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Abstract: Under a new generalized definition of exact controllability we introduced and with a
appropriately constructed time delay term in a special complete space to overcome the delay-
induced-difficulty, we establish the sufficient conditions of the exact controllability for a class of
impulsive fractional nonlinear evolution equations with delay by using the resolvent operator theory
and the theory of nonlinear functional analysis. Nonlinearity in the system is only supposed to be
continuous rather than Lipschitz continuous by contrast. The results obtained in the present work are
generalizations and continuations of the recent results on this issue. Further, an example is presented
to show the effectiveness of the new results.

Keywords: controllability; impulsive fractional evolution equations; delay; measure of noncompact-
ness; mild solution; fixed point theorem

1. Introduction

This paper’s primary objective is to investigate the exact controllability of the follow-
ing impulsive fractional nonlinear evolution equations with delay in Banach spaces:

D7x(t) = Ax(t) + f(t,x(t), x¢) + Bu(t), ae.t € I:=[0,a],
8x(t) = x(57) = ¥() = L(x(8), i =1,2,---m, )
x(t) = ¢(t), t e [-b,0],

where D7 represents the Caputo derivative of order v € (0,1). The state x(-) takes values
in X, control function u is given in L?(I,U), and B : U — X is a bounded linear operator
where X and U are Banach spaces. 0 =ty < t) < tp < -+ <ty < tyy1 = a < oo
A :D C X — Xis a closed linear unbounded operator on X with dense domain D. x;
represents the history of the state function that will be specified in (2). ¢(t) € C([—b,0], X).
The given functions f and I; (i = 1,2, - -,m) are supposed to satisfy some appropriate
assumptions that will be specified later.

In the last few decades, the topic of fractional calculus has received considerable and
extensive attention. The modelling of many mathematical and biological problems by frac-
tional differential equations has more superiority and accuracy than classical integral-order
ones. In view of its extensive applications in the area of physics, chemistry, mathematics,
medicine and economics, a growing number of researchers have devoted generous energy
to the study of various types of fractional differential equations. For further details of the
recent works, we refer readers to [1-5].

It is well known that impulse and delay embody lots of rich and varied dynamic
behaviors. The investigation of various dynamical systems with impulsive interference
and time delay effects has obtained more and more attention due to their important
and potential applications in signal and image processing, weather predicting, artificial
intelligence and some other optimization problems. For more details, one can see [6-8].

It is noted that the research on the controllability of fractional differential equations
is becoming more and more active, since controllability is a quite important concept in
mathematics and control theory. As one of the most mainstream research direction, exact
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controllability of many kinds of integral-order and fractional-order control systems have
been well investigated by taking advantage of diverse tools and methods in some recent
literatures. For example, S. Ji et al. [9] studied the exact controllability of a class of integral-
order impulsive differential equations by using the measure of noncompactness and fixed
point theorem under a compact condition imposed on the nonlocal item. ]. Wang and
Y. Zhou [10] investigated a class of fractional differential systems without assuming the
compactness of the semigroup. They discussed the exact controllability of the considered
control systems under the assumption that the nonlinearity satisfied Lipschitz continuity.
In [11], J. Du et al. obtained a result of exact controllability for some fractional neutral
integro-differential evolution systems with delay and nonlocal conditions. The Lipschitz
condition and some other growth conditions on nonlocal item and nonlinearity are still
necessary. Z. Tai [12] proved the exact controllability results for fractional impulsive
neutral integro-differential systems in Banach spaces. The results are obtained by utilizing
Banach contraction mapping theorem due to the Lipschitz conditions of the systems. In
addition, some excellent results of exact controllability for various fractional differential
equations have also been established recently [7,10-23], but the limitation is also that
the functions in the systems are either Lipschitz continuous, compact or satisfy some
special growth suppositions. Although the exact controllability studied in [13] does not
require the nonlinear term to satify Lipschitz condition, the considered evolution system
in [13] have no effects of time delay and impulse. At present, it seems that the exact
controllability results of fractional evolution equations with both impulses and delays are
rare [12,21,22]. We point out that nonlinearities and impulsive items in these papers satisfy
special growth assumptions [21], Lipschitz condition [12,22], and semigroups together
with the resolvent operators of some systems possess compactness, which still show the
limitation to a certain extent in practical problems. Therefore, it seems interesting whether
the exact controllability of the impulsive fractional evolution equations with delay can be
established via noncompact resolvent operators together with the nonlinearity satisfying
continuity rather than Lipschitz continuity.

Inspired by the abovementioned papers and the ideas adopted in [13], in this work,
we present a new depiction of the exact controllability of the system (1) by using the
theory of resolvent operator and the theory of nonlinear functional analysis. The main
contributions of this article are as follows. (i) The Lipschitz and other restrictive con-
ditions on nonlinear and impulsive items have been removed. (ii) The application of
Co-semigroup based on probability density function [24] is replaced by resolvent operators
without compact conditions, which is different from most of the existing literatures such
as [7,10-12,17,21,22,25,26]. (iii) With the properly defined delay item in a corresponding
complete space we introduced, we have solved the delay-induced-difficulty during the
investigation of exact controllability by measures of noncompactness.

The organization of this work is as follows. Some necessary notations, definitions and
lemmas are introduced in next section. In the third section, sufficient conditions ensuring
exact controllability of the addressed systems are provided. An example is worked out in
the last section to illustrate our theory of the main results.

