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Abstract: In this study, we depicted the spread of pests in tea plants and their control by biolog-
ical enemies in the frame of a fractional-order model, and its dynamics are surveyed in terms of
boundedness, uniqueness, and the existence of the solutions. To reduce the harm to the tea plant, a
harvesting term is introduced into the equation that estimates the growth of tea leaves. We analyzed
various points of equilibrium of the projected model and derived the conditions for the stability
of these equilibrium points. The complex nature is examined by changing the values of various
parameters and fractional derivatives. Numerical computations are conducted to strengthen the
theoretical findings.

Keywords: three-species model; Beddington–DeAngelis functional response; Caputo fractional
derivative; predictor-corrector method

1. Introduction

Tea, the most consumed drink in the world following water, is not only considered a
beverage, it is considered a gift to mankind from nature for beginning a fresh day [1]. The
majority of tea-producing countries are located in Asia, with India, China, and Sri Lanka
being the most prominent producers [2]. All types of tea, whether it be green, white, black
or yellow, come from the same plant, Camellia sinensis. Around 52% of the total tea is
produced in India, coming from the State of Assam. Tea is grown within the tropics and
subtropics in various types of porous, well-drained, acidic soils (PH 3.3 to 6.0) in diverse
agroecological conditions and undergoes a broad range of climatic conditions such as
annual rainfall from 938 to 6000 mm, temperatures from 12 ◦C to 40 ◦C, and the relative
humidity may vary from 30 percent to 90 percent [3]. Tea trees can grow up to 15 m in
height in the wild [4,5].

One of the substantial tasks for tea growers is to fight against diseases and pests as
the tea plant can have a life span of around 30 to 50 years [4]. As March to mid-November
is the season for the tea planters to harvest the crop, the tea plants will be easily affected
by pests as the population of the pests peaks from June to September (see Figure 1).
Hence, pests become inevitable guests in every cropping system and reduce plant growth,
damage different parts of the plant, reduce the quality of the crop, and ultimately affect the
productivity of crop yields [6]. The insects suck the sap from buds, leaves and terminal
twigs with the help of their mouth styles, as well as infusing them with their saliva, which
is a toxic substance [6]. Because of this, eventually, the fresh and healthy leaves deform and
curl up. As a result, the plant begins to die from the tip of its leaves or roots backwards,
owing to an unfavorable environment. Each female bug searches for soft plant tissues and
lays about 500–600 eggs [7]. After a week, the eggs hatch by releasing the nymphs. For
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an entire life cycle to complete, it takes almost one month. There can also exist several
generations of pests. The paramount damage from pests occurs especially in moist and
shaded areas after monsoon showers [4].

Tea Mosquito Bug Looper Larva Thrips Red Spider 

Yellow Mite Green Fly Aphid Tea Scale

Figure 1. Tea pests and damages [1,5].

As the production of tea plants increases, the magnitude of the losses is also increased
simultaneously and productivity is engineered by agro-technology. An individual pest can
cause several assessments of crop loss [8]. The national economy of several countries is
dependent on its production in several constraints. On average around 5% to 55% of the
damage is caused by insects and mite pests (arthropods) [3,5,9–11].

There are several strategies to control pests. They are mainly natural control factors
and applied control techniques. The natural control factors are climatic factors, topographic
features, predators and parasites, and so forth. Similarly, applied control techniques are as
follows: Cultural control, Physical control, Biological control, Microbial control, Mechanical
control, Regulatory control, Breeding of resistant agrotypes, Chaemosterilant and Chemical
control and Ionizing radiation, and so forth [9,11].

At the beginning of tea cultivation, the pests in tea were largely controlled by the use
of synthetic insecticides and acaricides. However, the large-scale and continuous use of
synthetic pesticides over a long time exerts a harmful impact on human and environmental
health. The impact factors of pesticides are the loss of natural antagonists to pests, domestic
animal contaminations and deaths, pesticide resistance, losses to adjacent crops, Honeybee
and pollination decline, contamination of groundwater, and fishery and bird losses [12].
Due to the death of microorganisms caused by pesticides, the fertility of soil is affected
and also pests develop resistance to pesticides, disrupt the natural enemy complex, cause
a residue problem and also significant health problems as the products are produced by
chemical alteration [13]. Hence, one should definitely choose the alternative option for pest
management instead of dependence on pesticides [14].

To protect the plants against pest organisms, nature has its own tactics where biological
control is one of the oldest and most eco-friendly techniques in pest management [11,15]. In
biological control methods, the pest organisms are controlled by the use of natural enemies
instead of using chemical pesticides (see Figure 2). The term "Biological control" signifies the
application and utilization of natural enemies to control the pests. Within an agroecosystem,
biological control is the one and only method that is an environmentally friendly control
method that enhances the species diversity and conserves the biodiversity. A natural
enemy helps to balance the ecosystem and control the pest population at a lower level
by attacking the insects, fungi, bacteria and viruses that cause damage to the plants [16].
The natural enemies of pests could come in various forms such as predators, pathogens
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or parasitoids [5]. The biological control methods have many noticeable advantages as
compared to chemical control. They are:

(i) The natural enemies bring about a long-term positive result in controlling the pests;
(ii) In biological control methods, the risk of resistance development becomes lower in

insects. Pesticides kill all the varieties of pests that may be useful or harmful species.
The use of natural enemies is a successful and effective way to control the pests
because the natural enemies attack and kill only the target organisms hence it is useful
for controlling particular pests [17].

The broad and extensive use of biological control is the positive and pragmatic out-
come of extensive investigations. It includes surveying and identifying local natural
enemies (including pathogens, predators, and parasitoids) in tea ecosystems [6], aware-
ness about the biology and ecological significance of natural enemies, and developing
techniques for rearing and releasing natural enemies in tea plantations.

(a) (b)

(c)

Figure 2. Natural enemies of (a) Looper, (b) Aphid, (c) Red spider [1,5].

