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Abstract: The Lieb concavity theorem, successfully solved in the Wigner—Yanase-Dyson conjecture,
is an important application of matrix concave functions. Recently, the Thompson-Golden theorem,
a corollary of the Lieb concavity theorem, was extended to deformed exponentials. Hence, it is
worthwhile to study the Lieb concavity theorem for deformed exponentials. In this paper, the Pick
function is used to obtain a generalization of the Lieb concavity theorem for deformed exponentials,
and some corollaries associated with exterior algebra are obtained.
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1. Introduction

Matrix theory is widely used in statistics [1], physics [2], computer science [3] and so
on. For convenience, M(n, C) is denoted as the set of all n x n complex matrices (C is the
set of complex numbers) [4]. A is called a Hermitian matrix when A € M(n, C) satisfies
A* = A (A* denotes conjugate transposition of A). The Hermitian matrix is frequently
used in quadratic forms and their correlation theory [5]. Let H, denote the set of n x n
Hermitian matrices and H,; denote the n X n positive semidefinite Hermitian matrix (C" is
the n dimensional complex Euclidean space).

Set uq,uy,- -+ ,u, to be any orthonormal basis of C", and then the trace operator Tr is
defined as [4]

n

Tr[A] = ;(uir Auy),

where (-, -) is the inner product of C". It is well known that for any A = (a;;) € M(n,C),
the following equalities hold [6]

n n
Tr[A] = Z)\i = Zﬂii,
j=1 j=1

where A; is the eigenvalue of A.
From the spectral theorem [5], A € H,I can be decomposed as

A = P*A4P,
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where P is a unitary matrix and A4 := diag{A4, ..., A, } is a diagonal matrix with eigenval-
ues Ag, ..., A,. Then, matrix function f(A) is defined as

f(A) =P*f(Ap)P = ;f(m-)Pi, 1)

where f(A,) = diag{f(A1), ..., f(As)} and P? = D;.
Based on the above definition, in 1963, the Wigner—Yanase skew information

wy(p) = —5 e[ (5, HP]

was introduced by Wigner and Yanase ([7]), where p is a density matrix (0 > 0,trp = 1)
and H is a Hermitian matrix. Then, an open problem was left

Tr[ASKA'SK*], )

which is concave for any positive semidefinite matrix A.
In 1973, (2) was proven by Lieb for all 0 < s < 1 [8], and a more generalized result
was obtained from the following fact [9]

Tr[AKB'*K*] = (K, B'*K*A%) p(py)
= (KY '(B"° @ A)K*) p ().

where ¥71(A) = L(A¢j) ® ej. In fact, the Lieb concavity theorem is equivalent to the
i
concavity of B175 ® AS.
A more elegant proof of the Lieb concavity theorem appeared in [10] using

Tr[K* A*KB'™*] = (K, (A° ® B"*)K) £ (),

where
[((A®B)K];; = ) AixBjiKs -
Kl

In 2009, Effros gave another proof of the Lieb concavity theorem based on the Hansen-
Pedersen—Jensen inequality ([11]). Using

L4(K) = AK,Rp(K) = KB,
then one obtains

Tr[K* A*KB'™*] = (K, LpsRp1-+ (K)) £ ()

1 1
= (K, Rp(Rp *LaRp *) Ry (K)) £(1)-

All the above proof of the Lieb concave theorem is equivalent to the joint concavity of
commutative operators. In addition, Epstein also obtained the Lieb concave theorem using
the theory of Herglotz functions [12].

Recently, Shi and Hansen [13] generalized the Thompson-Golden theorem

Tr[exp, (A + B)] < Tr[(exp,(A))*"(A(g — 1) + exp, (B))]

As the Thompson-Golden theorem can be regarded as a special form of the Lieb
concave theorem, it is worthwhile to study the Lieb concavity theorem for deformed expo-
nentials. In this paper, we will use the theory of the Pick function to obtain a generalization
of the Lieb concavity theorem and some other corollaries. The rest of the paper is organized
as follows. In Section 2, some general definitions and important conclusions are introduced.
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With these preparations, we obtain some useful results, such as the Lieb concavity theorem,
presented in the final Section 3.

