i fractal and fractional

[

Article

Some Double Generalized Weighted Fractional Integral
Inequalities Associated with Monotone Chebyshev Functionals

Gauhar Rahman ¥, Saud Fahad Aldosary 2, Muhammad Samraiz 3

check for

updates
Citation: Rahman, G.; Aldosary, S.E;
Samraiz, M.; Nisar, K.S. Some Double
Generalized Weighted Fractional
Integral Inequalities Associated with
Monotone Chebyshev Functionals.
Fractal Fract. 2021, 5, 275. https://
doi.org/10.3390/ fractalfract5040275

Academic Editor: Norbert Herencsar

Received: 12 November 2021
Accepted: 8 December 2021
Published: 15 December 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Kottakkaran Sooppy Nisar >*

Department of Mathematics and Statistics, Hazara University, Mansehra 21300, Pakistan;
gauhar55uom@gmail.com or drgauhar.rahman@hu.edu.pk

Department of Mathematics, College of Arts and Sciences, Prince Sattam Bin Abdulaziz University,
Wadi Aldawaser 11991, Saudi Arabia; sau.aldosary@psau.edu.sa

Department of Mathematics, University of Sargodha, Sargodha 40100, Pakistan;
muhammad.samraiz@uos.edu.pk

*  Correspondence: n.sooppy@psau.edu.sa or ksnisarl@gmail.com

Abstract: In this manuscript, we study the unified integrals recently defined by Rahman et al. and
present some new double generalized weighted type fractional integral inequalities associated with
increasing, positive, monotone and measurable function . Also, we establish some new double-
weighted inequalities, which are particular cases of the main result and are represented by corollaries.
These inequalities are further refinement of all other inequalities associated with increasing, positive,
monotone and measurable function existing in literature. The existing inequalities associated with
increasing, positive, monotone and measurable function are also restored by applying specific
conditions as given in Remarks. Many other types of fractional integral inequalities can be obtained
by applying certain conditions on F and ¥ given in the literature.
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1. Introduction

In the context of fractional differential equations, integral inequalities are very signifi-
cant. This field has gained popularity during the last few decades. Various researchers,
such as [1-3], have investigated the significant developments in this domain. By employing
Riemann-Liouville (R-L) fractional integrals, the authors presented Griiss type and several
other new inequalities in [4,5]. Certain inequalities for the generalised (k, p)-fractional inte-
gral operator are proposed in [6]. In [7], the modified Hermite-Hadamard type inequalities
can be found. Dahmani [8] discovered various fractional integral inequalities employing a
family of n positive functions. In [9], Srivastava et al. presented the Chebyshev inequality
by employing general family of fractional integral operators. Some remarkable inequalities
and their applications can be found in nthe work of [10-15].

In [16,17], the Chebyshev functional for the integrable functions Z; and Z; on [v1, v;],
is given by

H(Z1, 2o, 1) = /v " 1,.(0)d6 /U " 11(0) 21(0) 2,(0)d6 — /v " 1(0) 21(6)d6 /U *1(0)2,(0)d0, (1)
where the function 71 is a positive and integrable on [v1, v2].

The following extended Chebyshev functional for the integrable functions Z; and 24
on [v1, 3] can be found in [5,18] by
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H(Z1, 2,11, 1) = /v2 12(8)d6 va hl(e)zl(e)zz(e)d9+/:2 71(0)d6 /vvz 12(8) 21 (0) Z,(6)d6

- [Fm@z@d0 [ e 2000 - [~ o200 [ nezede. @

vy Jouy

where the two functions 71 and f; are positive and integrable on [v1, v3].
Kuang [19] and Mitrinovic [18] proved that H (21, Z»,711) > 0and H(Z1, 22,71, 12) >
0 if the functions Z; and Z; are synchronous on [v1, v3].

Remark 1. If we take 111 (0) = hp(0) = 1,0 € [v1,vy], then
1
H(Zl/Z2/h1) = EH<Zl,ZZ/ hl/hZ)'

Certain remarkable integral inequalities associated with the Chebyshev’s function-
als (1) and (2) can be found in the work of [20-25].
Awan et al. [26] proposed the following inequality by:

Theorem 1. Let the function g be an absolutely continuous on [vy,v;], and hy be integrable and
positive function on [v1,v;] and (§')* € L1[v1,v,), then the following inequality holds;

(@) < s [ [m@de [ om(oe~ [ mie)de [ ameide] (@' @)

1 1

where G(vp) = f:lz f1(0)do.

In [27], Bezziou et al. proposed the below result for Riemann-Liouville fractional
integral as follows:

Theorem 2. Assume that the function g : [v1,v2] — R be an absolutely continuous function,
and the function hy : [v1,v3] — R be an integrable, and (g’ )2 € Lq[v1,vy]. Then the following
inequality for x > 0 holds:

5 1y (02)TF, g (02) — (%  mg(02)2 < [ Y (6)[g(6)]%d6
v+t 02 U1+ 18 (02 U1+ 18102 =~ Jo 8 ’
1

1 0

Y(0) = 2 |:I§1+02h1<02)/ (v2—0)" 'h1(0)do — Z5, + 11 (v2) /9 0(v2 — 0)" ' (0)do|.

