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Abstract: This paper studies a fractional-order chaotic system with sine non-linearities and highlights
its dynamics using the Lyapunov spectrum, bifurcation analysis, stagnation points, the solution of
the system, the impact of the fractional order on the system, etc. The system considering uncertainties
and disturbances was synchronized using dual penta-compound combination anti-synchronization
among four master systems and twenty slave systems by non-linear control and the adaptive sliding
mode technique. The estimates of the disturbances and uncertainties were also obtained using the
sliding mode technique. The application of the achieved synchronization in secure communication is
illustrated with the help of an example.

Keywords: synchronization; secure communication; bifurcation analysis; Lyapunov dynamics

1. Introduction

The three-centuries-old theory of fractional calculus, which is the generalization of
integer calculus, has found glory quite recently. Fractional calculus is being implemented
to model various real-life systems in almost all disciplines. In fact, fractional calculus is
seen as the future of mathematical modeling. Fractional calculus with its better hered-
itary properties is used to model various biological models such as the prey—predator
model [1] and the human liver [2], engineering models such as harmonic oscillators [3]
and thermostats [4], geophysical models such as Earth’s dynamo [5], and so on. Fractional
computations have attracted researchers worldwide in dynamical systems such as the
Chua circuit, the Duffing system, and the logistic system. Chaotic systems being highly
sensitivity to system values have contributed greatly in the development of information
security, computers, communications [6], and encryption [7]. Chaotic systems help mask
the information signal to avoid hacking by intruders. Chaos synchronization plays a major
role in the decryption of the information signal from the masked signal. Chaotic systems
with their positive Lyapunov spectrum component resist their synchronization with other
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chaotic systems. Many standard and non-standard chaotic systems have been constructed
recently. The chaotic systems are classified on the basis of the number of stagnation points,
the stability of stagnation points—stable, unstable, partially stable—[8], and the shape
of the chaotic attractorsone to four wings [9], spherical shape [10], torus shape [11], and
double scroll [12]. The study of these chaotic/hyperchaotic systems highlights their unique
and mesmerizing dynamics.

Credit is due to Pecora and Carroll [13], who first performed complete synchronization
between two chaotic systems in 1990 by designing controllers. Many synchronization
techniques such as double compound synchronization [14], difference synchronization [15],
lag synchronization, phase synchronization [16], combination synchronization [17], parallel
synchronization [18], dislocated synchronization [19], and fractional matrix and inverse
fractional matrix synchronizations [20,21] have been developed since then. Various control
techniques have been designed to achieve synchronization such as the parameter estimation
adaptive technique, the sliding mode technique, the tracking control technique, and the
active control technique. Active control is considered the easiest to apply, and sliding mode
control is considered as the most robust. Disturbances and uncertainties are also estimated
using this technique.

Chaos synchronization, which was introduced in the case of a one master and one
slave system, was generalized by increasing the number of master and slave systems such
as combination synchronization(two master systems with a slave system or vice versa),
combination—-combination synchronization [22] (two or more master systems with two or
more slave systems), compound synchronization [23] (three master systems—scaling and
base master systems with one slave system), compound combination synchronization [24]
(comprising both compound and combination synchronization), and so on. In this paper,
we generalize these techniques to four master systems and twenty slave systems viz. dual
penta-compound combination anti-synchronization.

Motivated by the above, a novel fractional-order chaotic system with two sine non-
linearities is given. Thorough analysis [25] was performed using the Lyapunov spec-
trum [26], bifurcation analysis, the solution of the system, stagnation points, and the
effect of the fractional order on system. The novel system considering uncertainties and
disturbances was synchronized by introducing dual penta-compound combination anti-
synchronization among four master systems and twenty slave systems using different
methods. The estimation of unknown disturbances and uncertainties was also performed,
and the technique was applied in secure communication with an example.

The present paper is divided as follows: Section 2 gives the preliminaries of fractional
derivatives. Section 3 introduces the novel fractional-order chaotic system. Section 4
discusses the dynamics of the novel system. Section 5 introduces the novel synchronization
technique viz. dual penta-compound combination anti-synchronization via non-linear
control and adaptive sliding mode control and gives its proposed application. Section 6
concludes the paper.

2. Preliminaries

The fractional-order derivative can be defined in various forms such as Riemann-—
Liouville’s derivative, Griinwald-Letnikov’s derivative, Caputo’s derivative, etc.
Riemann-Liouville’s derivative:

WD) = il | ol >

where « is the fractional derivative,n — 1 < a« < n,n € N,and I'(a) = fooo x*1e=* is the
Gamma function.
Caputo’s derivative:

wpp) - L b M)
tthf(t)— F(n—zx) ./t0 (t—T)“*”HdT, t > fp.
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where « is the fractional derivative, n — 1 < a« < n,n € N,and I'(a) = fooo x*1e=* is the
Gamma function.
Griinwald-Letnikov’s derivative:

. 1 .
t,DEF(t) |1=kh = lzmhﬁgh—a ) w;?‘f(kh — jh).
=0
where h shows the sample time. |.] is the floor function, and the coefficients:

(-1)iT(a+1) .
“_ o i=0,1,2,...,k
YT+ )T (e —j+ 1)

Among the many fractional derivative [27] definitions, in this paper, Caputo’s deriva-
tive of fractional order is considered. Caputo’s definition uses the integer derivative for
computation, whereas Riemann-Liouville’s derivative uses the fractional derivative for
computation. Therefore, Caputo’s derivative has an edge over other derivatives.

3. New Fractional Chaotic System

Introduce the fractional chaotic system as:

D171 =7y + 73— ASii’l(Zz).
DqZZ =—71+7Z;3. (1)
D175 = —7Z1— Z3+ BSiTl(Zl).
where Z € R3 are state variables for A, B € R.

For A = 5,B = 5, and initial conditions (0.000001, 3, 0) for fractional order 0.987, Sys-
tem (1) is chaotic as displayed in Figures 1 and 2 in time series and phase plots, respectively.