2. Preliminaries

We denote by X a Banach space with the norm || - ||. By C(I,X) and C([—b,4], X)
we denote the spaces of continuous functions from I into X, [—b, 4] into X with suprema
norms | - [|c(r,x) and || - [[¢([—p,4],x)- respectively. For the case of 2 = 0, norm || - |[c([—p,4], x)
is abbreviated as || - ||,. Also consider the usual Banach space PC(I,X) = {x: [ — X |
x € C((tg, tey1], X), x(t,) and x(t,j) exist with x(t, ) = x(t), k = 1,2,- - -,m}, with the
norm ||x||pc = sup{||x(¢)||}. D stands for the domain of the operator A in (1) with the

tel
graph norm ||x|p = ||x|| + ||Ax]||. Denote by U a Banach space with the norm || - ||y

By C7(I,X),v € (0,1), we denote the space of all the y-Holder continuous functions
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from I into X with the norm |[|x([cv(;x) = [[xllc(x) + [[x[lcr(r,x), where [|x|]crx) =
sup 1) = x(s)]]
p

G—sy For any measurable function x : I — R, define the norm
t,selt#s -

1
(/1 Ix(t)lf’dt) " 1<p<«,

inf {sup [x(t)[}, p=oo,
u)=0 yer-71

Hx||LP(I) =

where (1) is the Lebesgue measure on I. Let £(X, Y) be the space of all bounded linear

operators from X into Banach space Y equipped with operator norm | - [| £(x,y)-
Introduce a complete and integrable space L([—b,0], X) which contains all the in-

tegrable functions from [—b,0] into X. For x € PC(I,X) and t € I, define a piecewise

function as follows:
x(t+6), t+6>0,
Xt 0) = (2)
p(t+0), t+6<0,
for every 8 € [—b,0], where ¢ is the same as in (1). It is not hard to verify that
x¢ € L([-0,0], X).

Remark 1. Based on (2) and Lemma 4 together with Lemma 5 which we will present in the
following discussions, it is much more convenient to study the exact controllability of system (1) by
using the theory of noncompact measures.

Next we list the well known definitions as follows.

Definition 1. ([27]) The fractional integral with order -y > 0 for a function u : (0, +00) — R can

be defined as

Ig.u(t) = r(l,),) /Ot(t — )" u(s)ds,

provided that the right side integral is pointwise defined on [0, +o0).
Definition 2. ([27]) The Caputo fractional derivative with order -y > 0 for a function u : (0, c0) —

R is written as »
1 Eoul(s)
Y _
O Tl e =

where n = [y| + 1, provided the right side integral is pointwise defined on [0, 00).

Definition 3. ([28]) A family of bounded linear operators {p(t) }1>0 C L(X) on X is called a
resolvent operator of integral equation

t _ -1
x(t) = /O %Ax(s)ds, £>0, (3)

if the following assumptions are satisfied:
(i) p(t) is strongly continuous on R™ and p(0) = I;
(i) p(£)D C D, Ap(t)x = p(t)Ax forevery t > 0 and x € D;
(iii) the resolvent equation holds

— 5)7_1

pt)x =x+ /(;t (t ) Ap(s)xds.
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Definition 4. ([28]) A resolvent operator p(t) of (3) is called differentiable, if there is a function
@ € L} _(R") such that the following inequality holds:

loc

lo(H)x|| < @(t)]|x||p ae.on R, Vx e D,

where p(-)x € WY(R, X) for each x € D.

loc

Consider the equation

t(f—g)71
x(t) = g(t) —i—/o (tr(ly);Ax(s)ds, tel, (4)

where g € L'(I, X). According to [28], the mild solution of (4) can be defined as follows.

t _ 1
Definition 5. We call x € C(I, X) a mild solution for (4) zf/ (tr(s)
0

x(s)ds € D, and
7) )

satisfies

g1
x(t) = g(t) —Q—A/Ot (o)

Wx(s)ds,

foreacht € I

Now, let us give a useful lemma about differentiable resolvent operator from which
one can get the equivalent definition of mild solution for Equation (4).

Lemma 1. ([28]) Assume that o(t) is a differentiable resolvent operator for (4) and g € C(I, D).
Then

t
x(t):/o ot —s)g(s)ds + g(t), tel,

is a mild solution of (4).

We now recall some useful properties of Kuratowski measures of noncompactness.
For more details, please refer [29].

Lemma 2. Let X be a Banach space and B(-) be the Kuratowski measures of noncompactness
which is given by B(Q) = inf{é > 0: Q = U, Q; with diam(Q;) <6, i =1,2,---,k} fora
bounded subset () in X.
(D) Let D1, Dy be bounded sets of X and A € R. Then

(i) B(D1) = 0 < Dy is relatively compact;

(ii) B(ADy) = |A|B(D1);

(iii) (D1 + D2) < B(D1) + B(D2);
(11) Assume that D = {uy} is a countable set of strongly measurable functions from I into Banach
space X, and there has a function ¢ € L'(I) such that ||u,(t)|| < ¢(t) aet €1, n=1,2,---,
then B(D(t)) is integrable on 1, and satisfies

,B({/Iun(t)dt ‘ne N}) < 2/1‘3(D(t))dt'

For convenience, the Kuratowski measures of noncompactness of a bounded subset in
spaces X, PC(I, X) and L([—b,0], X) are all denoted by (), on the premise of no confusion.