Ordinary differential equations have played an important role in the history of ecology
and will continue to play a significant role in future studies. Three-species food chain
models have been used by many researchers to understand the dynamics of the multi-
species interaction in the ecology [18–20]. In [20], the stability dynamics of the three
species model with complex nature were presented. Some of the work in which three-
species models are used to represent pests dynamics can be seen in [7,8]. The fractional
calculus (FC) has long been regarded as a useful scientific tool for precisely expressing
the classical memory and interaction of complex dynamic systems, events, or structures.
Some applications of fractional calculus can be found in [21–30]. We also refer the readers
to [31–33] for the stochastic modeling of anomalous diffusion. Studies of biological model
of species interactions involving fractional derivatives has gained significant importance in
the field of mathematical biology [18,19,34–36]. The application of a three-species model
incorporating a fractional derivative to represent tea plant pests may be found in [4,37–39].
Kumar et al. [37] proposed an arbitrary order mathematical system of the tri-trophic food
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chain population. Zafar et al. [4] have studied the fractional order model for the binge of
pests in tea plants.

The aim of this research is to perform a qualitative survey of the performance of the
three classes, namely tea plants, pests that damage tea leaves, and the biological enemies
of pests in terms of a mathematical model involving the Caputo fractional derivative. The
nature of the interactions among the species is depicted by the Beddington–DeAngelis
functional response. Despite the fact that the pest control model has been studied in
the literature using three species models, the incorporation of fractional derivative to a
three-species model to analyze the biological pest control process using the Beddington–
DeAngelis functional response is a novel approach in the literature. The incorporation of a
fractional derivative allows us to investigate the model’s stability criterion in a broader
sense. This current work contributes to presenting a new application of the three species
model. From an ecological and economical point of view, this type of study is highly
significant. To examine the theoretical aspects, we have investigated the existence and
uniqueness and boundedness of the solution. The existence of the points of equilibrium
and sufficient conditions for their stability has been analyzed theoretically. The effect of the
Caputo fractional derivative and some parameters in projecting the complex nature of the
system has been studied numerically.

The rest of the paper is structured as follows: we provide some fundamental def-
initions, theorems, lemmas, and notations of fractional calculus in Section 2. Section 3
discusses the model formulation. Sections 4–7 present the existence of solutions, non-
negativity and boundedness, the existence of points of equilibrium and their stability, and
the global stability, respectively. The numerical method and simulation are described in
detail in Sections 8 and 9. Finally, Section 10 provides concluding remarks.

2. Some Essential Theorems

In the present work, we have used the Caputo fractional derivatives. In this section,
we have mentioned some theorems related to the Caputo fractional derivatives that are
used in establishing the stability of the points of equilibrium. We denote the Caputo
fractional derivative by the capital letter with upper-left index CD.

Definition 1 ([40]). (Caputo Fractional Derivative) Suppose g(t) is a k times continuously
differentiable function and g(k)(t) is integrable in [t0, T]. Then, the Caputo fractional derivative of
order α for a function g(t) is defined as:

C
t0

Dα
t g(t) =

1
Γ(α− k)

∫ t

t0

g(k)(τ)
(t− τ)α+1−k dτ, (1)

where Γ(·) refers to Gamma function, t > a and k is a positive integer such that k− 1 < α < k.

Definition 2 ([40]). The Riemann–Liouville fractional order integral operator is defined by:

Jα
x f (x) =

1
Γ(α)

∫ x

0

f (t)
(x− t)α−1 dt, α > 0. (2)

Definition 3 ([40]). The Mittag–Leffler function Eα(z) is defined as:

Eα(z) =
∞

∑
k=0

zk

Γ(kα + 1)
, α > 0. (3)

For α = 1, Equation (3) converges to ez.

Lemma 1 ([41]). Consider the system,

C
t0

Dα
t x(t) = g(t, x), t > t0, (4)
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with the initial condition x(t0), where 0 < α ≤ 1 and g : [t0, ∞] × Ω → Rn, Ω ∈ Rn. If
g(t,x) satisfies the local Lipchitz condition with respect to x, then there exists a unique solution of
Equation (4) on [t0, ∞.)×Ω.

Lemma 2 ([42]). Let 0 < α ≤ 1. Suppose that f (t) ∈ C[a, b] and C
t0

Dα
t f (t) ∈ C[a, b]. Then,

(i.) If C
t0

Dα
t f (t) ≥ 0, ∀t ∈ (a, b), then f (t) is a non-decreasing function for each t ∈ [a, b],

(ii.) If C
t0

Dα
t f (t) ≤ 0, ∀ t ∈ (a, b), then f (t) is a non-increasing function for each t ∈ [a, b].

Lemma 3 ([42]). Let g(t) be a continuous function on [t0,+∞) and satisfying

C
t0

Dα
t g(t) ≤ −λg(t) + ξ, g(t0) = ft0 , (5)

where 0 < α ≤ 1, (λ, ξ) ∈ R2 and λ 6= 0 and t0 ≥ 0 is the initial time. Then,

g(t) ≤ (g(t0)−
ξ

λ
)Eα[−λ(t− t0)

α] +
ξ

λ
. (6)

Lemma 4 ([42]). Let x(t) ∈ R+ be a continuous and derivable function. Then, for any time
instant t > t0,

C
t0

Dα
t

(
x(t)− x∗ − x∗ln

x(t)
x∗

)
≤
(

1− x∗

x

)
C
t0

Dα
t x(t), x∗ ∈ R+, ∀ α ∈ (0, 1). (7)

3. Model Formulation

In this paper, to depict the qualitative behavior of three communities, we have pro-
jected a three-species model under the influence of the Caputo fractional derivative. The
three-species food chain model with Beddington-DeAngelis type functional response with
prey, predator, and top predator discussed in [43] is the key source of present work. The
three communities are namely the tea plans (x), the pest such as whiteflies, small mots
larvae, etc. (y) that damage them, and their biological enemies (viz. predatory carabids,
chrysopids, Agelena Labyrinthica) who are in turn their reasonable competitor (z). It is
assumed that timely harvesting of tea plants can prevent the damage caused by pests.
Since chemical pests cause health hazards, biological pesticides that consume the tea pests
are introduced to the tea plants. The Caputo fractional derivative has been used to present
this interaction.