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
t t

0 20 40 60 80 100 120 140 160 180 200
t

Figure 1. State trajectories of (1).
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Figure 2. Phase diagrams of (1).

4. Dynamics of the Novel System
4.1. Symmetry, Dissipativity, and Stagnation Points

The novel fractional-order chaotic system (1) does not show rotational symmetry about
any axis, as the system does not remain invariant under the transformation Z; — —Z;,
Z; = —Zj, Zx — Zy. However, the system shows symmetry about the origin as the system
remains invariant under Z; — —Z4, Zp — —Z», Z3 — —Z3.

The matrix form of System (1) is:

D174 K (er Z», Z3) Zo+ 723 — ASiI’l(Zz)
D17y | = |Ka(Z1, 22, Z3) | = —Z1+ 73
DqZ3 Kg(zl,Z2, Z3) —Z1 - Z3 + Bsin(Z1)

The divergence of vector field K is:

VK — 8(22 + Z3 — ASlTl(Zz)) I 8(—21 + Zg) a(—Zl — 73+ Bszn(Zl))
= 971 37, 9Zs :
=0+0-1

ie.,
VK=-1<0.

Hence, System (1) is dissipative.
Equating K;(V;, V2, V3) to zero for i = 1,2, 3, the stagnation points are:
Zy+ Z3 — Asin(Z) = 0.
—Z1+2Z3=0.
—Z1— Z3+ Bsin(Z,) = 0.
For A = B =5, we have stagnation point (0,0,0).
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4.2. Solution of the Novel Fractional-Order Chaotic System

The novel fractional-order chaotic system is expressed as:
DIZ(t) = ¥(Z(1)),

where t € (0,T] and Z(0) = Z,.

Here:
Zl Zlo
Z = ZZ /ZO = ZZO 7
Z3 Z30

Zo + Z3 — Asin(Z;)
Y(Z(t) = ~Z1+ 2 ]

—Z1—7Z3+ Bsin(Zl)

The solution is examined in the region w x I, where [= (0, T]and w = (Z;) : max|Z;| < P
fori =1,2,3,P > 0, where constant P designs a boundary in the phase space.
Equivalently, the LV.P. is:

Z(t) = Z, —l—/ot‘I’(Z(s))ds.
Let Z, + [ ¥(Z(s))ds = S(Z) with Z;, Z, € R®.
Then:
5(21) = 5(22) = [ (¥(21(5)) — ¥(Za(s)))ds.
Hence:

5(21) = 5(22)| = | [[ (¥(21(5)) — ¥(Za()))as].

We define the norm for g(t) € C(0,T] given by Sup,c(or[g(t)| and for matrix
G = [gij(#)] with g;;(t) € C(0, T]; define ||G[| = ¥ j Supyeo,1)/8i ()]

= [18(Z1) = S(22)|| < P1[|Zy — Zs|.
where Py = Tmax(7,6,3).
Thus, for S(Z), 0 < P; < 11is a contraction mapping.

4.3. Lyapunov Dynamics and Bifurcation Analysis

With the idea of the rate of separation of closely lying trajectories in the phase space,
the Lyapunov spectrum values are found. For A = B =5 and initial conditions (0.000001, 3,
0), the Lyapunov dynamics for g = 0.987 are:

0.6193.
—0.0724 = 0.
—1.6056.

The first component being positive confirms chaos. The dimension (K.Y.) is found by:

Y/ | LEs
DYK =p+ ==l >
P L E

where p is maximum number satisfying Ele L.Es > 0and Zfill L.E.s < 0. Therefore, the

K.Y. dimension is 2.34062.
Parameter values and initial conditions have a very sensitive dependence on the
system dynamics. A slight change in these values of the system can lead to drastically
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different dynamics. Even in the smallest neighborhood of the parameter values, the
dynamics may vary in the number of equilibrium points (none, finite, countably infinite,
uncountably infinite), their stability, and from the regular nature to the periodic to the
chaotic nature. In bifurcation analysis, only one parameter value is varied in a slight
neighborhood, while others are kept constant. In Figure 3a, A is varied in (4.75,5.25) and
B =5; in Figure 3b, B is varied in (4.75,5.25) and A = 5. The effect of the fractional order is
given in Figure 4.

1.9
1.9
18+ ] 18

1.7 17
475 48 485 49 495 5 505 51 515 52 475 48 485 49 495 5 505 51 515 52
A B

(a) (b)

Figure 3. Bifurcation diagram of (1) for (a) 4.75 < A < 5.25and (b) 4.75 < B < 5.25.
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Figure 4. Dynamics of (2) for 0.8 < g < 1.

4.4. Stability of the Trivial Equilibrium Point

Clearly, the origin is the equilibrium point of the system. We check its stability by

finding the Jacobian matrix as:
0 -4 1
-1 0 1
4 0 -1

The eigenvalues of the above matrix are:
pp = 1.43459 + 1.02145:.

2 = 1.43459 — 1.02145i.
j3 = —3.86919.
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Here, p1, yy are complex eigenvalues with a positive real part and y3 is a negative
eigenvalue, which together imply that the system is unstable.
Since all eigenvalues have a non-zero real part, the equilibrium point is hyperbolic.

5. Dual Penta-Compound Combination Anti-Synchronization

Consider four master systems and twenty slave systems, the first ten slave systems
corresponding to the first two master systems and the next ten slave systems corresponding
to the next two master systems for dual penta-compound combination anti-synchronization.

Master System I:

D171 = Z1p + Z13 — SSin(Zu) + Uj.
DiZ1y = —Z11 + Z3 + Wa. 2
D1Z13 = —Z11 — Z13 + 5sin(Zy1) + Us.
For 1.C. (0.000001,3,0), g = 0.987, (2) is chaotic. Here, Uy, Uy, U3 are controllers to
be designed.

