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Abstract: In this paper, we study nonlinear fractional (p, q)-difference equations equipped with
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1. Introduction

In recent years, fractional differential equations have been considered a popular
field of research and have attracted many researchers’ attention. This is mainly because
fractional differential equations are found to be effective and more practical than classical
differential equations, particularly in the mathematical modeling of dynamical systems,
such as fractals and chaos. In the last two decades, the fractional differential equations
have developed from theoretical aspects of the existence and uniqueness of solutions
to analytic and numerical methods for finding solutions, which can be found in [1-9].
Moreover, in modern mathematical analysis, fractional differential equations have a range
of applications, such as engineering and clinical disciplines, including biology, physics,
chemistry, economics, signal and image processing, and control theory; see [10-17] for
more details.

In 1910, E H. Jackson initiated a study of the g-difference calculus or quantum calculus
(briefly called g-calculus) in a symmetrical manner and introduced the g-derivative and
g-integral, which can be found in [18,19]. With these results, g-calculus has arisen in a range
of applications, such as combinatorics, orthogonal polynomials, basic hypergeometric
functions, number theory, quantum theory, mechanics, and theory of relativity; see [20—-40]
and the references cited therein. The book by V. Kac and P. Cheung [41] covers the basic
theoretical concepts of g-calculus.

Because the exploration has been continued by generalizing the existing results
through creative discussions and novel techniques of fractional calculus, fractional g-
difference calculus has been introduced by W.A. Al-Salam [42] and R.P. Agarwal [43].
Furthermore, fractional g-difference equations have attracted the attention of researchers;
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for instance, B. Ahmad et al. [44] investigated the existence results of nonlocal boundary
value problems of nonlinear fractional g-difference equations:

{ ‘Dgx(t) = f(t,x(t)), t €[0,1],1 <a <2, )

@1x(0) + B1Dgx(0) = v1x(11), @2x(1) + B2Dyx(1) = 12x(172),

where f € C([0,1] x R,R) and a;, B;, i, 1:(i = 1,2) are constants with ; € (0,1), CDfi‘
and D, are the fractional g-derivative of the Caputo type and the first-order g-difference
operator, respectively. For more early and recent works on the existence theory of fractional
g-difference equations, we refer to [45-48].

Later on, the subject of (p,q)-calculus was generalized and developed from the g-
calculus theory into the two-parameter (p, q)-integer, which is used effectively in many
fields, and some results on the study of (p, q)-calculus can be found in [49-74].

Inspired and motivated by some of the above applications, in 2018,
N. Kamsrisuk et al. [75] considered the existence and uniqueness of solutions for the
first-order quantum (p, q)-difference equation subject to a nonlocal condition:

Dpqx(t) = f(t,x(pt)), t € [0, T/p],

x(0) = a;jx(T) + ;)/31' /0'71' x(8)dy 05, ()

where 0 < g < p < 1,0 < gq; < p; <13 = 1,2,3,...,m) are quantum numbers,
f € C(0,T/p] xR,R), T > 0,Dp, is the (p,q)-difference operator, and «;, B;,7;
(i=1,2,...m) are constants.

Furthermore, C. Promsakon et al. [76] introduced the second-order (p, q)-difference
equations with separated boundary conditions:

D} ,x(t) = f(t, x(p?t)), t € [0,T/p?, 3
a1x(0) +a2Dpgx(0) = a3,  B1x(T) + B2Dpgx(T/p) = B3,
where f € C([0,T/p?*] x R,R) and w;, B; (i = 1,2,3) are constants. D%/q and D, are the
second and first order of the (p, g)-difference operator, respectively.
However, the study of nonlocal boundary value problems of fractional (p, q)-difference
equations is at its infancy, and much of the work on the topic is yet to be done.
In this paper, we study the existence and uniqueness of solutions of the nonlocal
boundary value problem of nonlinear fractional (p, 7)-difference equations given by
‘D qy(t) = h(t,y(p*t)), t € [0,T/p*],1 <a <2, @
P1y(0) + 11 Dp,gy(0) = Cay(im),  Boy(T) + 12Dpqy(T/p) = L2y(112),

where h € C([0,T/p*] x R,R) and B;,vi,n; (i = 1,2) are constants; CDg,q and Dy, are
the fractional (p, q)-derivative of the Caputo type and the first-order (p, q)-difference
operator, respectively.

2. Preliminaries

In this section, we give some definitions and fundamental results of the g-calculus and
(p, q)-calculus along with the fractional (p, g)-calculus, which can be found in [27,28,56,58].
We also give a lemma that will be used in obtaining the main results of the paper.