C
t0

Dα
t x = rx− cx2 − λ1xy

a0 + x + b0y
− ex,

C
t0

Dα
t y =

λ2xy
a0 + x + b0y

− λ3yz
a1 + y + b1z

− δ1y,

C
t0

Dα
t z =

λ4yz
a1 + y + b1z

− δ2z,

(8)

with initial condition x(t0) > 0, y(t0) > 0, z(t0) > 0, where t0 is the initial time. All the
parameters r, c, e, a0, b0, a1, b1, λ1, λ2, λ3, λ4, δ1, and δ2 are non-negative. Here, r is the
rate of self-reproduction of the tea plants, c is the intensity of competition among the tea
plants for food, space, and so forth, δ1 is the natural death rate of pests population in
absence of tea plants, and δ2 is the natural death rate of natural enemies in absence of pests.
The parameters λ1 and λ3 represent the per capita rate of predation by pests on tea plants
and by natural enemies on pests, respectively, while λ2 and λ4 indicate the efficiency of
biomass conversion from tea plants to pests and pests to natural enemies, respectively.
The parameters a0 and a1 are the protection provided to the tea plants and pests by their
environment, b0 denotes the intensity of interference between individuals of the pests, b1
is the intensity of interference between individuals of the natural enemies, and e is the
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harvesting effort. It is assumed that the rate of self-reproduction of the tea plants is greater
than the harvesting rate.

4. Existence of the Solutions

In this section, the existence of the solutions of the proposed model Equation (8) is
demonstrated using the Banach fixed-point theorem. Since model Equation (8) is complex
and non-local, there are no specific algorithms or approaches for evaluating its exact
solutions. However, existence is guaranteed if certain conditions are met. The system (8)
can be rewritten as:

C
t0

Dα
t [x(t)] = S1(t, x),

C
t0

Dα
t [y(t)] = S2(t, y),

C
t0

Dα
t [z(t)] = S3(t, z).

(9)

The above system can be transformed into the Volterra type integral equation as:

x(t)− x(0) =
1

Γ(α)

∫ t

0
S1(τ, x(τ))(t− τ)α−1dτ,

y(t)− y(0) =
1

Γ(α)

∫ t

0
S2(τ, y(τ))(t− τ)α−1dτ,

z(t)− z(0) =
1

Γ(α)

∫ t

0
S3(τ, z(τ))(t− τ)α−1dτ.

(10)

Theorem 1. In the region ψ× [t0, T], where

ψ = {(x, y, z) ∈ R3 : max{|x|, |y|, |z|} ≤ M} (11)

and T < +∞, the Lipschitz condition is satisfied and contraction occurs by the kernel S1 if
0 ≤ r + e + 2Mc + λ1

b0
< 1.

Proof. We consider the two functions x(t) and x̄(t) such as:

||S1(t, x)−S1(t, x̄)|| =
∣∣∣∣∣∣∣∣rx− cx2 − λ1xy

a0 + x + b0y
− ex

− rx̄ + cx̄2 +
λ1 x̄y

a0 + x̄ + b0y
+ ex̄

∣∣∣∣∣∣∣∣
≤
(

r + e + 2Mc
)
||x(t)− x̄(t)||

+
λ1y(a0 + b0y)

(a0 + x + b0y)(a0 + x̄ + b0y)
||x(t)− x̄(t)||

=

(
r + e + 2Mc

)
||x(t)− x̄(t)||

+
λ1y(

1 + x
a0+b0y

)
(a0 + x̄ + b0y)

||x(t)− x̄(t)||

=

(
r + e + 2Mc

)
||x(t)− x̄(t)||

+

λ1
b0(

1 + x
a0+b0y

)(
a0+x̄
b0y + 1

) ||x(t)− x̄(t)||

≤
(

r + e + 2Mc +
λ1

b0

)
||x(t)− x̄(t)||

=µ1||x(t)− x̄(t)||,

(12)
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where µ1 = r + e + 2Mc + λ1
b0

. The Lipschitz condition is met for S1 and if 0 ≤ µ1 < 1, then
S1 follows contraction. Similarly, it can be shown and illustrated in the other equations
as follows:

||S2(t, y)−S2(t, ȳ)|| ≤ µ2||y(t)− ȳ(t)||,
||S3(t, z)−S3(t, z̄)|| ≤ µ3||z(t)− z̄(t)||,

(13)

where µ2 = λ2 + δ1 +
λ3
b1

and µ3 = λ4 + δ2. Si, i = 2, 3 are the contractions if 0 < µi < 1,
i = 2, 3.

Theorem 2. The solution of the fractional model (8) exists and will be unique, if we acquire some
tα such that

1
Γ(α)

µitα < 1,

for i = 1, 2, 3.

Proof. The proof of this theorem is demonstrated in three parts:

1. Using system (10), the recursive form can now be written as follows:

κ1,n(t) = xn(t)− xn−1(t) =
1

Γ(α)

∫ t

0
(S1(τ, xn−1)−S1(τ, xn−2))(t− τ)α−1dτ,

κ2,n(t) = yn(t)− yn−1(t) =
1

Γ(α)

∫ t

0
(S2(τ, yn−1)−S2(τ, yn−2))(t− τ)α−1dτ,

κ3,n(t) = zn(t)− zn−1(t) =
1

Γ(α)

∫ t

0
(S3(τ, zn−1)−S3(τ, zn−2))(t− τ)α−1dτ.

