitions of the function ¢; and the cut-off function ¢, we obtain

§r(1) = (R2G 2R (= DEAR )+ (RO (R0)] x50 00 (),

which yields
lpf (1)] < CR*zeé’gfz(Rfef)X[%Re,Re](t)-
Thus, there holds
—20 R?
We) < P [ TR
< cr’( *%) (30)

Moreover, we have

1% (92)

I
S—L
g
=
a1
7|
RS
N
—
=
N—
QA
=

IA
@)
N
—
= o~
|

=

=

it

N

=

On the other hand, by (11), we have o < p — 1, thus we deduce that

1P (g2) < C. (31)

Combining (29)-(31), there holds

1— 2p

h(g) < cR(-71). (32)

Now, let us estimate I3(¢). This term can be written as

(/ o (1)|@h (t (1)1 dt) (/()Lxﬂwz(x)dx) =L (g1 (92).  (33)
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A similar calculation as above yields
__r
) (gr) < cRO05), (34)
Observe that Iéz) (¢2) = 12(2) (¢2). Thus, by (31), (33), and (34), we obtain

B(p) < cr(751). (35)

Next, combining (28), (32), and (35), we obtain

3 +1+0 __pr
Ii(g) < C(R*’*"pl +R"(1 ,,1)). (36)
j=1
Let 6 be such that )
o+ P+ J”T_e(l—p),
p—1 p—1
that is,
p_ —(Pt1D)
p

Notice that by (11), we have 6 > 0. Then, (36) reduces to
3
01—
Zyﬂ¢)SCR< 1) (37)
]:

Next, let us estimate the terms from the right side of (22). Observe that by the definition
of the function ¢, and the properties of the cut-off function u, we have

d¢ _
gﬂnm_q t>0.

Moreover, since g = 0, there holds
* o o¢ _
[ (r03wo-swien)a—o 8)
By the properties of the cut-off function ¢, we have

2(0,x) = pa(x), 2%0@ 0, xe(0L).

Thus, we obtain

(00090, - 103 30,3) + (3190, ) dx

/L ) + 10 (3))g(0,) dx
|| 00(x) 4+ 11 (x)) o) dx

0

L
/ x) 4 uy(x))(L — x)p (Rx) dx.

0

o
P‘
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Then, taking into consideration that ug, u; € L!([0, L]), by the dominated convergence
theorem, we obtain

lim OL (ul(x)q)(O,x) - uo(x)aa—f(o,x) + uo(x)q)(O,x)> dx

A (39)
- /O (110(x) + 1 () (L — %) dx.
Hence, by (10), for sufficiently large R, there holds
IS (ul (0, %) — 19(x) 22(0, x) + 1 (x) 9 (0, x)) dx > L [E(ug(x) +ur(x))(L—x) dx.  (40)
Next, combining (22), (37), (38), and (40), we obtain

%/()L(u()(x)jLul(x))(L—x)dxgCR(’(l*p%]).

Passing to the limit as R — oo in the above inequality, we obtain

%/()L(uo(x) + g (2)) (L= x)dx <0,

which contradicts (10). Consequently, (1) admits no global weak solution. The proof
is completed. O

4.2. Proof of Theorem 2

Proof. As was performed previously, suppose that u is a global weak solution to (1). From
the proof of Theorem 1, for sufficiently large R, there holds

7/°°g( )39”0 L) dt
+ [ (130909 - 100 L 00 + 102190, ) da @)
§C<R9+ = ) /; X1 dx>,

where 0 > 0 and ¢ is the function defined by (24). On the other hand, by the definition of
the function ¢, for sufficiently large R, there holds

d¢ _
5o (LL)=—gi(), t>0,

which yields
(o] a(p - (o]
- [swstena = [Tawenar
— ¢ [ et R ) ar
P

b
c/ £ dt
0

CRIO+D).

v
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Then, by (41), we deduce that
—6(7+1) L d¢
C+R /0 u1(x)¢(0,x) — uo(x)g(o,x) +ug(x)@(0,x) ) dx
(42)
L —
SC( —or+ ;14{ +R <+L])/] xp—ldx>.
2R
Leto < —(p+1). In this case, (42) reduces to
—0(y+1) L a(p
C+R | (m)9(0,3) = 10(x) 520, ) + uo(x)p(0,3) ) dx
(43)
< C< ~or Y | gt pl)>.
Taking 6 > 0 so that
p+l+o
oy > P (44)

passing to the limit as R — oo in (43), and using (39), we obtain a contradiction with C > 0.
This proves part (i) of Theorem 2.