Master System II:

Dqu =Zy + Zyz — 5sin(Z22) -+ AHl + D+ lj4.
D17y = —Zp1 + Zp3 + AHy + Dy + Us. 3)
D17y = —Zy1 — Zp3 + 55in(Z21) + AHz+ D3 + lj(,.

For 1.C. (0.000001,3,0), g = 0.987, (3) is chaotic. Here, Uy, Us, Ug are controllers to
be designed.

Master System III:

D731 = Z3p + Z33 — 5Si1’l(Z32) + Vl-
DqZ32 = —Z31+ 233+ Vz. (4)
D733 = —Z31 — Z33 + 5sin(Zz1) + V3.
For I.C. (0.000001,3,0), g = 0.95, (4) is chaotic. Here, V;,V,, V3 are controllers to
be designed.

Master System IV:

DYZy = Zyp + Zy3 — 5sin(Zy) + AHy + Dy + V.
D1Z4yp = —Zy + Zy3 + AHs + D5 + Vs. 5)
D1Zy3 = —Zy — Zy3 + 5sin(Zy) + AHg + Dg + V.
For 1.C. (0.000001,3,0), g = 0.95, (5) is chaotic. Here, Vj, Vs, Vi are controllers to be

designed.
Phase portraits of (2)—(5) are given in Figure 5.

Za(t), Zia (1)

0 0 0 w0
S .10 A0 TS 4
40 20 20 20

Zn(t), Zn (1) Zy(£): Zn (£)
Zya(t), Zon(t) Zyp(t), Zin(t)

Figure 5. Phase portraits of Master Systems (2)—(5).
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Slave System I:
D71y = 121412 — 5¢p13.
Dh1p = 111z — P12 + 1. (6)
D1z = =111 — ¢ua.
ForI.C. (0.1,1.2,0.5) and g = 0.987, Figure 6a gives the phase diagram.
Slave System II:
D74py; = 83.61 — 83.6¢23 — 10921,
DT = o123 — P22 + 1241 @)
Doz = =192z — 12¢p21 — 3.
For I.C. (—2,3,5) and g = 0.987, Figure 6b gives the phase diagram.
Slave System III:

DTpa1 = —2¢31 + Pa2ipas.
Dy = =243 + P3sths1 — 5¢pa1. ®)
DTpsz = 1 — ¢1¢p3.
For I.C. (—4,2.5,2) with g = 0.987, Figure 6¢ gives the phase diagram.
Slave System IV:
Dy = 10942 — 10941
DTpsy = 28941 — Y40 — P tpaz. )
Dpys = 21/143 + Y.
For I.C. (2,3,5) and q = 0.987, Figure 6d gives the phase diagram.
Slave System V:
D51 = 35¢51 — 35¢s1.
D5y = =751 — 51153 + 28¢5, (10)
D53 = ps1¢psp — 3¢pss.
For I.C. (3,4,5)and q = 0.987, Figure 6e gives the phase diagram.
Slave System VI:
DTpe1 = —pe2 — es.
Der = g1 + 0.4¢¢). (11)
Ditpgs = 0.2 + 3 (1 — 10).
For I.C. (2, —6,3) and q = 0.987, Figure 6f gives the phase diagram.
Slave System VII:

D7 = 0.7¢71 — Y72473.
D7 = —0.1¢7 + Y7173. (12)
D73 = —0.001 — 973 + Y7172 + 0.1¢73¢7.
For I.C. (0.1,0.2,0.3) and g = 0.987, Figure 6g gives the phase diagram.

Slave System VIII:
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Dg = 0.71g1 — 2¢psatpss.
D7ipgy = —0.1¢pso + 24ps1 Pss. (13)
Dipgz = —0.001 — g3 + 2¢Pg1Ps2 + 0.2¢Pg31P50.
For 1.C. (0.2,0.4,0.6) and g = 0.987, Figure 6h gives the phase diagram.

Slave System IX:

D7po1 = 0.74p91 — 3portpos.
Dpgr = —0.1¢p92 + 31po1pos. (14)
Doz = —0.001 — tpo3 + 31po1 9o + 0.3¢pg3 Wop.
For I.C. (0.3,0.6,0.9) and g = 0.987, Figure 6i gives the phase diagram.

Slave System X:

D101 = 0.7¢101 — 44h1029103-
D102 = —0.1¢p102 + 49101 P105- (15)
D103 = —0.001 — 9105 + 41019102 + 0441039102
For I.C. (0.4,0.8,1.2) and g = 0.987, Figure 6j gives the phase diagram.

Slave System XI:

D111 = 1214112 — 5¢111.
D112 = Y1113 — P12 + P1n- (16)
D113 = 1119112 — P13
For1.C. (0.1,1.2,0.5) and g = 0.987, Figure 6a gives the phase diagram.

Slave System XII:

D11 = 83.61p120 — 83.69123 — 10h121.
D12p = 1219123 — P12 + 12¢11. (17)
D123 = —¢121¢122 — 124121 — 123
For I.C. (—2,3,5) and g = 0.987, Figure 6b gives the phase diagram.

Slave System XIII:
D131 = —2¢131 + P132¢P133.-

D735 = —24p130 + P1339P131 — S¢131- (18)
D733 = 1 — 1314137

For I.C. (—4,2.5,2) and g = 0.987, Figure 6c gives the phase diagram.
Slave System XIV:

D141 = 109142 — 109141
Dprap = 284141 — 142 — Y141 P143. (19)

8
D43 = 3%43 + P1a1¢P142.

For1.C. (2,3,5) and q = 0.987, Figure 6d gives the phase diagram.
Slave System XV:
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D151 = 35¢151 — 354151
D152 = —7151 — 1519153 + 28915 (20)
D153 = 1519152 — 3P153-
For I.C. (3,4,5) and q = 0.987, Figure 6e gives the phase diagram.

Slave System XVI:

D161 = =162 — P163-
D712 = 161 + 049162 (21)
D163 = 0.2 + P163(P161 — 10).
For I.C. (2, —6,3) and q = 0.987, Figure 6f gives the phase diagram.