(14)

The prerequisites are: x0(t) = x(0), y0(t) = y(0), z0(t) = z(0). By applying the norm
to the first Equation (14), we get

||κ1,n(t)|| = ||xn(t)− xn−1(t)||

=
∣∣∣∣ 1

Γ(α)

∫ t

0
(S1(τ, xn−1)−S1(τ, xn−2))(t− τ)α−1dτ

∣∣∣∣
≤ 1

Γ(α)

∫ t

0
||(S1(τ, xn−1)−S1(τ, xn−2))(t− τ)α−1dτ||.

(15)

Using Lipchitz condition Equation (12), we obtain:

||κ1,n(t)|| ≤
1

Γ(α)
µ1

∫ t

0
||κ1,n−1(τ)dτ||. (16)

Similarly,

||κ2,n(t)|| ≤
1

Γ(α)
µ2

∫ t

0
||κ2,n−1(τ)dτ||,

||κ3,n(t)|| ≤
1

Γ(α)
µ3

∫ t

0
||κ3,n−1(τ)dτ||.

(17)

As a result, we can write:

xn(t) =
n

∑
i=1

κ1,i, yn(t) =
n

∑
i=1

κ2,i, zn(t) =
n

∑
i=1

κ3,i. (18)

Applying Equations (16) and (17) recursively, we have:
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||κ1,i(t)|| ≤ ||xn(0)||
[

1
Γ(α)

µ1t
]n

,

||κ2,i(t)|| ≤ ||yn(0)||
[

1
Γ(α)

µ2t
]n

,

||κ3,i(t)|| ≤ ||zn(0)||
[

1
Γ(α)

µ3t
]n

.

(19)

As a result, the existence and continuity are established.
2. To illustrate that the relation Equation (19) formulated the solution for Equation (8),

we assume the following:

x(t)− x(0) = xn(t)− ℘1n(t),

y(t)− y(0) = yn(t)− ℘2n(t),

z(t)− z(0) = zn(t)− ℘3n(t).

(20)

In order to achieve the desired outcomes, we set

||℘1n(t)|| = ||
1

Γ(α)

∫ t

0
(S1(τ, x)−S1(τ, xn−1))dτ||.

This yields

||℘1n(t)|| ≤
1

Γ(α)
µ1||x− xn−1||t. (21)

Continuing the same procedure recursively, we get

||℘1n(t)|| ≤
(

1
Γ(α)

µ1t
)n+1

M.

At tα, we have

||℘1n(t)|| ≤
(

1
Γ(α)

µ1tα

)n+1

M. (22)

From Equation (22), it results that, as n tends to ∞, ||℘1n(t)|| tends to 0 provided
1

Γ(α)µ1tα < 1. Similarly, it may be demonstrated that ||℘2n(t)||, ||℘3n(t)|| tends to 0.

3. We will now demonstrate the uniqueness for the solution of the system (8). Suppose
that there is a different set of solutions of the system (8), namely x̂, ŷ, ẑ. Then, from
the first equation of Equation (10) we write:

x(t)− x̂(t) =
1

Γ(α)

∫ t

0
(S1(t, x)−S1(t, x̂))dτ.

Using the norm, the equation above becomes:

||x(t)− x̂(t)|| = 1
Γ(α)

∫ t

0
||(S1(t, x)−S1(t, x̂))dτ||. (23)

By applying the Lipschitz condition, we get

||x(t)− x̂(t)|| ≤ 1
Γ(α)

µ1t||x− x̂||.

At some tα this results yields,

||x(t)− x̂(t)||
(

1− 1
Γ(α)

µ1tα

)
≤ 0.
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Since
(

1− 1
Γ(α)µ1tα

)
> 0, we must have ||x(t)− x̂(t)|| = 0. This implies x(t) = x̂(t).

5. Non-Negativity and Boundedness

In this section, we establish that the solutions of the system (8) are non-negative
and bounded.

Theorem 3. All the solutions of the system (8) that start in ψ+ are non-negative and uni-
formly bounded.

Proof. First, we shall prove that the solution x(t) which starts in ψ+ is non-negative. That
is, x(t) ≥ 0 for all t ≥ t0. Suppose that is not true. Then there exists a constant time
tβ2 > tβ1 > t0, such that:

x(t) > 0, x(tβ1) = 0, x(tβ2) < 0. (24)

Based on the relation in Equation (24) and system (8), we have

C
tβ1

Dα
tβ1

= 0.

According to the Lemma 2, we have x(tβ2) = 0, which contradicts the fact that
x(tβ2) < 0. Therefore, x(t) ≥ 0 for all t ≥ t0. Similar arguments are valid for the solutions
y(t) and z(t). Now, we shall show that the solutions of the system (8), which start in ψ+,
are uniformly bounded. Let us define a function, A(t) = x(t) + y(t) + z(t). Taking the
Caputo fractional derivative, we get

C
t0

Dα
t A(t) + eA(t) =C

t0
Dα

t [x(t) + y(t) + z(t)] + e(x(t) + y(t) + z(t))

= rx− cx2 − λ1xy
a0 + x + b0y

− ex +
λ2xy

a0 + x + b0y
− λ3yz

a1 + y + b1z
− δ1y

+
λ4yz

a1 + y + b1z
− δ2z + e(x(t) + y(t) + z(t))

≤ rx +
λ2xy

a0 + x + b0y
+

λ4yz
a1 + y + b1z

+ e(y + z)

= rx +
λ2x

a0
x + 1 + b0y

x

+
λ4z

a1
y + 1 + b1z

y

+ e(y + z)

≤ rx + λ2x + λ4z + e(y + z).

(25)

The solution exists and is unique in ψ = {(x, y, z) : max{|x|, |y|, |z|} ≤ M}. The
above inequality yields:

C
t0

Dα
t A(t) + eA(t) ≤ (r + λ2 + λ4 + 2e)M. (26)

By Lemma 3, we get

C
t0

Dα
t A(t) ≤

(
A(t0)−

M
e

(
r + λ2 + λ4 + 2e

))
Eα[−e(t− t0)

α]

+
M
e
(r + λ2 + λ4 + 2e)

−→ M
e
(r + λ2 + λ4 + 2e), t→ ∞.