U1 01

Dahmani and Bounoua [28] proposed the following inequality for Riemann-Liouville
fractional integral by:

Theorem 3. If the function g : [v1,v2] — R be an absolutely continuous and let hy : [v1,v2] —
R be an integrable function. If (<I>’)2 € Li[vy, 0], then for all k > 0, and 6 € [vy, 03], the
following inequality holds;

1 9 2 _
Izlflhl (9) qu + (hlg ) (9)

with

2
L X ; o / 2
W1m+(h1g)(9)] < [Iz’,‘ﬁhl(ﬂ)f/m Pc(0)[g'(6)]°do,

1+

P0) = 1y [T hi ) [ (@)= @) e T i (x) [ am(0)(x— o) g
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Definition 1 ([29]). Suppose that the function ¥ : [0,00) — [0, 00) be satisfying the conditions
given below:

1¥(o)
—do < 3
| S <o, 3)
1 ¥(h) 1 I
Z < <p-<M<
P~ \P(hz) - P,Z - hz <2 (4)
Y(h Y(h
) < Q¥ 4y <y, ©)
1 hi
Y(ho) ¥(h) (hz) 1 _m
_ < Sl —h < L<o 6
| h% hz | |2 1‘ 2 > hz ()

where P, Q, S > 0 and are independent of hy, hp > 0. If ¥ (ha)h5 is increasing for some o > 0
and % is decreasing for some B > 0, then ¥ satisfies (3)—(6).

2

Next, we recall the following generalized weighted type fractional integral operators
recently proposed by Rahman et al. [30].

Definition 2. The generalized weighted type fractional integral operators both left and right sided
are respectively defined by:

C¥(F(0) — F(a)) /
70 —Flo) “@F(@Zi(demn <8 ()

(Zzh.z) 0 =a70) [

1

and

(Zzx z)e =@ [T TELT Do @z n >0 ©

Remark 2. 1. If we consider ¥ (F(0)) = F(0), the fractional integrals (7) and (8) reduce to
the following:

(5200 22) @ =@7'0) [ @(@)F (0) Z1(e)e 21 < 0

01

and
(370-2)0) =07(6) [ 0(0)F () Z:(0)do0s >,

respectively.
2. If we consider F(0) = 6, the fractional integrals (7) and (8) reduce to the following
respectively

(Fzz) @ =@ [ TELazi@a0 <0

and

(27-z) @ =07Y0) [ ‘P(QQ_—GG)@(Q)Zl(Q)dQ,Uz > 9.

0
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3. If we consider ¥ (F(0)) = ff((i))x , the fractional integrals (7) and (8) reduce to the following

respectively (see [31]):

1
(275.20)00) = 8 [ (F0) - oy a7 @200 <0

and

71 vy
(275 2)0) = S [ F0) - 7o) e@F (@) 2 (0o 02 > 6,

where x, € C with R(x) > 0.
4. If we consider F(0) = 6 and ¥ (F(0)) = %, the fractional integrals (7) and (8) reduce

to the following:

(0J5,421)(0) = @ (0) /09(9 —0)" '@(0)Z1(0)do,v1 < 0

[(k) Jo
and
(%200 = T [P0 tel0) 200 >,
respectively.
5. If we consider F(0) = In60 and ¥ (F(0)) = (lrn(z;’(, the fractional integrals (7) and (8)

reduce to the following weighted Hadamard fractional integrals:

-1
(a5, 20)0) = S [ (100 - g a(0)21(0) 2, o <0

and

. 01(0)
(T )

Uy —

Z)(0) =

o2 x—1 dQ
/9 (ing~In6)"@(0) 21(0) ., o2 > 6.

6. If we consider F(0) = 0" and ¥ (F(0)) = %, 1 > 0, the fractional integrals (7) and (8)
reduce to the following weighted Katugampola fractional integrals,

-1 . x—1
(oI5, 21)(6) = cvr(K()G) /:(9’7 ’7 gv) @(9)21(@51@,7, v <6

and

-1 vy _ xk—1
(Z521) (6) = ‘DF(K()G) / (QW : 917) w(@zl(g)gf‘{?, v > 6.

7. If we consider F(0) = 6 and ¥(F(0)) = %exp(—%@), n € (0,1), the fractional
integrals (7) and (8) reduce to the following weighted fractional integrals,

(o2 22)0) = O [ep( 10— ) )o(1zi(0) w1 < 0
and
(a)IZZ_Zl> (0) = w;(e) /902 exp(—1;’7(e - 9))@(@)31(9)01@, vy > 6.

Also, one can derive the weighted form of conformable fractional integrals introduced by [32-35]
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The following special cases can be easily obtained by applying the conditions on @(6)
and ¥ (F(0)).