Slave System XVII:

D171 = 0.7¢171 — 1724173
D172 = —0.1¢172 + P171¢173- (22)
D173 = —0.001 — ¢173 + Y171¢172 + 0.1¢173¢4172.
For I.C. (0.1,0.2,0.3) and g = 0.987, Figure 6g gives the phase diagram.

Slave System XVIII:

D181 = 0.7¢p181 — 21824P183-
Dy1gr = —0.1¢182 + 2¢h1814183- (23)
D153 = —0.001 — 1183 + 2¢p1814182 + 0.2¢P18350-
For I.C. (0.2,0.4,9.6) and g = 0.987, Figure 6h gives the phase diagram.

Slave System XIX:

D191 = 0.7¢p191 — 3P1924193-
D192 = —0.1¢192 + 391919193 (24)
D193 = —0.001 — P193 + 3¢p1919192 + 0.3¢h193 Wop.
For 1.C. (0.3,0.6,0.9) and g = 0.987, Figure 6i gives the phase diagram.

Slave System XX:

D7Tppo1 = 0.71p201 — 442021203
DTppop = —0.11p202 + 41p201 4203 (25)
D7p03 = —0.001 — 9203 + 43p201 9202 + 0.49203202-

For I.C. (0.4,0.8,1.2) and g = 0.987, Figure 6j gives the phase diagram.
Define the dual penta-compound combination anti-synchronization error:
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Ey = (Z11 + Z21) + (11 + $21) (¥31 + $a1) (P51 + ¥e1) (71 + Ps1) (Yo1 + P101)-

Ex = (Z1o+ Zo2) + (Y12 + ¥22) (Y32 + $a2) (Y52 + P62) (Y72 + P82) (P02 + P102).-

Es = (Z13 + Z23) + (Y13 + $23) (P33 + Ya3) (P53 + P63) (Y73 + Ps3) (o3 + P103)- 26)
Ey = (Z31 + Zg1) + (Y111 + $121) (131 + P1a1) (Y151 + P161) (P171 + P181) (Y101 + $201)-
Es = (Z32 + Zg2) + (Y112 + $122) (132 + P142) (Y152 + P162) (Y172 + P182) (Y192 + P202)-
Ee = (Z33 + Z43) + (113 + ¥123) (Y133 + P143) (Y153 + Y163) (173 + P183) (Y193 + $203)-

Figure 6. Phase portraits of Slave Systems (6)—(25).
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Differentiating (26), from (2)-(25), we have:
DYEy = (Z1p + Z13 — 5sin(Z1p) + Uy + Zoy + Zo3 — 5Sin(Z22) + AHy + Dy + U4) + (121y1
— 5ip11 + 83.6¢2 — 83.6¢23 — 10¢21) (Y31 + Y1) (P51 + Pe1) (P71 + Ps1) (Po1 + P101)+
(11 + $21) (2431 + P329P33 + 10¢a2 — 10441) (P51 + Y1) (P71 + Ps1) (o1 + Pr01) + (Y11
+ ¥21) (P31 + P41) (B5¢51 — 35951 + — P62 — P63) (P71 + Y1) (o1 + P101) + (Y11 + P21)
(31 + ¥a1) (P51 + P61) (0.7¢71 — Y7173 + 0.7¢Ps1 — 2821P83) (o1 + 101) + (Y11
+ 21) (P31 + Pa1) (Y51 + Pe1) (P71 + ¥81) (0.7¢P91 — 3hoathoz + 0.7¢p101 — 4P1024103)-
DIEy = (=Zi1 + Z13 + Uy — Zyy + Zoz + AHy + Dy + Us) + (Y1113 — Y12 + Y11 + Yo1¢z—
P20 4+ 12¢12) (P32 + Pa2) (P52 + Pe2) (P72 + Ps2) (P2 + Pr02) + (P12 + P22) (=293 +
¥331P31 — 531 + 28441 — a2 — Ya1thaz) (P52 + Pe2) (Y72 + Ps2) (o2 + P102) + (Y12 + P22)
(¥32 + Y12) (=751 — Ys14ps5 + 28450 + Y1 + 0-4¢62) (P72 + Ps2) (o2 + P102) + (P12+
22) (P32 + Ya2) (52 + Pe2) (—0.1¢72 + P719P73 — 0. 152 + 24P819P83) (Yo + Y102) + (P12
+ ¥22) (P32 + Pa2) (Y52 + Pe2) (P72 + P82) (—0.1992 + 34Po1¢poz + —0.1¢h102 + 4P101¢103)-
D7E3 = (—Z11 — Z13 + 5sin(Z11) + Uz — Zoy — Zog + 5sin(Zy1) + AHz + D3 + Us) — (P11912
— P13 — P22 — 12401 — P23) (P33 + YPa3) (P53 + Pe3) (P73 + Ps3) (o3 + P103) + (P13

+23) (1 — P319P32 + §¢43 + Pa1910) (P53 + P63) (Y73 + P83) (Po3 + P103) + (P13 + P23)

(33 + Pa3) (Y5150 — Bipss + 0.2 + Y3 (Y1 — 10)) (Y73 + ¥s3) (o3 + P103) + (P13 + P23)
(33 + ¥43) (P53 + P63) (—0.001 — P73 + Y71972 + 0.19p73¢72 — 0.001 — Pg3 + 2¢Pg1¢Psa+
0.2¢p831P82) (o3 + Y103) + (P13 + P23) (Y33 + Pa3) (P53 + Ye3) (P73 + Ps3)