Throughout this paper, let [4,b] C R be an interval witha < b,and0 < g <p <1
be constants,
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P -9
Ky, =E—1,  keN, (5)
Kpa =21
k pi_qi
klpaglk —1lpg-[1]ps = , keN,
gt = { Mol W =15 ©)
1, k=0

@0 =1, @-p)\":=[JGa-bg), abeRr
k=0

The (p, g9)-analogue of the power function (a — b)(pn; withn € Ny := {0,1,2,...} is
given by

n—1
(a— b)p?‘; =1, (a— b);"q) = H(apk —bg"), abeR.
k=0

Fort € R\ {0,—1,—-2,...}, the (p,q)-gamma function is defined by

(p— )y, "
Tpqt) = —— 0, )
- (p -1
and an equivalent definition of (7) is given in [59] as
oy e,
where .,
—gx © q(z) "
Epg =), F(—gx)".
=0 [pa!
Obviously, T 5(t +1) = [t]p,Tpq(t).
For s, t > 0, the definition of the (p, g)-beta function is
! s—1 (t-1)
Byy(s t) = /0 W (L=qu)y, dpqu, )
and (9) can also be written as
B oy o Lpa(8)Tpa(t)
Bp,q(slt) _ P(t 1)(2s+t-2)/2 Pq( ) pA , (10)

Tpg(s+1t)

see [77,78] for more details.

Definition 1 ([56]). If f : [0, T] — R is a continuous function, then the (p, q)-derivative of f is
defined by

f(pt) — f(qt)
(p—q)t
and Dy, f(0) = }in% Dy f (t). Observe that the function D, 4 f (t) is defined on [0, T/ p] provided
—
that Dy 4 f (t) exists forall t € [0, T/p].

Dypqf(t) = ,t#0 (11)

Definition 2 ([56]). If f : [0, T] — R is a continuous function, then the (p,q)-integral of f is
defined as
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/f pas = (p—q)t i n+1f< n+1) (12)

n=0

t

provided that the right-hand side converges. Note that the function / f(s)d
0

[0, pT|, which is extended from [0, T| of a function f(t).

p.qS 1s defined on

Theorem 1 ([56]). Let f,g:[0,T] — R, g(t) # 0 forall t € [0, T|, be (p, q)-differentiable on
[0, T/p] and A be a constant. Then,

(i) Dpg(f(t) +g(t)) = Dpqgf(t) + Dpgg(t);

(i)  DpgAf(s) = ADpqf(s);

(iii)  Dpq(f8)(t) = f(it)?gqg;() . g;q(t)[))gqf(t();)

- 84t)Dpyg qt)Dpq8(t

() Dpalf/8)(1) = g(pt)g(qt) '

Theorem 2 ([79]). Let f : [0, T] — R be a continuous function. The following formulas hold for
telab]:

(1) qu/ f(s)dpgs = f(t);
(ii) /O Dpof(s)dygs = f(1) — £(0);
(iii) /C "Dyaf(8)dpas = £(£) — (o), for e € (0,1)

Definition 3 ([77]). Let f : [0, T] — R be a continuous function and « > 0. The fractional
(p, q)-integral of fractional Riemann—Liouville type is given by (Ig/q f ) (t) = f(t) and

()= [ - () e

00 n qn+1 (a—1) qn
t t), (13)
<z>r,,q (%) 5L prtt ( prit )M f(P‘"*” )

n=0

where t € [0, p*T].

Definition 4 ([77]). The fractional (p, q)-derivative of Riemann-Liouville type of order « > 0 of a
continuous function f is defined by (Dg,q f)(t) = f(t) and

(Dyaf)(8) = (Dpila "F) (1), (14)
where [«] is the smallest integer greater than or equal to w.
Definition 5 ([77]). The fractional (p, q)-derivative of Caputo type of order & > 0 of a continuous
function f is defined by (C Dg,q f )( ) = f(t) and

(“Dyaf)(t) = (L "Diif ) (1), (15)
where [«] is the smallest integer greater than or equal to w.

Lemma 1 ([77]). Let f be a continuous function and a, p > 0. Then, the following formulas hold:
W (Balsef )0 = (1545F) (1),
i) (DpaIsaf)(H) = £(2).
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Lemma 2 ([77]). Let f be a continuous function, « > 0, and n € N. Then, the following
equality holds:

[a] -1 pa—n+k

(5aD5af ) (0 = (Dhaliaf ) (6) - )N pOT, (a—n+kt1)

(D}f ) (0).