Remark 3. 1. If we consider @(0) = 1 and ¥ (F(0)) = F(0), the fractional integrals (7) and (8)
reduce to the following:

(szl+21)(9) = /Ue F'(0)Z1(0)do,v1 < 6

1

and
F 2
(7Zer-21)(0) = [ F(0) Z1(0)do,02 > 6,

respectively.
2. If we consider @(0) = 1 and F(0) = 0, the fractional integrals (7) and (8) reduce to the
following respectively (see [36]) as follows:

(PTo-2)0) = [ Tz, (g)ag 0 <6

Jouy -

and

F _ [ ¥(e—9)
( Ivz,Zl)(G) = '/9 00 Z1(0)do, vy > 6.
3. If we consider @(0) = 1and ¥ (F(0)) = %, the fractional integrals (7) and (8) reduce
to the following respectively (see [37,38]):

(725,20)0) = 15 [ (F0) = F @) F (@) Z1(0)doon <

and

(72 2)© = 1 ) F@ - F O F @2 (do0n >,

where x, € C with R(x) > 0.
4. If we consider @(0) =1, F(0) = 0 and ¥ (F(0)) = %, the fractional integrals (7) and
(8) reduce to the following (see [37,38]):

(35,+21)(0) = r(lK) /:(9 —0)" '21(0)do,v1 < 0

1
and

1

(352—21)(9) = m /:2 (Q — 9)1(—121 (Q)dg, vy >0,

respectively.
5. If we consider @(8) =1, F(0) =In6 and ¥(F(0)) = (In6)" the fractional integrals (7)

T(x) /
and (8) reduce to the following weighted Hadamard fractional integrals (see [37,38]):

0
(5:20)(0) = g [ (n0 =@y 1 21(@)5L 01 <

1

and
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(Z5,-21)(0) = r(lk) /:2 (Ing - ln9)"‘121(e)29, vy > 0.

6. If we consider @(0) = 1, F(0) = 0" and ¥(F(0)) = %U, n > 0, the fractional
integrals (7) and (8) reduce to the following Katugampola [39] fractional integrals respectively,

. 1 orem—gn\*! do
(I Zl)(e) F(K) \/01( I ) Zl(Q)FI v1 <6

and

« 1 o/l -6\ dg
(I Zl)(e) F(K)/G ( " ) Zl(Q)ﬁ’ vy > 0.

7. If we consider @(0) = 1 F(0) = 6 and ¥ (F(0)) = %exp(—l_TWG), n € (0,1), the
fractional integrals (7) and (8) reduce to the following weighted fractional integrals,

(@z) 0 = [Cep(-Li0-0) 21000 o <o

1

and

1 o 1-

U — n

(Ivz,zl) (6) = %/o exp(ﬂ(g - 9))Zl(g)dg, vy > 6.
Similarly, (7) and (8) will lead to the fractional integrals defined by [32-35].

2. Some Double-Weighted Generalized Fractional Integral Inequalities

In this section, some double-weighted generalized fractional integral inequalities are
presented. To this end, we begin by proving the following Lemma.

Lemma 1. Let the function F be measurable, increasing, positive and monotone function on
(v1,v2), and has a continuous derivative F' on [v1,v3]. If @ : [v1,v2] — R is continuous on
[v1,v2], and hy, By« [u, 0] — R are positive integrable. Then , we have

[gz;}ml(vz)} [fz 1+vz(hzd>)(vz)} + [fz 1+<I>(vz)} [gz;ﬁwz(hl@)(vz)}
—[SZ8 oot (02)] [ FZ8 4 (h2@) (02)]| = [ ST coata(02) | [ ST (@) (02)]

_wgg) /:2 [ 50y 10211 (02) /: T_(;EEJZZ))__;ZS))cD(Q)}"'(Q)hz(Q)dQ

0 o) —
228 (o) [ oI D o) 7 (g halee] (0 ©

Proof. Assume that Z; : [v1,v3] — R is a continuous function on [v1,v;]. Then, one
may gets

2T ha(0n)| [ D2 (12 209) (02)] + | T2 L @(02) | [ BT 4 (m Z210) (02)|
- [fIL(hlzl)(vz)} [fzmhz@)(vz)} = [2ZE (2 )] [ FT (@) (02)
220) f/ P = Do

7@
T f(g))>co(e)f’(e)hl<¢>hz<g>[<zl<g> 2 (0)(@(E) — Ble))icde.
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Consequently, it follows

{c]O:I;JI;Jrhl(UZ)} {fz;ﬁ(hzzlq))(vz)} [ff 1+¢(Uz)} [£I£+(h121¢)(02)}

- [fIL(mzl)(vz)} [fI;ﬁ+<hz<1>>< 2)] = | FZE 4 (2 21) (02) | [ S22 (@) (02)]
-7 //T D o))

‘f<f<v> F(0)) , ‘o
X m;_ 10 w(e)f(e)hlwmz(g)(zl(é)—zl<e>>(/g @(ﬁ)dﬂ)déde- (10)

By utilizing the given condition 1 < ¢ < 0 < ¢ < vy, we get

5T (o) [ ST (m21®) (02)| + [T, @(02) | | ST 1 (m219) (02)]

[fI;€+<hlzl>< 2| [ST8 1 (@) (02)| = [T 4 (1220) (v2)| [T 4 (1) (32)]

_ 1 O ¥ (F(v2) = F(o) /

= ¥(F(22) - () , ,
< [F = S 210 - 210)0(0)F (@) (@)dide] (' (0)) . an

Applying (11) for the particular case when Z;(v) = v, then we can write

[gz;};m(vz)} [fI;,‘;wz(hZCD (vz)} + [ I 1+<1>(v2)} [gz;ﬁwz(hl@)(vz)}

)
[T oot (02)] [ BT (12@) (02)] = [ ST oo (02) | [ ST (@) (02)]

L F ) = F)
~@ | L e @F (@m0

= ¥(F(o) - F(0)) : ,
< Fes e €~ Q@@ F ©m(@)dzde] (' (0))do

1 e[l m¥FEE)-F@)
s ) 50 . Fer s L@ F @m(@d

¥ (F(02) — F(0)) / )
) /vl f(vzi — o) ClF (@ha(e)de - g

¥ (F(0r) = F@) :
<[ e e @) F @m (@ x [

¥(F(v2) = F(0)) , ,
8 ]—'(UZS_ F(0) @(Q)F (Q)th(e)dg] (@'(0))do.