Lemma 3. (Monch) Suppose X to be a Banach space and D C X is a closed and convex set, xg € D.
If A: D — D is continuous and satisfies: C C D countable, C C co({xo} UA(C)) = Cis
relatively compact. Then A has a fixed point in D.

At last of this section, we present two important lemmas as follows.
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Lemma 4. Suppose that x, converges to xg in PC(I, X) as n — +o0. Then (x,); converges to
(x0)t in L([—b,0], X) foreach t € I as n — +oo0.

Proof. By (2), we can obtain
(i) if t < b, then

0
[Gonde = Gl s = [ G (6) = (x0):(0)] 1o
= [ 1) ~ (o)(6) (e + 0
_ /Ot||xn(t+6)—xo(t+6)|\d(t+9)
t
= [ xal) = x0(s) 14
(ii) if t > b, then
0
| (Gen)e — (x0)ellr—p0) = Lb\l(xn)t(G)—(xo)t(9)||d9
= [ 160® — (@)t +0)
/tib||xn(t+9)—xo(t+9)\|d(t+9)

|, Ia(s) = xo(s) ds:

Obviously, (i) and (ii) imply that
[ (xn)t = (x0)ellL[—b,0) < bllxn — xollpe(r,x), Vt € L.
This completes the proof. [

Lemma 5. Let D = {x,};; be a bounded countable sequence in PC(I, X). Then for each t € I,
one has

B(Di) < bB(D),

where D; = {(xn)t}f:r

Proof. From the definition of Kuratowski measures of noncompactness in Lemma 2, we
can infer that for any & > 0, there is a partition D = |J'_; D; such that

diam(D;) < (D) +¢,i=1,2,-- -,k (5)
As already done in Lemma 4, we also deduce
[ (xn)e = (Xm)ellLi—p0) < bllxn — xXmllperx), t € L. (6)
Hence, from (5) and (6) one derives
diam(D;,) < bdiam(D;) < b(B(D) +¢), i=1,2,-- -k,

which means
B(Dy) < bB(D) + be.

The arbitrariness of € implies that the conclusion is true. O
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3. Main Results

In this section, we always suppose the resolvent operator {p(t)};>o for (4) to be
differentiable. Based on [30], Definition 5 and the Riemann-Liouville standard fractional
integral, the mild solution of system (1) can be defined as below.

Definition 6. For any given u € L?(I1,U), a function x € PC(], X) is called a mild solution of
t t
system (1) on |, provided that / ‘ (t — )7 x(s)ds, / (t—s)""1x(s)ds € Dforall 0 < t; <
te—1 tr
t, t € [0, 7] and

$(0) + 1,<1,Y>A <O<tz<t /t:: (t — )" 1x(s)ds + t:(t - 5)7_1x(s)ds>

1 t B
=t T\ T Bl ds)
+r(lw / (1= flox(e) ) + Bueds + T (x(to), € (0.7

(P(t)r te [—b,O],
where ] = [—b, 7], T € (0,4].
Based on the exact controllability considered in [13], we give the following definition

Definition 7. System (1) is exact controllability on I = [0, a] if for any initial function ¢(t) €
C([~b,0], X) and x1 € X, there has a control u € L2(I,U) and a constant T € (0, a) such that
the mild solution x of (1) on | = [—b, T| satisfies x(T) = x;.

Remark 2. In contrast with the existing definitions in [9-11,15,17], our target point x| taking
value at T € (0, a] is likely to be achieved ahead of time a, which means that, from a conceptual
point of view, it can be considered as an generalization of the existing notion of exact controllability.

In order to obtain the main results, we present the hypotheses as follows:

(H1) f € C(I x X x L([—b,0], X), D) and satisfies
(i) f maps bounded sets in I x X x L([—b, 0], X) into bounded sets in D;

1
(ii) There exist a constant g € (0, y) and a function ! € L4 (I, R™) such that for any bounded
subsets D1 C X, D, C L([-1,0],X),

B(f(t,D1,Dy)) < I(t)(B(D1) + B(D2)), t € L.

(H2) (i) The linear operator B : L>(I,U) — L'(I, D) is bounded, and there exists a constant
M; > O satisfying || B|| ;(y,p) < M1;
(ii) Linear operators J(t),t € I, denoted by J(-) from L?(I,U) to X defined as
t t
/ ‘ (tx — )" 1Bu(s)ds + | (t—s)7"'Bu(s)ds
t

k

/Ot@(t—S)< ) /tk (tk—W1Bu(17)d17+/t:(s—77)71Bu(17)d77>ds,te I,

O<tp<s”tk-1
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have invertible operators J~1(+) taking values in L?(I, U)/kerJ(-), which satisfy, for some
constant My > 0, sup [|3~1() | 2x,22(1,u) /ker3(-)) < M2, and there is a constant p € (0,7)

1
and a function k € L (I, R™) satisfying

BE'()(D)(s)) <k(s)B(D), s €1,

for any bounded subset D C X.
H3)I;: X — D (i=1,2,---,m) is continuous and satisfies
(i) There exists a constant Cy such that

Sup{‘|1i(x)||pr X € X! i= 1/21’ : ’/m} S CO/
(ii) There exist constants k; > 0 such that
B(Ii(D)) <kiB(D), i =1,2,---,m,

hold for each bounded subset D C X.
(H4) .
(142l pll) 1+ M) Yok <1,
i=1

where < )
1+2pMy (142912 1—p\'77

= , p=(m+1 aV(P> k|| 1,

o p=m+na(==2) ul

and ¢ is the function mentioned in Definition 4.