Lemma 3 ([77]). Let f be a continuous function and « > 0. Then, the following equality holds:

[0‘] —1 tk

Y oy (o) O

(B4 D5af )0 = £ = &

In order to define the solution of the boundary value problem (4), we need the
following lemma.

Lemma 4. Let a;, B;,; (i = 1,2) be constants and °Dj, , and Dy,q be the fractional (p,q)-
derivative of the Caputo type and the first-order (p, q)-difference operator, respectively. For a given
h € C([0, T/p"],R), a unique solution of the boundary value problem

Dy qy(t) = h(t), t € 0, T/p"],
B1y(0) + 11 Dpqy(0) = C1y(m1), (16)
Bay(T) + 12Dp,qy(T/p) = G2y (i12)

is given by
- [ o
+ %[(ﬁz —Q)t = (B2T + 72 — Cara)] /0111 (U;(;g:fq;) h <pzxs—1> dpqs
+ L0 g~ (g -0 [ ;”ZFP Zsapj () e
22—y - aml [ ;TFP‘ZS :_11)) (555 ) s
F 2 gt ) [ ;f/fr‘pj();j i)) (5 ) s
where

= (B2 —72) (71— C1m2) — (B1 — G1) (B2T + 72 — {omp2) # 0.

Proof. By taking the fractional (p, q)-integral on (16) and applying Lemma 3, we have

H(t=ge)e D (=)
y(t) = /0 T W s ) doas + 10 01 (18)

where cy, ¢1 are constants and ¢ € [0, T|.
Applying the above boundary condition of (16), we obtain
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(2=1)
(11— Cim)er + (B1 — )2 = &1 Jy %M%) dpqs,
(B2T + 72— Gomp)er + (B2 — C2)c2 = 82 %h(pﬁ’s—l) dpqs
pa\&
(T —gs)(@=) s (19)
—pB2 / 0T, 1 (a) h(p"‘1> dpgs
T/p T/ s (x=2) s
—72/0 ((H’j 95) h( uc—Z) dp,q8.
pt2)Tp,(a—1) \P

Solving the above system of (19) to find the constants c1, ¢, we have

(a—1)
1 m (1 — qs)p,q < s >
= _ — h d
A [@1(/32 Cz)/o p(g)rw(a) pi1 p.4S

P ARy
_Cz(ﬂl—él/o DT, (@ — 1) (P”‘ 1) P8

+B2(B1 — 1) /OT (T:qs)(al)h< S_ ) dp,qs

p(z)rw(a) prt
T/p (T/p — gs)@=2) 5
snaf—0) | <p(j’;1)r‘7 )(a) h<P“2> s
A
and
(a—1)
1 m(m — qs)p,q s
=3 51([32T+72—§2772)/0 pOT,(a) h(pzx—1> dpqs
T (T_qs)(ocfl) ( s )
+ - . h dp,gs
02(m 51’71)/0 8T, (@) i1 ) P

/v (T/p — qs) -2) ( s >
— h d .
F1p2 / p*2 1)1‘pq(¢x—l) pi2) A

Substituting the values of ¢, ¢ in (18), we obtain (17). We can prove the converse by
direct computation. Therefore, the proof is completed. [

3. Main Results
In view of Lemma 4, we define an operator ¥ : C([0, T],R) — C([0, T],R) as

(a=1)
() = [ m (s, y(p" 7)) dy s
pA4

(e ) D)
pAa
(a-1)

(=2 = (b1~ 808 " STy ) dy
pa\* —

T
2[(B1— gt — (m —51’71)]/0 M
Pa

h(sry(Pa_ls)) dp,qs

D\’@ D\ﬁ? >\“

h(s, y(Plxils)) dp,qs
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2 T/p (T/p qs);ﬁ;z) a—2
¢ —— (s, dpgs, 20
+ A [(B1—C1) (M @1’71)]/0 p(a;) W(ﬂ 1 (s,y(p"*s)) p4s (20)

where
A= (B2—G)(m —Cim) — (B1 — C1)(B2T + 12 — {oi2) # 0.
Let O := C([0, T], R) denote the Banach space of all continuous functions from [0, T
to R endowed with norm defined by ||y|| = max{|y(t)| : t € [0, T|}.

Observe that the boundary value problem (4) has a unique solution if the operator
equation Yy = y has a fixed point, where ¥ is given in (20). For convenience, we let

k= (I54A) (D) + 161100 (T) (147 ) () + |22loa(T) (1501) (12)

+ [Baloa(T) (18,,1) (T) + [r2loa(T) (1552 ) (T/p), e2)
where
oy(1y = (B2 =&l T+ fA2|T+ 72 = Garpa|)
and

o5(T) = (181 — C1T|Z||’h — Qi)

Theorem 3. Let h : [0, T/p*] x R — R be a continuous function and note that there exists a
(p, q)-integrable function A : [0, T/ p*] — R such that

(A1) |h(t,y) — h(t,2)| < A(t)|y —z|, foreach t € [0, T/p*| and y,z € R.
If
k<1, (22)

where k is given by (21), then the boundary value problem (4) has a unique solution.