Thus with the aid of (7), the above equation gives,

(ST i (@2) ]| [ ST o2 (ma®) (02)| + [ T8 @(02)| [ T2 02l @) (02)]

—[2TE oot (00)] [ 2T (1a®) (02)] = [£ZE L 0ha (02) | [ ST (@) (00)]
=@29) / Tz [2T8 coat(e2) [ 19 ‘szgjg)__;(gg)))(D(Q)J:'(Q)th(g)dg

8 Uy) — y /
~Zzh o) [ XN D o) 7 (g et (@' 0))as,

which completes the proof. [
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Based on Lemma 1, we prove the following theorem.

Theorem 4. Suppose that the function F be measurable, increasing, positive and monotone
function on (v1,v,), and has a continuous derivative F' on (vq,vp). Assume that @ : [v1,v,] — R
is absolutely continuous on [v1,v;), and hy, hy : [v1,v2] — R are positive integrable functions. If
(®")? € Ly[v1,v2]. Then, we have

528,022 189 + 23w 27 )
[fzz‘,ﬁ+(h1<1>)(vz)] [fIL(thD)( )}

<o L [ETE o) [ (”2)) (()” (o) F(0)ha(0)do 12)

01 (2

[4
' HF @) = F@) o :
ST [ e S @) F (@)hale)de] (@ (6)) o

1

Proof. By employing the definition (7) and Lemma 1, we obtain

{£I$+h1(vz)} {}-I;,I;Jr(hzq)z)(m)} 4 {LJ;:Z;I;Jrhz(vz)} {£Z§ﬁ+(h1q>2)(vz)}
—z[“’z%lcb)( 2)] {‘FI"(hzcbxxz)}
vy \IJ )

v —

U2

U1

o2 ,
T =) o6 (0 0 ()7 (@)ha(e) (0(E) - B(e) e

L1 e ¥F ) - FQ)
" @2(0) /U] /vl F(v2) = F(S)

2
HEE =T ) o) r o @00 (@06 - 0 ( TE=TE) dgae

Consequently, it follows that

|58 (02)] [ 520 (1297 (02)] + [ 228 halon)| [ 22 (11 97) (02)]
—z{“’ﬁ(hlcb)(xg} [“’29<hz<1>> ()]

(0) /z:z /U2 Y]—"(vz F(Q) ‘:))

£ @/(0)do
x ((E, 220 o) (@ @0l0)F (@) (0) ¢~ 0 (f_g) o

¢
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By applying Cauchy-Schwartz inequality [40], we get

[£Zzl£+h1(02)} [£z$+(h2q>2)(vz)] + {{gﬂ,ﬁﬁu(vz)} [£I$+(h1q>2)(vz)]
—2[“1’19(h1cp)(x )} [‘I’I"(rzzep)(x )}

2
o2 ‘1’ ]’(C))
F(8)

U2

01

¥ (F(v2) — F(0)) , , JE @'(0)do
f(vz)—f(g) @ (&) F (O (&)@ (e)F (0)ha(0)(E — 0)? (é‘e) dedo

l 2
Tg( = i(e)))w@f’(a)hl(@) @) F (@ha(e) € — 0 (ffdg)z(g_f/w))Zde)2 o
ok L re e
XTS;F(EZQ)) f((g)” Q@) F (©m (00 F (@h(0)(E — o) (W)d@de
s [ G870
XTS;F(UZ)_ T, <¢>f'<¢> (@007 (@hale)E — o) [ (@©)0) dee

Hence, using (11) and (13) concludes the proof. O

The following new particular results of Theorem 4 can be easily obtained.

Corollary 1. Suppose that the function JF be measurable, increasing, positive and monotone
function on (v1,v,), and has a continuous derivative F' on (vq,vp). Assume that @ : [v1,v5] — R
is absolutely continuous on [v1,v;|, and hy, by : [v1,v2] — R are positive integrable functions. If
(®")? € Ly[v1,v2]. Then, we have

[fz 1+1] [II;,I;+(F12¢2)(02)] + [gILhz(vz)} [fIL(@z)(vz)}
—2[ 2T, (@)(0)] [T, (12®) (02)]

1 O ¥ (F(v2) — F(0))
*/m EE=t /m f(vf) ~F(o)

=)
O ¥(Fo) - F@) o ,
ST [ 0 s e R F (@)ha(o)de] (¢/(0)) e

Proof. By considering 711 (0) = 1, 0 € [v1, v;] in Theorem 4, the desired result is obtained. [J

@(0)F'(e)ha2(0)do

Corollary 2. Suppose that the function F be measurable, increasing, positive and monotone
function on (v1,vy), and has a continuous derivative F' on (vq,v;). Assume that @ : [v1,v;] — R
is absolutely continuous on [v1,v;], and hiy, by : [v1,v2] — R are positive integrable functions. If
(®')? € Ly[vq,v2). Then, we have
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[gzgj+h1(vz)] [fz;g [ 1+1} [IIZ‘£+(F11<I>2)(UZ)}

2] +
2[5 4 (m®)(02)] [fzz+< )(@2)
S(DEO) /:2 {fzzlflﬂvzm(vz) /v1 (]_igjs) (()))(D(Q)Il(@)d@
D

0 ¥(F(vp)— Flo
7£I;I;+h1(02) -/01 ¢ F(v2) — F(o)

Proof. By considering 715(68) =1, 0 € [v1, vp] in Theorem 4, desired corollary is proven. [J

@(0)F'(0)de] (@'(0))do.