2. Preliminary

In this section, some general definitions and some important properties are introduced.

2.1. The g-Logarithm Function and q-Exponential Function
It is well known that the q-logarithm function In,(x) is defined as [13]

Ing(x) = { xqz;iflr q#1 }

Inx, g=1

for any x > 0. The deformed exponential function or the g—exponential exp q(x) is the
inverse function of the g—logarithm and is defined as

(= Dx+171, x> Ly, g>1

1
exp, (x) = [(g—1D)x+1]7T, x< q%l, g<1
exp(x), xeR, g=1

2.2. Tensor Product and Exterior Algebra

The tensor product, denoted by “ ® ”, is also called the Kronecker product. It is a
generalization of the outer product from vectors to matrices, and the tensor product of
matrices is also referred to as the outer product in certain contexts ([9]). For an m x n matrix
A and a p x g matrix B, the tensor product of A and B is defined by

llllB alnB
A®B:= ,

amlB s amnB

where A = (aij)lgigm,lgjgn'
The tensor product is different from matrix multiplication, and one of the differences
is commutativity

(I®B)(A®I)=(A®I)(I®B)=A®B.

From the above equations, we obtain

AC®BD = (AC®I)(I ® BD)
—(A®)(C®)(I®B)(I®D)

Ao D)(I®B)(C®I)(IeD)

A®B)(C® D).

~~ ~ —~

For convenience, we denote

HA=ARAR® - RA.
k

In addition to the tensor product, there is another common product called exterior
algebra [6]. Exterior algebra, denoted by “A”, is a binary operation for any A; € H,/, and
the definition is

(AgNAQ N NAR)(Ciy AGiy - AN Ci ) 1<iy<oe<ip<n
k
= (A18i; N AxGiy -+ N ARG )1<iy < <ig<ns
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where {¢;} j—1 is an orthonormal basis of C", and

1
Giy NGiy " NGj, = N Y (D)) @ 8n(iy) - ® Cnliy)

TET,

0y, is the family of all permutations on {1,2,--- ,n}.
Let A* C" be the span of the {&;, A i, --- NG, }1§i1<...<ik§n, and then a simple calcula-
tion shows that
MA=(ANAN---NA) =det(A)
—_
k

2.3. Pick Function

Let z = x + iy be a complex number where i is the imaginary unit and f(z) =
U(z) +iV(z) is analytic where U(z), V(z) are all real functions. Rez = x denotes the real
part of z, and Im z = y is the imaginary part of z. If Im f(z) > 0 for any Imz > 0, then we
call the analytic function f(z) a Pick function [14]. It is equivalent that f(z) is analytic in
the upper half-plane with the positive imaginary part.

The Pick functions evidently form a convex cone—for instance, if « and 3 are positive
numbers and f(z) and g(z) are two Pick functions, then the function af(z) + Bg(z) is also
a Pick function. A simple example is that tan(z) is a Pick function.

tan(x) + tan(iy)

1 — tan(x) tan(iy)
tan(x) + i tanh(y)

1 —itan(x)tanh(y)"

tan(x +iy) =

(1+tan?(x)) tanh(y)
1+tan2(x) tanh?(y)

It is well known that the Pick function has a integral representation, such as the
following lemma [14].

Hence, Imtan(z) = , and this implies that Im tan(z) > 0 when y > 0.

Lemma 1. Let f(z) be a Pick function. Then, f(z) has a unique canonical representation of
the form
A

£(2) :a+ﬁz+£(}\1_z—l+)\2>dy()t),

where o is real, B > 0 and d p(A) is a positive Borel measure on the real A—axis that [(1+
R
A2)~Ld u(A) is finite. Conversely, any function of this form is also a Pick function.