Proof. Letusfix sup |h(t,0)] = M and choose

te[0,T/p%]
r > 7MA ,
—1—-k
where
T* ( ) o« ( ) a—1
A= ———+|B2|02(T) =—— + |12|02(T
a1 PN gy Tnle(M 5
oM —1 1 glem—E 23)
Tpq(a+1) Tpg(a+1)

We define B, = {y € C : ||y|| < r} and we shall show that ¥B, C B,, where V¥ is
defined (20). For any y € By, observe that

(h(ty(t)] < |h(t,y(t)) — h(t,0)| + |h(t,0)] < A(t)r + M (24)
and

F(t—gs)\ )
Yy) ()| < | ——LT—|h(s,y(p* ! d
)l < [ Ty 1) s
(a—1)
m —4gs
+|§1\‘71(T)/0 bn—o)a

7 (s, y(p*~'s))| dpqgs
P(z)rp,q (0{)
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2 (1 —gs) )

pOT,q(a —1)
T T (T qs);aq l) h a—1 d

+ |B2|oa( )/0 m| (s,y(p* 's))| dpgs
(x=2)

T/p (T/p —q)pg
T - /T
+ |72|o2( )/0 p( )Fp,q(tx—l)

T (T — gs)& b
s/ ( I Jpa |A( fl>r+M|dMs
Joo pT, (a)
(77 qs);“q Y s
+ o (T A r+M|d,gs
|1l ( )/0 qu(oc) | (p"‘—1> | dpg
(1> (

2] (T)/'h “ i < S ) +M|d
+|0|o 7 s
2172 0 p( qu a—l p1 A

(al

+lealen() [ (s, (2 15))] dpgs

(s, y(p"725))| dp,gs

T (T —qs)p
p( qu(x—l)

+|Baloa(T) |

|A<pf >r+M| dy s
)

T/p (T/p — qs)gx 2

p(‘2)T) (a1

S
oy M| d
Flaloa(T) | A ) M

T* o a—1

T
< M{IWJFU + |ﬁz|01(T)m + |72|02(T) Ty (@)

Harloa D) s ol 1

e [T () e

+&1]on(T) /O'“ rq:q*“? ( £) dras
+|Cz\¢72(T)/O.U2 I?:qpq ( ) pgS
+B2loa(T) /O (;gl‘fz/f:a;u(pf_l) s

/v (T/p—qs)yy s
+|72|02(T)/ =, = A( = 2) dpgs ¢
0 p( 2 )]_—'p,q(a_l) P

which, in view of (21) and (23), implies that
|¥y|| < MA+rk <.

This implies that Yy C B,.
Now, for y,z € C, we obtain

(25)
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¥y - ¥|

< te[i}?/)p“]{/t (;(;)Zj;%é)l) }h<5']/(l7a715)) - h(S,Z(P’X*lS))’ dpqs
+Harlor () [ M\h<s,y<p*—ls>> = (s, 2(p*715))| dpgs
Hzzloxr) [ M\h(w(pﬂ—%)) = (s, 2(p*15))| dpgs

T (T —gs){& Y

+1B2lox(T) [ T Y ) dys

Haloo(r) [ Wlh(w(p“s)) (s, 2("5)) dp,qs}
<ly == {/OT . _ﬁ,,)fiz )A<p;—1) e

i )

et [ <";<:ij%“>” (555) s

(a—1

T (T —gs), s
+01(T)|ﬁ2|02(T) /0 p(g)r F’(Z() A(P“l> dp'qs
: P4

/p (T/p—as)® /s
per(Taloam) [T (L ) s
P pa\t—

from which, in view of (21), we obtain
Iy — ¥zl < klly —z[|.

Because k € (0,1) by assumptions (22), therefore, ¥ is a contraction. Thus, it
follows by Banach’s contraction principle that the boundary value problem (4) has a
unique solution. O

In case A(f) = A, where A is a constant, the condition (22) becomes AA < 1 and
Theorem 3 takes the form of the following results.

Remark 1. If h : [0,T/p"] x R — R is a contraction function and there exists a constant
A > 0 with

[h(t,y) = h(t,2)] < Aly —z],
foreacht € [0,T/p*] and y,z € R, then the boundary value problem (4) has a unique solution,
provided that k < 1.