In the sequel, suppose Ry to be a fixed constant such that Ry > (||¢(0)||p + mCp)(1+
[@ll11(7))- By (H1), let

Mo = sup{ /(% 9)Ip « [¥llcrx) < Rov [9l-s0) < (Il + Ro), £ € 1},

For simplicity, take
K t
Ot x;u) = ﬁ <0<§<t/tkt1 (tr — )7 f(s,x(s), x5)ds + /tk (t— 3)71f(5,x(s),xs)ds>
—|—ﬁ 0<t2k<t /t:: (tx — )" 'Bu(s)ds + t:(t - s)7lBu(s)ds> ,
set

)= ¥ Lix(y),

0<tp<t

and present two notations as follows:

(m+1)a7

A=2(b 1-7 Hiz
:2 1 —_— ’ = ——
o )<7 q) Wy = e+

In view of condition (H2) and (H4), for any x(-) € PC(I,X) andany x; € X, t € I,
define a control

uy(t) :=374(1) (xl —¢(0) = O¢(;x) — I(T;x) — /OT o(t —35)(¢(0) + Of(s;x) + I(s;x))ds) (1),
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where

1
e minda ((Ro—(|¢(0)D+mC0)<1+(P|L1(1))>r(7+1)>%1 ((1(1+2@IL1<1>)<1+M>i21ki>)” ,

(m+1)(Mo+M; M3) <1+H§0HL1 (,)) 2(1+2\|¢\|L1(,)) (m+1)AM

M = Mz ((1+ ol 1)) (16(0) 1o + 1Mo + mCo) + 1 1);

and
O5(55%) = 75 (O<;<S S (= ) e+ 6 - n)”‘lf(mX(ﬂ),xn)dﬂ>fs € 0,7).

Suppose that T € (t;,t;11], and then we let Jo = [-,0], Jy = (tx_1, ), k=1,2,-- -1,
Jix1 = (t;, 7]. Denote

Q= {x € PC(J, X) : [|x[lpc(jo,0),x) < Ro, SFP] %l Lp—p0) < b(I@llp + Ro); x(t) = ¢(t), t € [—b,o]}.
tel0, T

Then Q) is a closed convex set in PC(J, X). By means of Lemma 1, we can define an
operator P : PC(J, X) — PC(], X) by

$(0) + O(t; x; uy) + I(t; x)
(o) = | + [ 6l =9)6(0) +O(sxu) + 1sx)ds, €07, (g
¢(t), t € [=b0].
To simplify the proof of our main result, the following lemmas are needed.

Lemma 6. Suppose that f € C(I x X x L([—b,0],X), X) and u € L>(I,U). Then ®(; x;u) €
C"(J;, X),i=1,2,---,m+1,and

2
1055 u)ller < 2 <||f|C(I,X) + 1Bl zu,x) sup Hu(f)\lu)
€

Proof. Fort € J;and h > 0 such that t + h € J;, one has

1Ot + h; x;u) — Ot x;u) ||

< [ o = (s () )+ Bu(s) s
ln
[ = s x(5) 1) |+ 1Bu(o)] s
< (“ —ti)" = e TR, ’j) <|f||c<l,x> + Bl e -sop ||u(t)||u>
< 2h7

— (Ilflcu,x) + 1Bl z(u,x) - sup Iu(t)||u>,
Y tel

. 2
which shows that [|O(+; x; u)[]cr < p <||f||c(1,x) + 1Bl g u,x) sup ||”(f)|u> and O(;x;u) €
te
C7(Ji,X),i=1,2,---,m+ 1. This completes the proof. [J

Lemma 7. Assume that condition (H1) holds. Then the operator T : PC(I,X) — PC(I, X)

defined by
t

(Tx)(t) :/ (t—s)7 L (s, x(s), x5)ds, V*, t€ I,

t*
satisfies B(T(D)(t)) < Aa?B(D) for any countable bounded set D C PC(I, X).
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Proof. No loss of generality, we may suppose that the bounded countable set D = {x; }9 ;.
By using Lemma 5, we have

B({(xn)s}) < bB({xn}).

From Lemma 2 (II) and the Holder inequality, it follows that

B(T(D)(t)) {T(xn)(8)})
1

I
=
—~
—~

t
(t—s)7"

IN
N

B({f(s,xn(s), (xn)s)})ds
() (B({xn}) + B({(xn)s}))ds
—5)77(s)ds - B({xn})

/t*t[(t - s)v—l]llqu)lq(/t: 1(s)$ds>q B({xa))

L20) i - pt

L1

IN

N e
»\‘_:\

|

1)

IA
N
=
+
N’
H-\_,

AN
)
=
+
N’

INA
N
—
S
+
—_
SN—
NN

< Aa7B(D).
This completes the proof. O

Lemma 8. Assume that conditions (H1)(i), (H2), (H3)(i) and (H4) hold. Then {Px : x € Q} is
equicontinuous on each J; (i =0,1,---,m+1).

Proof. The first step is to demonstrate that P(Q)) C Q. From (H2), one has

o (1)
< M2<||x1||+|¢<>||p+ L kGt + f oz =) (le@lp+ & ||1k<x<tk>>|p>ds>
<t<T <t<s
+€f;)(0<; S (te= )£ Gs, x<>x5>||pds+f;<r—sw1||f<s,x<s>,xs>||pds)
105 Jo 9(7 - <0<¥<5 G i O ] R M CE D VU RIC >xn>|pdn)ds
< M \|x1\|+|\¢<o>\|p+mco+||<p||m><||¢<o>||p+mco>)+M2%+Mzn¢|m )i
< Ma((loliag + D U9O 1 + T 4 mCo) + 3 ]]) = M, tE L.