Letc > —(p+1)and y > 0.

If —-(p+1) <o < p—1,then (43) holds. Since y > 0, there exists 6 > 0 such that (44)
holds. Thus, passing to the limit as R — oo in (43), we obtain a contradiction.
If o = p — 1, then (42) yields

C+ R [ (11 (19(0,3) = () 32 0,%) + 1o ()90, 7))

1
sc( R = iy 9<7+’71>1n1z>

As in the previous case, since v > 0, there exists § > 0 such that (44) holds. Thus,
passing to the limit as R — co in the above inequality, we obtain a contradiction.
If ¢ > p — 1, then (42) yields

C+ R [ (11 (09(0,3) = () 32 0,%) + 1o ()90, 7))

< C<R—9’y+w +R—9(7+F,f1)+pi1—1>.

Taking 6 such that (44) is satisfied, and passing to the limit as R — oo in the above
inequality, a contradiction follows. Thus, part (ii) of Theorem 2 is proved. O

4.3. Proof of Theorem 3

Proof. Suppose that u is a global weak solution to (2). Then, by (13), for every T > 0 and
@ € ®r, there holds

- T o9 o9
/Q x |u|P(pdxdt+/ <f(t)ax(t,0)—g(t)ax(t,L)> dt
2—uw
v ( "9)(0,2) - o<x>W<o,x)+uo<x><1%‘%><o,x>> )

(13
<
_/Q|u| g ddt+/ |u

29
52 dx dt.

dxdt—l—/ |ul
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On the other hand, using Lemma 3 with ¢ = % and adequate choices of a4 and b,

we obtain
/Q |u] —(g dx dt
_p_
/ X ulPod dt+C/ 7o |20
_3 U i SR G P Y% Tk
(17 T 9)
/QT|u| D dx dt
_r
1 1 2([2713(4)) p—1
< = NulPod / T 71 T
< 3/QTx \ulPpdxdt+C | x7 T 32 dx dt,
and g
o(l;
|u|‘(%tq)> dxdt
JQr
p
1 e 1 |a(IiPe) |7
gf/ x| ul? dxdt+C/ xp 11| —~L T/ dx dt.
3Jor " Qr Y ot

Using (45)—(48), we obtain

[ (0360 -so3tan)
o(IF™

(46)

(47)

(48)

+ / ( )(13¢ )(o,x)—uo(x)at“")(o,x)+u0(x)(1;‘ﬁ(p)(o,x)) dx (19

SZ]]'((P),
j=1
where
p
Y
Jile) = /pr—lrpp—llgx(gp dx dt,
T
p
d IZ o« p—1
(e) = /prlfl)”ll(atz(;)) dx dt
T
i
—o =1 a Iliﬁ Pt
Js(p) = /Qx*’*l(ppfll Ay "9) dx dt.
T

For sufficiently large T, A, ¢, and R, let

p(t,x) =n(t)pa(x), t=>0,x€l0,L]

(50)

where 7 is the function defined by (4), and ¢, is the function given by (23). Using Lemma 2
and the properties of the cut-off function y, it can be easily seen that the function ¢ defined

by (50), belongs to ®7. Thus, (49) holds for this function.
Let us estimate the terms ]j(qo),j =1,2,3. For j = 1, by (50), we have

o) = ([ nwae) ([ 37508 wleg ol a).