Our next existence results are based on Krasnoselskii’s fixed-point theorem.

Lemma 5 ([80]). (Krasnoselskii’s fixed-point theorem) Let M be a closed, bounded, convex, and
non-empty subset of a Banach space X. Let A, B be two operators such that:

(i) Ay + Bz € M, whenevery,z € M;

(ii) A is compact and continuous;
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(iii) B is a contraction mapping.
Then, there exists x € M such that x = Ax + Bx.

Theorem 4. Let h : [0, T/p*] x R — R be a continuous function satisfying (Ay). In addition,
we assume that
(Ay) there exists a function u € C([0, T/p*|, R") and a non-decreasing function ¢ € C([0, T/p"],
R™) with
h(t,y)| < u()o(lyl),
where (t,y) € [0,T/p*] x R.

If

T(T—gs)i ) /s

/ _ M=) dpgs

0 p(z)]"p’q(a) p*

(aq—l) s

;x) A<p"“1)d”’qs
m (12— qs) |

m (m —qs),
(
b (s
+ |€2|‘72(T)/0 P(g)rp,q(‘x) A<pa—l) dpr‘is
)

Hala( [ =5

T(T—gs)pg (s
+oy(T T / _pa )\( ) d
ADpaleaD) [ A ) doas
Ty (T/p—as)yy ™ (s
oDl [T () dys <1,
0 pl2lTya(a—1) \P
then the boundary value problem (4) has at least one solution on [0, T].
Proof. Let By := {y € C: |ly|| < 7}, where
T T® a—1
7> o7 - T)m—/— T
72 00 gy + 1l (D gy + koD

+|Q|®(ﬂ% + |§2|‘72(T)rpqul_i_1)},

where ||u|| = sup |u(t)| and define the operators P and Q on By as
0,7/p]

) (e1)
Py0) = [ s,y 1) s

0 p(g)l“p,q(a)

and

. m (1 — 45)%71)
(Q9)(6) = S 1(B2— Q2)t ~ (BaT + 72— Cama)] | PITp()
(a—1)

% 12 (112 = 45)pg
+ 3 n = aim) — (B - él)t]/o pOT,,(a—1)

B2 T (T = gs)jy "
+ 5 (B =8t = (1 — 51771)]/0 W(;q_l)

(a-2)

. T/p (T/p —q5)pg
L2108y =)t = (11 — E9T

h(S/]/(Pa_ls)) dp,qs
h(sfy(PailS)) dpqs
h(sry(i’ails)) dp,qs

h(s,y(p"‘_zs)) dp,qS, (26)
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where

A= (B2—02)(71—Cim2) — (B1 — C1)(B2T + v2 — {o12) # 0.

For y,z € By, we have

o (a—1)
(Py+Q2)() < | t %‘h(s, y(p*15)| dpgs
m (g —gs)5 ")
L[(Ba — Ca)t — (B2T + 72 — Lam2)] /o W
12
L (e ae) (@)
[(v1 = Cim) — (B1 — Cu)t] /017 W}Z(S zZ(p*71s)) dpgs
pYq
T (T —gs)fy ") 1
B~ 00t = (=) s 20 15)) dgs

D\m D\‘@ D\W

T/p (T/p— qs)](g’,xq_2)
a—1
p( 2 )Fp,q(“ -1)

‘ >|=

lpr— 2t = (n— )] | (s, 2(p"725)) dpgs

t— gs)let)
S/O L u(t)p(lyl) dpgs

(z)rw( )
e M
(1) [ D (0621 dys
pag\&
(’72 45)(“ Y
+ |§2|¢72(T)/0 mﬂ(ﬂﬂﬁ”‘ims
pa
s (a=1)
+ ’ﬁ2|0'2(T) /OT p((?)r q()(xl) ( ) (|ZD dpqs
Pa
(x—2)

T/p (T/
+|72|02(T)/ L/~ 45)na

———u(t d
gy D dyas

" o x—1
< 4)(r)||y||{rpq(7‘;‘+1) + |,32|(71(T)FM(I;H_1) +[72|02(T) rz;q(a)

+\§1|02(T)% + |€202(T)1"pq(7xl+1)}

<.