(—0.001 — 993 + 3hg1¢hgn + 0.31p93Wop — 0.001 — 9103 + 491019102 + 0-4P103Y102)-

DYEy = (Z3p + Zsz — 5sin(Zszn) + Vi + Zyp + Zys — 5sin(Zy) + AHy + Dy + Vi) + (1219112
— 5111 + 83.6120 — 83.6Y123 — 10¢121) (Y131 + Y141) (Y151 + Pa61) (171 + P181) (Y101 (27)
+ $201) + (Y111 + P121) (—2¢131 + P1309133 + 10142 — 10¢141) (Y151 + P161) (Y171 + P181)
(Y191 + P201) + (Y111 + P121) (Y131 + P141) (359151 — 35¢151 — P12 — Pr63) (Y171 + Pis1)
(¥191 + P201) + (Y111 + P121) (Y131 + $141) (Y151 + P161) (079171 — 1724173 + 0.7¢P181
— 2¢n1821183) (Y191 + P201) + (Y111 + P121) (131 + P1a1) (Y151 + P161) (Y171 + P181)

(0.7t191 — 3y11929P193 + 0.7¢201 — 44P2024203)-

DIEs = (=Z31 + Z33 + Vo — Zyy + Zy3 + AHs 4+ Ds + Vs) + (Y1119113 — Y112 + P11 + Pr21¢123
— 122 + 12¢112) (Y132 + P142) (Y152 + Y162) (Y172 + P1s2) (192 + $202) + (112 + P122)
(—2¢132 + P1339131 — 59131 + 284141 — Pra2 — Y1ra19143) (Y152 + Pa62) (Y172 + P1s2) (Pro2+
P202) + (Y112 + P122) (Y132 + P142) (= 79151 — P1519153 + 28152 + Y161 + 0.4¢162) (172
+ 182) (Y192 + P202) + (P112 + P122) (Y132 + P142) (P152 + P162) (—0.19172 + P1719173
— 0.19182 + 2¢h181%183) (192 + P202) + (112 + P122) (Y132 + Y142) (Y152 + Pr62) (172
+ ¥182) (—0.19192 + 341919195 — 0.1¢P202 + 44h2014203)-

DYEs = (—Z31 — Z33 + 5sin(Z31) + Va3 + —Zy1 — Zy3 + 5sin(Zy1) + AHs + Dg + V) + (=111
112 — Y113 — Y1122 — 124121 — ¥123) (Y133 + P143) (Y153 + Y163) (Y173 + P183) (Y193

+¥203) + (P113 + P123) (1 — P1319132 + gll}m + Pra1P142) (Y153 + Y163) (Y173 + P183) (193

+ $203) + (Y113 + P123) (133 + P143) (15191520 — 3153 + 0.2 + P13 (Y161 — 10)) (P173+
¥183) (Y193 + P203) + (Y113 + P123) (Y133 + P143) (Y155 + P163) (—0.001 — 175 + 1714172
+ 0.191739172 — 0.001 — 9183 + 2¢p181¢P182 + 0.2¢1839182) (Y193 + P203) + (Y113 + P123)
(¥133 + P143) (Y153 + P163) (Y173 + P183) (—0.001 — 195 + 391919192 + 0.3¢193Wi92

— 0.001 — 1203 + 41201202 + 0-41P203¢P202)-



Fractal Fract. 2021, 5, 264

13 of 23

5.1. Via Non-Linear Control

Design the non-linear control functions:

Uy = —Z1p — Z13 + 5sin(Zyz) — (121412 — 5911 + 83.6¢20 — 83.6¢03 — 10¢1) (31 + Pa1) (Y51
+61) (P71 + ¥s1) (Yo1 + P101) — (Y11 + P21) (P31 + a1) (35951 — 35951 + —Pe2 — Pe3)
(71 + Ps1) (Yor + ¥101) — (Y11 + ¥21) (Y31 + Pa1) (Y51 + Y1) (P71 + Ps1) (0.7ho1
— 3poathos + 0.7¢p101 — 4P1024103)-

Uy = Z11 — Z13 — (Y1113 — Y12 + Y11 + P21¢03 — P + 12¢012) (Y32 + Ya2) (P52 + Ye2) (P72
+ ¥s2) (o2 + P102) — (P12 + ¥22) (Y32 + Ya2) (=751 — Y5155 + 2852 + Y1 + 0-4¢62) (P72
+ Ps2) (o2 + P102) — (P12 + P22) (P32 + Ya2) (P52 + Pe2) (Y72 + Ps2) (—0.190 + 3tpo11po3
— 019102 + 4¢1019103)-

Us = Zy1 + Z13 — 5sin(Zy1) + (P12 + P13 + Yoo — 12421 + $23) (Y33 + $a3) (Y53 + Pe3)
(73 + ¥s3) (Y93 + P103) — (Y13 + P23) (P33 + Ya3) (51952 — 3953 + 0.2 4 Y3 (Pe1 — 10)) (Y73
+ 83) (Yo3 + P103) — (Y13 + ¥23) (Y33 + Pa3) (P53 + Pe3) (P73 + Ps3) (—0.001 — tpo3
+ 3p9199z + 0.3931p92 — 0.001 — 103 + 4101 P102 + 0.-4P103¢P102)-

Uy = —Znpp — Zp3 + 5sin(Znn) — 7sin(t) — (P11 + ¥21) (—2¢31 + 32133 + 10942 — 10941) (P51
+ We1) (Y71 + Y1) (Yo1 + Y101) — (Y11 + $21) (P31 + Y1) (P51 + Y1) (0.7971 — 72973
+0.7s1 — 2ths21Ps3) (o1 + P101) — E1-

Us = Zo1 — Zoz — sin(7t) — (P12 + P22) (=232 + 33931 — 531 + 2841 — a2 — Parpaz) (P52
+¥62) (P72 + Ps2) (Y92 + P102) — (P12 + ¥22) (P32 + Ya2) (Y52 + Pe2) (=017 + Y7173
— 0.19g2 + 2951 983) (Y92 + P102) — 2Eo.

Ug = Zp1 + Zoz — 5sin(Zy) — cos(Zy1) — (P13 + $23) (1 — 31932 + 2%3 + Ya1¥42) (P53 + Pe3)

(73 + P83) (o3 + P103) — (Y13 + ¥23) (Y33 + Ya3) (Y53 + Ye3) (—0.001 — Y73 + Y7172
+ 0.1973172 — 0.001 — g3 + 28192 + 0243182 ) (Y93 + P103) — 3Es.