(51)
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An elementary calculation shows that

T T
/O n(t)dt = T (52)

Hence, using (27), (51), and (52), we obtain

Ji(g) < CTR 7 . 53)
For j = 2, we have
T -1 _r_ L
ko) = ([ i ol @) ([ eaar). 69

Moreover, by Lemma 2, we obtain

Integrating over (0, T), there holds

T _
@Iy (0T ar = cTe 55)

Next, taking into consideration that o < —(p + 1) (so ¢ < p — 1), it follows from (31),
(54), and (55) that

h(g) < CT' 71, (56)
Proceeding as above, we obtain
_Pr
Ja(g) < CT' 71, (57)
Hence, by (53), (56), and (57), we obtain
3 _ 1_ Br
2 (TRn rler nl). (58)

Consider now the terms from the right side of (49). By (50) and the properties of the
cut-off function y, since g = 0, there holds

99 I _
[ (03260 - s 3261 ) a=o. 59
On the other hand, using (50) and Lemma 2, for all x € [0, L], we obtain

(I3 *9)(0,x) = r(3(A:JlFA) T2 %gy(x) = CiT> %¢y(x),

(1%~ _ —

U2o,x) = —r(;ﬁ*jﬁ) Tl ga(x) = —CT %y (x),

1— _

(P9)(0,%) = ity T Pea(x) = G Poy(x).
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Consequently, we obtain

2—u
[ (m(x)u%-“qo)(o,x) o) 29 0,2) 4 o) (11 P9 0, x>> &

- /OL <C1 T2 %uy (x) 4+ Co T *ug(x) + C3T1—/3uo(x)) o2(x) dx (60)

L
= /0 (ClTZ*"‘ul(x) + CoT g (x) + C3T175u0(x)) (L — x)pu*(Rx) dx.
Thus, combining (49), (58)-(60), we obtain
L
/0 (C1T2*"‘u1(x) + CoT  up(x) + C3T17ﬁu0(x)) (L — x)u’(Rx) dx
( ot2p g _5P>
<C|TRP T 4T »r1).

Next, taking T = RY, where 8 > 0 is a constant that will be determined later, the above

inequality reduces to

L
/ (ClRG(Z*”‘)ul(x) + CRI=% 0 (x) 4 C3R9(1*/3)u0(x)) (L — x)u’(Rx) dx
0

)).

Suppose that (14) holds. In this case, we obtain

v , 61)
co( it Rl f

L
lim R~¢(2-%) / (ClRG(Z*“)ul(x) + Ry (x) 4 C3R9(175)u0(x)) (L — x)u*(Rx) dx
0

R—o0
L

= Cl/ uq(x)(L — x) dx
0

> 0.

Hence, for sufficiently large R,

IS (ClR‘)(Z*”‘)ul(x) + CoRI=0) 4 (x) + C3R9(1’ﬁ)uo(x)) (L — x)u’(Rx) dx > CRY2=%), (62)

Combining (61) with (62), we obtain

1 R, (63)

Hence, taking into consideration that ¢ < —(p + 1), picking 6 > 0 so that

—(p+1) -0

(p=1)(a—=1)

and passing to the limit as R — oo in (63), we obtain a contradiction with C > 0.
Suppose that (15) holds. Then,

0 <

(B%9)(0,x) = (It P9)(0,x).
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Thus, (61) reduces to
L
/0 (ClRG(Z_”‘)(uO(X) +up(x)) + CzRg(l_"‘)uo(x)) (L — x)u’(Rx) dx
(64)
< C(R“"?zlpl + R(-74) )

Moreover, we have

I%grolo R™0(=%) /OL (ClRG(Z*“)(uO(x) +uq(x)) + CzRe(lf“)uo(x)> (L — x)u’(Rx) dx
=1 [ (uo(x) + () (L~ x)

>0,

which yields

L
/ (ClRe(z’“)(uO(x) +uy(x)) + CgRe(l”")uO(x)> (L — x)u’(Rx) dx > CR?=%),
0

for sufficiently large R. Hence, using (64), and following the same argument as above, a
contradiction follows.

Finally, suppose that (16) holds. In this case, we obtain

L
lim R—9(1-F) /O (C1R9<2—“)u1(x) + CoRO0) g0 (x) + C3R9<1—/3>u0(x)) (L — x)u’(Rx) dx

R—o0

=Cs /OL ug(x)(L —x)dx
> 0.