Thus, Py + Qz € By. From (A7) and (26), it follows that Q is a contraction mapping.
By continuity of h, we obtain that the operator P is continuous. It is not difficult to

verify that
o) ||p ) T
Pl < Tt 1)’

Therefore, the set P (By) is uniformly bounded. Next, we shall prove the compactness
of the operator P. Now, for any y € By t1,tp € [0, T] with 1 < ;. Then, we obtain
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|(Py)(t2) — (Qy)(t1)]
2 (t — gs)@—1) (= gs)D
_ /Ot %f(s,y(p“‘ls))dp,qsf/ot (tp(qS)

f(s,y(p"‘_ls)) dp,qs

P(g)rp,q("‘) g)rp,q(”‘)
b (ty —gs) @Y — (t — gs) @V 1
</ _ s, y(p*7's)) dygs
</ TP f(s,y(p"7s)) dpyg

f2 (t2 - qs)(uil) a—1
+ o« 4 d
/tl PO o) A 9) dpas

_ ik —gs) Y — (# —gs)@ D 1
< (@) |pll l/o PO, (@) f(s,y(p*7s)) dpgs

f2 (tz - qs)(lxil) a—1
(2 —45)" g, dpgs.
/tl p(z)l"p,q(zx) f(s y(p S)> p’qs

which is independent of x and tends to zero as t; — t,. Thus, the set P(By) is equicontin-
uous. By the Arzeld—Ascoli theorem, P is compact on By. Therefore, the boundary value
problem (4) has at least one solution on [0, T|. This completes the proof. [J

Remark 2. Let h: [0, T/p*] x R — R be a continuous function satisfying (Ay). In addition, we
assume that

h(t,y)| < u(t), ¥(t,y) € [0, T/p*] xR and p € C([0,T/p*,R").
If (26) holds, then the boundary value problem (4) has at least one solution on [0, T].
The next existence results are based on the Leray—-Schauder nonlinear alternative.

Lemma 6 ([81]). (Nonlinear alternative for single value maps) Let E be a Banach space, C a closed,
convex subset of E, and U an open subset of C with 0 € U. Suppose that ¥ : U — C is a continuous,

compact function; that is, ¥ (U) is a relatively compact subset of C map. Then, either
(i) Y has a fixed point in U, or
(ii)  thereis a u € U (the boundary of U in C) and A € (0,1) withu = AY¥ (u).

Theorem 5. Let hh: [0, T/p*] x R — R be a continuous function. Assume that:

(A3) there exist functions p1, p2 € C([0, T/p*],R"), and a non-decreasing function ¢ : Rt —
R such that

1t y)| < pr(OY(lyl) + p2(t), by € [0, T/p*] x R;
(Ay) there exists a number M > 0 such that

M

P )

where

wir=(1+ Iﬁzlaz)(l,”;,qpi) (T) +|Zalen (T) (I;‘,qpi) (m) +22l02(T) (I;‘,qpi) (12)
+ 7aloa(T) (g pi ) (T/p), i = 1,2

Then, the boundary value problem (4) has at least one solution on [0, T.
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(Fy) (0= () (1) < |

Proof. Consider the operator ¥ : C — C defined by (20). We first show that ¥ is continuous.

Let {y»} be a sequence of function such that y, — y on [0,T/p"]. Given that h is a
continuous function on [0, T/ p*], we have

h(t,yn(p*t)) — h(ty(p*t)).

Therefore, we obtain

b(t—gs)ie Y

aiwh (%)) — h(s, y(p® J
pBIT) () (s, yn(p®s)) = h(s, y(p"s))| dpgs

(a—1)

k(1) " B sy, 479) — s () s
P4

(2= 45
+ T rYn “ —h ’ “ d
G2l ( )/0 p(z)rp’q(ailﬂ (5,yn(p*s)) = h(s,y(p*s))| dpgs
T (T —gs)p "
+ T) | —m——|h(s,yn(p"s)) — h(s,y(p"s))| d
|B2|oa( )/O p<2)rpq(,¥_1)| (s, yn(p"s)) = h(s,y(p"s))| dp,gs
T/p (T/p—qs)g

— L |h(s,yu(p"s)) — h(s,y(p"s))| dpys,
p( )FW(«X -1

+ r2lon(T) [
which implies that
¥y, —¥y|| = 0 asn — oo.