(27)

Therefore, all the solutions of the system (8) that initiate in ψ remained bounded in
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Θ =

{
(x, y, z) ∈ ψ+| x(t) + y(t) + z(t) ≤ M

e
(r + λ2 + λ4 + 2e) + ε, ε > 0

}
. (28)

6. Existence of Points of Equilibrium and Their Stability

To analyze the points of equilibrium of the system (8), we shall compute the Jacobian
matrix as:

J(x, y, z) =

 J11 J12 J13
J21 J22 J23
J31 J32 J33

,

where

J11 = −e + r− 2cx +
xyλ1

(x + a0 + yb0)2 −
yλ1

x + a0 + yb0
,

J12 =
xyb0λ1

(x + a0 + yb0)2 −
xλ1

x + a0 + yb0
, J13 = 0,

J21 = − xyλ2

(x + a0 + yb0)2 +
yλ2

x + a0 + yb0
, J22 = −δ1 −

xyb0λ2

(x + a0 + yb0)2

+
xλ2

x + a0 + yb0
+

yzλ3

(y + a1 + zb1)2 −
zλ3

y + a1 + zb1
,

J23 =
yzb1λ3

(y + a1 + zb1)2 −
yλ3

y + a1 + zb1
,

J31 = 0, J32 = − yzλ4

(y + a1 + zb1)2 +
zλ4

y + a1 + zb1
,

J33 = −δ2 −
yzb1λ4

(y + a1 + zb1)2 +
yλ4

y + a1 + zb1
.

(29)

Points of equilibrium of the system (8) have been discussed below:

1. Axial equilibrium point is E0 = ( r−e
c , 0, 0) and it always exists.

Theorem 4. Let P0 = δ1(r− e+ ca0). Then, E0 is asymptotically stable if P0 > λ2(r− e).

Proof. At E0, the Jacobian matrix J of system (8) has the eigenvalues:

λ11 = e− r, λ12 = −δ2,

λ13 =
δ1(r− e + ca0) + λ2(e− r)

e− r− ca0
=

P0 + λ2(e− r)
e− r− ca0

.
(30)

At E0, |arg(λ11)| = π > απ
2 and |arg(λ12)| = π > απ

2 . So E0 is stable node if
|arg(λ13)| > απ

2 . For this the necessary condition is P0 > λ2(r− e).

2. Biological enemy free equilibrium point is Ẽ = (x̃, ỹ, 0).

Theorem 5. Biological enemy free equilibrium point Ẽ = (x̃, ỹ, 0) exists and is unique if
x̃ > a0δ1

λ2−δ1
.

Proof. Let x̃ and ỹ be the solutions of the algebraic equations:

r− cx̃− λ1ỹ
x̃ + b0ỹ + a0

= 0, (31)

and
λ2 x̃

x̃ + b0ỹ + a0
− δ1 = 0. (32)
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From Equation (32), we get

ỹ =
(λ2 − δ1)x̃− a0δ1

b0δ1
. (33)

Substituting Equation (33) into Equation (31), we get

b0cλ2 x̃2 + (λ1(λ2 − δ1)− b0(r− e)λ2)x̃− a0δ1λ1 = 0. (34)

Clearly, Equation (34) has a unique positive solution. For ỹ to be positive, we should
have x̃ > a0δ1

λ2−δ1
. Therefore, if x̃ > a0δ1

λ2−δ1
, then Ẽ = (x̃, ỹ, 0) exists and is unique.

3. The coexistence equilibrium point is Ē = (x̄, ȳ, z̄), where x̄, ȳ, and z̄ are the solutions of
the system:

r− cx̄− λ1ȳ
a0 + x̄ + b0ȳ

− e = 0, (35)

λ2 x̄
a0 + x̄ + b0ȳ

− λ3z̄
a1 + ȳ + b1z̄

− δ1 = 0, (36)

λ4ȳ
a1 + ȳ + b1z̄

− δ2 = 0. (37)

It can be shown that:

ȳ =
cx̄2 + a0cx̄− (x̄ + a0)(r− e)

(r− e)b0 − λ1 − cb0 x̄
,

z̄ = − a1

b1
+

(λ4 − δ2)(cx̄2 + a0cx̄− (x̄ + a0)(r− e))
δ2b1((r− e)b0 − λ1 − cb0 x̄)

.
(38)

Substituting the above values in Equation (36), we get:

K1 x̄4 + K2 x̄3 + K3 x̄2 + K4 x̄ + K5 = 0, (39)

where

K1 = b1b0c2λ4λ2 > 0,

K2 = b0cλ4(λ1λ2 − δ1λ1 − λ2(r− e)b0)

− b0cλ2(λ4b1a0c + b1(r− e)λ4) + λ1λ3(λ4 − δ2)c,

K3 = −λ1a0δ1b1cλ4 − (λ1λ2 − δ1λ1 − λ2(r− e)b0)(λ4b1a0c

+ b1(r− e)λ4)− cb0λ2λ4a0(r− e)b1 + λ1λ3a0c(λ4 − δ2)

+ λ3λ1(a1cb0δ2 + λ4a0c− δ2a0c− (λ4 − δ2)(r− e)),

K4 = λ1λ3a0(a1cb0δ2 + λ4ca0 − δ2a0c− (λ4 − δ2)(r− e)) + λ3λ2
1a1δ2

− a1(r− e)b0δ2λ3λ1 − λ4λ3λ1a0(r− e) + δ2a0(r− e)λ3λ1,

K5 = λ2
1λ3a0a1δ2 − λ1λ3a0a1(r− e)b0δ2

− λ1λ3λ4a2
0(r− e) + δ2a2

0(r− e)λ1λ3.