Corollary 3. Suppose that the function JF be measurable, increasing, positive and monotone
function on (v1,vy), and has a continuous derivative F' on (vq,vy). Assume that @ : [v1,v;] — R
is absolutely continuous on [v1,v;], and hiy, hy : [v1,v2] — R are positive integrable functions. If
(®")? € Ly[v1, 03] Then, we have

528 [22 @) - [2T0 @) )]
g@ze) [ [£z:£+vz /U | ‘“f(( o7 ode
sz [ =T W) 7 o] (o) e

Proof. Taking711(0) = hp(0) =1, ¢ € [v1, vp] in Theorem 4, the desired result is obtained. []

Remark 4. If we consider @(0) = 1 and ¥(F(0)) = ]:((K)) , then Theorem 4 and Corollaries 1-3
will reduce to the work of Bezziou et al. [27].

Remark 5. If we consider @(0) = 1and ¥(F(0)) = }r‘,(,(;)c)ﬁ then Theorem 4 and Corollaries 1-3
will reduce to the work of Rahman et al. [41].

Theorem 5. Let F be measurable, increasing, positive and monotone function on (v1,v;), and
having a continuous derivative F' on (v1,vp). Assume that fy, fo : [v1,v2] — R are absolutely

continuous on [v1,v3], and hy, hy : [v1,v2] — R are positive integrable. If(f{)2 € Lq[vy, 07]
and (f3)? € Ly[vy, v2]. Then, we have

|58 (o) ST (afifo) (02) + S8 ma(02) ST (fifo) (02)
— IS (haf1)(02) ST L (i fo) (v2) — FI£+(h1f1)(Uz)£Iz+(h2f2)(vz)‘

Swg(ﬂ(/vl { T 1+02h1(02)/9 T(}E( )_]?((;))w(g)]:/(Q)hz(Q)dQ (14)
0))

4] 02)

2z men) [ XTI o0 7 g et (10)) o)

“(f, ﬁ%”’“(”z) [ R =T Do) (oo

U1

NI

Nf—=

—FT¥ (v / i Ui) }J:’E(QQ)))@(Q)]:/(Q)hz(Q)dQ} (f3(6))%0)

Proof. Consider the left-hand side of (14), we have
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‘F w2 (v2) STE (o fi o) (v2) + DT o (v2) DI L (i fifa) (v2)

—fzvﬁ(hzfl)(vz)fI;&(hle)(vz) DIY  (mf)(e2) STE | (hafo) (02)|

v, 02 \If ) ¥(F(v2) — Flo))
v Jo -7:(02) ]:(Q)
x@(&)F' (&)@ (Q)F (o) (§)a(0) (f1(8) — f1(e)) deda) " / /f -z

[SE

x%w(é)ﬁ(é)w(e)?’(e)m(é)hz@)(fz(a) - fa(0)) dé‘de>

e ‘I’(]—'(vz) - }‘(C)) Y (F(v2) — F(0))
v Jog ]:(02) ‘F(Q)

(/ o d@) i) /f /f”’

¥(F(©2) = F(@) 2y , RN
et Yo F @0 F (@m(@)(e) ( /Q fz(e)de) dzdo)

"Up

@(§)F'(§)@(0)F ()hn($)2(e)

Applying Cauchy-Schwartz inequality [40] to the above equation yields,

‘ P IE o (v) ST (hafifo)(v2) + LT 1o (v2) DT L (i fifo) (0)

—LIY  (haf1)(02) FIEJr(hlfz)(vz) STy (hf1)(02) TE L (hafo) (v2)

43 "F "F(]:(U ) ]:(Q)) , ,
.7-'(2;23 — 7o) @(5)F'(¢)w(0)F (e)(5)h2(e)

U2

JU1
2

<(/e de) (/Q (£1(6))%d )) dgdo}’ /:Z/UUZ‘F

1 1 2
¥(F(v2) - F(0)) / / EONT/E N2 !
Fn e OF @) F (Q)hl(é‘)hz(e)<( /Q d@) ( /Q ((0)) da) >dgdg}

o e ‘I’(f(v)—f(é))‘i’(f(v)—f(e)) : ,
<awl L L Fen=re Fe e COF @@ F @m@h(e)

Xw(Q)f’(Q)ﬁl(C)hz(e)(C*Q)(/ 610 )azag)"{ [ [ X 0D =T

Y (F(v2) — F(0)) / /
HGE =T o067 @0t 7 @m @) E - o [ (360) d@) dé’de}

< {/:2(/vzgw@(é‘)f’(é)hﬂé)dé

X

() o ° Floo) — Q)
O ¥(F(o2) = F() )
></ W @(e)F"(0)h2(0)deo
- [P =2 o om i
/e T =2 o) mle)de) (f(0))7)

{ / (/ 5%@@?(%@@

0¥ (F(v2) = F(o) /
x /v1 W@(Q)}- (0)h2(0)do

@ ¥(F(0g) = F(©) oo
- [ e @ @m @)

0 ¥(F(v2) = F(0)) / / 2
X/xl QW@(Q)}- (Q)hz(Q)dQ> (fz(g))2] .