Thus, the operator I is continuous.
Next, we show that ¥ maps a bounded set into a bounded set in C([0, T], R). For a
positive number r > 0, let B, = {y € C([0,T]) : |ly|| < r}. Then, for any y € B,, we have

()0 = [ (;(_)‘1’,:;()) (5,9(p*715)) dpgs
+ (B - )t = BT+ 2= Cam)] [ W}z(w(w-ls)) s
+ 2 — o) - (B -] [ M%x@,y(pﬂs)) s
P2y o [ Mﬂwwﬂs)) dpas

T/ T (a—2)
p—( /P~ s F(s,y(p*2s)) dpgs

p( )Fp,q(oc—l)
T/p (T/p—qs)éf‘;z)

a—1
p( 2 )FP#(‘X — ])

+ %[(/ﬁ =gt = (11— Cum)) /

+plabat + a2l G5,y (p*))] s
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= /oT (Tp(g—)g::(:a;) [m(p"‘ 1) (||y||)+p2(p ﬂ Tpa®

e [ “7;@‘) jpii’q;) (e oo + ()| s
(«

i [* B [ (2 Y+ (5)

+lpaloam) [ (£<2>17:)iq))[” (55 ottt + e (555 )| s

T/p (T/ s
+mloa(ry [ e ’”1[ (55 )i+ p2 (5 )| s
P2 )T (0 —

T go)) (s
< 1/)(7){/0 p(g)rpq(“) Pl(p,x1> dp'qs

(a—1)
m (T —qs)pyq s
+|€1|01(T)~/() p( )Fp,q( ) pl(pal) dpqu
(

-1)
(o)
+|€2|02(T)/0 SO, () Pl(pa—1 dpqs

T(T =gy (s
e =

T/p (T/p—qs)y > s
+|’Yz|(72(T)/O P e P1<pa 1) dpqs

p( 2 )rp,q(‘x — 1)

LI
d
+{/0 P(;)rpq( ) P1 pafl p.qs

(a—1)
+\§1|01(T)/0 (771 51 )?Z) (PS )dms
' rYq
(’72 gs) Vs
Healea() [* e (5 ) doas
o l

i [ S )

T/p (T/p—qs)]([,,; ) ( S )
T d d .
+ 72|02 ( )/O p(agl)rp,q(‘x_l)pl e p,qS

We have
Yyl < ¢(r)wr + w2 < M.

Therefore, the set ¥ B, is uniformly bounded.

Now, we show that ¥ maps bounded sets into equicontinuous sets of C([0, T], R).
Let t1,tp € [0, T] with #; < t; be two points and B, be a bounded ball in ¥. Then, for any
y € B;, we obtain
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|(Yy)(t2) = (Yy)(t)]

" (1 — gs)* Y o
< = \h(s,y(p" d
<|/ TE g ) s

bt —gs) @V -1
— e 1h(s,y(p*s))| dpgs
/o p(z)]"p/q([x) ‘ (s,y(p ))‘ PA

(a—1)
LT Ly [ = 9)pg -
’A||§1(/32 02)|(t2 f1)/0 VT, o (a) ‘h(s,]/(P S))‘dms
T (T - ‘75);“1771) -1
—aw———|h(s,y(p"7s))| dpgs
pOIT, () ‘ ‘ P4
(T —gs)yy
p(z)rm((x)
/e (T/p—qs)hy >

pA o
o |h(s,y(p"s))| dp,qs
P( 2 )rp,q(“ -1)

< /“ (t2—qs) "V (1 —gs)*
/o

+
+ sl - 1) [
|A| 1]142](t2 1 0

1 .
+ mlﬂélllﬂéz\(fz - fl)/o ‘h(s,y(p 1s))’ dp g8

+ |i||"<1ﬁz|(fz —t1) /O

P(g)rw("‘) P(%)Fp,q(“)
+ - r) + dp,gs
I, b1, ) [\t )PP ) | A

1 T (T—qs)é’?l) r s s \]
gttt ) [T (5 g+ e (5 ) e

1 T(T—qs)5y VT s s\
gttt ) [T (5 g+ e (5 ) e

1 T (T—qs)}(fq_l) [ s T
gtttz ) [T (5 g0+ (5 ) o

Al i qS);a—qz) [ ( : ) ( : ﬂ
+ — tp —t : P(r) + dy48.
| | |¢x1ﬁ2|( 2 1) /0 p(agl)l"p,q(zx 1) p1 P“il (r) p2 pa,l .95

Obviously, the right-hand side of the above inequality tends to zero independently of
x € By as tp — t;. Thus, it follows by the Arzela—Ascoli theorem that ¥ : C([0, T],R) —
C(]0, T],R) is completely continuous.

Now, the operator ¥ satisfies all the conditions of Lemma 6 and, therefore, by its
conclusion, either condition (i) or condition (ii) holds.