For any x € Q and t € [0, ], we obtain from (H2)

[CICEAI @(02 /t (5 =3)7 £ (s, x(5), %) [ pds + / 57 1£Gs, x<>x5>||pds>
Z/ (t = 5)7 || Bt (s) ||Dds+/ “||Bux<>||pds) ®)
0<t<t

(m—i—l)MoT’Y (m+1)M1M317 . (m+1)(Mp+ M1 M3)T"
T(y+1) I(y+1) T(y+1)

Thus, this together with (7) shows
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[(Px)(@®)]

IN

IN

IN

10)llp + O(t x; ux) 1o + [ 1(£ %) | p

+ [t =)0l + (5w u0llo + (55 I)ds

1)(My + M{M3)T7
o) + LT 4

1) (Mo + M1 M3)T”
Hlolsn (lo@)p + DG EMMIT )

(m + 1) (Mo + My Ms) (||l gy + 1
60V o +mCo) (Il +1) + : r(}y:l)( vt)

Rp.
On the other hand,

0 t
| Io@lds+ [C1(Px)s)lds, ¢ <o,

t
, [ (Px)(s)]|ds, t>b,

(P2 leiob = [, IP@)]d0 =

which means
[ (P)tllLi—b,0) < bli¢lle + bl Px|[pc((o,,%)-

Then, we have

sup [|(Px)tllr—p0) < b(l[¢llp + Ro)-
tel0,7]

It is obvious that (Px)(t) = ¢(t) forany t € [—b,0]. Then the fact P(Q)) C Q is thus proved.
Next, we shall prove that {Px : x € O} is equicontinuous on each J;. For any x € Q)
and &1,y € J; with & < &), the discussion can be divided into two cases.
Case (i): If {1, &2 € Jo, then from the continuity of ¢(-), we have

1(Px)(52) — (Px) (1)l = l¢(&2) — (Gl = 0, as |81 — 2| — 0.
Case (ii): If §1,62 € [J;,i > 0, then

(Px)(&2) — (Px)(¢1)
= O 52,x uy) — (81, x;uy) + (G2 x) — 1(1; x)

&
- / p(E2 = )p(0)ds = [ p(&1 —)p(0)ds
+ / (8 —5)O(s; x; 1y )ds — /(fl (& —s)O(s; x;uy)ds

+/ (& —s)I(s;x)ds — /061 (&1 —s)I(s; x)ds.
Denote by
Ay = O(82; %;ux) — O(E1; % ux) + 1(E25%) — 1(61;%);
6 &1
Mo = [ oE - s)p0)ds — [ o(E — 5)p(0)ds;
As = [ (62— )@ ) + 1505 — [ ple1 — 5)(O(si ) + 1(55))ds.

Then we have

1(Px)(S2) = (Px) ()l < [[Aall+ [[Azll + [ As]]-

In the following, we prove that ||A;]| — 0 independently of x € Q as |&; — §2| —
0,i=1,2,3. For A1, we have
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[[Aq]l

[As]|

IN

IN

IA

IN

IN

IN

IN

7 002~ 9@ x500) + ) — [ 6081~ 5) (@) + 1(552)ds
/062_[:1 (& —8)O(s; x;uy)ds —l—/

H/é (G2 —5)7 Fls,x(s), x)ds — [ (&1 — )7 Fls, x(s), x:)ds

tiq

H/ (&2 =9 Bus(s >ds—/él (& =) Bus(s)ds

tiq

[ e =7 = @ =T X6 w0l [ (6 =) (s x(5) ) ot
[ @ = G B s+ [ 5 Bus(s) s
%[(él —ti1)" = (G2 — i)+ (82— 6" + %(52 —61)7

+%[(§1 —ti1)7 = (G2 —tic1)" + (82— G1)7] + 1M (G2 —2C1)"

— 0, as |& — &| — 0.

For Aj, we can rewrite it as
&2 &1
Dy = [ oG- 9p(O)ds — [ o(&1 - )p(0)ds
=0 93 &
- /Og Pl =)0 + J., #le=)9(0)ds — [ (& —s)p(0)ds
= [ ole - 590
By Definition 4, one gets
&=81
A2l < 16Ollp [~ plea—s)ds =0, as |2 —&af 0.

From the proof process of Lemma 6 and (9), it follows that

&1
(8 —5)O(s; x; 1y )ds — /o (&1 —5)O(s; x; uy)ds

271

9} G
| [T o= 91— [ 0@ - )1 xds
2—01 o d p &1 o e u)d
A NG s+/ )0(e2 — sixue)ds — [ p()0(E — 5 us)ds
+ /02 1@(52—5) I(s; x) ds+/ O(s)[1(&p —s;x) — I(&1 —s;x)]ds
G—81
L7 ot = s)l0s ) lods + / 5022 —53i11) — O 53310

=01 3
¢ z—S)III(S;x)IIDdS+/ @(s)[1(82 = ;) = I(G1 — 5;%) || pds

¢2—81 61
/ @(E2 —s)ds - (m+1)(Mp+ MiM3)T? n /O o(s)ds - W(Cz — &)

T(y+1)
G2—C1

erCo/0 @(82 —s)ds
— 0, as |€1 —(:2‘ — 0.