In view of (7), we get the desired proof of (14). O
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Corollary 4. Let F be measurable, increasing, positive and monotone function on (v1,vy), and
having a continuous derivative F' on (v1,v,). Assume that fi, fp : [v1,v2] — R are absolutely
continuous on [v1,v,), and iy, by @ [v1,02] — R are positive integrable. If (f])* € Lq[v1, 03]
and (f}4)? € Ly[v1,v2]. Then, we have

\£I§+(1)£IZ+(hzf1fz)(vz) + 5T o (02) DTS (fif2) (v2)

LIy (af) () BT 4 (f2)(02) — ST 4 (f1)(02) gZz‘EJr(hzfz)(Uz)‘

0 Uy) —
Sﬁ(/vl [51;5“’2/1 %@(9)}-/(9)%(@)@

O ¥(F(v2) = F(0)) / / 2
-5 (1) /v1 Qm@(@f (Q)hz(Q)dQ] (f1(9))2d9>

([ [am e [ 2T Do) 5 gmorie

U1 - ‘7:(9)
O ¥(F(or) - F) , :
5T ) [ o P S F o)ma()de] (£4(0) %)

Proof. Applying Theorem 5 for 711 (6) = 1, 6 € [v1,v2], the desired result is obtained. [

Corollary 5. Let F be measurable, increasing, positive and monotone function on (vq,vz), and
having a continuous derivative F' on (v1,v,). Assume that fi, fp : [v1,v2] — R are absolutely
continuous on [v1,va), and hy, by @ [v1,02] — RY are positive integrable. If (f])? € Lq[v1,v2]
and (f3)? € Ly[v1, v2]. Then, we have

5T ) ST () () + STE (D ETE , (mfifo) (02)

=~ () @) SN (haf2) (02) = ST 4 (o) (02) 5T 4 (f2) (02)]
Sﬁ(/vl [FI 1+ 02l (02) /j %j(g))w(g)ﬁ(g)dg

¢ ¥(F(v2) - F(0)) / /
AR /v1 QW‘D(@}- (Q)dQ] (f1(9))2d9>

([ [ER e [T =T g1

0 ¥(F(v2) —F(0) / /
— 5Ty (o) /v1 QWW(Q)}— (Q)dQ] (fz(g))zde)

Proof. Applying Theorem 5 for 71(6) = 1, 6 € [v1,v2], the desired result is obtained. [

[N

[N

Corollary 6. Let F be measurable, increasing, positive and monotone function on (v, vy), and
having a continuous derivative F' on (v1,vy). Assume that fy, fo : [v1,v2] — R are absolutely
continuous on [v1,vy), and hy, hp : [01,v2] — RT are positive integrable. If (f])* € L1[vq,v2]
and (f3)? € Ly[v1,v2]. Then, we have

ST OTTE L () (02) = BTE () (@) STE L (1) (02)]

! O ¥ (F(02) - Fl0) /
§m</vl [-FIUT+ 2/1 Ww(g)f (0)do
]:IT

1 [T g r1g)ag) 510)) )

([P 5 m [ T D g g

O ¥(F(v2) — F(0)) / / 2
—£IZ+(1)/01 QW@(QV: (Q)dQ] (f2(0)) d9>

[

Nl—
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Proof. Applying Theorem 5 for 711(0) = hy(0) = 1, 6 € [v1,v;], the desired result is
obtained. 0O

Theorem 6. Let F be measurable, increasing, positive and monotone function on (v1,v;), and
having a continuous derivative F' on (vy,vp). Assume that fi : [v1,v2] — R is absolutely
continuous function on [vq,v;), and f, : [v1,v2] — R is non-decreasing on [v1,v,]. Moreover,
suppose that both iy, hy : [v1,v2) — R are positive integrable. If (f]) € L*[vy,vy], then we have

| ST (o) DT (hafifo) (02) + S s ha02) ST (s fif2) (02)
— 2T (i) (02) 5T (hafo)(02) — fI;ﬁ+(h2f1)(v2)£I£+(h1f2)(vz)’

glcf(gf (5T oot (02) / f T(Jf(izz)) _]f(g))w(g)f'(g)hz(g)dg

sz me) [ T E T Do o] [* o as

Proof. Consider the left-hand side of (15), we have

‘ LIy (02) LI (hafifo) (v2) + LI o (02) DI 4 (i fifo) (v2)

_FqY
I'Ul"r

(hzfl)(%)fIL(hlfz)(vz) STE (i f1)(02) ST L (hafo) (v2)

2 2 ¥ (F () = F(E)) ¥(F(v2) = F() / .
=22 6) /Ul / ]-“(7;2)_}'(5) ; @(8)F (5@ () F (@) (&)ha(e)

F(v2) = F(e)

[<f1< )= A@)(f2(& )—fz( d@deﬂ

a) 9
(

d

(f1 )

/ / T TN =)o ) 5 @0l (o (@ha(e)