(40)

Let
F(x̄) = K1 x̄4 + K2 x̄3 + K3 x̄2 + K4 x̄ + K5. (41)

Using Descartes’ rule of signs, we may state that the fourth degree equation has one
and only one positive root if any one of the following inequalities holds:
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(a) K2 < 0, K3 < 0, K4 < 0, K5 < 0,

(b) K2 > 0, K3 < 0, K4 < 0, K5 < 0,

(c) K2 > 0, K3 > 0, K4 < 0, K5 < 0, (42)

(d) K2 > 0, K3 < 0, K4 > 0, K5 < 0.

Hence, the equilibrium point Ē = (x̄, ȳ, z̄) exists and is unique if any one of the
inequalities in Equation (42) holds.

7. Global Stability

The global asymptotic stability of the axial equilibrium point E0 and biological enemy-
free equilibrium point Ẽ of the fractional-order system (8) is investigated in this section.

Theorem 6. The axial equilibrium point E0 of the system (8) is globally asymptotically stable if

K > 0, where K = η1

(
δ1 +

λ3δ2
λ4

)
− λ1η2(r−e)

c(a0+θ1+b0η1)
.

Proof. Consider the positive definite function,

X(x, y, z) =
λ2

λ1

(
x− x̄− x̄ln

x
x̄

)
+ y +

λ3

λ4
z.

C
t0

Dα
t X(x, y, z) ≤λ2

λ1

(
1− x̄

x

)
CDα

t x +C Dα
t y +

λ3

λ4

CDα
t z

=
λ2

λ1

(
x− x̄

x

)(
rx− cx2 − λ1xy

a0 + x + b0y
− ex

)
+

(
λ2xy

a0 + x + b0y
− λ3yz

a1 + y + b1z
− δ1y

)
+

λ3

λ4

(
λ4yz

a1 + y + b1z
− δ2z

)
=

λ2

λ1
(x− x̄)

(
− c(x− x̄)− λ1y

a0 + x + b0y

)
+

λ2xy
a0 + x + b0y

− δ1y− λ3

λ4
δ2z

=− cλ2

λ1
(x− x̄)2 +

λ1y(r− e)
c(a0 + x + b0y)

− δ1y− λ3

λ4
δ2z.

(43)

Let θ1 < x < θ2 and η1 < y, z < η2. Then,

C
t0

Dα
t X ≤− cλ2

λ1
(x− x̄)2 −

(
η1

(
δ1 +

λ3δ2

λ4

)
− λ1η2(r− e)

c(a0 + θ1 + b0η1)

)
=− cλ2

λ1
(x− x̄)2 − K.

(44)

Here,

K = eta1

(
δ1 +

λ3δ2

λ4

)
− λ1η2(r− e)

c(a0 + θ1 + b0η1)
. (45)

Hence,
C
t0

Dα
t X ≤ 0 if K > 0. (46)

Theorem 7. The biological enemy free equilibrium point Ẽ of the system (8) is globally asymptoti-
cally stable if:
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c >
λ1ỹ

(a0 + φ1 + b0ψ1)(a0 + x̃ + b0ỹ)
(47)

and P < 0, where

P =
φ2ψ2(Lλ3 + λ4)

a1 + φ1 + b1ψ1
−
(

δ2ψ1 +
Lψ1ỹλ3

a1 + φ2 + b1ψ2

)
. (48)

Proof. Consider the positive definite function,

Y(x, y, z) =
(

x− x̃− x̃ln
x
x̃

)
+ L

(
y− ỹ− ỹln

y
ỹ

)
+ z

C
t0

Dα
t Y(x, y, z) ≤

(
1− x̃

x

)
CDα

t x + L
(

1− ỹ
y

)C

Dα
t y +C Dα

t z

=

(
x− x̃

x

)(
rx− cx2 − λ1xy

a0 + x + b0y
− ex

)
+ L

(
y− ỹ

y

)(
λ2xy

a0 + x + b0y
− λ3yz

a1 + y + b1z

− δ1y
)
+

λ4yz
a1 + y + b1z

− δ2z

=(x− x̃)
(
− c(x− x̃) +

λ1ỹ
a0 + x̃ + b0ỹ

− λ1y
a0 + x + b0y

)
+ L(y− ỹ)

(
λ2x

a0 + x + b0y
− λ3z

a1 + y + b1z

− λ2 x̃
a0 + x̃ + b0ỹ

)
+

λ4yz
a1 + y + b1z

− δ2z− c(x− x̃)2

+
λ1ỹ

(a0 + x + b0y)(a0 + x̃ + b0ỹ)
(x− x̃)2

+
(x− x̃)(y− ỹ)

(a0 + x + b0y)(a0 + x̃ + b0ỹ)
(−λ1(a0 + x̃)

+ Lλ2(a0 + b0ỹ))− Lλ2b0 x̃
(a0 + x + b0y)(a0 + x̃ + b0ỹ)

× (y− ỹ)2 +
L(y− ỹ)λ3z + λ4yz

a1 + y + b1z
− δ2z.

(49)

Consider,
−λ1(a0 + x̃) + Lλ2(a0 + b0ỹ)
(a0 + x + b0y)(a0 + x̃ + b0ỹ)

= 0.

Then,

L =
λ1(a0 + x̃)

λ2(a0 + b0ỹ)
> 0.

C
t0

Dα
t Y(x, y, z) ≤

(
− c +

λ1ỹ
(a0 + x + b0y)(a0 + x̃ + b0ỹ)

)
(x− x̃)2

− Lλ2b0 x̃
(a0 + x + b0y)(a0 + x̃ + b0ỹ)

(y− ỹ)2

+
Lyλ3z + λ4yz
a1 + y + b1z

−
(

Lỹλ3z
a1 + y + b1z

+ δ2z
)

.