To sum up, it can be concluded that ||(Px)(&2) — (Px)(&1)|| — 0, as |¢1 — &2| — 0, for all
x € Q). Consequently, {Px : x € O} is equicontinuous oneach J; (i =0,1,---,m+1). O

Lemma 9. Assume that conditions (H1)(i), (H2), (H3)(i) and (H4) hold. Then the operator
P : Q) — Q) is continuous.

Proof. Since P(Q2) C Q) from Lemma 8, we only need to prove that P is continuous.
Suppose {y, } to be a sequence satisfying y, — yin Q as n — oo.
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IN

IN

IN

From condition (H3), it is easy to see that

Y. I (ya(te) = Le(y(t)llp — 0, t € [0, 7], as n — +oo.
0<t<t

From condition (H1) and Lebesgue dominated convergence theorem, it follows that

[ =9 s (5) ()e) = £, (6,46 lpds = 0, ¥, €10,7] a5 n =+
Therefore, one can obtain
|| Buty, (s) — Buy(s)|lp
MM, [H@)f Tyn) — Op(T) o + (T yn) = 1(Tiy) I
+/ )(1©5(s;yn) = Op(s;y)llp + [[1(s;yu) — 1(s;y) [ p)ds

Mle[ Y[ e A 5) )e) = £y, 1) s

0<tp<t”tk-1

+/tT(T—S)771||f(S/yn(S)/(yn)s)—f(sry(s)rys)l\DdSwL Y ey (te)) — ey (t)llp

0<t<T

+/ <0<tk<s /t:kl(tk =) Y yn (1), (Yn)y) — £,y (), yy) || pdn
+/ M Oy (), Wn)g) = £y () y)llpdn + Y |Ik(yn(tk))_Ik(y(tk))HD)dS]

0<tk<S
— 0, as n — +oo.

Then, for each ¢ € [0, T], one has

[(Pyn) () = (Py) (1)l

10(t;307143,) = O(515) I+ 11053) = 1:3) |
+ [ 16 = 90 wiu,) ~ O yu)llds + [ ot = 9)li(sym) ~ syl lds
L =T (), ()e) = £l 3(6) ) s
0<tk<t
[ = (5) ) £ 3 llods + T k() = Rl o

0<tp<t

8 (s B 5) = By (o) s + [ (¢ =) By (5) = By () s

0<te<t”’tk-1

+/ i ( /tk (te = 1) Oy (), () — £ (1,9 (). ) ol
0<tx<s
= ), o) — £, )t ) s

+/ (t=s) ( /tk (t — )" (| Buy, (1) — Buy () || pdy

0<tr<s t

(s = By, ) = By oty ) s+ | tqo(t—s)( Y ety (te) —zk<y<tk>>||p>ds

0<t<s
— 0, as n — +oo.

By means of the similar proof of equicontinuous for {Px : x € O} in Lemma 8 and the
Ascoli-Arzela theorem, it is easy to get || Pyn — Pyllpc(;,x) — 0, asn — +oo,ie., P is

continuous on (). The conclusion follows. [

Now, it is in the position to present our main theorem of this work.

12 of 19
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Theorem 1. Assume that hypotheses (H1)—(H4) hold, then the fractional evolution Equations (1)
satisfies exact controllability on I.

Proof. From (8) and Lemma 1, we know that it is suffices to show that under control u,
the operator P has a fixed point x which is a mild solution of (1) on J. Simple verification
implies the fact x(7) = (Px)(t) = x1 which can show that system (1) is exactly controllable
on I. For this purpose, we shall take advantage of Monch fixed point theorem.

The continuity of operator P : () — ) is given by Lemma 9. Take B = coP(Q).
It is not difficult to check that P(B) C B. Suppose Dy C B to be a bounded countable
set satisfying Dy C co({xo} UP(Dy)), we shall prove that (Dy) = 0. From Lemma 8,
it is easy to derive that P(Dy) is equicontinuous on J;, i = 0,1, - -,m + 1. Notice that
Dy C co({x0} UP(Dy)), so Dy is also equicontinuous on each J;.

For any x € Dy, denote

(Prx)(t) + (Pax)(t) + (Pax)(t) + (Pax)(t), t € 0,7,
(Px)(t) =
¢(t), t€[-b,0],
where
(Prx)(t) = ¢(0) + I(t; x);
(Pax)(t) = O(t; x;ux);

(P3x) () = /Ot o(t — 8)O(s; x; 11 )ds;
(Pax)(t) = /Ot o(t —5)(¢(0) + I(s; x))ds.

Without loss of generality, let Dy = {z,}?"_ ;. Then it is not difficult to obtain that

ﬁ<{¢(0) ¢ T t1k<zn<tk>>})
Y kip({za) (10)
i=1

= Y ki B(Do), t € [0,7].

i=1

B(P1(Do)(t))

IN

From hypothesis (H1)(ii) and Lemma 5, for any s € I, we get

BU{f(s,zn(s), (zn)s)}) < 1(s)(B({zu(s)}) + B({(2n)s}))
< Us)(B({zn(s)}) + bB({zn}))
< Us)(B(Do(s)) + bB(Do))
< I(s)(b+1)B(Do).