F(o2) = F(0)
Ha 0)(f2(2) — f2(e))|dedo

*\ / / = X7 o) FO) X)) o) 7 2)0(0) F () (€)1l e)

(6) F(v2) = F(e)

(7(7’2)_]:((:))5]-" (€ o (2)dE /”’(f (UZ)_]fr(g))f’(e)w(e)hz(e)dg

=2 r@atom@as [ T EE=TO) pgatmion] [ o)

Hence taking (7) into account, the proof of (15) is completed. O

Corollary 7. Let F be measurable, increasing, positive and monotone function on (vy,vy), and
having a continuous derivative F' on (v1,vp). Assume that fi : [v1,v2] — R is absolutely
continuous function on [vq,vz], and fp : [v1,v2] — R is non-decreasing on [v1,v2]. Moreover,
suppose that both iy, iy = [v1,v2] — R are positive integrable. If (f]) € L™[v1,vy), then we have
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ST )T (hafifo) (02) + ST 202 T (fifo) (02)
— ST () @) BT (hafo) (02) = BT, (12 f1) (0205 T 4 (f2) (22)|

< |g{(g;o A /f T(J;r(gfzz))—_f((gﬁ))w(e)f’(g)hz(e)de

0 W(F(02) ~ F(0) o =,
ST [ e s e e F @ale)de] [ o)

Proof. Applying Theorem 6 for 711 (6) = 1,0 € [v1,v2], the desired result is obtained. [

Corollary 8. Let F be measurable, increasing, positive and monotone function on (vq,vz), and
having a continuous derivative F' on (v1,vp). Assume that fi : [v1,v2] — R is absolutely
continuous function on [vq,vy), and f, : [v1,v2] — R is non-decreasing on [v1,v,]. Moreover,
suppose that both iy, ip = [v1,v2] — R are positive integrable. If (f]) € L™[vy,vy), then we have

‘£Izi+h1(vz)£f;¥1+(f1f2)(vz) + 5L (V)DL (fifa)(v2)

—LTY () (@) 5TE  (f)(v2) — DTE () () 5T | (1 fo) (v2)
A ¥ (F(02) = Fl0)

<o) [aToam(e) [ B o) F (o)de
—IT¥ 1y (v / 0 f%) ;;(Q))) (o) F'(0) / 70

Proof. Applying Theorem 6 for 71,(6) = 1,0 € [v1,v2], the desired result is obtained. [

Corollary 9. Let F be measurable, increasing, positive and monotone function on (v1,v;), and
having a continuous derivative F' on (v1,vp). Assume that fi : [v1,v2] — R is absolutely
continuous function on [vq,vy), and f : [v1,v2] — R is non-decreasing on [v1,v,]. Moreover,
suppose that both hiy, iy = [v1,v2] — R are positive integrable. If (f]) € L™[vy,vy), then we have

5T ITE () (e2) = ST () (e ST () (22)]

1l ¥(F(02) = F(@) 1 o
<20 AT /Ul Fon =0, C@F (e

¥ ¥(F(v2) = F(0) / 2
~Z13. [ e Flon — (o) @OF (@)de] /v1 f3(0)d6

1

Proof. Applying Theorem 6 for 711(0) = hp(0) = 1, 6 € [v1,v7], the desired result is
obtained. [

Theorem 7. Let F be measurable, increasing, positive and monotone function on (vq,v,) and
having continuous derivative F' on (v1,vp). Assume that f1, fo : [v1,v2] — R are absolutely
continuous on [v1,v3] and fp : [v1,v2] — R is nondecreasing on [v1,va]. Suppose that hy, iy :
[v1,v2] — R are positive integrable. If f{, f} € L®[v1, 5], then we have
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o Lo (02) S Io (M fifa) (02) + 5 T0 o (02) $ 1o 1 (M frfa) (02)
LI (afi) () LT (i f)(x2) — DI (1 f1) (v2) DI (hafo) (v2)

<filleo| [ f3]]e0 0¥ (F(02) — 7(0)) /

#[Izﬁvzhl(vz)/vl F(o) = 7o) @(0)F' (0)ha(0)de
0 v

20T o) | e“f(i;) §é§>)w<e>f’<e>hz<e>de

+ 5o I ( / QZT — ) (Q)F’(e)hz(g)de]- (16)
Proof. Consider the left-hand side of (16), we have
‘ LTS ha(02) ST (afifo)(02) + ST (o (v2) ST 4 (M fif2) (02)
fIL(hzfl)(vz)fz;mhlfz)(xz) BT+ (1) (02) ST 1 (hafo) 02)
/ § / s f <€>>‘I’<f<vz> F(0))
_"‘72(9) v Joy -7'-(02) - F(v2) — F(o)
(é‘)f'(é‘)hl(é‘) @(0 ) '( )hz(Q)[(fl( ) fie ))(fz(é‘)—fz(e))]déde‘

NIC ) =2 Do) omEe@F @)

v 2 Y(F — F(
<wwh | Ao A Fe
LAE) ) || (581 e
[ (e O e - QZ \(é Q)Zdéde
Il IIfIIoo = (0 ¥(F (0 F(F(02) = F(0)) oy 5 ,
il pfalle = PG L) = Z OV XD =20 (67 (0 (Do) (@)ha(e)

(C 2(3@ te )déde
F(02) — F(0))

_"fl'clzi'gf%"""[/;”éi;ﬁ (g))§2 D (&) F (€ (E)iE /W( 2= T D)7 male)de

2"t ”2) e )¢ / (o) F'(0)m(e)de
RLCACE e) ' v) f(e)) :

s (I T D)o om@a [ ¢ TE T Do ga(ee].