Lemma 1 is frequently used for functions that are positive and harmonic in the half-
plane.

2.4. The Matrix-Monotone Function

A matrix function f is said to be matrix-monotonic if it satisfies
f(A) > f(B) forall A>B>0. ©)]

where A > B > is equivalent to A — B is a positive semidefinite Hermitian matrix.
Since the matrix-monotone function is a special kind of operator monotone function,
we have the following general conclusions [14].

Lemma 2. The following statements for a real valued continuous function f on (0, 4o0) are equiv-
alent:

(1) f(z) is matrix-monotone;

(2) f(z) admits an analytic continuation to the whole domain Im z # 0 and Im(z) Im f(z) > 0.
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(3) f admits an integral representation:
0
) =+ pA [ (14+M)(E=2) " dp(p), forany A > 0, )

where « is a real number, B is non-negative and y is a finite positive measure on (—o0,0).

From Lemmas 1 and 2, we know that a Pick function must be a matrix-monotone
function.

2.5. Convexity of Matrix

Suppose that X is a convex set in R” and f is a function defined on X. Then, we call f
a convex function if

fltxr+ (1 —t)xn) < tf(x1)+ (1 —#)f(x2),Vx,x2 € X, Vt € [0,1],

forall x;,x; € Xand t € [0,1].
A matrix function f is called convex if [15-17]

f(tA+ (1 —-1)B) <tf(A) + (1 -1)f(B), ®)

forany A, B € H,f and any t € [0, 1]. Replacing < by < in (5), this gives the definition of
a strictly matrix convex function. A matrix function f is called (strictly) concave if —f is
(strictly) convex. More details can be found in [18].

A matrix convex function must be a convex function; however, the inverse claim is
not always true. For instance, the function f : [0, +c0) — R given by f(x) = x3 is a convex
function. However, the matrix function f(A) = A3 for any A € H, is not convex.

Let f(-,-) be a bivariate function defined on H, x H, . We call f(-, -) jointly convex if

f(tA1+ (1 —t)Ag, tB1 + (1 — t)By) < tf(A1,B1) + (1 —1t)f(Az, Ba),
forall Ay, Ay, By, B, € H,f and allt € [0,1].

2.6. Brunn—Minkowski Inequality

Finally, let us review the Brunn-Minkowski inequality [19].
Lemma 3. forany A, B > 0, and then
k 1 k 1 k 1
{Te[A*(A+B)]}F > {Te|A*A]}E + {Te[A'B| }.

Proof. Let {;}!" ; be the eigenvectors of A + B with the eigenvalue {A;}}" ;, then

Y Ak
| 1<Giy < <Gy <n

1
k

{Te[\¥(A + B)]}

e E (detlll 11(“l E) 1,0k )

_1§§,-1 <---<§,-k§n

Y
=

Y (det Pi . AP, .. ;| +det|P;  BP .. )]

s Ak
_lgéil <---<§ik§1’l

where P;, ... ; = (;,,- -+ ,&;.) and > holds due to det(A + B) > det(A) + det(B).
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AsSk—l y

18, < <& <n

{Te[AF(A + B)]} >

_|_

+

1
k
xi1 e xik‘|

[1<g,l< -<gj, <n
[1<§11< <§1k<n

[1<§11< < <n

1<, < <& <n

det

(Gi A

(Giy Ao NGy BEy Ao A Bé’ik)]

iy, A O

P .

1, '/ik ll/'“rik

NG, Aip N

is concave [20], we have

AP;

BP;

A Agik)

= {Tr[ACA]}E + {Te[A*B]}F.