Vi = —Z3p — Z33 + 5sin(Z3) — (1219112 — 59111 + 83.6¢122 — 83.6123 — 10¢121) (131 + P141)
(151 + P161) (Y171 + P181) (Y101 + ¥201) — (111 + Y121) (P131 + P1a1) (B5¢151 — 359151 — Y1e2
— ¥163) (Y171 + P181) (Y191 + Po01) — (Y111 + P121) (Y131 + Y1a1) (Y151 + P161) (Y171 + P181)
(0.71h191 — 391924193 + 0.74201 — 49h2024203)-

Vo = Z31 — Z33 — (111113 — P11z + P11 + Y11z — Pi + 12¢112) (Y132 + P142) (P52
+ ¥162) (Y172 + Pr82) (Y192 + Y202) — (Y112 + P122) (Y132 + Pra2) (= 79151 — P1519153 + 289152
+ Y161 + 0.49162) (Y172 + P182) (Y192 + Y202) — (Y112 + Y122) (Y132 + P142) (Y152 + Y162)

(172 + P182) (—0.19h192 + 3p191¢P193 — 0.19h202 + 4P2019203)-

V3 = Z31 + Z33 — 5sin(Z11) — (—p1n¥i12 — Y113 + — Y1120 — 12¢101 — P123) (133 + P143)
(¥153 + P163) (Y173 + P183) (Y193 + P203) — (Y113 + P123) (Y133 + P143) (Y151 9152 — 39155
+0.2 + 163(P161 — 10)) (Y173 + Y183) (Y193 + P203) — (P13 + P123) (Y133 + Y143) (Y153
+ ¥163) (Y173 + P183) (—0.001 — 195 + 3¢p1919192 + 0.39193Wi92 — 0.001 — 203
+ 42014202 + 0-492039202)-

Vi = —Zyp — Zyz + 5sin(Zsp) — 7sin(t) — (Y111 + P121) (—2¢131 + 1324133 + 109140 — 10¢147)
(151 + P161) (Y171 + P181) (Y101 + Y201) — (P111 + Y121) (Y131 + P1a1) (Y151 + P161) (0.7¢171 — Y172¢h173
+ 0.7¢181 — 2¢p182%183) (Y191 + Y201) — Es

Vs = Zyg — Zaz — sin(7t) — (Y112 + $122) (—2¢132 + 1339131 — 5131 + 289141 — P142
— P1a1¥143) (Y152 + Pre2) (Y172 + P182) (Pr92 + ¥202) — (P12 + P122) (Y132 + Pr42) (Y152
+ ¥162) (—0.19172 + P1719173 — 0.1¢P182 + 24181 P183) (Y192 + Y202) — 2Es.

(28)
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_ . 8
Vo = Za1 + Zyz — 5sin(Zy1) — cos(Zg1) — (Y113 + ¥123) (1 — Pr1z1¢132 + §IP143 + P1410142)

(Y153 + P163) (Y173 + P183) (Y193 + ¥203) — (P113 + P123) (Y133 + P143) (Y153 + Pi63) (—0.001 — Y173 + P171P172
+ 0.1¢173172 — 0.001 — 183 + 29181182 + 0.24183¢182) (Y193 + Po03) — 3Es.

Substituting (28) into (27):
DRE; = —E;.
Consider the Lyapunov function as:

1
V(E(t)) = §<E12 + Ex? 4 E3® + E4% + E5® + E¢2).

Differentiating:

Using the stability theory of Lyapunov, E; — Ofori=1,2,3,4,5, 6 as t — oo, implying
dual penta-compound combination anti-synchronization.

5.2. Via Adaptive Sliding Mode Control
Take | A H;| < A; and |D;| < B;. Here, A;, B; > 0 are constants and A;, B; are esti-
mates A;, B;.

Consider the sliding surface:

5:(t) = DI VE:(f) + k; /0 "E/(&)de. (29)
For (27) at (29), the condition is:
Si(t) =0,S;(t) = 0. (30)
Differentiating (29):
Si(t) = DTE;(t) + kiE;(t). (31)
From (30):
DIE(t) = —kiEi(t). (32)

From Matignon'’s theorem [28], (32) is stable. Designing controllers from (28), (32),
and SMC theory:
Uy = —Z1p — Z13 +5sin(Zy2) — (121412 — 59p11 + 83.6¢20 — 83.6¢103 — 10¢21) (P31 + a1)
(51 + Pe1) (P71 + ¥s1) (o1 + Pr01) — (P11 + P21) (P31 + Y1) (35¢s1 — 35¢51 + —Pe2 — Pe3) 33)
(P71 + ¥s1) (o1 + P101) — (Y11 + ¥21) (Y31 + a1) (Y51 + Ye1) (Y71 + Y1) (07491 — 3¢orpo3
+0.7101 — 41024103 )-
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Uy = Z11 — Z13 — (Y1113 — Y12 + P11 + P13 — P + 12¢12) (Y32 + Ya2) (P52 + Ye2) (P72
+ Ps2) (o2 + P102) — (P12 + P22) (P32 + Ya2) (=751 — Y5153 + 28952 + Y1 + 0-4962) (Y72
+ Ps2) (o2 + P102) — (P12 + P22) (P32 + Ya2) (Y52 + Pe2) (Y72 + Ps2) (—0.1902 + 3tpo11po3
— 019102 + 491019103 )-

Uz = Z11 + Z13 — 5sin(Z11) — (=112 — P13 + — o1 — 12421 — $23) (33 + $a3) (P53 + Pe3)
(73 + ¥s3) (o3 + P103) — (Y13 + ¥23) (Y33 + a3) (Y5150 — 353 + 0.2 + Pe3 (1 — 10))
(73 + P83) (Y3 + Y103) — (Y13 + Y23) (Y33 + Pa3) (P53 + Yea) (¥73 + Ps3) (—0.001 — ¢pog
+ 3491992 + 0.3P931P9r — 0.001 — 1103 + 4ip101¢P102 + 0-49h103¢102)-

Uy = —Zop — Zo3 + 5sin(Zon) — 7sin(t) — (11 + ¥21) (=231 + P3233 + 10942 — 10941) (P51
+ ¥e1) (Y71 + ¥s1) (Yo1 + Y101) — (P11 + $21) (Y31 + Y1) (P51 + Y1) (0.7971 — 72973
+0.7¢s1 — 2ths21Ps3) (o1 + P101) — E1 — (a1 + by + c1)sign(51).