Now, we show that the conclusion (ii) is not possible. Let

U=A{yeC(0T,R): |yl <M}

with ¢(M)w; + wy < M. Then, it can be shown that
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T (T —gs)@1) s
vy <w<||y|>{ f St () doas
pAa

(a—1)

m (171 —q8)pg < 5 )

T / < d

+‘§1|Ul( ) 0 p(z)rp,q(zx) p1 pa—l p4s
(a—1)

2 (112 _qs)p,q < S )

T/ n d

+[G2loa(T) 0 PO, () P\ et ) fras
(a—1)

T(T—qs)pgq ( s )
+|B2|oa(T / z - dpgs
|.B2| 2( ) 0 p(z)l_,p,q(a) P1 pa71 r.q

/v (T/p —qs)\ >

S
+’)/ U(T) a— ( — )d’s
72|02 /0 p( 21>rp,q(a_1)l’2 a1 ) fra

T (T —gs)@ V) E
U S pz( “1>d”"’s
0 pTp.(a) p
(a=1)

M L (s
oD 7y ) doa

(a—1

-1)

2 (12— 45) pq < s )

+|€2|‘72(T>/0 P(g)rp,q(‘x) p2 pa—l dPr‘is
(a=1)

T(T - qs)p,q S
G e s
(a—2)

T/p (T/p—4q8)pyg s
e (1) [ LI (L) s

/0 pCT, (1) \p )
<Pp(M)wi +wy < M.

Suppose there exists y € oUf and A € (0,1) such that y = A'¥x. Then, for such choices
of x and A, we have

M= [lyll = AMI¥yll < v(llyl)wr + w2 < M.

This leads to a contradiction. Accordingly, by Lemma 6, we have that ¥ has a fixed
point y € U, which is a solution of the boundary value problem (4). Therefore, the proof is
completed. O

Remark 3. If py, pp in (As) are continuous, then w; < Alp;||, i = 1,2, where A is defined
by (23).

4. Examples

In this section, we give some examples to illustrate the investigated results.

Example 1. Consider the following fractional (p,q)-difference equation with the boundary
value problem

{ D)3, 5y(t) = 5 (sin(t) + tan~! (y(¢/8)) +y(t/8)), t € [0,8],
y(0) + 3Dpqy(0) = y(1/3), 5y(1) + 3Dpqy(4) = y(2/3).

By applying Theorem 3 with p = 1/4,9 = 1/5,a = 3/2,51 = 1,71 =1/2,(1 =1,
Bo=1/2,v=3/2,00=1,11 =1/3,1p =2/3,T =1, and A is a constant to be fixed later on.
By simple calculation, we have A = 1/12,01(1) = 4/3, and 05(1) = 2. Let

(28)
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A<

-1
1 171/30 + 8v/15 + 481/5 — 2166
I'1/41/5(3/2) 45/30 — 721/6 '

It is not difficult to show that

[f(ty) = f(£2)| < Aly -z,

foreach t € [0,8], and

p A 1714/30 + 81/15 + 481/5 — 216v/6 -1
T1/41/5(3/2) 45/30 — 721/6 '

Then, all the assumptions of Theorem 3 are satisfied. Accordingly, by Theorem 3, the boundary
value problem (28) has a unique solution.

Example 2. Consider the following fractional (p,q)-difference equation with the boundary
value problem

3/2 . t/8 e V(t/8) (1241
“DY31s(t) = g5 cos 2 sin(LFE) 4 z+(t2 il teps),

y(0) + 3Dpay(0) = y(1/3), 3y(1) + 3Dpey(4) = y(2/3).

By applying Theorem 5 with p = 1/4,q = 1/5,0 = 3/2,1 = 1,m = 1/2,{1 =
1,82 =1/2,7v9 =3/2,0p = 1,11 = 1/3,1520 = 2/3,T = 1. By simple calculation, we have
A=1/12, 01(1) =4/3,and 05(1) = 2.

On the other hand, we have

(29)

R GRS VN
F(t )] = | g cos 'l sin(lyl/2]) + —5 5~ + 3

1
< = .
<3 lyl +1
Obviously, p1 = 1/16,p» = 1,¢(M) = M. By simple computation, we obtain
w1 ~ 0.9149007474, w, ~ 29.27682392. Additionally, from the condition (27), it follows that
M > 344.0315046. Thus, all assumptions of Theorem 5 are satisfied. Therefore, the boundary value
problem (29) has at least one solution.

5. Conclusions

In this paper, we study nonlocal fractional (p, q)-difference equations with separated
nonlocal boundary conditions. The existence of solutions for the problem is given by
applying some well-known tools in fixed-point theory, such as Banach’s contraction map-
ping principle, Krasnoselskii’s fixed-point theorem, and the Leray-Schauder nonlinear
alternative. Some illustrating examples are also presented. We hope that the paper will
inspire interested readers working in this field to draw upon these ideas and techniques.
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