O

3. Lieb Concavity Theorem for Deformed Exponential

=

In this section, we obtain some useful conclusions, and some simple and straightfor-
ward computations are omitted. Recently, by using the Young inequality,

Te[Y] =

r)rglx{Tr[ | —

Te[X* (Ing X —

Ing Y)]},

1
Shi and Hansen obtained that F(A) = Tr [exp; (K*Ing (AP )K)} is concave for any

1 < g <2where K*K < I (I is the identity matrix of M(n, C)) [13], namely, the following

theorem.

Theorem 1. For0 < p < 1,1 < g < 2and K*K < I, the function

F(A)=Tr {exp‘;’ (K* lnq(Ap)K)}

is concave for the strictly positive A € H, .

Proof. (The first proof of Theorem 1)

Since [21]

we obtain

ZZ

d(T[f(A+tB) = f(A)]) _ o 'zz*
Ai—A
]

)\.
P

dt

=Tr

=Tr Zf/(Az)

?\)
L pBp,

f(Ai) _f(/\j)PBp1
iBPj

PiB] — T[f'(4)B],

(6)
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where A; are eigenvalues of A. When f(x) is a convex function, we obtain
Te[f (A + tB) — £(A)] > Te[f'(A)¢B]
for any ¢. This implies that
Tr[f(C)] = max{Tr[f(D) + f'(D)(C — D)] : D > 0}.

Therefore, we obtain

1

Tr[(K*API"PK + 1 — K*K)Pi-7]

1
D#» " (K* APTPK + [ — K*K — D)

1
= max{Tr[Dri—7 +

:D>0
pg—p ] )
1—pg+p(K* API—P —_ K*K — CPi—p
:max{Tr[C+C WAPTPRAT- KK C )}:C:Dﬁ>0}
pa—p
1-pg+pg* API—P
= max{Tr[C(1 — ! )+ < KATTTK + CYPITP(I — K*K)] : C > 0}
pg—pr pqg—p

Thus, the concavity of F(A) is equivalent to the jointly concavity of Tr[w]

for the strictly positive A and C, which is the Lieb concavity theorem [22,23]. O

Unfortunately, Theorem 1 cannot be obtained using Epstein’s theorem. Hence, we
require a more general generalization of Epstein’s theorem. First, for any Im(z) > 0, we
know that A + zB is invertible and x*(A + zB)x is a Pick function for any x € C" [14]. For
any A € M(n,C), we know f(A) is defined as [12]

fa) = = § L8 az

T 2nJcz—A

where f(z) is a complex holomorphic function in an open set of the complex plane contain-
ing Sp(A) (the set of all eigenvalues of A). Then, we have the following lemma.

Lemmad4. Let A,B € H,f and 0 < a < 1, then
x*(A+2zB)"x

is a Pick function for any x € C" and 0 < arg(x*(A +zB)*x) < amif0 < arg(z) =0 < 7,
such as Sp((A 4 zB)*) C (Sp(A + zB)*). Generally, we can find that

x*f(A+2zB)x
is a Pick function when f is a Pick function.

Proof. Setting z = pe'?, we have

(A+zB)* =

where d u(t) = £n

sinar*
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Since Imz > 0, we see that A + zB is invertible. Hence, we have

+o0

x*(A+zB)*x = / X (——=)xd pu(t)
25 T1

+o0
Lt B
[ D), v = Gl 1)
0

+o0
= /y*y—l-tw*(A—l-zB)wdy(t), w=(A+z'B)"ly
0

—+o0 —+00
= / vy +tw  Awdu(t) +z / tw*Bwd u(t).
0 0
This implies that
—+o00
Imx*(A +zB)*x = Im(z) - / tw*Bwd u(t) > 0;
0

hence, 0 < arg(x*(A +zB)*x) when 0 < arg(z) =6 < 7.
In the same way, we can obtain

“+o00
Imw*[(—A — z*B) "*|w = Im(e~*7z*) - / to*Bod u(t) <0, v = (t(A+2z*B) +1) lw.
0

In particular, letting w = (A + z*B)*x, we have
Im (e ®7x*(A + zB)*x) < 0.