Hence, by using (7), the proof of the theorem is completed. [

Corollary 10. Let F be measurable, increasing, positive and monotone function on (vq,v,) and
having continuous derivative F' on (v1,vp). Assume that f1, fo : [v1,v2] — R are absolutely
continuous on [v1,v3] and fp : [v1,v2] — R is nondecreasing on [v1,vz]. Suppose that hy, iy :
[v1,v2] — R are positive integrable. If f{, f} € L®[v1, 5], then we have

|58 (D ETE  (afifo) (02) + ST a(02) BT (i) (02)
— ST (i) @) BTE L () (x2) = T (A1) (02) BT 4 (hafo) (02)]

[ f1lleol [f2]]eo 0¥ (F(vp) — F(0)) )
SW[JTI;L /Z,1 F(02) — F(0) @(e)F"(0)h2(0)dg

0 0,) — )
20zl [ T Do 7 gmalone

2z [ eI T D o g (ee).
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Proof. Setting 711 (0) =1, 6 € [v1,vp] in Theorem 7, then the desired result is obtained. [J

Corollary 11. Let F be measurable, increasing, positive and monotone function on (v1,vy) and
having continuous derivative F' on (v1,v). Assume that fi, fo : [v1,v2] — R are absolutely
continuous on [vq,vy] and fp : [v1,v2] — R is nondecreasing on [vq,v;]. Suppose that hy, hy :
[01,v2] — R are positive integrable. If f{, f} € L®[v1, 3], then we have

ST (o) STE (A1) (02) + BTE L (D ETE L (1 f12) (02)
— DL () @) BT (f) (x2) = ST () (02) ST 4 (f2) (02)

_|f1(;o(|(9|])cz||°° []-'Il+v (0 )/: T(];};gzi)_—;(gi))w(g)f/(g)dg

28T} o (o) [ T F =T Do) g1t

0 ¥ (F(os) — F(o))
) [ s o)

]-' a4
+2IY

@(0)F'(g)da].
Proof. Setting 71,(0) = 1,0 € [v1, v2] in Theorem 7, then the desired result is proven. [

Corollary 12. Let F be measurable, increasing, positive and monotone function on (vq,v,) and
having continuous derivative F' on (v1,vy). Assume that f1, fo : [v1,v2] — R are absolutely
continuous on [v1,v3] and fp : [v1,v2] — R is nondecreasing on [v1,va]. Suppose that hy, hy :
[v1,v2] — R are positive integrable. If f{, f} € L®[v1,v], then we have

ST ETE (A (02) + T8 (VLY (fifo) (02)
— 2T () () 5T () (x2) — £Iz+(f1)(vz)£zz\£+(f2)(7]2)’

CE(F(o2) = Flo))
2], " P ) 07 (0%

filleollf3loo [}'I‘I’

- @(h) vt

277 v /ZQ‘F( (( )) ]f((g)”w(e)ﬁ(e)de
+ITY, /fgﬂ(]f_r(( )) F(S)) (0)F (e)de].

Proof. Setting 711(0) = h2(0) = 1, 0 € [v1,v2] in Theorem 7, then the desired result is
obtained. [

Remark 6. One can easily derive some new inequalities by applying the following conditions.
i. Setting h1(0) = hy(9), F(0) = 0 and ¥ (F(0)) = 6 throughout in the paper.
ii. Setting 11 (0) = hp(0) = 1 and F(0) = 6 and ¥ (F(0)) = 6 throughout in the paper.

Remark 7. Throughout in this article, if we put @(0) = 1 and ¥(F(0)) = ]:((9); then all the
inequalities will reduce to the work of Bezziou et al. [27].

? then all

Remark 8. Throughout in this article, if we consider @(0) = 1 and ¥ (F(0)) = (?,)(
the inequalities will reduce to the work of Rahman et al. [41].

Remark 9. Tuking h1(0) = y(0), @(8) = 1, Y(F(0)) = 0 and ¥(F(0)) = YL in
Theorems 4—7, the results of Bezziou et al. [42] are restored.
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3. Concluding Remarks

In the study of mathematics and related subjects, mathematical inequalities are ex-
tremely important. Fractional integral inequalities are now useful in determining the
uniqueness of fractional partial differential equation solutions. They also guarantee the
boundedness of fractional boundary value problem solutions. These suggestions have pro-
moted the future research in the subject of integral inequalities to investigate the extensions
of integral inequalities using fractional calculus operators. In the present investigation,
we have proposed some double-weighted generalized fractional integral inequalities by
utilizing more generalized class of fractional integrals associated with integrable, measur-
able, positive and monotone function F in its kernel. The derived inequalities are more
general than the existing inequalities cited therein. All the classical inequalities can be
easily restored by applying specific conditions on F and ¥ (6) given in Remark 3. Also, we
can derive some new weighted type double fractional integral inequalities by applying
specific conditions on F and ¥ () given in Remark 2. In future research, some new other
type of inequalities will be derived by employing the proposed operator. The special cases
of the obtained result can be found in [24,25,27,41,42].
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