Us = Zp1 — Zoz — sin(7t) — (P12 + P22) (=242 + P334P31 — 5431 + 28441 — Par — Yarpa3) (P52
+ P62) (Y72 + ¥82) (o2 + P102) — (P12 + P22) (P32 + Ya2) (P52 + P62) (—0.19p72 + P71
P73 — 01952 + 24819P83) (o2 + W102) — 2E2 — (a2 + by + c2)sign(Sz).

U = Zp1 + Zoz — 5sin(Zy1) — cos(Zp1) — (P13 + ¥23) (1 — 31932 + §1P43 + Ya1¥a2) (P53 + Pe3)

(73 + ¥s3) (o3 + P103) — (Y13 + ¥23) (Y33 + a3) (Y53 + Pe3) (—0.001 — ¢73 + P71 P72+
0.1p73P70 — 0.001 — g3 + 21Pg1Pgn + 0.21P331P32)(1P93 + I,L7103) —3E; — (a3 + by + C3)Sign(53).

Vi = —Zsp — Z33 + 5sin(Z3) — (121112 — 5111 + 83.6¢122 — 83.6¢123 — 10¢121) (Y131 + P141)
(151 + P161) (Y171 + P181) (P11 + ¥201) — (111 + P121) (P131 + P141) (B5¢151 — 35¢151 — Y1e2
— P163) (Y171 + P181) (Y101 + Pa01) — (Y111 + P121) (Y131 + P141) (151 + P161) (Y171 + P1s1)
(0.71h191 — 31924193 + 0.74201 — 49P2024203)-

Vo = Z31 — Zaz — (Yim113 — Y112 + Pan1 + P1219123 — Y122 + 12¢112) (Y132 + P1a2) (Y152
+ ¥162) (Y172 + Pr82) (Y192 + Y202) — (Y112 + Y122) (Y132 + Pra2) (= 79151 — 1519153 + 289152
+ 161 + 0.49162) (Y172 + P182) (Y102 + P202) — (Y112 + P122) (Y132 + Y142) (Y152 + Pa62) (172
+ P182) (—0.19p192 + 391919193 — 0.1¢P202 + 4¢P2014203)-

V3 = Z31 + Za3 — 5sin(Z11) — (=12 — $113 + — 121122 — 12121 — Y123) (133 + P143)
(153 + P163) (Y173 + P183) (Y193 + P203) — (Y113 + P123) (Y133 + P143) (P1519152 — 39155
+0.2 + P163(P161 — 10)) (173 + ¥183) (¥193 + P203) — (¥113 + P123) (Y133 + Y143) (Y153
+ ¥163) (Y173 + P183) (—0.001 — 193 + 3¢p1919192 + 0.39h193Wi92 — 0.001 — 203
+ 412019202 + 0412031202 )-

Vy = —Zy — Zy3 + 5sin(Zyp) — 7sin(t) — (Y111 + P121) (—2¢131 + 1329133 + 109142 — 10¢141)
(151 + P161) (Y171 + P181) (Pro1 + Po01) — (Y111 + P121) (Pr31 + P1a1) (151 + Paer)
(0.7¢171 — Y1729173 + 0.7¢181 — 2¢182183) (191 + YP201) — Eg — (a4 + by + c4)sign(Sa).

Vs = Za1 — Zaz — sin(7t) — (112 + $122) (29132 + P1339131 — 5131 + 284141 — P12
— Praa3) (Y152 + P162) (Y172 + P182) (Pro2 + P202) — (Y112 + P122) (132 + P1a2) (Y152 + Pa62)
(—0.1¢172 + P171¢173 — 0.1¢152 + 24181 P183) (Y192 + Y02) — 2E5 — (as + bs + c5)sign(Ss).

_ . 8
Vo = Zy1 + Zyz — 55in(Zy) — cos(Zy1) — (P113 + ¥123) (1 — P131¢132 + 3¥ias + Pra1yia2) (Y153

+ P163) (Y173 + P183) (Y193 + ¥203) — (Y113 + P123) (Y133 + P143) (Y153 + Pie3) (—0.001
— 173 + P171¢172 + 0.1¢173¢172 — 0.001 — 183 + 24181182 + 0.2¢1831182) (193 + P03)
—3E¢ — (a6 + bg + C6)Sign(56).

where sign(.) is the signum function and ¢; > 0 are constants.
Update the parameters as:
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(34)

for positive a;, b;.

Theorem 1. Fractional Disturbed Master Systems (2)—(5) and Slave Systems (6)—(25) will achieve
stability and synchronization using controllers and parameter updates as in (33)—(34).

Proof. Stability using Lyapunov’s direct method [29] is proven considering positive defi-
nite function V and the negative derivative proving error convergence to zero.