Then this implies from Lemma 2 and Lemma 7 that

B
1 p—
N ﬁ({TW(k%Q/ (tx =) f(s,2n(s), (zn)s)ds + (t—s)“’ L (s, zul(s), (Zn)s)d5> })

< o<tk<t/t:k1<fk—s> LBLF (s zn(), (zn)s) D)s + / B (5,20(5), (2 >>}>ds>
= 2(%1)”‘3(90% te o1,

which together with (H2) (ii) indicates
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IN

IN

IN

IN

IN

P({uz,(s)})
k(s) ([ B({(P1zn)(1)}) + ®f‘[zn +2/ /3 P(t—s) Plzn)(s)—i—@f(S;Zn))})ds)

®f T, Zn +2/ T—S 7)1 Do)( )) ﬁ({@f(S,Zn)}))ds>
Y ki + Z(m,j”Aﬂ)ﬁwo) 2l (Zk " ’"+)” >[5(Do)>

W) (1+2lgll11)) B(Do), s € [0,

IN

IN
fan
—~
V2]
~—
=
—~
»
—~
-l
(=)
s
—~
=
~—
~—

IN
»A
—
195}
N—
<
ﬂ
-
—

AN
)
«©

=7
R
_|_

In addition, by using Holder inequality, we have

) /t:k (t — )" k(s)ds + t(t —8)7 k(s)ds

0<tp<t tk

1—p\'77 1—p\'7
m(”) Ik a7+ (’7) T
TP Lp TP Ly

IN

Consequently,

ﬁ({®f(t;2n)}) +B ({r(lry) <0<>t_-k:<t/f:k1(tk — )Y Buy, (s)ds + t:(t — )" 'Bu,, (s)ds) })
p({erwan}) + %(02 [ = G s+ [ (691 <{uzn<s>}>ds)
({ )
+

2My [ & 2(m+1)
+T’Yl) (Zk,- w)ﬁ"’) (1+2||(pHL1 <

2(m+1 20M (m+1
oy 800+ 5 1(Zk +)W)(1+2||¢||L1<1>)ﬁ<po>

1+2pM] (1+2H§0HL1 ) (2(1’”"‘1)/\le+ 2](1),3(1)0)

2/ (te — )7 Tk(s)ds + (t s)“k(s)ds)ﬁ(Do) (11)

0<tp<t

I(7y) i=1

<2(m +1)MATT + M f kl-) B(Dy).

i=1
From Lemma 2, for t € [0, 7], we have
pPa00)0) = B({ [ ot =910, )ds )
Z/Otﬁ({jp(t —5)O(s; zn; Uiz, ) } ) ds
2 [ gt = 9)B(P2(Do)(s))ds
2||§0||L1(I) (2(111 + 1)M)\an + M ih) ﬁ(Do)

i=1

IN A

IN
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In view of (10), for each t € [0, 7], we obtain
t
BP0 ®) = B({ [ ot = @0 + 1(5z)as )
f
< 2 [ DLt = 5)(9(0) + 1(s2)) }ds
t (13)
< 2 [ g(t=s)B(P1(Do)(s))ds
m
< <2||€0||L1(1) ) ki> B(Do)-
i=1
Therefore, by (10), (11), (12) and (13), we can get
B(P(Do)(t)) < (Pl(DO)( ) + B(P2(Do)(t)) +ﬁ(7’3(Do)( )+ B(Pa(Do)(#))
< Zk B(Do) + 2(m+1)MAr7+MZk B(Dy)
i=1
m
2l el <2 (m+1) M)\TV+MZ’<> Do) + <2||<P|L1(1) Zh‘)ﬁ(l)o) (14)
i=1 i=1
m
< (1+2lglup) <z(m +)MATT + (1+M) Y kl> B(Dy)
=1
l m
< (2(1 +20lgllry ) (m+ DAMTT + (1+ 20|l 11 p) ) (1 + M) zki) B(Dy).
i=1
Besides, from the equicontinuity of P(Dy) on each J; and Proposition 7.3 of [31] about
the measures of noncompactness, it follows that
Dy)) = D 1
B(P(Do)) 0<rlr;ar;<+1rp€a]7xﬁ((7’ 0)(t))- (15)
Consequently, by (7), (14) and (15), we can obtain
B(Do) < B(co({xo} UP(Do))) < B(P(Dy)) < B(Do),
which indicates B(Dy) = 0. By lemma 2 (I)(i), we know that Dy is relatively compact. Then
from Lemma 3, P has at least one fixed point x € B, which means that system (1) is exactly
controllable on I. The conclusion follows. [
Remark 3. Resolvent operator is a generalization of Cy semigroup and then has more extensive
applications [28]. For instance, for the special case that scalar kernel is taken as 1, the resolvent
operator p(t) becomes the Cy semigroup e\t generated by A. We refer the readers to [28,32], in
which examples are presented to show that they can not generate a Cy semigroup but admit a
resolvent operator. Then we improve and generalize some analogous results of fractional evolution
systems.
4. Examples
Example 1. Consider the following fractional partial differential evolution system of the form
93
—x(8) = 5zx(4,¢) + +/ o(t =s)x(s, &)ds +6(S)w(t,§), (£¢) € [0,a] x (0,1),
ots 1 + |x
x(t,0) = x(t, 1) 0, t€][0,a], (16)
At §) = o2 ) i=1,2,,m
T 24 (A x (8, D) S
x(t,¢) = ¢(t,€), (t¢) € [=b,0] x [0,1],
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where y € C([0,a],R), o € L([—b,a + b],R), 6 is a characteristic function of certain subinterval
C [0,1], w € C([0,a] x [0,1],R), {; € C(R,RT), i =1,2,---,m,and ¢ € C([-Db,0] x
[0,1], R) which satisfies ¢(t,0) = ¢(t,1) =0 for t € [—b,0].