This is equivalent to arg(x*(A +zB)*x) < art.
To prove Sp((A +zB)*) C (Sp(A+zB)*), let (A +zB)¢ = Ag, we find

§(A+2B)*¢ = [§*(A+2B)g]" = [T" AT + 28" BE]* = pe™’,

*BZIm(z)
FACIc R ~ tAnarg(z).

When f(z) is a Pick function, using the integral represented of f(z), in a similar way,
we can obtain that

where tan 6 =

x*f(A+zB)x
is a Pick function for any x € C". [

Using Lemma 4, another proof of Theorem 1 can be obtained.

Theorem 2. For 0 < p <1,1 < g < 2and K*K < I, the function
1
F(A) = Tr |exp, (K* Ing(AF)K)

is concave for the strictly positive A € H, .

Proof. (The second proof of Theorem 1)
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1
First, setting f(z) = Tr[(A(z) +iB(z)) 7 7] where A(z) = Re(K*(A +zB)P1 PK+1—
K*K) and B(z) = Im(K*(A +zB)P1"PK + 1 — K*K) € H,} . As

—+o00

Im Tr[(A(z)+iB(z))W1P}} = Im Tr[/( Alz) +iB(z) ))dy(t)]]

t+ A(z) +iB(z

o

A A(z)+iB(z)
=Im Tr[(——————)d u(t
/ t+Ap )+iB(z)) p(t)

_ n M(A()+B(z))
Im_o/l_Zl t+/\ (A(z )+iB(z)))d"(m]
— Im| Y [(M(A(z) + iB(z)) 7 v]]

when arg(z) € (0, 1) and K*K < I, then

arg(Ai(A(z) +iB(z)))
— arg(x!(A(2) +iB())x;)
= arg(x;K*(A +zB)P1"PKx; + x; (I — K*K)x;) € (0, (pq — p)7),

where x; € C" are the eigenvectors of K*(A + zB)P1"PK + I — K*K.
Hence,

7

Im|Tr[(A(z) +iB(z)) L 7] ] Im [Zzl

1
where z; is the i eigenvalue of (A(z) +iB(z)) 7 and arg(z;) € (0, 7).

1
Thus, f(z) = Tr[(A(z) 4+ iB(z))#7 7] is a Pick function, and this implies that F(A) is
concave. [

Using a similar method, we can obtain the following corollary.

Corollary 1. For 0 < p <1land1 < q < 2, the function
1
E(A) = Tr|exp, [B +1Ing(AF)] (7)

is concave for the strictly positive A € H, .

Since the Thompson—Golden theorem can be seen as a corollary of the Lieb concav-
ity theorem, we discuss the Lieb concavity theorem for deformed exponentials. Setting
SP(A) C {z=pe® :0<p,0<0<a}andSP(B) C {z=pe:0<p,0< 6 < B}, then for
any Ay, By € Hy ,Ap, By € H,} and A = Ay +iAy, B = By +iB,, we have [12]

SP(AB) C {z=pe® :0<p,0< 6 <a+p} 8)
and then the following theorem can be obtained.
Theorem 3. For 0 < p <1,1 < q < 2and P*P < I, the following function
L(A) = Tr[exp, (P* Ing(K*APK)P) exp, (P* In, Al=PP)] 9)

is concave for any A € H,}.

Proof. Set L, p(z) = Tr[equ(P* In;(K*(A 4 zB)PK)P) equ(P* Ing(A +zB)1"PP)].
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When x; € C" is a eigenvector of P*(A +zB)P17"PP + 1 — P*P and P*P < I,
arg(xj P*K* (A + zB)P1"PKPx; + xj (I — P*P)x;) € (0, (pq — p)m),
if arg(z) € (0, 7r). This implies
SP(P*K*(A 4 zB)PI"PKP +1—P*P) C {z=pe® : 0 < p,0 <0 < (pq— p)7},
such as
SP(equ(P* In,(K*(A +zB)PK)P)) C {z = pe? 10 < p,0 <6< pr}.
Similarly, we can also obtain
SP(exp, (P*Ing(A +2B)'"7P)) C {z = pe? : 0 < p,0 <0 < (1 - p)7}.
Hence, using (8), we see that
SP[exp, (P* Ing (K*(A + zB)PK)P) exp, (P* Ing (A + zB)17PP)]
Cl{z=pe?:0<p,0<0<m}