Let: .
v=Y V. (35)
i=1
where:
vi=te2y LA — a2 g - B
L R Y PR T ) '
Vy = 1 L(Az - A%+ i(13’2 — By)?
2 2 2&12 sz '
1 2 1 ~ 2 1 A 2
Vs =53+ 5—(As — A3)"+ .~ (B3 — B3)".
2 2{13 2b3 (36)
1, 1 . , 1 )
=224 —(As— A — (By — By~
V4 254+2a4( 41— Ay) +2b4(B4 By)
Vs— 124 L (A= As)?+ L (Bs— Bs)?
5= 5% 2as 5 5 2bs 5 5)-
v 1SZ+L(A —A )2+i(1§ — Bg)?
67 276 g e T ) T gp e T e
Differentiating:

. . 1 . A 1 4 A
Vi = 5151+ a(t‘h —Ap)Ar + E(Bl — By)B;.
. . 1 4 A 1 4 X
Vo = 5355 + —(Az — A) Ao + —(By — B2)Ba.
az by
. . 1 . A 1 4 A
V3 = 53535 + *(A3 — A3)A3 + 7(33 — B3)B3.

as b3 (37)
. . 1 . A 1 4 A
Vy = 5454 + *(A4 — A4)A4 + 7(34 — B4)B4.
ay by
. . 1 . A 1 4 A
V5 = 5555 + *(A5 — A5)A5 + f(BS — BS)B5.
as bs
. . 1 . A 1 4 A
Ve = S6S¢ + %(A6 — A6)A6 + Q<B6 — B6)B6-

From (31), we have:
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1 X
by (B — By)B;.

1
Vh = So(D1E; + kyEp) + (Az — A))Ay+ — by (B, — By)B,.

. 1
Vi = Sl(DqE1 + klEl) + *(A1 Al)Al + —

. 1
V3 = S3(D"E3 + k3E3) + (A3 — A3) Az + — b (B3 — B3)Bs.
1 (38)
Vi = S4(DTE4 + k4E4) + (A4 — ApAg+ — b (34 — By)Bs.
. 1
Vs = S5(DTEs + ksEs) + *(As — As)As + ;(35 — Bs)Bs.
. 1
Ve = S6(D"Eg + k6Es) + (A6 — Ag)Ag+ — e (36 — Be) Be.
Substituting the values in Equation (38):
V; = S1|— A H; — Di(A; + B; +1;)signS;] + (A; — A;)|Si| + (B; — B;)Sil.
< (| A Hi|+|Di|)[Si| + (A; — A)|Si| + (B; — By)|Sil.
< (A +B;)|Si| = (A; + Bi + 1) |signS;| + (A; — A;)|Si| + (Bi — B;)|Si].
= —1|Sil.
Therefore:
6
V=YV,
l=16 (39)
< =Y (41Si]).
i=1
Now J at > 0 € R such that:
6
Z £|Si| > t.
i=1
then:
V< —ty/S2+ 3+ 53+ 53+ 2+ 2 )
< 0.
O

From the Lyapunov stability theory, errors converge to S; = 0.

5.3. Simulations and Proposed Application

The dual penta-compound combination anti-synchronized trajectories and error using
the non-linear control method are displayed in Figure 7. The synchronized trajectories using
the adaptive SMC technique are displayed in Figures 8a—c and 9a—c. Figures 8d and 9d
show the anti-synchronization error using the SMC technique. The sliding surfaces tending
to zero are shown in Figures 8e and 9e. The disturbances and uncertainties AH; = 0, D1 =
7sin(t), AHp = 0, Dy = sin(7t), AHz = cos(Zp1),D3 = 0, AHy = 0, D4 = 7sin(t), AHs =
0, D5 = sin(7t), AHg = cos(Z31), D¢ = 0 are estimated and shown in Figures 8f,g and 9f,g
by estimating the parameters using 1.C. as A; = B; = 0.1 and ¢; = 1,c0 = 2,c3 = 3,
¢4 = 1,65 = 2,¢6 = 3, respectively.



Fractal Fract. 2021, 5, 264

18 of 23

=

VU g My Vg

o)

20

s s 0 W ) 2 %
x
1+ V161 1V171 #0010 + V)|
T T T
‘ ]
|
1000 L L L L L
s m m 2 2 )
e T e e e
3 s ; ; ;
‘ "y
3 \/\\
R | W I
£ o B
£ 10000 ! | | ! !
s m W 2 2 )
\
D e N e o e e
10*

o s 10 15 2 2 3
t
J—T) £, E [—yTY £, )
600 600
500 500
400 400
a0 _ 300
u w
200 200
100 100
0 0
100 100
o 1 2 3 4 5 6 7 8 9 10 o 1 2 3 4 5 6 7 8 9 10

Figure 7. Synchronized trajectories and error via the non-linear control method.
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Figure 8. (a—c) Synchronized trajectories via adaptive sliding mode control. (d) Error. (e) Surface

converging to zero. (f,g) Disturbance estimates.
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Figure 9. (a—c) Synchronized trajectories via adaptive sliding mode control. (d) Error. (e) Surface
converging to zero. (f,g) Disturbance estimates.
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The achieved anti-synchronization is illustrated with an example for application in
secure communication. In this synchronization, we have two pairs of penta-compound
combinations from which to choose. This adds to the diversity in the options for encrypting
the original message. The sum of the chaotic signals from the master systems is added to
the original signal; the encrypted signal is formed and transmitted. At the receiving end,
upon performing synchronization, the controllers are applied and decrypted.

Suppose S(t) = sin(5t) + cos(6t) as the original signal. Mix S(t) with chaotic signals
Z11 + Zy1 to obtain Sy (t). Apply controllers to recover Sy (t) at the receiver, as illustrated in
Figure 10.

o M TR -

w \ | H /r\ \/\ \u =l
el 3 |

‘H H Il Hu ) b |
W o p—
Sl 6

k\ \ I u/b \/[

0 10 15 20 25 30 0 5 10 15 20 25 30

Figure 10. Proposed application.

6. Conclusions

In this paper, dual penta-compound combination anti-synchronization was performed
on a chaotic system with two sine non-linearities. A thorough analysis of the newly
introduced fractional-order system was performed. The achieved synchronization was
performed between four master systems and twenty slave systems using two techniques.
Uncertainties and disturbances were estimated. An application in secure communication
was illustrated with the help of an example.

Studying the hidden attractors of the system and its electronic circuit implementation
are the future scope.
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