Hence, for sufficiently large R,

I (ClRG(z‘“)ul(x) + CRO(=8) 3y (x) + C3RO1—P) uo(x)) (L — x)u’(Rx)dx > CROI-B).  (65)
Combining (61) with (65), we obtain

o+2p 1 —0pB
r—1

C<R¥ TR (66)

Taking 6 > 0 such that
—o—(p+1)
plp—1) °
and passing to the limit as R — oo in (66), a contradiction follows. This completes the proof
of Theorem 3. O

0 <

4.4. Proof of Theorem 4

Proof. Suppose that u is a global weak solution to (2). From the proof of Theorem 3, for
sufficiently large T and R, there holds

T 0
- [ st nyar
+ /OL (Cszf"‘ul(x) + CoT  *ug(x) + C3T1*ﬁu0(x)> (L — x)u’(Rx) dx (67)

at2p 4 1_ P L —
<c(TR7T 14T p,l/ T dx ),

1R-1
7R
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where ¢ is the function defined by (50). On the other hand, by (50) and the properties of
the cut-off function y, we have

- [Csw2ana = [gonma

T
= T*A/ (T — )M dt
0

= B(y+LA+1)T7H!
CT"{-HI

where B denotes the Beta function. Thus, by (67), we obtain
L
C+ / (C1T1_"‘_7u1(x) + CoT " *up(x) + CgT‘ﬁ_vuo(x)) (L — x)u’(Rx) dx
JO

T+2, B L —r
< C(T"YRP+1P1 fT Y /1 N dx>.
< "
2

Taking T = RY, where 6 > 0 is a constant that will be determined later, the above
inequality reduces to

L
C+ / C1R9<1""’7)u1(x) + CR )y (x) + C3R’9(/5+7)u0(x)) (L — x)u'(Rx) dx

, Y (68)
SC( 97+ 4R ("ﬂllﬂ) /L xﬁdx>.
bt
Let o < —(p +1). In this case, for sufficiently large R, there holds
L =
/ xP1dx <C.
et
Hence, (68) yields
C +/ c ROy (x) + 00r+0) 0 (x) + C3R™ (ﬁ+7)u0(x)) (L — x)p’(Rx) dx
N (69)
< C( 97+ (7] ))
Since by (17), B + v > 0, there holds
_Br_
+7>0
p—
Thus, taking 6 > 0 so that
ct+p+1
Oy > o1 (70)

using (17), and passing to the limit as R — oo in (69), we obtain a contradiction with C > 0.
This proves part (i) of Theorem 4.

Letc > —(p+1)and y > 0.

If —(p+1) <o < p—1,then (69) holds. Since v > 0, there exists 6 > 0 satisfying
(70). Thus, passing to the limit as R — oo in (69), a contradiction follows.
If o = p — 1, then (68) yields

L
C+ / (C1R9<1_“_7)u1(x) + CoRO ) 0 (x) + C3R_9(ﬁ+7>u0(x)) (L — x)pu'(Rx) dx
Jo

(71)
T Br
< C<R“’7+%”‘1+R o(Fr+a )lnR>
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As in the previous case, since 7y > 0, there exists # > 0 satisfying (70). Thus, passing
to the limit as R — oo in (71), a contradiction follows.
If ¢ > p — 1, then (68) yields

L
C+ / <C1R9<1_“_7)u1(x) + ROy (x) + C3R_9(ﬁ+7>u0(x)) (L — x)pu'(Rx) dx
0

(72)

So, taking 6 > 0 satisfying (70) and

Bp > 4
o 249 ) > — —1,
(p— 7)1

and passing to the limit as R — oo in (72), a contradiction follows. This proves part (ii) of
Theorem 4. O

5. Conclusions

Using the test function method, sufficient conditions for the nonexistence of global
weak solutions to problems (1) and (2) are obtained. For each problem, an adequate choice
of a test function is made, taking into consideration the boundedness of the domain and the
boundary conditions. Comparing with previous existing results in the literature, our results
hold without assuming that the initial values are large with respect to a certain norm.

In this paper, we treated only the one dimensional case. It will be interesting to study
problems (1) and (2) in a bounded domain Q C RN under different types of boundary
conditions, such as Dirichlet boundary conditions, Neumann boundary conditions, and
Robin boundary conditions.
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