Thus, we know arg(L4 p(z)) € (0, ), which implies thatL4 g(z) is a Pick function.
Hence, L(A) is concave. [

In fact, Theorem 3 is a generalization of the Lieb concavity theorem setting P = I,

K= ( IOJ 8 > and A = ( g }(5); ) Moreover, we can obtain the following theorem.

Theorem 4. For 0 < p,s < 1,1 < g <2and P*P < I, the functions

1
s

Tr { [equ(P* In, A%P) equ(P* In, (K*A*°FK)P) equ(P* In, A7 P)] } (10)

and
1
[Tr equ(P* In, A%P) equ(P* In, (K*A*°FK)P) equ(P* In, A%P)} ’ (11)

are jointly concave for any A € H,F.

The proof of Theorem 4 is similar to Theorem 3; here, we do not repeat the proof.
In [19], Huang used exterior algebra to find that

=

{Tr A¥[exp (K* ln(A)K)]}

is a concave function for any A € H,f, K*K < I and k < n. Associated with Theorem 1, we
can obtain a generalization as the following theorem.

Theorem 5. For 0 < p <1,1 < g < 2and K*K < I, the function

{Tr N [exp,;l’ (K* lnq(Ap)K)] ] (12)

is concave for the strictly positive A € H,} and k < n.

Proof. In fact, we can prove that

=

[Ten¥[(H* AH + B)? |
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is a concave function for any A € H; where 0 <s < 1and B € H, .
Using Theorem 1, we know that

Tr [(H*APH + C);’} (13)

is a concave function for any A € H;f where 0 < p <1land C € H, .
Then, for any A1, A; € H,f, we have

1

A1+ Ap k

[ka [(H*( S2)H + B)iﬂ

1

T

+ (H*A3H + B)i) =y
2

= | e | (A7

A N Ay AR T
2

1
s

)A + B)

v

Tr

2

= |Tr

1
s

((H*A;HJr B)

1
s

and B = BAKT (H*(Af42)5H + B):. Analo-

i

1
/\k<(H*A§H+B)i + (H*A;H+B)1>H ¢
5 .

where H = H Af1 (H*(#)SH + B)
gously, we can obtain

=

M)SH_FB)A

@

{Tr Nk {(H* (

> lTr
Using lemma 3, we obtain

A1+ Ap

[Tr Nk {(H*( 5

)SH+B)3Hk

S

N [Te[A* (B A3H + B)Y )] fy [T [ A ((H asH + B)+ ) ||
= 2

O

Clearly, the proof of Theorem 5 is in the application of exterior algebra and the Brunn—
Minkowski inequality. Hence, other theorems, such as the Thompson-Golden theorem in a
deformed exponential, can be generalized to a more general form, but we do not discuss
this here.

4. Conclusions

In this paper, we used the Pick function to obtain a generalization of the Lieb concavity
theorem and some corollaries. The advantage of using the Pick function is that it avoids
discussing the commutativity of the matrix and variational method. Generally, we obtain
that the following two functions are concave for0 < p,s <1,1 < g <2and P*P <]

1

s s 137k
{Tr Ak {equ(P* In, A7 P) exp, (P" Ing(K*A**PK)P) exp, (P* Ing A P)} ’ } (14)
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and
1
{Tr A¥exp, (P*Ing A% P) exp, (P* Ing (K* A*“*PK)P) exp, (P* In, A%P)]] ko5
where A € H, and k < n, and this provides work for the future.
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