(50)

Let φ1 < x < φ2 and ψ1 < y, z < ψ2. Then,



Fractal Fract. 2022, 6, 1 14 of 26

C
t0

Dα
t Y ≤

(
− c +

λ1ỹ
(a0 + φ1 + b0ψ1)(a0 + x̃ + b0ỹ)

)
(x− x̃)2

− Lλ2b0 x̃
(a0 + φ2 + b0ψ2)(a0 + x̃ + b0ỹ)

(y− ỹ)2

+
φ2ψ2(Lλ3 + λ4)

a1 + φ1 + b1ψ1
−
(

δ2ψ1 +
Lψ1ỹλ3

a1 + φ2 + b1ψ2

)
=

(
− c +

λ1ỹ
(a0 + φ1 + b0ψ1)(a0 + x̃ + b0ỹ)

)
(x− x̃)2

− Lλ2b0 x̃
(a0 + φ2 + b0ψ2)(a0 + x̃ + b0ỹ)

(y− ỹ)2 + P.

(51)

Here,

P =
φ2ψ2(Lλ3 + λ4)

a1 + φ1 + b1ψ1
−
(

δ2ψ1 +
Lψ1ỹλ3

a1 + φ2 + b1ψ2

)
. (52)

Hence,
C
t0

Dα
t Y ≤ 0, if c >

λ1ỹ
(a0 + φ1 + b0ψ1)(a0 + x̃ + b0ỹ)

and P < 0. (53)

8. Numerical Method

In this section, we have presented the generalized Adams–Bashforth–Moulton tech-
nique to solve the biological pest control model Equation (8). Consider the nonlinear
equation given below as:

CDα
t x(t) = φ(t, x(t)), 0 ≤ t ≤ T,

x(m)(0) = x(m)
0 , m = 0, 1, 2, 3, ·, ν·, ν = dαe.

(54)

The corresponding Volterra integral equation may be written as:

x(t) =
ν−1

∑
m=0

x(m)
0

tm

m!
+

1
Γ(α)

∫ t

0
(t− s)α−1φ(s, x(s))ds. (55)

In order to integrate Equation (55), the Adams–Bashforth–Moultan method has been
used by Diethelm et al. [26,28,44–46]. Set h = T

N , tn = nh, n = 0, 1, 2, . . . , N ∈ Z+. Now,
the system (8) can be written as:

xn+1 = x0 +
hα

Γ(α + 2)

[
rxP

n+1 − c(xP
n+1)

2 −
λ1xP

n+1yP
n+1

a0 + xP
n+1 + b0yP

n+1
− exP

n+1

]

+
hα

Γ(α + 2)

n

∑
i=0

ai,n+1

[
rxi − cx2

i −
λ1xiyi

a0 + xi + b0yi
− exi

]
,

yn+1 = y0 +
hα

Γ(α + 2)

[
λ2xP

n+1yP
n+1

a0 + xP
n+1 + b0yP

n+1
−

λ3yP
n+1zP

n+1

a1 + yP
n+1 + b1zP

n+1
− δ1yP

n+1

]

+
hα

Γ(α + 2)

n

∑
i=0

ai,n+1

[
λ2xiyi

a0 + xi + b0yi
− λ3yizi

a1 + yi + b1zi
− δ1yi

]
,

zn+1 = z0 +
hα

Γ(α + 2)
[

λ4yP
n+1zP

n+1

a1 + yP
n+1 + b1zP

n+1
− δ2zP

n+1]

+
hα

Γ(α + 2)

n

∑
i=0

ai,n+1

[
λ4yizi

a1 + yi + b1zi
− δ2zi

]
,

(56)

where
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xP
n+1 = x0 +

hα

Γ(α + 1)

n

∑
i=0

bi,n+1

[
rxi − cx2

i −
λ1xiyi

a0 + xi + b0yi
− exi

]
,

yP
n+1 = y0 +

hα

Γ(α + 1)

n

∑
i=0

bi,n+1

[
λ2xiyi

a0 + xi + b0yi
− λ3yizi

a1 + yi + b1zi
− δ1yi

]
,

zP
n+1 = z0 +

hα

Γ(α + 1)

n

∑
i=0

bi,n+1

[
λ4yizi

a1 + yi + b1zi
− δ2zi

]
,

(57)

in which

ai,n+1 =


nα+1 − (n− αj)(n + 1)α, i = 0,
(n− i + 2)α+1 + (n− i)α+1 − 2(n− i + 1)α+1, 1 ≤ i ≤ n,
1, i = n + 1.

(58)

and
bi,n+1 =

hα

α
((n− i + 1)α − (n− i)α), 0 ≤ i ≤ n. (59)

9. Numerical Simulation

In order to discuss the dynamics of the projected fractional order system (8), we
have used the generalized Adams–Bashforth–Moulton technique described in Section 7
by considering the parametric values as r = 1, c = 1, λ1 ∈ (0.997, 1.667), b0 = 0.334,
a0 = 0.334, λ2 = 1.667, λ3 ∈ (0.05, 0.65), e ∈ (0.1, 0.5), b1 = 0.5, a1 = 0.6, δ1 ∈ (0.15, 0.4),
δ2 = 0.01 and λ4 = 0.05. For Figures 3–5, the parametric values are considered as
r = 1, c = 1, λ1 = 1.667, b0 = 0.334, a0 = 0.334, λ2 = 1.667, λ3 = 0.05, e = 0.25,
b1 = 0.5, a1 = 0.6, δ1 = 0.2443, δ2 = 0.01 and λ4 = 0.05. Unstable behavior of the
system (8) can be observed from Figure 3a for the integer order derivative. In Figure 3b–d,
it can be noticed that, as the value of the derivative attains fractional value, unstable
behavior converges towards spiral stability. The parametric representation presented in
Figures 4 and 5 give a very clear view of this observation. It can be inferred that the
dynamics of the system (8) can transform from unstable to stable by the amalgamation of
fractional derivative.
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Figure 3. Unstable to stable profile of the system (8) for (a) α = 1, (b) α = 0.95, (c) α = 0.9, and
(d) α = 0.8.
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Figure 4. Two dimensional (2D) view of unstable to stable profile of the system (8) for (a) α = 1,
(b) α = 0.95, (c) α = 0.9, and (d) α = 0.8.
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Figure 5. Three dimensional (3D) view of convergence from unstable to stable solution of the
system (8) for (a) α = 1 and (b) α = 0.95.
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In Figures 6–8, we notice the changing profile of the system (8) from stable spiral to
stable focus with the combination of fractional derivative for the set of parameter values
r = 1, c = 1, λ1 = 1.667, b0 = 0.334, a0 = 0.334, λ2 = 1.667, λ3 = 0.05, e = 0.25, b1 =
0.5, a1 = 0.6, δ1 = 0.4, δ2 = 0.01 and λ4 = 0.05.
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Figure 6. Profile of the system (8) from stable spiral to stable focus for (a) α = 1, (b) α = 0.95,
(c) α = 0.9, and (d) α = 0.8.
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Figure 7. Profile of the system (8) from stable spiral to stable focus for (a) α = 1, (b) α = 0.95, (c)
α = 0.9, and (d) α = 0.8.
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Figure 8. Profile of the system (8) for (a) α = 1 and (b) α = 0.95.