Define X = C([0,1],R), D = {x € X : ¥’ € X,x(0) = x(1) = 0}, Ax = x' for
x € D. Thus, A is an infinitesimal generator of a noncompact semigroup {T(t) : t >
0} which is given by T(t)x(s) = x(t +s) for x € X. From the subordinate principle
(see Chapter 3, [33]), it follows that A is the infinitesimal generator of a strongly continuous
differentiable bounded linear operators family {o(t)};>0 (0 < v < 1) such that p(0) = I,
and

p(t) = /o Pt (s)T(s)ds, t >0,
where q)m(s) =t77®,(st™7), and

1

3 (—2)" / -1
D, (z) = =5—=/ 0 —z0")do, 0 <y <1,
&) = L T 1) 2w J, @ P 0<a

where Iy is a contour which starts and ends at —co and encircles the origin once counter-
clockwise.

Let s

DEx(1)(E) = S=x(t,0),

K()(¢) = 2(4,0),

Bu(t)(©) = 0(0)e(1,0),

$OE) = (67),

i x(0,30)(©) = SO [ ate syt s

i sinaltody
W)@ = g ) i1
Then problem (16) can be regarded as

Ax(t;) = x(ti*) x(t7) =L(x(t)), i=1,2,--,m
x(£) = ¢(F), t€ [~b,0],

and it is not difficult to check that all the hypotheses of Theorem 1 are satisfied. Then
system (16) satisfies exact controllability on [0, a].

{ DYx(t) = Ax(t) + f(t,x(t),x¢) + Bu(t), a.e.t €1:=[0,a],

Example 2. consider the following fractional partial differential evolution system of the form

3 -2
S x(t) = Ax,9) + ot 0y) ot y), (by) € 0, X,

t,y) =0, (¢ 0,a BQ,
A( ) ( y;ﬂ(i(t ]y>)<> L (17)
) = e ey
x(ty) =¢(ty), (ty) €[~ bO]xQ,

where Q) C RN represents a bounded domain with smooth boundary 9Q), A denotes the Laplace
operator, & stands for the characteristic function of certain subdomain D C Q, u € L?([0,a] x Q),
@; € C(R,RT), i=1,2,---,m, ¢ € C>([-b,0] x Q) which satisfies ¢(t,y) = 0 for (t,y) €
[=b,0] x 0Q), and 0 € [—b,0].

Let X = L”(Q) and the operator A : D C X — X defined as Ax = Ax with domain
D= {szN Q)N W&'N (Q) } Then, A generates a uniformly bounded analytic semigroup.
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Define v = 3, x(t)(y) = x(t,y), u(t) (y) = u(t,y), Bu(t)(y) = o(y)u(t,y), ¢(t)(y) = ¢(t,y),

and

s B sin(x(t;,y)) . o
Il(x(tl))(y) - e+wi(1 4 |x(ti/y)|>, 1= 1/2/ ,m.
Let
—2t
ftx(t),xe)(y) = 5=—px(t+0,y).
Then problem (17) can be regarded as

D7x(t) = Ax(t) + f(t,x(t),x¢) + Bu(t), ae.t €1:=10,4],
Ax(t;) = (ff) x(t;) = Li(x(t)), i=1,2,---,m
x(t) = (), t € [~b,0],

It is not difficult to check that all the hypotheses of Theorem 1 are satisfied. Then system
(17) satisfies exact controllability on [0, a].

5. Conclusions

This paper derives some new controllability results for a class of fractional impulsive
evolution equations with time delay in Banach spaces by using resolvent operator theory
and the theory of nonlinear functional analysis. In detail, from the point of view of
the restrictions imposed on nonlinearity and impulse terms, exact controllability of the
addressed system can be guaranteed even if the nonlinearity and impulse items are only
continuous rather than Lipschitz continuous and other restrictive conditions. In order to
avoid the limitation that the exact controllability only apply to the finite dimensional space
due to the compact semigroup, we substitute the differentiability of resolvent operator for
the compactness of semigroup in the present work. With the properly defined delay item
in a corresponding complete space, we have solved the disturbances of time delay to the
investigation of exact controllability for the considered system.

Further investigation about the nonlocal controllability for a class of fractional impul-
sive integrodifferential evolution inclusions with time delay and nonlocal conditions will
be carried on:

D7x(t) € Ax(t) + f(¢, xt,/ k(t,s, xs)ds) + Bu(t), ae.t€l:=10,4a],
Ax(t;) = x(t]) — x(t; ) li(x(£)), i=1,2---m
x(t) +gi(x) = ¢(t), t€[=b,0],

where g; : C([—b, 4], E) — Eis given function. Compared with the classical initial condition
x(0) = x¢ and other nonlocal items [25,34,35], this nonlocal condition has better application
effect in physics. In practical applications, it may be given by g;(x) = Y*_, c;x(7; +1), t €
[—b,0], where¢; (i =1,2,---,k) are given constantsand 0 < 73 < T < - - - < T < a. At
time t = 0, we have go(x) = Zi‘ 1 ¢ix(7;), which is exactly the cases in [25,34,35].
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