In Figures 9–14, we have projected the influence of the fractional derivative and the
rate of attack on tea plants by pests. We observe that the fractional derivative helps in
attaining the stability for the system (8). Again, a notable observation from Figures 9 and 12
is that, as the rate of attack on tea plants by pests decreases, pests population also decreases
due to a lack of food and, as a result, tea plants have stable growth.
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Figure 9. Influence of the rate of attack on tea plants by pests (a) λ1 = 1.251 and (b) λ1 = 0.997 for
α = 1.
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Figure 10. Influence of the rate of attack on tea plants by pests (a) λ1 = 1.251 and (b) λ1 = 0.997 for
α = 1.
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Figure 11. Influence of the rate of attack on tea plants by pests (a) λ1 = 1.251 and (b) λ1 = 0.997 for
α = 1.
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Figure 12. Influence of the rate of attack on tea plants by pests (a) λ1 = 1.251 and (b) λ1 = 0.997 for
α = 0.95.
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Figure 13. Influence of the rate of attack on tea plants by pests (a) λ1 = 1.251 and (b) λ1 = 0.997 for
α = 0.95.
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Figure 14. Influence of the rate of attack on tea plants by pests (a) λ1 = 1.251 and (b) λ1 = 0.997 for
α = 0.95.

In Figure 15–19, we portray the connection among the three populations with changing
death rate δ1 of pests and the fractional derivative. Once again it is established that
incorporation of the fractional derivative speeds up the convergence of the solution of the
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system (8). In Figure 15, we observe that the death rate of the pests impacts the population
of pests and the growth of tea plants.
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Figure 15. Influence of death rate δ1 of pests (a) δ1 = 0.2 and (b) δ1 = 0.15 for α = 1.
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Figure 16. Influence of death rate δ1 of pests (a) δ1 = 0.2 and (b) δ1 = 0.15 for α = 1.
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Figure 17. Influence of death rate δ1 of pests (a) δ1 = 0.2 and (b) δ1 = 0.15 for α = 1.
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Figure 18. Influence of death rate δ1 of pests (a) δ1 = 0.2 and (b) δ1 = 0.15 for α = 0.95.
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Figure 19. Influence of death rate δ1 of pests (a) δ1 = 0.2 and (b) δ1 = 0.15 for α = 0.95.

Harvesting the tea plants on time to protect them from pests is a very important
phenomenon. Figures 20 and 21 represent the influence of the harvesting parameter e
on the three species represented in the system (8). As the amount of harvesting of tea
plant increases, the good quality tea leaves are harvested and hence the population of
the tea leaves decreases. As a result, the pest population also decreases. Because of the
decrease in the pest population, the natural enemies do not get sufficient food and hence
their population also decreases.
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Figure 20. Effect of tea plant harvesting (a) e = 0.1, (b) e = 0.15, (c) e = 0.35, and (d) e = 0.5 for
α = 1.
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Figure 21. Effect of tea plant harvesting (a) e = 0.1, (b) e = 0.15, (c) e = 0.35, and (d) e = 0.5 for
α = 0.9.

Figures 22 and 23 represent the effect of the attack rate of natural enemies on the pests’
population in the presence of the fractional derivative. As the attack rate, λ3, is increased,
there is a drop in the population of the pests. Since the pest population decreases, there
are fewer attacks from them on the tea leaves. As a result, the population of tea plants
increases.
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Figure 22. Effect of the attack rate of natural enemies (a) λ3 = 0.2, (b) λ3 = 0.35, (c) λ3 = 0.5, and
(d) λ3 = 0.65 for α = 1.
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Figure 23. Effect of the attack rate of natural enemies (a) λ3 = 0.2, (b) λ3 = 0.35, (c) λ3 = 0.5, and
(d) λ3 = 0.65 for α = 0.9.

10. Conclusions

In this paper, we have analyzed a three-species food chain model connecting tea plants,
pests, and their natural enemies under the influence of the Caputo fractional derivative.
We have evaluated the non-negativity of the solutions, conditions for boundedness, and
the existence and uniqueness of the projected model. Conditions for the existence and
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the local stability of the axial, natural, enemy-free and coaxial equilibrium points have
been examined. Impacts of pests attack tea plant, pests natural death, tea plant harvesting,
and natural enemies attack pests are analyzed in the presence of the fractional derivative.
The simulated results of the projected mathematical model reveal that when the order
of fractional derivative increases from 0 to 1, system tends to move away from unstable
behavior. From the numerical results, it is shown that the numerical method applied in
this work is an efficient tool for analyzing the fractional differential equations of a complex
nature. In the future, we intend to expand the model to include data fitting and parameter
estimates, as well as additional features of the infestation. The three species fractional
model can also be adopted with the various functional responses and their dynamical
differences compared to the existing models can be observed.
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